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Abstract

G PSR Lie B, H »° G O #t0 & &, FHZEWN G/H EOEHI WD
A 12750 %, Cartan HI2 &K% H OBZHAVWTRHABTES Z XN TW
5. BOGHEITMRICIIHETH B0, H A al#7e horospherical 538 (L
DHEOREIRI) DL FiZlE, H ® Cartan 1512 & 2803, 9 2 W FREB3HED
Cartan $ & —HT 52 b hsb. ZOHEEZFHT S L, WL DL DOfHHHIIEE
Z¢fl (SL(p + q,R)/ SO0 (p,q) % &) WAV RT MEi&kfFR W L2 TE 5.

1 ELC®HIC

G/H %5870, T % G/H QMRS 75 (ffHD7-o, G ik G/H (2RI
AT 222 IET D). M2 I\G/H BEHRIKIZR572012%, T © G/H ~DfE
APEEPODHHTH LI EPBEND A THD I eDVHMoNTED, T0DL ELHRRIK
I\G/H % Clifford Klein & \» 5. 735, [EHDEAE A HETRWEAC I, T\G/H
i orbifold (272 %. — /i CERAMEA CTHRWE, T\G/H & Hausdorfl k% 72 X 97, FEH
(ZRIVE DN ZERIZ 72 5

H »a v 7 VSR OEE (EVW#ZNE, G/H IZR%Z7: Riemann HE2E £ 2%
B) 12iE, EED G OB ARE T 2 G/H \[ZEAIEHT 5. —f, H a7 b
%56 (G/H \[ZAZE7: Riemann g &2E F 5 20WE5H), I © G/H ~OERIZEA &IZ
R 5722 \W728, Clifford—Klein o # BfE$T 2 Z L 1Z X DHE U < 72 5. 1980 FARAE N D/NRE
TTEROWSE [2) LARE, H 23Ea >3 MR T O Clifford—Klein £ OWF5EIEHR % 72 3857 D
#H4F (Lie REORB G, FEDTR, WMEHGS, o %A, bRoY—, ) OBlkZEDT
720, BUETH REHLRENRZ <IN TV 5S.

Clifford—Klein JE O Ri#y72 b R0 ¥ —I1ZB$ 2 &b AR WD 122 LT, 15X
o N7-FEHZEW G/H 733 >3 g CliffordKlein [ 2 K20 E» 2 HERE L1 WO R
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WAH D, TNETHL DHIEHIT L T ORBEORIZEAED 5T X 723, AR
BHEOBHE IR >TH, ZORCHT 588 E RSB ITICH 5 (L FEHITIRE
PNB).

AFED LR RIZKOEHTH 5

EE 1.1 (M) G/H % PRfiarzft], G/L % G/H O associated Wz L T5. &
ULMG D Levi S87#T, L # G %61, G/H &3> ,7 g Clifford-Klein &% £f
727820,

FEH 11 HFIZhobNAHEOE#RZENVHL TEL:

o FHZM G/H "WMEFETHD LI, #5 G LOXNE o BWFELT, H P
G°={geG|o(g) =g} DERAMDETH>TVLEIEZWND.

o NFZEM G/H HHEBEMTH D 2L, G WAL Lie B THD I L2V D,

o G/H "W o O £ 2 BHMNFEROD & &, o & A#7R Cartan X & 0 25, H
DT EDHAEEIRNT 72 1 DEET D ZEHBRONT VWD, ZDEE o »HHE
¥ 2 PSS FREM G/L %, G/H ® associated F#ZEFE &\ D .

EHOWMEDHR [6] T, Lie BOMx as€m Y —& Clifford-Klein 0 de Rham
DRED Y —EIET S FHEACT, € 1.1 OHMHES R 22T [3] Tk
CHEOKHGEIHE 52 5. 2 DOFHEIE, EHOHMBT IR TRL< RL230THD, 742
HFHRUAERBEONDEDNIEARHTH S.

MOFL, EH 1.1 PEATREZR (G, H,L) ®=2#l%, G »Hfl Lie BEDY A2 Lie B
DVTzIVTHELZHDTH5:

g ) [ 5t
sl(p+4¢,C) su(p, q) sl(p,C) @sl(q,C) 2 C  p,g>1
sl(p+q,R) s0(p,q) sl(p,R) &sl(¢,R) &R p,g>1
sl(p + ¢, H) sp(p,q) sl(p,H) @ sl(g,H) R p,g>1
su(n,n) sl(n,C) ® R sl(n,C) & R n>1
so(n + 2,C) s0(n,2) so(n,C) ® C n>3
50(2n,C) 50*(2n) sl(n,C)=C n>3
so(p+1,g+1) so(p,1)@®so(l,q) so(p,q) DR p,q >0,

(p,q) #(0,0),(1,1)
so(n,n) s0(n,C) sl(n,R) & R n>3
50*(4n) sl(n,H) ® R sl(n,H) ® R n>2




sp(n, C) sp(n, R) sl(n,C) & >1
sp(n,R) slin,R)® R sl(n,R) @ >1
sp(n,n) sp(n,C) sl(n,H) @ n>1
€6,C e6(—14) s0(10, (C) e C

¢6(6) sp(2,2) s50(5,5) ® R

€6(—26) fa(—20) 50(9,1) &R

e7,C ¢7(—25) es,c b C

e7(7) s((4, H) es6) © R

e7(—25) eg(—26) O R eg(—26) © R

1 M 1.1 H3E FH T RE e

HE ZowrsE, BIFE 14J08233, 1THO6784, 19K14529, i 7va v 547 - V—T «
VI RFER, BEOREKRFEFHEEAR— T v THEEO K %%\ Tirbh 7.

2 %

INKR (3] 1%, 2 > 82 b Clifford—Klein JEDMFEIE S 5 72 D R E5AT %, Cartan ST & 2
FRERY—RITAEHWTE 272, AHiCIEZOBRE2HHIZBEISWVWT 5.
2.1 FETHE EOBEAERER

Z OHEHDORNBITEARINTNA [4, §2] 12X D (/MK [2], Benoist [1] £ k).

$£21 GRRFHIVAY M H L% G OMEHES LT 5.

(W)WH<LYE 55 G0av s MEshe C 2252 HC CLC™ B0 o 2
YENS,

2) Hh L &I, [T G O3 Y2 Ms#a C iU CHC N L 28382 b
THBILEND.

IR Dt R IS ALAH ZE TR DR F I 72 iim 22 o 4 SITHE D

SE 22 G ERBHFIVAY M H L % G OBEAEA LT 5.
(1) H,L 7 G OMBABOL &, Hh LIk L5 G/H CEECHERTSZ & &R
2 HhL ®rx, H < H 273150 G OB ES H (2oWT H M L.

%23 GERAIVAY N HH L % G OHBHBL T2, L5 G/H ZEAI/F



L, H < H B% 02275618, Lk G/H = EA/EHT 5.

G HHREfERY Lie B0 EIZIE, fi# 2.2 % Cartan O SETEIZSWHZ 5220
TE5. UTF, G DB Lie BEO & & RO LS IZWHT 5

e G ® Cartan W& 0 ZEE L, 0 DEDS Cartan 2% g =D p, Mk
MEoRE K &35, G/H PWERMFRERO L 212, 0 13 H 2ZEH50E o
EHPZ IR B KD IZHLS.

o p DIBRDPHAHERDZER] 0 ZFEEL, X %2 g D a (ICETEHIBL—NRET S,

o XD Weyl Bt W EB %, at = a/W 253 (Fh—FEEL— FADSEEH
EdNIE, at IZ1E Weyl chamber &F—fHTE %).

o MRHLTEK Lie # G @ Cartan §38 1: G — a™ 2R TCEETD: g€ G W g =
kexp(a)k' (k,k' € K,a € a) 5L &, u(g) =amodW LEDHS. KAK-57
fRE 0 1% well-defined TdH 5.

K ZFayvnR"o b EPS, R 230D EBITHS:

% 2.4 G EREUEN Lie #%, H H', L % G OFMA#EL$5. L » G/H \ZEAIAEH
U, w(H') C p(H) BB 2ok 51, Lid G/H HEBIEHT 5.

G DGR Lie BED & EF121F, B ® o LB RERLPA SN TWS:

=X 2.5 (Benoist—/\DEFMHIEE; Benoist [1, Cor. 5.2], Mk [4, Cor. 1.2]) G %%
I Lie &, H, L % G OBHESOEEL 5. p(H) O at 1283 r-FiEfE% B(r, u(H))
EHFELZ LTS, ZOLE LA G/H ZEHEIZEHAT S0, FED r> 0 1T L,
Br, w(H)) O (L) B3 252 M2t % L SBEND LR TH S,

AFSTIT S O HPH Tl1E, Benoist—/MEDEA MR EEII LT R, R 24 ODHTHSH
TbH5.
22 EIAREOY—NRIT

Z DEHDOWRIFEARRNT/AK [2, §5] 12 & 5. flifYH TAWEHZEH D5G X Oh—Witte [7,
§3], M. [6, §2] (Z#iMHAH 5.
HEHEE T OEIREBR Y =G cdg I € NU {0} 1%,

cdr T =sup{p e N| HP(I;V) #0 725 RI-IIEE V MFAET 2 }

TEHINDDTH-7-. G OEFRHRE T WEEER G/H CHEEI/EATE, T O
EIRED Y —PTIIEHIRA 2L I 2K S.



F=E 2.6 (Cartan—Malcev—lwasawa—Mostow) G 5EFEKR DA RMED Lie #7261, G ©
BRI NERSEE K PR ZRWT—EWIZFIEL, G/K 1% Euclid 2245 FAH
275 5.

FE 2.7 G PREIEH Lie #7251, F5 2.6 1% Cartan 2D SEH IR D .

SR DA RED Lie # G 2 LT, d(G) =dimG—dim K (772U K & G OfEK 3
VRS NEATE) £ B<. d(G) 1k G DIEAVIRY MRTLIFENG.

R 2.8 G ziif Lie#f, H & G O#FSEHAIMA#EL U, T’ % torsion-free 72 G D HERGH
DEEL T 5.

(1) 5L T » G/H ZEEIERAT %25, cdp T < d(G) — d(H) 2D 3LD.

(2) (1) EBWTEBAHRIT 5701013, T\G/H 23252 b Th 5 2 & BEm»-+-
DTHD.

Mg 281%, 22007 74 N—f
NG/H +T\G/KNH —T\G/K

(72720 K & G DMKy 7 VESEET, KNH 2 H ORI Vo NSRS
LD LT D) #FZT, Leray-Serre AXZ MVRF|Z WD LEEHTE 5.

2.3 2>/ b Clifford=Klein TG EET 7= DERE

EIE 29 G ZMELMER Lie #f, H % G OHEKHATOHEE 5. kD (1), (2) DEL LR
W7z G OEFEHIARE H BMFET 22T 5:

(1) H' < H, d(H') > d(H).
(2) H' < H, d(H') = d(H) > G/H' %332 » Clifford-Klein &% F7= 72\,

okt &, G/H iZav, 2 bk Clifford-Klein £ %&£ 727\,

B (1) & (2) OHFIKIEIERAUAZDOT, 22Tl (2) OAEHOAHRAT 5.

a N2 hg Clifford-Klein ¥ T\G/H FAE L7295, G FEFE L REL TXW.
X 51T Selberg OfE L b, T X torsion-free L {EL TH Mz LbRw. ko THhH
W28 kD, cdpT = d(G) — d(H) B0 5. —4, T 1% G/H CEEERL, H < H
Ea, Tk G/H CEEIEATS (F 24). fUEE D T\G/H' #3212 M DT,
FOME 28 £ 0, cda T < d(@Q) — d(H'). i d(H) = d(H) 25 ek 5. O

EE 210 G LIRS 22\ ORI Lie BEOBE S, w(H') C p(H) L\ > %4MH%
H' < HiBEHanid, &< @ARICEHATE .
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3 Ei 1.1 OFEHA

EH 29 (2) kv, EH 1.1 Z2iEHT 272D IXIRO@ENK D LD & ZEIPDNIE
L

& 3.1 G/H % YHRMAHZER], G/L % G/H @ associated X#ZEM & 425, L 28 G
DOIEEZR Levi HnHE TH2LIEL, U % L 1IZx57 % horospherical B8 #E (FHd
HOBEOHERID) &5, TOLELUNBHKDILD:

(1) w(U) = pu(H).

(2) d(U) = d(H).

(3) G/U 1Za v 37 b+ Clifford—Klein %7272\,

SR iMoo, MFTIE G = SL(p + ¢.R), H = SOu(p,q), L = S(GLo(p,R) x
GLo(q,R)) (p,g>1) DL EZW-> Tk d 5. 2O & K =S0(p+q), £7= L (Zxti
9% horospherical B84 #E U 1%

_ Ip A .
U_{<0 Iq>|AEM(p7Q7R)}
Thb.

¥9°,(2) X d(U) =d(H) =pqg TH2H15 L\,

(3) 1% [5, Ex. 7.1 IZBWTaFRER Y —WFEEZAWTIH L 24, Z0#%, b)IIHRK
WZEDBE LG UWVIEAPKARINZDOT, 2ITEZENEZBNTE. G U IFEs652
=€V a7 -7 Lie 20T, G/U EIZid G-AREBREREAPFEST 5. Tk 1 DEE
LT Q e8BL. IT'\G/U % Clifford-Klein O & &, Q »6iFEI N5 T\G/U EOKEE
Az Qr B, T\G/U © Qp 2T 248 % vol(T\G/U) £EFELZ2IZT5. T,

[t 0
at—< 0 thq)EG (t>0)

B L, a, € Ng(U) THD05
vr: I\G/U — T'\G/U, LgU — I'ga,U

1% well-defined 72 FAME A Lie BOL Y 2 )V TOHFIZE Y o Qp = traPtaQp 73
b, B DOEREBNANNELD,

vol(I\G/U) = / Or = / OO = tpq(erq)/ Qp
MG/U N\G/U ™\G/U

= Pa(P+a) o (T\G/U)



5. BUDT\G/U Bav 7 56, 0<vol(I\G/U) < oo THDNH, FIETH5.
(1) 13/h#K [4, Ex. 6.5] I2& > T (G/H =SL(p+ ¢,R)/SO¢(p, q) DHHITIE) mSI iz
N, I IZTHIHELGZ5ZLIZT5. £9 p<q LIRELTH —HBtEz Kb\,
i: SL(2,R) x --- x SL(2,R) — SL(p + ¢, R),
p
b b diag(ai,...,ap) diag(by,...,b,) O
((Zi di) e (cczp d”)) — | diag(ci,...,cp) diag(dy,...,dp) O
L 0 0 I,
EWVWIHBDIAAEF ZD. i(SOp(1,1) X --- x SOg(1,1)) ¥ H ORI AHAEIFHET D
00, HIZNTS KAK-2# LD
p(H) = p(i(SO0(1,1) x - -+ x 500(1,1)))

TH 5. 7, i(S00(1,1) x - - x SOp(1,1)) 12 i(SL(2,R) x - - - x SL(2,R)) D#iksZ
HIRABETE 5555, i(SL(2,R) x --- x SL(2,R)) 125592 KAK-H#E D

1(i(SOp(1,1) x -+ x SOp(1,1))) = u(i(SL(2,R) x - - - x SL(2,R))

THhbd. —Hh,

1 b )
UsL2,r) = {(O 1) | be R} ; U’ =i(Uspar) X -+ X UsLa,r))

CELE, KNH © U ~NOEZZEBEMDS, KNH ®© pnh ~OBELEEM & BRIZE—
HTELZ NS
w(U) = pu(U’)

AbH B, U1 i(SL(2,R) x - - x SL(2,R)) OEAFHBABETH 515,

w(U') = u(i(SL(2,R) x - - x SL(2,R))
TH 5. YT uU) = p(H) FEHWTE- O
I 3.2 MOBAITIE, KO X S T E EETRIE X

o (3) DHIITE, L OHLOMEIRTE ap ¥ 5<.
o (1) DFHITIX, HWZHMEL TS U OL— hOBKREEZN->TET, T Ih oM
DiAA i SL(2,R) x --- x SL(2,R) = G 2/E5.
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