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1 Introduction

Let Q be R? or R? x T!, where T! = R/Z is one dimensional flat torus. We consider the

incompressible Navier-Stokes equations

Ou—Au+u-Vu+Vp=0 in Qx(0,00),
dive =0 in Q x (0,00), (1.1)
U<O) = Ug in Qa

where u = (uy(x,t), us(z,t), us(z,t)) and p(z,t) respectively stand for an unknown veloc-
ity field and a pressure. The functions ug denote a given initial velocity. 0;, A denotes
partial derivative in time and Laplace operator on the Euclidean space respectively. The
differential operator u - V denotes >, ;3 u;0;.

Let us recall a special self-similar solution called the three dimensional Oseen vortex

or Lamb-Oseen vortex:

Os(zp, Ty, t) = — — (1—e 5 ), xp=(x1,22), T, = T3, (1.2)
where I" is the total circulations. The two-dimensional Oseen vortex is the Navier-Stokes
flow whose initial vorticity is a Dirac measure supported at the origin, and it stands
for one of the simplest vortex. The three-dimensional Oseen vortex is an extension of
two-dimensional one. In this paper, we discuss L? asymptotic stability to somewhat
generalized Oseen vortex (Oseen type Navier-Stoke flow) under large three-dimensional
perturbation in R? x T!.

We will introduce some results on solvability of the Navier-Stokes equations. There
are many results on the existence of the solution to (1.1). It is well known that Leray
[18] showed the existence of a global-in-time weak solution u in R" to (1.1) satisfying the

following energy estimate:

t
()17 +/0 IVu(r)[[Z2dr < Jluollz:



for initial data uy € L% Unfortunately, the Oseen vortex is not a Leray’s weak solution
since the energy of the Oseen vortex is infinite.
For non-L*initial data, Kato [12] proved that (1.1) is globally well-posed for small

L™-initial data in R™ with m > 2 by using iteration to the integral formulation of (1.1):
t

u(t) = etBug — / =78 Py(7) - Vu(r))dr, (13)
0

where e'® and P are the heat kernel and the Helmholtz projection respectively. The

choice of function space is related to the scaling transformation:
v(x,t) = Az, A\%t), p(x,t) — N2p(z, \*),

which dose not change the equation. Scale-invariant function spaces are critical ones
that iteration method works. In this case L™(R™) and L{°L™(R™ x (0,00)) are scale-
invariant function space under the above scaling transformation. Independently, Giga and
Miyakawa [7] proved the existence of the solutions in L"(R") in bounded domains with
the Dirichlet boundary condition. The result of this paper was obtained even before [12]
but it took long time to be published after the paper was accepted.

In three-dimensional case, L3(IR3) is the critical Lebesgue space, but it does not include
homogeneous functions like ﬁ This means that L3(R?) is too restrictive to construct a
self-similar solution. In this direction, Giga and Miyakawa [6] proved that the vorticity
equations is well-posed for small initial data and there is a unique self-similar solution by
taking initial vorticity in the Morrey space M 3 (R3). The Morrey space is scale-invariant
under natural the above natural scaling and include homogeneous functions. Moreover,
since rotOs(-,0) € M2, the result of [6] provides generalized Navier-Stokes flows that
contain the three dimensional Oseen vortex provided that I" is sufficiently small. However,
in [6], smoothness for initial data is needed to define rotuy. For instance, for a bounded
function ©(x) on the two dimensional unit sphere whose derivative is not a Radon measure,
rot(©(37)O0s(x,0)) is not in M?%. On the other hand, Kozono and Yamazaki [15] proved
well-posedness for small initial data in weak-L? space in two-dimensional exterior domains.
Since the two-dimensional Oseen vortex is in weak-L? space, the results of [15] provide its
generalization. There is no restriction on smoothness of initial data in [15]. In Cannone [2]
and Koch and Tataru [13], it was showed that (1.1) is globally well-posed for small initial
data in the Besov spaces Bp_,cl,jg(R”) (1 < p < oo) and BMO™(R™) space respectively.
The result of [13] is the most general on the well-posedness to (1.1).

Our aim is to show asymptotic stability to the solution that is constructed in the first
aim under large three-dimensional perturbation. Asymptotic stability for the Navier-
Stokes equations has been widely studied. However, there are few the results on the
asymptotic stability under large perturbation. In three-dimensional case, Schonbek [21]

proved that 0 is asymptotically stable for L? N L'-perturbation on R3. Subsequently,



Miyakawa and Schonbek [20] study optimal decay rate. On the other hand, Kozono [14]
proved asymptotic stability for the Leray’s weak solution v € L{L% satisfying Serrin’s
condition [22] (% + g =1for2<p<ooand3 < g <o) on uniformly C* domains. This
result allows unbounded domains such as a exterior domain or a domain with non-compact
boundbary. Karch, Pilarczyk and Schonbek [11] proved L-asymptotic stability for small
mild solution V' € X, where &, is a function space of solenoidal vector fields satisfying
[(v-VV,w)| < C(sup,oollV ()]l x,) | V0| 2] V|| 22 for all v,w € LL2NL2HL. This result
allows many function spaces. For instance, weak L? space satisfies above estimate, and
then it is a subspace of X,. The decay rate to L>»*-mild solutions was also studied by
[8]. Although [11] is the most comprehensive result for the asymptotic stability of small
mild solutions to (1.1), the three dimensional Oseen vortex is not included in this result.

In the two-dimensional case, Iftimie, Karch and Lacave [10] show that, for initial
perturbation vy € L?, there exists a positive constant § = §(||vg||z2), if the total circulation
is smaller that 9, the Oseen vortex is asymptotically stable in exterior domain. In this
result, size of the total circulation need to be smaller as initial perturbation beocome to be
larger. Gallay and Maekawa [5] inproved this point. They show the asymptotic stability
of the small Oseen vortex forL? N L2-initial perturbation ( 1 < ¢ < 2 ). In this result,
smallness of initial perturbation is independent of size of the total circulation. Maekawa
[19] proved asymptotic stability for the solutions obtained by [15] under C_§°L2’w—large
perturbation in the whole space and the exterior domain. This result give us asymptotic
stability to the small two-dimensional Oseen vortex.

Let us consider our problem in more detail. We will first generalize three dimensional
Oseen vortex. For the this point, since the two-dimensional Oseen vortex is in L%
and three dimensional Oseen vortex is independent of x, variable, it is good idea to
construct mild solution in an anisotropic function space Y? := L:joLi’oo with the norm
I flly2 = ||||f<xh,mv)||Lioo||Lgo Note the three dimensional Oseen vortex is in Y? at
fixed time. Moreover, Y? is scale-invariant under the natural scaling. Therefore we can
construct a mild solution to (1.1) by Fujita-Kato principle.

Our aim is to show asymptotic stability of Oseen type Navier-Stokes flow under arbi-
trarily large perturbation vy € L?@(R}QL x T:). We call the mild solution constructed
in the above procedure the basic flow with initial data by. To prove asymptotic stability,
there are several step. For simplicity, we assume vy € Ly°Cg5,.

We first have to show the existence of a weak solution to the perturbed Navier-Stokes

equations:
O —Av+v-Vo+ob-Vo+v-Vb+Vqg=0, in RZxT!x(0,00),

dive=0, in R} xT! x (0,00), (1.4)

v(0) =vg, on R} x T;.



For the vertor field v satisfying above eqations, we find that v 4 b satisfies (1.1) with
initial data vo + bg. Since the fifth term of the left-hand side of the above equation v - Vb
has singularity at ¢ = 0, it is difficult to get the energy inequality by integrating on
R? x T! x (0,t) and show the existece of a weak solution to (1.4) directly. To avoid this,
we construct a unique local-in-time mild solution v to (1.4) on (0,7 for some 7" > 0 with
initial data 7o in a subspace of L*(R? x T}), after that, we show the existence of global-in-
time weak solution with initial data v(7"). The local-in-time mild solution is constructed
as in [19] for two-dimensional case. we follow his approach. To show the existence of a
weak solution with initial data v(7T"), we first construct a unique solution to approximated
equations to (1.4) with energy inequality that is independent of approximation parameter.
Next, taking limit to the approximated solution, we obtain a weak solution to (1.4).
Finally, we prove the decay of |[v(¢)[|2(r2 «11) s t — co. To this end, since the domain

is vertically periodic, we can apply the Fourier expansion to v with respect to x, variable:

U($h; Ly, t) = Uo(x}”t) —+ Zvj(xh;t> eQm'j
Jj#0
=: 0" + V5.

Using orthogonality of the Fourier series, we can derive the equation that v° satisfies.

0 is independent of z,, we can apply two-dimensional argument

Since the averaged term v
as in [19] to get the decay of [|vg(t)| L2z x11) as ¢ — co. Unfortunately, because of the
non-linearity of (1.4) and dependence of v, on z,, variable, it is difficult to show the decay
to the oscillating term by using same way as the averaged term. However, we can avoid
this difficulty the Poincdre inequality and get the decay of [|vos||2(r2 1) 1t is worth to
mention that there was no result on asymptotic stability to the three-dimensional Oseen
vortex under three-dimensional perturbation, even if basic flows or initial perturbation
are small, and domain has no boundary. Our result is somewhat restrictive in terms of

domain.

2 Main results

In this section, we firstly define some notations and notions to state our two main
theorem. Secondly, we mention them.
We define vertically anisotropic function spaces to define the mild solutions to (1.4)

that include the three dimensional Oseen vortex.
Definition 2.1. Let Q = R® or R} x T.. We define vertically anisotropic spaces
XP(2)(1 <p<oo)and Y((2)) (1 < g < o0) by
XPi={f=(f1,[2. f3) € Lpc(Q) s div f =0, |[f]|x» < 00}, (2.1)
Y?:= {f = (f1, f2, f3) € LZIOC(Q) cdiv f =0, || fllye < oo}7 (2.2)



where

0= sup( [ | an)Pdan)s < oc,
IRh

zyER

1
I fllve := sup sup A(|{zy € R?: |f(zn, 2,)| > A})7 < 00
Ty ER A>0

respectively, where |S| denotes the Lebesgue measure of S.

We note our main theorem. First one is a existence of the Oseen type solutions;

Theorem 2.2. Let Q2 = R3 or R? x T'. Let ug € Y?(Q). Then there exists a positive

number & such that, if |ug|ly2) < 0, there exists a unique mild solutions u € C;Y2(Q x

(0,00)) of (1.1):
u(t) = e®ug — /t A Pdivu(r) @ u(r))dr in Y3(Q), (2.3)

for all t € (0,T), where e® and P are the heat kernel and the Helmholtz projection

respectively, such that

1
sup [lu(t)|[yz@) + sup tifju(t)]xq) < Clluolly2(a), (2.4)
0<t<T 0<t<T
u(t) — ug weakly* in Y?*(Q)+ XP(Q) ast—0 (2.5)

1_ 1,1 1_1_3
where;—r+4f0ra112<r<4.

Proof of this theorem based on Fujita-Kato iteration scheme. We omit details here.
Second our theorem is a asymptotic stability result of the Oseen type solution in vertically

periodic domain;

Theorem 2.3. Let Q = R2 x T,, § > 0 be sufficiently small and b(x,t) (basic flow) be
a solution to (NS) in Theorem 2.2 with initial data by € Y*(Q) with ||bo|ly2 < 6. Then,
for vy € Lf@fm(ﬁ) (initial perturbation), there exists a weak solution w(x,t) to (1.1)
with initial data wy = v + by, which satisfies such that (1.1) in the sense of distribution,
such that

lim ||w(t) — b(t) — etAUOHLQ(Q) =0
t—o00

In this paper, we give a outline of the proof this Theorem 2.3 when vy € Ly°Cgy,

3 Out line of the proof of Theorem 2.3

There are two step to show Theorem 2.3 :



Stepl Proof of the existence of a weak solution to the perturbed equation (1.4) with

logarithmic energy estimate.
Step2 Proof of energy decay of the solution to the perturbed equation.

On stepl, we first construct a unique solution to a approximate equation of perturbed
equation, and taking its limit, we can get a weak solution to the perturbed equation with
logarithmic energy estimate as in Maekawa [19]. Summing up this procedure, we get the

following proposition.

Proposition 3.1. Let T' > 0, vy € LyCg5,(2) with div vg = 0 and b be a solution to
(1.1) in Theorem 2.3. Then there exists a weak solution v € L°L2(2 x (0,T)) to (1.4)
such that

t
o(®)]2 + / 1V0(3)|[% ds < Cy + Col[bo]|% log(1 + 1) (3.1)

for allt € (1,T), where Cy = Cy(vg) and Cy is independent of T

Applying the Fourier expansion to v with respect to z,, we can decompose v into

averaged part v, and oscillating part v,s;

v(xp, Ty, t) = Z vz, )™k = o (2, 1) + Z v (p, t)e2 v
ke k0

= 'Ua(mh7 t) + Uos(xha Ly, t)

Because of orthogonality of the Fourier series, it follows from (3.1) that
t
R /1 [Vavall2age) < C + C log(1 + 1) (3.2)
t
[Vos ()12 ) +/1 IV 0os 1220y < C + €6 log(1 + 1), (3.3)

where 6 > 0 is a constant in Theorem 2.3. Since we can apply the Poincaré inequality
to the oscillating part, we can derive the decay of v,s directly from (3.3). Therefore, it is

essential to show the decay of v,. We first show the following proposition to show this.
Proposition 3.2. Let T > 0. Put w, := (—Ah)’iva, where (—AR)*2f = F Y€ °Ff)
for s € R. Then there exist constants C >0 and M > 0 such that

t
ea (1) [22gen) + / IV k100 (8) 22 g2,

<O+ t)M” (1 +log(1 + ) + sup [[vos(7)ll L2 (@2 xr1) log(1 + t)) (3.4)

1<r<t

foralll <t <T.



Proof. Integrate (1.4) with respect to x,, then we get

v, — Apu, + div/ (v'v + bl +v'b)dw, + d1g =0 (3.5)
T1

Oz — Aol + div / (v*v + b*v + v?b)dx, + Orq = 0 (3.6)
’]I‘l

o — A + div/ (v*v + b*v + v*b)dx, = 0. (3.7)
T1

(3.5) (3.6) are the two dimensional perturbed Navier-Stokes system and (3.7) is two

dimensional heat equation respectively. It follows from integration by parts that
1 2 2
§at||wa||L2(R2) + ||Vwa||L2(R2)
< |/ / (v@v+bR@v+v®b)dr, : Vh(—Ah)*%wadxh]
R2 JT1
= |/ / ((va+vos)®(Ua+vos>+b®(va+vos)
R2 JT!
+ (Ua + UOS) ® b)dmv : v(_Ah>_%wadeh|
:|/ /('Ua®va+vos®Uos+b®va+b®vos+va®b
RrR2 JT1

F Vs ® b)dy : V(—Ap) Fwaday,)
= Il+]2+13+]4+l5+]6. (38)

Estimate for I; The Sobolev embedding

1
[vallLare) < Cll(=An)" vall L2(re) (3.9)
and the interpolation inequality
1 1 1
[(=An) 0l 22y < Cllvallfoggey [ Vival 72 gge) (3.10)
yield

L] < C”UGH%‘l(R?)H(_Ah)%waHLQ(R%

< Ol (=20) T0al 32y [l (= D) S 22y

< OHUGHLQ(RQ)H(_Ah)%UaHL?(RQ)H(_Ah)iwaHL?(R?)
< O Vivall 2 || (= An) 5wl 32 g,

S O||vhvaHL2(R2) Hwa”LQ(RQ) thwaHL2(R2)-
Applying the Young inequality to the last inequality, we find

1
1] < ClIVavall 2wl Z2me) + 761 Vrtwallz2ee)



Estimate for I, Using the Schwarz inequality, (3.9), (3.10) and the Young inequality,
we find

1
I(=4n) 3 wa |l 2 e2)

|I5| < C”
L2(Q)

/ Vos @ UpsdTy
’JI‘I
) 1 1
< C [ NomlBygaellal e IVl ey
1 1 1
< C/T||(—Ah)4Uos||%§L(R2)d$v||wa”z2(m2)thwa”zm@)

1 1
S C'HvosHLQ(Q) HVUOS||L2(Q) HwaHiz(Rz) "vhwa||zz(R2)

< ClHUOSH%Q(Q)HVUOSHLQ(Q)
1

+ ol Vooslza wallze@ey + 75 Vawalzae)
< Cullvos || 2@ Vol 72
+ ColIVo sl sy + 751Vl
In the last inequality, we used the Poincaré inequality.

Estimate for I3 and I5. Using the Holder inequality,(3.9), (3.10) and the Young in-
equality, we find

1
| Is] + 15| < C/Tl 161l £ w2y Ao [l val g 2y [| (An) 3 wa | L2 r2)

1 1 1
< CJbll xa(@[[(=Ar) T vall L2r2)[[Wa | E2 g2y | Vawal | 2 oy

1
< Olbll s llwall 22 gey + T6||Vhwa|\%2(m2)-

Estimate for I, and Is. Using the Holder inequality, (3.9), (3.10) and the Pincaré

inequality, we find

1
161 < € [ llsgen syl (=2 wallagen
T
1 1 1
< C’”bHX“(Q) /11‘1 HUOSHEZ(Rz)||VhU08"zi(R2)dxv|’(_Ah)4wa"L2(R2)

< Ol 100 22 g ey V0 gy ey | 16 g
< Cy[1l %4 (@ l1Vos | 2 @2

+ ColIV vl ey I ey + 7o IVl
< C].Hb”g(‘l(fl)HVUOS”LQ(R%XT%)

1
+ CQHVUOS“%Q(RixT}})“waH%Q(RQ) + 1_6||vhwa||%2(]R2)'



Thus, from (3.8), above estimates and the Gronwall inequality, we get

)l + [ 190a(r) Bydr < exp(@@)lwa(l + [ wrar 311

where

o(t) = 01/1 (IIVo(n)lIZ2 + 16(7) 54 )dr

U(t) = Cs eXP(/ ©(5)ds) ([[vos (t)| 21| Vvos (£) 172 + 16(E) %l Vvos () [ 2)-
Using (3.3) and (2.4), we find
() < Ci(1+ 6% log(1 +t)).
and

U(t)dr

1

t t
< o1 +0%F (sup (7)1 / IV 00s(r) | + / 150 s | V000 (1) 2k

1<r<

< Cy(1+ )% (3 [lne(r HLZ/ |V vos(7) |2
l 1
/ 15(r) [adir)? / IV 00s(7) |22 )
< Cy(1 + )4 (1+10g(1+t)+ S ||UOS( )| 22 log(1 +t)).

Thus, we obtain

t
a (1) 22, + / V0 (t) 22 gyl
< C(1 + )Mo (1 +log(1 +1t) + sup [|vos(7)| 22 ) log(1 + t)) : (3.12)
1<7<t

]

Let t > 1. Using Proposition 3.2 and (3.3), we find

¢ ¢
[lwa (0)][72 + [lvos (8)] 172 +/1 [[Vwa (7)1 d7+/1 V005 ()72 dr
< C(1+ )M log%(l +t) + (lower order). (3.13)
We see from (3.13) that there exists ty € [t/2,t] such that

[lewa (o) 172 + |1vos (to) |72 + tol [ Vewa(to)l 72 + ol Veos(to)|I72
< C(1 + to)M? log%(l + to) + (lower order). (3.14)



Therefore, we find from the Poincaré inequality and the above inequality that

lv(to) 122

< 2(J|va(to) 122 + llvos (o)l 22)

< C[lwa(to)l| 2 [|Vwa(to)ll 2 + [[vos (o) | 2 [ Vvos (to) || 2)

< C(1+ to)_%J“M‘S2 log%(l +to) + (lower order)

< C(1+41t)"2M% 103 (1 + 1) + (lower order). (3.15)

Now we know that v satisfies

v —Av+divio@v+b®@v+v®b)+Vg=01in 2 x (0,00),
div v =01in Q x (0,00),

then, applying integration by part and the Gronwall inequality to the perturbed equation,
we find

t t
o+ [ IVor)adr < oo PO (e 2, (3.16)
to

for ¢y € [%,t]. Since ft’; 16(7)Isd7 < Clog i < oo and (3.15) , we obtain

RHS (3.16) < Cljv(to)]|3
< C(1+ )" 2% 1062 (1 + t) + (lower order)

If we take 6 > 0 so small that —% + Mé? < 0, we get the desired decay of v.
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