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1 Introduction

ARelE, SEHETR (EERE), 177 EROR (B3RS & oILFEIZE [YOT18]
IHEDWT WS, GZAIREEE 75, ARG-HEEDE set DIEM L ER{ICEIT % Grothendieck
% Burnside IR & W0 Q(G) L. Bsett # B 2B AT, ZOREDoH
RN—=vH A FEREBRT 2BOE TV E K25 DI Burnside Bt Q(G) TH 5.

G DI HED BB 2RO ELA%Z C(G) = {(H) | H <G}, WH = Ng(H)/H £§ 3.

13 BIREER 7, D IE R BR
Qe = [ z
(H)eC(G)

% G D ghost IR, M |WH|(H < G) OXKI[EHFDEREE

Obs(G)= [[ @/ |WH|zZ)

(H)eC(G)

% G D obstraction BEE LS, DL X, 7T—N)LEHDOERS]

0——=Q(G) —2= Q(G) —2 Obs(G) —=0,
7272 L, Burnside #[R3 o 11,

o = (on) : AG) — QG [X] = (1X]) ),
Y&, G D ghost BROEEDIG 0 = (0(K)) k) I L,

Yu(0) = Y 6((9)H) mod [WH|
gHEWH

TERIND LD ET S, BT 5. KL, LEosEeslix, Q(G) 23 Burnside #E[FH %
LT ghost ROTEREFAMTH S Z L 2R LTV 5, KHTIE, &H 552N THE
I OMRIND Z-MBEZ0 12, LD X)) RBERIBEET 5 &) REBEMEZ 525 C
ETQG) D—Mbz HiE L 28R o —hm Oz iR 5

i, NoLEPMRTH2 L EHFREL ). I'iE, »217RELERNTH 5
(CoLE, 2FEBHERBEL VYY) 7%, (X2 X € T OIS, I'(l,X) =

1



Homp(I, X), BMRES S OFHE % |S|, [I):={[I]|I € I irreducible}, ZI := Z[T,
"= ] zE¥ 5.
[1]elr]
Z-MBEZT %, ¢([X]) = |[(I,X)] TH5Z6N254 (I ® Burnside #ERE L\ 9)
o = (¢1) : ZI' — 77 PHEFRERNTH 5 & ) 2EMEEN5 2 6015 & & abstract
Burnside 3R (ABR) &8, KfEO I T OO+ 3525252 L ThH 5.

fIRE. Z-IEEZI 75 ABR & 7% % & ) A HINERE I OEGFGIIZEM 2R X,
LUN, 20252 270Dz T 5,

2 REEEHF

—DOE T ORI OHCFHEHEOEEOTIHES < Aut(I) I Leg: I = 1/S %
S C I'(I,1) DR (coequalizer) &> :

Lo e
I_S)I—>I{S
; vf
X.
U, EEDoceSITNLcgoo=cgDPEDVZL, L f: ] — XDPEEDocSIC
WU foo=falied oI, f=focsZllcd f:1/S — X DB—BIHLE
T2 LML T3, KT,

[(1/8, X)| =TI, X)"]

225,
IToa&ft% (C) &9 5.
Condition(C) VI € I', Yo € Aut(!), 3 a coequalizer ¢, : I — I /o of the pair (1;,0).

3 E=HNEHTER

BLroTXRTOERFD 7 7 A% Epi(IN), $XTOHEFD 7 7 X% Mon(I'), TXTD
WD 7 5 A% Iso(l) £ T4, X e TOTXRTOHALHABEDOESZ Aut(X) 95, T'D
WDy 7 ADK (E, M) IZM T O5M%7 T L E T D3R (factorization system)
&

(F1) The classes E and M are both closed under composition.
(F2) Any isomorphism belongs to both of E and M.
(F3) Any f: X — Y admits an (E, M )-factorization




where e € £ and m € M.

(F4) The above factorization is unique, that is, f : X N Im(f) =+ Y is another
(E, M)-factorization, then there exists a unique isomorphism i : Im(f) — Im(f)’ such
that the following diagram is commutative :

& (F4) 12k b f Dt image Im(f) IFFRIEZEA L T-BICEE 5. 612, DUT
N> AV RVASS
ENM =Iso(I).

Definition 3.1. 77f#% (E, M) \¥, XRDO5M% A1 T L ZL2FEEHSBER (epi-mono
factorization system) & "X 5 :

(EM) E C Epi(I") and M C Mon(I').

B riznkE M) 252835, EONRX, Y DRIDTRTOHDOEAZ E(X,Y),
M ORNRX, Y DRIDTXRTOFOELSE M(X,Y) 5%, {71, E, M % ZnZinbl
TOEHIICED S:

I (X,Y
E = ([E(X,Y
M

I HICNATIN D %
1 if XY,

D = (|Aut(X)[|0(X,Y))xver, O(X,Y) = '
0 otherwise

TED S, WRIZ2ODEHEELTINQ, S %
Q = ED' =(E(X,Y)|/|[Aut(Y)])xyermr),
S == DT'M = (IM(X,Y)|/|Aut(X)])xyerr
&9 5,

Proposition 3.2. Assume that I' has a factorization system (E, M).
(1) The hom-set matriz I' factors as follows:

I'=ED'M=QDS

(2) If (E, M) is an epi-mono factorization system, then Q) (resp. S) is permutation-similar
to a unipotent lower (resp. upper) triangular integral matriz.
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4 EEHE
Theorem 4.1. [YOT18] Let I be an essentially finite category. If I' satisfies (EM), (C),

then
0—=7ZI -7 —*~ Obs(I') —=0

18 exact.

Proof. 9, LFD42%77F. (1) ¢is injective, (2) |Cok(yp)| = |Obs(I")|, (3) Im(yp) C
Ker(v), (4) v is surjective,
(1) ¢ is injective,
29, TPARETH 2 5. T DB NREDH DD 5 72 2155 DY A X%
HARTH 3.
EX,X)=M(X,X)=Aut(X)

PEED X e CITOWTHR Y V26, LDU-SEZH EWT

det(T" H |[Aut(X)| #0in Z

rer
=5,
— kD%,
r= Z rx[X] € kerp
Xer
EBE, A ry 0% TITXRTONRKPS %25 T ORGETEE TS, ry #£0% A
7R [ X AR TH 20 6 B A BRENERBETH S, ZDLE, [YOTI18, Lemma
14 &0 A LEFEE L 72 5 A DRBENERESE A BHEEL (AN E, AN M) %457#%
ELTHDI b5, fiE>Tr=0%21%.
(2) 1, Proposition 3.2 & D¢
(3) Im(p) S Ker(v)).
EREONR X € IITx L, Cauchy-Frobenius Dffif & D o o ([ X]) D T HKITI2D
W T

drop(X) = D eul(X])

ocAut(I)

= Y TI(/oX)

oceAut(])

= [Aut(D)] Y [T(X)@)

ocAut(l)

0 (JAut(D)])

DD LD Z LD 5

(4) 1) is surjective.



BRI AR ) %

17)12 (171})] : ZF — ZF,

(T Z x(I/o)

oeAut(I)
TEDD, prop=1p, 27U, pr:ZF — Obs(I') F, x € ZF 1Tl
pr(x) = x(/) mod |Aut(/)]
TERINDIHS, ¢ Meurjective TH 3 Z & ZREITTITH S,
75 OREILRICEY§ 2 RBIT4 K 13,
K(I,J) =t{o € Aut(l)) | [/o = J}

THZ6N%, ¢, : [ = T/o B TH2Z I L L o PMHEHRTH 2 Z EDNfITH 5
ERIERT 5. Btk
(X] < [Y] < E.X)#0
&) I/2ITER SN AMIFRROMIERIRERIC LD, 70 K13, BEZRIICLO T
SMNRENTINCE 2, BT, KIZTNETH Y, ¢ I3 surjective TH 3.
HLlF, Cok(p) = Obs(I') ZREIET3THS. ATOHaXAZALS:

0——=2ZI —~ 78 Y Obs(I") — 0.
Cok(y)

(4) £V ¢ D¥surjective TH L0 6,  bZH)THbH. 51T, (2) £V |Cok(p)| = |Obs(I)|
THH006 IEFAMTH 2. a

Theorem 4.2. [YOT18] Let I" be an essentially finite category. If I' satisfies (EM), (C),
then ZI' is an abstract Burnside ring.

Proof. e ¢([X]) - o([Y]) € p(ZT")
G o DRI TH 2025 p(ZL) DXZT DEFERTH 5 L2 mld FaThs. X,V €
I' £ 9%, Cauchy-Frobenius Dfifiild & DD I € TSR L,

r(e(XD oY) = Y. (XD - e10(Y])
)

o€Aut(]

= ) IDULX)O][C(LY))
o€Aut(T)

= Y ITILX)xTIY)@)|
ocAut(I)

= TAut(D)] - [(T(1, X) x T(1.Y))/Aut(I)] = 0



o p(ZI) ICHAILIAET 5 2 &
BRILOEERZRTDIE, 1=(1), € ZV B DfRIcEEFNS 2 LZREIETHT
b5,
Pi(l) = Z 1 mod |Aut(J)| =0

geEAut(J)

& Theorem 4.1 X D A N2MES -

Z" 51 =(1); € Ker(¢p) = Im(gp).

SE
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