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Abstract

Our aim in this note is to establish the boundedness of the maximal oper-
ator for double phase functionals ¢(z, t) = t#@ + {b(2)t}9®) where p(-), q(-)
are log-Holder continuous exponents and b is a nonnegative, bounded and

Hoélder continuous function of order 6 € (0, 1].

1 Introduction

Regarding regularity theory of differential equations, Baroni, Colombo and Min-
gione [2, 3, 4, 5] studied a double phase functional ®(z,t) = t*+a(z)t?, z € RVt >
0, where 1 < p < ¢, a(-) is non-negative, bounded and Hélder continuous of order
6 € (0,1]. In [4], the minimization problem of the double phase functional was
discussed under the assumption ¢ < (1 + 0/N)p. Hésto [9, Theorem 4.7] showed
the boundedness of the maximal operator on L?(G) when ®(z,t) = ¥ + a(z)t?,
1 <p<gq, GCRY is bounded, a € C?(G) is non-negative and ¢ < (1 +6/N)p.
In this note, let us consider the double phase functional

bz, t) = 7@ + {b(2)t} 1@ (1.1)

where p(+), ¢(-) are log-Hélder continuous and b is nonnegative, bounded and Hélder
continuous of order § € (0,1]. For an open set G C RY, recall that the Lebesgue
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space LP()(@) is a Banach space with respect to the norm

p(y)
||f||Lp(-)(G):inf{)\>03/(;<@> dygl} < 00

(see e.g. [6], [7], [8], [13]). Further let us consider the Musielak-Orlicz space ¢(G)
of all functions f such that

1l :inf{bo:/gcb(y,&f”) dy < 1} cx

(see e.g. [9], [11]).

Our main aim in this note is to establish the boundedness of the maximal
operator in ¢(RY) (see Theorem 2.1 in Section 2). We also extend Theorem 2.1
to the Herz case (Theorem 5.1).

2 Variable exponents

Let p(-) be a real valued measurable function on R such that
(P1) 1 <p :=essinf,cry p(z) < esssup,cgpy p(z) = p < o0;

(P2) p(-) is log-Hoélder continuous, namely

C
Ip(z) — p(y)| < L for all z, y € RN

~ log(e +1/]z —yl)

with a constant C), > 0.
Moreover we suppose that

(P3) p(-) is log-Hoélder continuous at oo, namely, there exists a constant p(co) > 1
such that

p(z) — p(oo)| < — 2= for all 3 € RY

— log(e + [z])

with a constant C), o, > 0.

In this case, we write p(-) € Pp.

Our aim in this note is to give the boundedness of the maximal operator f —
M f in the Musielak-Orlicz space ¢(RY).



THEOREM 2.1. Let p(-) and q(-) be variable exponents in Py. Suppose
0 < 1/p(z) —1/¢(z) < min{1/p(cc), O/N}
for z € RY. Then there is a constant C > 0 such that
1M Flloy < ClLF o 2.1)

In what follows, we always assume that p(-), ¢(-) € Po.

3 Maximal functions

Consider the maximal function

1
Mf(r) = sup 75—
r>0 |B(z,7)] B(z,r)

[f ()| dy,

where B(x,r) denotes the open ball with center at x and radius 7.
For the boundedness of the maximal operator in LP(R") of constant exponent,
we refer to [1], [12] and [15].

LEMMA 3.1 (cf. [14, Lemma 3.5]). There is a constant C' > 0 such that

1

1/p(x)
1 |f<ynp@>dy) L O+ )N
|B(I,T)| B(z,r)

d Cl|——
179}l dy < QM%MIWW

for all x € RN, r > 0 and measurable functions f on RN such that || f|| . gy <

Q.

COROLLARY 3.2. There is a constant C' > 0 such that
HMfHLP(')(RN) < CHfHLP(')(RN) for all f € Lp(')(RN)-

In fact, take 1 < py < p~ and apply Lemma 3.1 with p(-) replaced by po(:) =
p(-)/po- If || fll Loy ray < 1, then we find

Mf(z) < C(M[fo)(2))""@ + C(1 + J2]) 7>,

where fo(y) = [ f(y)["®). Hence
/ (M F(2)"® dz < C / (M[fo](@))" dz + C / (1 + )~V @ dy
gc/ummm@+o/u+mrwdx

<c [ifwproayc<c



4 Fractional maximal functions

Consider the fractional maximal function

(@)

My f(x) = sup |f(y)| dy,

w0 |B(w,7)] B(,r)
where 7(-) is a measurable function on R satisfying

(1) 0 <7~ =inf gy 7(x) <77 =sup,cgy 7(x) < N.
THEOREM 4.1 (Sobolev type inequality). Suppose

0 < 1/p(x) — 1/q(x) = 7(2)/N < 1/p(o0)
for all v € RY. Then there is a constant C' > 0 such that
||MT(')f||L‘I(‘)(RN) < CHfHLP<~>(RN)

for all f € LPV(RY).

Proof. Let f be a measurable function on RY with || f|| ) gyy < 1. Let z € RN
and r > 0. First note that for 0 < r < ¢ we have

(@)
B fo, MO < s [ iy
|B($,T)| B(z,r) |B z,r | (z,r)

and for 0 < 6 <7 < (1 + |2])?™® we have by Lemma 3.1

T(:L‘
)| d
|Bx7’|/m) v)ldy

1/p(a)
Orm@ | ()P dy + OO (14 z])7Y
|B(I ") B

@) N/p()

IN

IN

< C§T@-N/p@)

since 1/q(x) = 1/p(x) — 7(x)/N > 0. If r > (1 + |2|)P@) then, for z = ra/|z|, we



obtain by Lemma 3.1

)
Bl B(x7r)|f(y)|dy
77 (@)

< OB Jysy O

e) 1/p(2)
< O (@ fy MO ) OO0
< OpT@NPE) L OpTE(1 4 |2]) Y
< CpT@-N/p)
< COpr@)=N/p(ee)
< (1+|x|) )=N/p(o0))p(x)
< (1+|x|) )=N/p(x))p(z)

Hence
M, f(z) < 57(‘”‘”)Mf(x) + C§T@)=N/pl) | C(1+ |x|>(f(w)—N/p(w))p(z)_
Now, letting & = {M f(x)}P@/N we find

My f(z) < C{Mf(z)}"@P@ON L C(1 + |z])T@-N/p)p()
< C{Mf(x>}p(z)/q(:c) +C(1+ |x|>(T($)—N/p(x))p(z)’

so that

—
~—
i
H,—/
2
B
AN

C’/{Mf(x)}p(x) dx+C’/(1+|x|) Np@) g
C,

IN

as required.

Proof of Theorem 2.1. Let f be a measurable function on RY with

£ leey@my + N0f oy mvy < 1.

Let z € RY and r > 0. Set 7(z) = N/p(z) — N/q(x). First note that

1
b(@m ) |f(y)| dy

{b ) = bW)Hf W dy + 57— b(y)|f(y)| dy

.’II?”| | ( )| B(z,r)

— 1
O _ T(x d - b d ’
|B(95v7")|/3(z,7«) e = y["|f(y)| dy + B o W f )l dy
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so that
b(x)M f(x) < C My f(x) + Mbf]().
Since 1/q(x) = 1/p(x) — 7(x) /N, Theorem 4.1 gives

[bM fllao@mny < ClMeg) fllLao@yy + MBS Lao @y
< Clfllror@yy + ClOfl Lao @y,

which proves the result. Il

EXAMPLE 4.2. Let 1/¢(0) < 1/p(0)—6/N. For0 < 8 <1and 0 < § < N, consider

b(x) = (min{max{0,xy},1})" and  f(y) = ly| 7 xs_(y),
where B_ = {z = (21, ...,xy) € B(0,1) : iy < 0}. Then note that

(1) Mf(z) > Clz|™" on B(0,1);
(2) / oy, f(y)) dy < oo when —fp(0) + N > 0;
B(0,1)

(3) /B(O ! o(x, M f(x))dx = oo when (§ — 3)q(0) + N < 0.

Now take 6 and 3 such that 0 <8 < 1,0 < 8 < N and

Then (2) and (3) hold.

5 Herz spaces

Let A(r) = B(0,2r) \ B(0,r) for r > 0. For a real number v and 0 < ¢ < oo,

consider the Herz space

o g dr\
e = W llcan + ([ 6 lesen)* &) <
1

Theorem 2.1 is extended in the Herz settings.



THEOREM 5.1. Suppose —N/q(o0) < v < N — N/p(c0) and

0 <1/p(x) = 1/q(x) = 7(x)/N < min{1/p(c0),0/N}

for all x € RYN. Then there is a constant C' > 0 such that

1M fllgq0 < Cll 6.0, (5.1)

when |flsq. < oo.
For a proof of Theorem 5.1, we use Theorem 2.1 and the following lemmas.

LEMMA 5.2. There are constants C,Cy > 0 such that
CrrP) <X By oy < Cor™N/P()
for allz € RY and r > 1.

LEMMA 5.3 ([10, Lemma 2.5]). There is a constant C' > 0 such that

_1
|A(r)] A(r)

for all x € RN, r > 1 and measurable functions f on RY such that || f[| o) a(r) <

|f(y)|dy < CT_N/p(OO)||f||Lr><-)(A(r))

Q.

LEMMA 5.4. Ife+v — N+ N/p(co) < 0 and € > 0, then

NN ' AN
B(0,r)\B(0,1) 1/2

for allr > 1 and f € L} (RN).

loc

Proof. We may assume that f(z) = 0 for x € B(0,1). Let j, be the smallest
integer such that 2%° > r. By Lemma 5.3, we have

fWldy < C)» 27r y)ldy
/B(O,r)\B(0,1)| )l Z 2 JA@2-r)] A(2- Jr)l (@)l

Jo

< O @)V Fll s aga-in-

j=1



In case ¢ > 1, by Holder’s inequality, we have

Jo

2(2_j7”)N_N/p(°O)||f||Lp(->(A(2—jr))

j=1
jo , vd s 1/q
< (Z ((2_j7’>_€+N_N/p(oo)_y)q> ( ((2_jr>€+'/||fHLP(')(A(2—jr)))q>
j=1 Jj=1
r AN
S CrrenRe ( // (t“”r\fum)m(w»q7) .
1/2

Therefore, we obtain the required result in this case.
For the case 0 < ¢ < 1, by the fact that (a+0)? < a?+b? for all a,b > 0 instead

of Holder’s inequality, we also obtain the required result. O
In the same manner we have the following result.

LEMMA 5.5. Let B € R. Ife+ f — N/p(0co) —v < 0 and € > 0, then

— — 00)—v OO —e4v dt Ve
Lo WMy < e ([ ) )
RN\B(0,r) /2

for allr > 1 and f € L} (RN).

loc

Proof of Theorem 5.1. Suppose ||f|l¢qr < 1. Set 7(x) = N/p(z) — N/q(z) and
7(00) = N/p(o0) — N/q(o0). We show that

< dr
/1 (r HbeHL‘I(')(A(r)))q . <C

when 1 < ¢ < 0.

For r > 1, write

f

IXB.r/2) + fXBO4N\BO,r/2) T JXRN B(0,47)
- fl,r + f2,7" + f3,7“

By Theorem 2.1 we have

> v d’l“
/1 (T HbeQ,rHLq(»)(A(r)))q . < C.



Note that

1
b(z) Fir()] dy
RTEn WA
),
< o ) Cle =Pl e / Fir(v)] dy
B, 0] Juy 17 YT 1AW D1 Sy "ON W)
< Opre-N / F()] dy + CrY / b()If () dy
B(0,r) B(0,r)
and
N / o (9)] dy
|B(.’,C,t>| B(z,t) o
1
e — Clz —y["™)| fs.,.(y dy+ / far(y)| dy
B0 Sy 1Y ar0)] D1 Sy "WWar0)
< C |y N f(y)| dy + C ly|~No(y)| f(y)| dy
RN\ B(0,2r) RN\ B(0,2r)

for all z € A(r) and ¢ > 0. By Lemmas 5.2 and 5.4 we have for 0 < & <
N — N/p(co) —vand 0 < ey < N — N/q(c0) — v

- dr
/ (P 1oM f1 0]l Lacr cacryy) s
1

o0 r 1/q q
C/ prN/aloo)+m(e0) | f.mer=N/p(oo)—v (/ (t51+y||f||Lp(~>(A(t)))q @> @
1/2 t T

r a7\ " dr
C v+N/q(oco —e2—N/q(c0)~v / t52+l/ b a(- . -
e ( ( E I o) -
e1+v > —€ dr\ dt
C’/ (e HfHLp(~)(A(t)))q (/ red )
12 ' T t

iy < ldr\ dt
+C (=0 || oo caqey) (/ roe ) 7
1/2 t

IN

IN

r

e
;S

< C 11 oo cagey)” i C/ 10N oo caqey)
1/2 1/2
In the same way, by Lemmas 5.2 and 5.5, we obtain

< dr
/ (r ||be3,r||Lq<~>(A(r)) — <C,
1

which completes the proof. O



References

1]

2]

[10]

[11]

[12]

D. R. Adams and L. I. Hedberg, Function spaces and potential theory,
Springer, 1996.

P. Baroni, M. Colombo and G. Mingione: Non-autonomous functionals, bor-
derline cases and related function classes, St Petersburg Math. J. 27 (2016),
347-379.

P. Baroni, M. Colombo and G. Mingione, Regularity for general functionals
with double phase, Calc. Var. (2018) 57: 62.

M. Colombo and G. Mingione, Regularity for double phase variational prob-
lems, Arch. Rat. Mech. Anal. 215 (2015), 443-496.

M. Colombo and G. Mingione, Bounded minimizers of double phase varia-
tional integrals, Arch. Rat. Mech. Anal. 218 (2015), 219-273.

L. Diening: Maximal function on generalized Lebesgue spaces L), Math.
Inequal. Appl. 7 (2004), no. 2, 245-254.

D. Cruz-Uribe and A. Fiorenza, Variable Lebesgue spaces. Founda-
tions and harmonic analysis. Applied and Numerical Harmonic Analysis.
Birkhauser/Springer, Heidelberg, 2013.

L. Diening, P. Harjulehto, P. Hasto and M. RﬁZiéka, Lebesgue and Sobolev
spaces with variable exponents, Lecture Notes in Mathematics, 2017,
Springer, Heidelberg, 2011.

P. Hasto, The maximal operator on generalized Orlicz spaces, J. Funct. Anal.
269 (2015), no. 12, 4038-4048; Corrigendum to ”The maximal operator on
generalized Orlicz spaces”, J. Funct. Anal. 271 (2016), no. 1, 240-243.

F.-Y. Maeda, Y. Mizuta and T. Shimomura, Variable exponent weighted norm
inequality for generalized Riesz potentials, Ann. Acad. Sci. Fenn. 43 (2018),
563-577.

F.-Y. Maeda, Y. Mizuta, T. Ohno and T. Shimomura, Sobolev’s inequality for

double phase functionals with variable exponents, to appear in Forum Math.

Y. Mizuta, Potential theory in Euclidean spaces, Gakkotosyo, Tokyo, 1996.

10



[13] Y. Mizuta, Function spaces with variable exponents [translation of
MR3114272], Sugaku Expositions 29 (2016), no. 2, 227-248.

[14] Y. Mizuta, E. Nakai, T. Ohno and T. Shimomura, Maximal functions, Riesz
potentials and Sobolev embeddings on Musielak-Orlicz-Morrey spaces of vari-
able exponent in R"™, Rev. Mat. Complut. 25 (2012), 413-434.

[15] E. M. Stein, Singular integrals and differentiability properties of functions,
Princeton Univ. Press, Princeton, 1970.

4-13-11 Hachi-Hom-Matsu-Minams:
Higashi- Hiroshima 759-0144, Japan
E-mail : yomizuta@hiroshima-u.ac.jp
and
Faculty of Education
Oita University
Dannoharu Oita-city 870-1192, Japan
E-mail : t-ohno@oita-u.ac.jp
and
Department of Mathematics
Graduate School of Education
Hiroshima University
Higashi- Hiroshima 759-8524, Japan

E-mail : tshimo@hiroshima-u.ac.jp

11



