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Abstract

The author has generalized the LLL reduction algorithm so that it can be applied to obtain a LLL
reduced basis over imaginary quadratic field by introducing a reduction parameter. The termination
of the generalized algorithm is guaranteed by showing that a quantity which strictly decreases during
the execution of the algorithm has a positive lower bound.

1 EU®HIC

LLL #& 7 F K ff#Y (LLL Lattice basis reduction, A% [TEERH] L 509) 1&, 1982 412, A.K.Lenstra,
H.W .Lenstra, Jr., and L.Lovdsz 2§ L 72 BiER T 5 ([8]). FEMHHY & 13 FI2B W TR (reduced
basis) KDDL TH Y, EEE 5> F<WMO PR T, wHT IBRICHEORVWEMAEDOS DEHKT 2
ZrTHhad. T, TREREDER] 21k TREOEH#L] LH525.

Lenstra, et al. (2 & 2 &K OMITIE, SIHESREOITETHHINTS D, FEBBRHLHADOK T
% T DEZIHADRM DL HARMDEFIHEE TIT D 72012 1980 FRITEAINZEDTH 5. T DS
ZILOEL T 5 EOMETIE, KFE2EBAR EORZ FLVER R RIZBWT, BEBRZ FOHEL2S
DHEE (Z-4%F) THEAXTWA. HNapias 1, BEM{221—271)y FEPI—27 Y v FEER LT -RILL
T3 ([9)]).

Bt - FEIX, Lenstra, et al. 12 kK 2HEEMN %, H 5K NZTEWTEIKIZE T 2 8BER LIz —f#
fEU7z ([4]). ZDHBETIE, B RIKDO—HITH %577 AOBURZ BT 28R ET, WK FE
THEDITEHBEZRBLUTT NIV ALDKTT 52 %2m UK ([2,[3]). TROLEEMNE, G - F
TFIZE UM DEMEBR LTS5 2T, AU AOEKRIZEB T 2BEER L2 b L2 2125, ZOEK
WZEWT, BoREKITBWT—BALARERIROFIFHZ LR T 2 Z e BPETH o7z, T THEATVDERI,
HIEA T 7 NVEE L T35,

% Z THILIE, Lenstra, et al. 12 & B f#IZE (reduction parameter) ZE AT 5 Z L2 K0, HEHH %
ERARIZ BT BEERER B AL U7z, RRETIE, IR OS2 1R R 5 .
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2 HEfE
2.1 REUAE ZFDEHIR
B & 7 DIBENZ DN T, REEEE G S EREIH 258~ 5 ([1)).

BEB o PEHREZREE T2, H2ZERDRTHE L E, o BREBIETH S &\ 5. REBEK
DL B8 Q OEMEEREE L WS RBUA FIZIHS DMZEEBIAQ 23K A, L7z >TQ LORY
MVZER & A2, ZORTEHVERTH S L & F IZERRREETH 5 &0\, RITHERD & 138
BRRREAE L VWS, o< DL, dimgF =n<oco DEE, F % n ROREUK (X7 F ORI n) &
w9,

F 7z, HE w WEHER A R T ORERRH L OH 2L THADRTH 5 & &, w IIRBER TH
205, REBHESEDESGET L35, FIZA ENTVLARBMNEREARDOES O =T NF %
FOBHBES WD, Op I F OHPBRTHY, OpNQ=2ZTh5. Op Dtk F DEHL NS,

ZDETIIRAILAET, A75H° AK Lenstra, et al. (2 & B REfMHIZ2 T 7 AOBKIZH 1T B8R EIZ—
AL U 7z BRI N B 2 33T 5 ([2], [3]). PARE F 2 A IRRAEUR, O % F OBEIR L T5.

2.2 Op-BFDERE
ZZT, TG FE ([4)) BEFE LT Op-RE TR, TIUTET B EANRERNERARS.

EE 1
A % Op-liE (module) £ 45, ZDLE, AW F"NIZEIT S HBF(lattice) TH D &1E, H2D F" DHEE
(blv"' ;bn) VC“;

A:OFb1++Oan—{Zszz ’I”ZGOF(lflfn)} (1)
=1
Zii7zTHDOPFETHI L2 VD,
T 2
A DEE (by,--- ,by,) 1T LT,
d(A) == /| det(bi, by)1<ij<n| (2)

% A @O ¥BIR (discriminant) £\ 5. 22T (, )IX2D2DRT MVORNEEAEKT. (4,7) KaH b, b; DN
MTH 5 n REFGTHDITHRTH 5.

IIT,RCFTHDHILEMRLTEL. FIZIEEHSEZXBE UK F = Q(v/m), m < 0 (2%, k&
BOTEAFET 5.

2.3 EIRAEDEERHRT

LABE, F % 2 RORBUA (ZRIF) £ T35, 20L& dimgF =2Thd. ZRKEFIRDL S TRINS.
EUmIEFART 2R 0VERTHD.

Q(vm) ={a+bym|a,beQ} (3)



m>0DEE EIRE, m<0DEE, ETRIK WS ZRIKOEHBUIZ

(i)m#1 (mod 4) D& &,
O ={a+bym|abecZ} (4)

(i) m=1 (mod 4) D& &,

(’)F_{a+b-1+2\/ﬁ | a,beZ} (5)

TH5.

2.4 Op-BFICBITBEHNEREEZDMHE

RBUR (2 LRI ~ND—fifb a2 ZE2 2L & F R THENS, HERT MVERTHE Z R ITIER
570, ZIZT, RZ MVEMFrIZBIT5 22007 MLVONBB IO/ VAREHRTS.

Op DNt % B DT DBEFIFEME, F BEHEBURE 72I3E —RIKTH S5 L TH 5 ([4, Theorem
44)). 2D, & F 2B RikE 5.

E% 3
Friz8l35 2207 Mlva=(ay, - ,a,),b=(by, - ,b,) DNFE%

(a,b) = a1by + -+ + anbn (6)

(ZTVI—PAFE) TEHETD. ZIT,bldbDHERERMTHD. £/ F 2B/ Vv hk, xc F"
IZ72\WL T,

& == V/(@,2) = /|21 + |22 + - - + |2za]? (7)
TEHRTS. 2T, BRI MV DE RO TH5S.
& 4
A=Opby+---+Opb, £ T5. ADHEE (by,---,b,) ITHLT,
* - * (blvb;k) . .
b; :==b; _Zﬂijbja Hij = G5 (1<j<i<n) (8)
=1 77

b SR Mg ceCTh5.

RIZ Op-FFIZB T 5 HEEEZEET 5 (2], [3]). AK.Lenstra, et al. IZ &k % Z-H& T2 B 17 5 fifify 5
[EDEFMNRD S, £z, BIZHWEEPELT D2 EDICZNEWRT S, FIIH 7 AR, T7450bb
F=Q(/-1)05a, Z0rE, Op =Z[V-1]={a+b/=1| a,be Z} TH5.

E&E 5
F=Q(W-1)29%. £72, A=0pby +---+0pb, 2T 5. A DEE (by,--- ,b,) PENEETH S 1T,
EFEAIIBITS, BRIEEIZBITARY ML by, -, by WREWZTLETHS
V2 o
mijl < 5= (L<j<i<n), (9)
* * 2 3 * 2
b7 + pii—1bi_ 4" > ZHbi—l” . (10)



Z OfFIEOME L LT, ROMmENIFSND (3], [5]):

o B
i
o

:@(\/—)a—m (bi,~ ,by) % A DERILEE L, 72, b7 (1 =1,2,--- ,n), iy ZEH4TEEL
D LT B, ZDEERDRLT S

(L1) [|by]]* <47} [> (1 <j<i<n),
A) < T HIbill < 2" = 1)d(n),
=1

1

L3) bl < (4713_1)2”(1@) ,

(L4) ||b1||2 < 4"_1||alc||2 for Ve e A, x # 0,

3=

(L5) [1byl* < 4" Tmax{[lza|®, - fla?} Q<G <t <n T, @y, @ BT,

3 IR

ZOETI, B RIRIZBI BBEIR Op 1T UL, Op-tEIZBWTHAMEZ S8 572012 Lenstra, et al.
X BHNEREZBAL, £/, fNRENEICFEET I EIICETNE2EERET L. 2T kb, REMNZE
TRRIZB I BERERT, I T TNV TH B8R R B TER I A RT I LiZihb. 2T, H
HATT7IVER LI, B O OFEDA T TANIHEOTIZE D ERINZBIES T 7L THEI L E NS,

3.1 BHEBRDEA
BT
REBRNIZBEWT, BHEE (reduction parameter) & 1%, FE# o T,

1
g <a<! (11)

7235 DE NS, ZBHOREE (standard value) 13,

a =

oo
—~
-
[\)
N—

&9 5.

EED rc Q(v/m) (m < 0,m 1T FAHRT%H720WEE) 1T LT, 2 IZHRBILW Op DOI6E O
m# 1(mod 4) D ¥ & Y P RTH Y, m = 1(mod 4) D& ¥ YIm Lﬂfzm. _0)$£%:Eé.‘ix’c,
fERRIEZRD LS IZEHET 5:

& 8

F=QH/m),m <0 TmIFEARTEZELZLVERE L, A=0pb +---+ Opb, £ T 5.

A DRIE (by,--- ,b,) WENEETHD LI, €HFELIIB IS, BEREEIZBIFEZ ML b, b5 B
Refl-3T2ETH5. 12770 ald ;11 <a<lZ-IENERTH S

(i) m#1 (mod 4) D& &

vVi—-m
2

| < (1<j<i<n), (13)



167 + prii1bi_4 > > allbi_y |1*. (14)
(ii) m=1 (mod 4) D& &

VI—m

4

|z < (l<j<i<n), (15)

B LU (14).

3.2 EEEN7ILIYILA

ArRIZE o T—fbI NIz, HT ADEIRIZE T ZEHER L TOHEMHI TV TV XL ([2]) 12D E, #
HA T 7 NVEBORMN T, Th2 B RIRICEI 28EER EIZ—Bbd 5. LNIZZo7 Vv T) XL %
NERRAY

V2= NS

ZUDITER pij, N7 MIVER F* OELEEDORZ MLV bl % 8) LXK VEIHETS. 2oL, flilNEE
PEEDORZ MLVOMEE n 12X DIRMWICER IS, RUDEREIEIm=2895. m>n DHE, TD
FHREIRT TS, ZOTLVITVXLOFEIIRD 3 DOTH5:

(Step A)
fmm—1 PIEE |t 1| < L5 L7225 5129 5.
B U [tmm1| > Y2 251, by, by — {ftmm—1 b1 2T 5.
ZIZT{a} BEREE 2 1T - FEVEE O DILTH 5.
—BIEVITEH 2 LB BB AL, {2} REZNASD5BbOWTIH LT 5.
ZDEE fnmet  fnme1 — {fmm—1} EBY, |pmme| < YR LT BIENTES,
TRTD b} IAREDEETH 5.
(Step B) (2 ;.

(Step B)
i=m T UT, (14) KL T 572513 (Step C) IZHED.

I THRIINE by & b, EANEZS.
m>2DEHEIE, mEm -1 TESHZS.
% D% (Step A) IZIR 5.

(Step C)

(Step A) LEFRIZ j=m —2,m -3, ,1ITHFLT,

fmj DA% || < 0 22 K515, 2O, m % LENSE 5.
m>nRoIETNN T XALIET U, 25 TRITFNIX (Step A) (IZHED.

EE 9
THUITYXL1LIIKTT5.
SEEE TV XLDIRAT, bl 1FEA % o THIRINCHH S WR0DS, 20 L AD 2% [|b||2 = (b], b))
OAFHINS.
Di = det(bﬂ, bu)léu,ygi (1 S ) S n) (16)



%, d(A)2(= D,) D/IMTHIRET B L, (2),8) I& T,

Di=]JIe;I” (1<i<n) (17)
j=1
85, -,
n—1
D:=[] D; (18)
j=1

&35, (Step B) IZBWT, by_q & by, ZRT Z720N, MDD TRTD D \IAEDEETHED, D,y
Dffid o (3 <a <) fFIRVFELT S, Lihi>T, D DEBFAMKIZ affe 20T 5. L, DIT
KUED NS TREE 723 H DWFIET 5 ([4, Theorem 4.4]):

D>S8>0 (1<i<n) (19)
U7dio T, 7TIVITY ALFEREIDAT Y 7 THRT T 5. 1
#

AL THIS R ZME2HE X Uk, LEEERZOPICHERITEHOEEZR LT
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