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Abstract

In this paper, we study mixed type curves in Minkowski 3-space. Mixed type curves
are regular curves, and there are both non-lightlike points and lightlike points in a mixed
type curve. For non-lightlike curves and null curves in Minkowski 3-space, we can study
them by a Frenet frame or a Cartan frame respectively. But for mixed type curves, the
two frames will not work. And as far as we know, no one has yet given a frame to study
them in Minkowski 3-space. So we give the lightcone frame in order to provide a tool for
studying this type curves in mathematical and physical research. As an application of
the lightcone frame, we define an evolute of a mixed type curve. And we also give some
examples to show the evolutes.

1 Preliminaries

Let R3={(zy, xa, x3)|z1, T2, T3 € R} be a real vector space. The Minkowski 3-space R? is
R? endowed with the Lorentzian metric

(., .) = —dx? + dz3 + dz?.

A non-zero vector v € R} is said to be spacelike, timelike or lightlike if (v, v) >0, (v, v) <0
or (v, v) = 0, respectively. We usually consider the zero vector as a spacelike vector.

A curve v = () in R? is said to be spacelike, timelike or null if its tangent vector field ~/(¢)
is spacelike, timelike or lightlike, respectively, for all t.

But a regular curve in R} may not be of one of the above three types. If there are both
non-lightlike points and lightlike points in a regular curve in R, we call it the mixed type curve.

Let v be a spacelike or timelike curve in R} parametrized by arc-length, we suppose that

(A" #0.
Then there is a Frenet frame {7; T =+, N = ﬁ, B = T A N} satisfying the following
VA2
Frenet equations:
T 0 k 0 T
N'| = —(51(52/1 0 (51’7’ N s
B’ 0 T 0 B

where
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5, = (T, T), 6, = (N, N).

The vector fields T, N, and B are called the tangent, principal normal and binormal of ~,
respectively. The functions k and 7 are called the curvature and torsion of v, respectively (see
[5])-

As we all know, an evolute of a regular space curve v in R? (see [2]) is defined by

Ev(y)(t) = () + N () — 5 B(1).

K

By using the method, we can define an evolute of a non-lightlike curve v in R? by
Ev(y)(t) = y(t) + 61023 N(t) + 6102 ;5. B ().

But for a mixed type curve, the frame will not work. We want to define an evolute of a mixed
type curve, so we need a new frame. In the following work, we consider mixed type curves with
isolated lightlike points and we suppose ¥ A 4 # 0.

2 Lightcone frame
In this section,we will introduce the lightcone frame in Minkowski 3-space.
We denote

Ly = (1, cos6(t), sind(1)),

oy = (L, —cosO(t), —sinf(t))
and
My = L;(t) A Ly = (0, sin6(t), — cos0(t)),

where 0(t) is a smooth function. We call {L(j(t), Ly Mo} a lightcone frame in R$. And we
give a figure to show that (see Figure 1).

L_G(t) %
lightcone
Figure 1: the lightcone frame

Let v be a regular curve (or a mixed type curve) in R3. There exists a smooth function
(a, B, 0): T — R3\ {(0, 0, )} such that



Y(t) = a(t) Ly, + B(t) Ly,

for all t € I. We say that a regular curve v with the lightcone semi-polar coordinates (o, 3, 0)
if the above condition holds.

Since
(1), 1(1)) = —4a(t)5(t),
(o) is a
spacelike point :  «a(ty)B(to) <
timelike point :  «a(to)B(ty) >
lightlike point :  «af(to)B(ty) =

0)f
We show that in the following figure (see Figure 2).
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Figure 2: the lightcone semi-polar coordinates of +(t)

For convenience, let

81('[5)

(O A5@), 3 AF(E))
= 4(a(t)B(t) = B(1)a(1)* + 46*(H)a(t) () (B(t) — alt))?,

Theorem 2.1. (The Eristence Theorem) Let («, 8, 6) : I — R3\ {(0, 0, )} be a smooth
function. There exists a reqular curve v : I — R} with the lightcone semi-polar coordinates

(a, B, 0).

Remark 2.2. If v and ¥ : I — R3 are reqular curves with the same lightcone semi-polar
coordinates (o, 3, ), then there exists a constant vector ¢ € R$ such that ¥(t) = v(t) + ¢



Before we give the uniqueness theorem, we need to make some preparations.

Definition 2.3. Let v and 5 : I — R3 be reqular curves. We say that vy and 5 are congruent
through a Lorentz motion if there exist a matriz A and a constant ¢ € R? such that () =
A(Y(t)) +c for allt € I, where A satisfies

-1 0 0
ATGA =G, det(A) =1, G = 0 10
0 01

For any vector v € R} and w € R}, we can calculate
(v, w) = (A(v), A(w)),
vAw=A(v)ANA(w).
So we have

a(h)B(t) = a(B)B(H),  eilt) = (1), e2 = (1),

Proposition 2.4. If v : I — R? is a non-lightlike curve, then

1
_ (016261 ()2 _ 5 g2(t)
0 = Csamaun?” T = aw

So we have

k(t) = k(t), 7(t) =T7(¢).

The fundamental theorem of non-lightlike curves has been given in [1, 4]. Using them, we
get the uniqueness theorem.

Theorem 2.5. (The Uniqueness Theorem) Let v and 7 : I — R? be regqular curves with

the lightcone semi-polar coordinates (o, 3, 0) and (, B, 5) Suppose the lightlike points are
isolated. If

a(t)B(t) = a(t)B(1), e1(t) = &i(t), €2 = &x(t)

for allt € I, then v and 7 are congruent through a Lorentz motion.

3 Evolutes of mixed type curves
In this section we give the definition of mixed type curves. In the following work, we suppose
g9(t) # 0. Firstly, we define an evolute of a mixed type curve with &;(t) # 0.

Definition 3.1. Let v : I — R} be a reqular curve (g1(t) # 0) with the lightcone semi-polar
coordinates (o, 3, 0), then we define an evolute Ev(y) : I — R} of v by

Ev(y)(t) = (1)

208, .. 1 afe aff + Bé _
A 0 = 50) + 0l (8 - ) (22 =352 () @)Ly — A1) Lagy)
8% hap(a - 5) + sl (af - 8a) (L — 3P0 gy,

€1 €1€2 €2



Proposition 3.2. If v : I — R? is a non-lightlike curve (e1(t) # 0) with the lightcone
semi-polar coordinates (o, [, 6), then

Ev(y)(t) = ()

28, - ] . 1 afie af} + Bo -
FAC (08 = 60 + a2 (5 — o) 2= 3OOy — B0 agy)
+ 8% G050 - 5) + ol (af — )22 — 52000 sy,

€1 £1€9 £2

1 R

Remark 3.3. If v(ty) is a lightlike point of v(t) (e1(t) # 0), we have

afty) =0, B(tg) # 0
or

a(ty) # 0, B(te) = 0.
So

Ev(v)(to) = 7(to)-
In appropriate conditions, we also define an evolute of a mixed type curve with €1(¢y) = 0.

Definition 3.4. The evolute Ev(v) : I — R3 of v is given by

Ev(y)(t) =~(t)

+2(20(af = 58) + 010848 - )~ 62 EEN ) a() L, - B0 Ly
#4020~ 8) + gl (el — B0 — 62 (ary,

if there exists a unique smooth function A : I — R such that

2a(t)B(t) = At)er ().

4 Examples

In this section we give some examples.
Example 4.1. Let 7 : R — R? be a regular curve defined by
v(t) = (3¢ + ¢, sint, —cost).
We can calculate
20(t)B(t) = 2t3(1 + t2), e1(t) = 4t3(t* + 5),

SO
At) = 20(0)B(t) 1412
ety 2#2+5)
The expression of Ev()(¢) (the evolute of v(t)) is too long and complicated, so we do not
write it here and we show it in the following figures (see Figure 3 and Figure 4).
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Figure 3: v(t)(blue) and Ev(v)(t)(red)  Figure 4: ~(¢)(blue) and Ev(v)(t)(red) around
the lightlike point

Example 4.2. Let v : [0, 47) — R} be a regular curve defined by

v(t) = (38in2t, —2(—cos3t — 3 cos3t), —2(sinjt — 3sin3t)).

We can calculate
20(t)B(t) = 2cos® t(4dcos®t — 3), e1(t) = 4cos® t(12sin t + 17sin?t + 4),
S0

At) = 20(1)B(t) 4cos®t — 3
et 2(12sin*t + 17sin’t + 4)

The expression of Ev()(t) (the evolute of y(t)) is too long and complicated, so we do not
write it here and we show it in the following figures (see Figure 5 and Figure 6).

Figure 5: v(t)(blue) and Fv(7y)(t)(red)  Figure 6: «(t)(blue) and Ev(v)(t)(red) around
the lightlike point
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