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Abstract
This paper reviews the linear instability of nonlinear traveling waves in Hamiltonian systems subject
to superharmonic perturbations. Tanaka’s instability, characterized by a zero eigenvalue with geometric
multiplicity of one and algebraic multiplicity equal to or greater than four, occurs in the presence of
translationally symmetric traveling wave solutions at the extrema of energy with respect to wave speed.
The theory finds application in the study of the superharmonic instability of wave equations with a
Hamiltonian structure, such as water waves with constant vorticity.

1 Introduction

Traveling waves are ubiquitous phenomena that arise as special subsets of solutions to differential equations
describing the time evolution of diverse physical systems, such as fluids or plasmas. Object of the present
paper is a type of traveling wave instability, called the Tanaka instability, which occurs in Hamiltonian
systems. This instability was first observed by Tanaka [1], who numerically showed that a steep gravity wave
subject to superharmonic disturbances (perturbations with a wavenumber that is an integer multiple of the
fundamental mode of oscillation) destabilizes in correspondence of the point where energy is stationary with
respect to wave speed. This fact was unexpected because earlier analysis carried out by Longuet-Higgins [2]
suggested that instability would arise in correspondence of the wave steepness with maximum wave speed.
The Tanaka instability was later explained by Saffman [3], who performed a linear stability analysis and
showed that any traveling wave solution of a canonical Hamiltonian system with both translational and
reflectional symmetry and subject to superharmonic perturbations possesses a zero eigenvalue with algebraic
multiplicity equal to or greater than four at the extrema of energy with respect to wave speed. This result
was generalized in [4], where it was shown that the reflectional symmetry of the wave profile is not essential
for the manifestation of the Tanaka instability. Recently, Murashige and Choi [5] observed the occurrence
of the Tanaka instability in a different system (water waves over a linear shear flow), confirming that this
phenomenon represents a general feature of Hamiltonian dynamics.

The Tanaka instability can be physically understood as follows. First, due to the postulated translational
invariance of traveling waves, such solutions cannot be unique, and the characteristic polynomial associated
with the linear stability analysis for the growth of infinitesimal perturbations always has zero as root. Fur-
thermore, the algebraic multiplicity of the zero eigenvalue is always even and at least equal to two because
of the Hamiltonian structure of the equations. When energy becomes stationary as a function of wave speed,
the algebraic multiplicity of the zero eigenvalue increases to at least four, indicating the coalescence of the
zero eigenvalue associated with translational symmetry with a generally non-zero eigenvalue. In other words,
the square of the second eigenvalue goes from positive to negative values in correspondence of these energy
extrema, implying the onset of instability.

In this paper, we review the Tanaka instability from the standpoint of Hamiltonian mechanics [6, 7]
by following the discussion of [4]. While we are concerned with infinite dimensional canonical Hamiltonian



systems, we remark that the theory can be generalized to the noncanonical case. In section 2, we derive a
Krein-like theorem [8, 9] for the linear stability of traveling waves in canonical Hamiltonian systems subject
to superharmonic disturbances. In particular, we show that if ¢ is an eigenvalue, so is —o. In section 3 some
examples of infinite dimensional Hamiltonian systems in canonical form are provided, including the nonlinear
Schrédinger equation and the water wave system with constant vorticity. The occurrence of the Tanaka
instability is discussed in section 4. Finally, some considerations on further relaxation of the conditions for
the onset of the Tanaka instability are given in the concluding section.

2 Superharmonic Krein’s Theorem for Traveling Waves in Canon-
ical Hamiltonian Systems

In this paper we are concerned with infinite dimensional Hamiltonian systems in canonical form:
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Here, ¢ = ¢ (z,t) and n = 7 (x,t) are real valued functions of n Cartesian coordinates = (zl, ey x”) e R
and time t. Both ¢ and 1 belong to a vector space X equipped with the standard L? inner product (f, g) =
.fﬁ{" fg*dV where f,g € X and x stands for the complex conjugate. The Hamiltonian H = H [(, 7] is a real
valued functional of { and 7. In the following, we shall assume that (, 17, and H are smooth. The symbol §
denotes functional differentiation. For the purpose of the present paper the first order functional derivative
§H/du' of a functional H = H [u',u?,...] is defined according to

H [u' +er] — H [uf] <5H >

(2)

lim =(—,r
e—0 € Sut’

with r € X.

In finite dimensions, the linear stability of a steady solution of a Hamiltonian system in canonical form is
described by Krein’s theorem [8, 9], which states that the sprectrum of the linearized problem for the growth
of infinitesimal perturbations is time-reversible and symmetric, i.e. if o € C is an eigenvalue, so must be —o,

*

o*, and —o*. Krein’s theorem can be easily verified in two dimensions: given a steady solution ((p, 7o) of
the 2 dimensional Hamilton’s equations
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42_0_7]7 77_0_<7 (3)

the linearized equations for perturbations (d, f) = ({ — (o, — 1m0) around the steady state are

=] -l ) @
Here, the lower indexes specify partial derivatives, e.g. H¢, = 0*H/9¢On. Furthermore, the partial derivatives
of the Hamiltonian H = H ({,n) are evaluated at the steady state ({p,70). The matrix A satisfies the property:
TATT. = A, (5)
where J. is the symplectic matrix
2= 3] (6)
It follows that the characteristic polynomial p (o) of A is an even function of the eigenvalue o. Indeed,

p(0) =det (A — o) =det (J.A" T, + 0J2) = (det J.)? det (AT +oI) =p(-0). (7)



In this notation AT denotes the transpose matrix, while I is the identity matrix. Therefore, if o is an
eigenvalue, so is —o. Furthermore, since A is a real matrix, its characteristic polynomial has real coefficients,
which implies that ¢* and —c* are eigenvalues as well (non-real roots of polynomials with real coefficients
arise in complex conjugate pairs).

A similar linear stability result applies to traveling wave solutions of system (1) subject to superharmonic
perturbations, i.e. perturbations whose wave number is an integer multiple of a fundamental wavenumber
ko. To see this, consider the change of variables with complex coefficients

n+ic _n—i¢
5 b=t )

In the new variables, system (1) becomes:

da  SH b OH
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Given a function a (z,t), the Fourier transform F [a] = a (k,t) and the inverse Fourier transform F~1[a] =
a(x,t) are defined as

1 . 1 .
a= —2/ ae *Tdy,  q= —2/ aet®dk. (10)
(2m)"? Jre (2m)"? Jrn
Observing that
H [ 6Hb 1 " OH H [ 6HJda 1 " OH
6.— = 5—A5—bdk = — 5—A k2 g oH = O—A?—adk =— O—Ae“k'“’dk, (11)
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and using equations (9) and (10), it follows that

da oH ob . OH
E (kat) - _lg (_k7t) ) E (k7t) - IE ( k7t) . (12)

Furthermore, from the definition of the Fourier transform (10) and the property a* = b, the relationships
below hold:

a(k,t) =b" (—k,t), b(k,t)=a"(—k,t). (13)
Then, equation (12) can be written as
da . (6H\" 8b  (SH\"
a--() - 5(%) "

Here both & and b are evaluated at (k,t). Next, suppose that ¢ € R™ is the phase speed of a traveling wave
and perform a second change of coordinates (x,t) — (z',t') = (z — ct,t) to a reference frame moving with
speed c. Setting s = a (x’' + ct,t) and u = b(x’ + ct,t), we have

e—ik~ct . ) , . . e—ik:~ct g . , X
& = W/ .Q(i_lk.z dlL’l = (i_lk.Ct.a, b= W/ ’U,(i_lk.w dlL’I = (i_lk.Ct’lAL. (15)
s n m n
Using equation (14) and equation (15), we obtain
08 SH\™ ot SH\™
a—j—ik-cg—i(g> , a—?-ik-ciﬂri(E) : (16)

Observe that now traveling wave solutions with phase speed ¢ are given by steady solutions of system (16).
In the superharmonic setting § and 4 are infinite dimensional vectors with components

s=(s482.)", a=(aha?,.)", (17)



where 8/ = 3 (jko,t), @ = 0 (jko,t), ko = koc/c, and |j| € N. In this notation ¢ = |¢|. Then, equation (16)

takes the form 5 5 5 5
N ) A W .. .(0H *
5= icZs —1 (g) T icZa+1 ( 50 ) : (18)

Here, we introduced the diagonal matrix Z with components IJZ: = jkoéj-. Let (S’ , ﬁ) denote a steady solution

of (18) and consider infinitesimal perturbations (d, f) = (8 — S,a—U ) of such equilibrium state. Then, the
linearization of system (18) around (S,U) gives the system of equations

dy =icTd — i (Hssd + Heaf)"
fo =icTf +1(Hasd + Haaf)"
df = —icZd" +1(Hssd + Hsaf)
fi=—icTf* —i(Hasd + Haa) .

Here, the matrices Hzz, Hsq, Hgys, and Hgy are evaluated at the steady state (5Y U) Notice that in this
notation (Hsu)j = 9?H/08'0%’ and so on. By introducing the matrix

1 0 —Hi; —H
7=l Hgs I:Ti ilgji' H(Sm ’ (20)
“Hps —Haa 0 —cI
and defining v = (d, f, d*, f*)T, system (19) can be written as
vy = Ju. (21)

Now the linear stability of a traveling wave solution with phase speed ¢ can be examined by solving the
eigenvalue problem for J. Next, consider the matrix

O
I
o~OoO
co~oO

Here, I is the identity matrix with the same dimension as Z. @ has the following properties

Qz = _Ia QT = _Q7 (23)

with I the identity matrix in appropriate dimensions. Using these relationships, the following identity can
be verified

QITQ =1 (24)
From (23) and (24), it follows that the characteristic polynomial p (o) of J is even:
p(o) = det (J —al) = det (QITQ + 0Q?) = (det Q)* det (JT + oI) = p(—0). (25)

Thus, if ¢ is an eigenvalue, so is —o. This behavior, which is a consequence of the Hamiltonian structure of
the equations, physically represents time reversal symmetry.

3 Infinite Dimensional Hamiltonian Systems in Canonical Form

In this section we review some examples of infinite dimensional Hamiltonian systems that arise in the canonical
form (1) in the context of quantum and fluid mechanics.



3.1 The Schrodinger equation

Consider the 3 dimensional Schrodinger equation for a particle in a potential V'

0 h?
in2 _ —5 AU+ VY (26)
ot
Here, ki is the reduced Planck constant, m the particle mass, and ¢ the wave function. Equation (26) is
a linear partial differential equation for the complex variable ¥. Upon introducing the change of variables
(Madelung representation)

wz\/ﬁexp{%é'}, (27)

where p = |7,/1|2 is the probability density in the position basis and 6 the phase variable, equation (26) tranlates
into a system of two coupled partial differential equations:

op 1

%= mV - (pVo), (28a)
00 1 ([ Vo |ve]

%= 2m ( o w ) (250)

System (28b) can be cast in canonical Hamiltonian form

dp G6H 09  6H
- - D (29)

where the Hamiltonian H is given by
Vo h?
i p('2 i |v10gp|) (30)
JR3

3.2 The nonlinear Schrodinger equation

Consider the 3 dimensional nonlinear Schrédinger equation and its complex conjugate

Lo o

LAY " (31)
Too2m YTy

Here, k € R is a constant. Define the new variables

a—\/g(erz/)*), b-%\/g(w—w*)- (32)

Then, equation (31) can be expressed in canonical Hamiltonian form

Oa OH ob OH
T o sa (33)

where the Hamiltonian H is given by

H= /<2m vyt + 5 |w|> -/, {%(waﬁﬂvm?) o @e) v e



3.3 Water waves with constant vorticity

Consider a gravity-capillary wave over a linear shear current. The fluid density is assumed to be constant and
equal to 1. The domain Q of the system is 2 dimensional and has boundary 9Q. Let (z,y) denote a Cartesian
coordinate system with the x axis aligned with the horizontal direction of propagation of the wave and the
y axis aligned with the vertical upward direction. We have Q = {(z,y) ER? |0 <z < L, d <y <n(z.t)},
where L > 0 and d < 0 are real constants and 7 (z,t) represents the elevation of the water surface at
the point (x,t). The boundary 9 = BUX UT can be divided in three components: the bottom B =
{(z,y) € R? | y = d}, the water surface © = {(z,y) € R? | y =9 (x,t)}, and the vertical boundaries T' =
{(z,y) e R? | # = {0,L}}. In €, the velocity ficld has expression

v=V¢—wyd,. (35)

In this notation ¢ is the velocity potential, J, the tangent vector along the x axis, and w a real constant
representing the vorticity of the shear current. The ideal Euler equations for the fluid can be written as

2
oo=f—wp— s Py Ag—0 i 36
2

with f = f(t) an arbitrary function of time, ¢ the harmonic conjugate of ¢, P the pressure, and g the
gravitational constant. Equation (36) is supplied with the boundary condition ¢, = 0 at the bottom B, the
periodic boundary condition v (0,y,t) = v (L,y,t) on the vertical boundaries T', and the dynamic boundary
conditions at the water surface ¥

2

_|veP o [ m woow?
Nt = Gy — GaNx + WNNa, (37b)

where we introduced the real constant « associated with surface tension and the quantities

=03 [(nds. 0=oG@mt). x=vGn. (39)

Notice that here the function y, which is defined up to an arbitrary function of time, is chosen to be such that
x (0,t) — (w/2) n? (0,t) = 0. Furthermore, at the water surface the pressure P does not appear explicitly in
the equations since it equals the constant atmospheric pressure and as such it can be canceled by appropriate
choice of f. Solving system (37h) is sufficient to determine the potential ¢ in the whole Q. This is because
the continuity equation (the second equation in (36)) implies that ¢ is a harmonic function, and thus it can
be computed by solving the relevant boundary value problem for Laplace’s equation. System (37b) can be
cast in canonical Hamiltonian form (see [10] and [4]). We have

8¢ 6H 9y _oH

where the Hamiltonian H is given by

A= M (@—wy%) ay

4 The Tanaka Instability

L 2
do + / (%2 + %n?’ tayit ng) dz. (40)
0

2

The purpose of the present section is to show that if a traveling wave solution of a canonical Hamiltonian sys-
tem in the form (1) subject to superharmonic perturbations admits a translational symmetry, then Tanaka’s
instability occurs at the extrema of energy with respect to wave speed. As explained in section 1, this can



be shown by determining the conditions under which the zero eigenvalue has algebraic multiplicity greater
than two.

Let € € R? denote the spatial direction of the translational symmetry of a traveling wave solution (S, U).
The existence of this symmetry implies that the functions

Sy=8@ +X¢), Un=U(x +X¢), (41)

are also traveling wave solutions for any choice of the parameter A € R. The Fourier transform of the
translated solution can be evaluated to be

Sy — VEG [, = R, (42)

On the other hand, the existence of translational symmetry implies that steady solutions of system (18) are
not unique, and the matrix J of equation (20) has a non-trivial null-space corresponding to an eigenvector «
with eigenvalue o = 0. Using equation (42), the vector a can be computed as below:

Si -8
d Uy : -U
= —— | A =ik - - 43
CT AN |8 e g (43)
Uil L U
Restricting to superharmonics, this gives
~Z8
c & |-IU
=i - 44
T 78 (44)
U™,

Due to the parity of the characteristic polynomial of the matrix J discussed in section 2, the eigenvalue
o = 0 must have even algebraic multiplicity. Therefore, there must exist a generalized eigenvector S of rank
2 associated with the eigenvalue o = 0. The vector 5 can be obtained from equation (18) by differentiating
the equilibrium system

OH\" . OH\* - OH .. 0H -
<¥> = CIS, <%> = —CZVUY7 % = CIS 5 % = —CIU s (45)

with respect to the absolute value ¢ of the wave speed ¢ (in the following, we shall refer to ¢ simply as
the wave speed). Notice that in the last equation the derivatives 0H /03 and OH/0u are evaluated at the
equilibrium (S,U). We have

. dS* L AU~ as .

. dS* . dU* dU .
Hﬁg% +H{L{LI+CIE = -1U, (46b)

ds dU ds* -
Has g + Hingy =~ T =75 ()

ds dU du* .l

This system has the form

JB = «, (47)



with the generalized eigenvector § of rank 2 given by

Q> s

c-&

d
— 4
c dc (48)
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Assuming that the translational symmetry represents the only degeneracy of the matrix J, the geometric
condition for the existence of a generalized eigenvector of rank 3 associated with the eigenvalue o = 0 is given
by

(B,a) =0, (49)

where (,a) = 8- @&* denotes the standard inner product, and & is the eigenvector of .JT = (.J *)T associated
with the eigenvalue o = 0. The condition (49) follows from the fact that any vector 8 perpendicular to the
null-space of the Hermitian conjugate JT belongs to the image of .J, i.e. 8 = J~ for some appropriate choice
of v when (49) is satisfied (see for example [4]). If it exists, the vector 7 then represents the generalized
eigenvector of rank 3. Notice that, due to the parity of the characteristic polynomial, the existence of ~y
automatically implies that the eigenvalue o = 0 has algebraic multiplicity equal to or greater than four. An
explicit calculations shows that & has expression

I8
. e €| -IU
e (50)
~IU*.
Equation (49) thus becomes
o A . . .
_ [(c-& as _s. dU _.. . dS* _. dU* _.|

In order to understand the physical meaning of this condition, now consider the derivative of the Hamiltonian
H with respect to ¢ at the equilibrium state. Using (45), we have

dH OH dS 0H dU ., dS ., dU
P R T e L P (52)
We conclude that )
_ (c-&\ dH
(B,a) = —4 (T) T2 (53)

Therefore, a sufficient condition for the zero eigenvalue to have algebraic multiplicity of at least four is that
the energy H is stationary with respect to wave speed c.

5 Concluding Remarks

In this paper, the Tanaka instability of traveling waves was reviewed from the perspective of Hamiltonian
mechanics. This instability occurs in Hamiltonian systems when a traveling wave solution subject to su-
perharmonic disturbances possesses a translational symmetry and its energy is stationary as a function of
wave speed. The stationary points are characterized by the zero eigenvalue of the linear stability problem
for the growth rate of infinitesimal perturbations. In particular, the algebraic multiplicity of the zero eigen-
value, which is always even due to the Hamiltonian structure of the equations, jumps in correspondence of
the energy extrema, indicating the coalescence of the mode corresponding to translational symmetry with a
different (generally non-zero) eigenvalue, and causing the onset of instability.



While we have restricted our discussion to canonical Hamiltonian systems in the form (1), it is possible
to generalize the theory to the noncanonical Hamiltonian setting. Several infinite dimensional Hamiltonian
systems, such as the modon equation [11], the Hasegawa-Mima equation [12], the KdV equation, or magne-
tohydrodynamics, occur in noncanonical form. Therefore, we expect the Tanaka instability to manifest also
for traveling wave solutions of these systems provided that the relevant energy possesses stationary points
with respect to wave speed.

A second aspect that deserves comment is the scope of Krein’s theorem. In this paper, the restriction
of the perturbations to superharmonics enabled the proof of a Krein-like theorem for the linear stability of
traveling waves. More precisely, superharmonic perturbations transform the linear stability problem from
a continuous one to a discrete one. However, the applicability of a Krein-like theorem with respect to a
more general spectrum may allow a further generalization of the conditions for the occurrence of the Tanaka
instability.
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