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We prove new existence and uniqueness results in full Sobolev spaces for
the steady-state Oseen problem in a smooth exterior domain of R", n > 2.
These results are then employed, on the one hand, in the study of analogous
properties for the corresponding (linear) time-periodic case and, on the other
hand and more significantly, to prove analogous properties for their nonlinear
counterpart, at least for small data.
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1 Introduction

As is well known, the steady-state Oseen problem consists in solving the following set of
equations

—Au+Ahu+Vp=f in €,

divu =0 in €,
u=0 on 99, (1.1)

lim u(x) =0,
|z|—o00
where ) is an exterior domain of R™, f: & — R™ and A (> 0) are given external force
and dimensionless (Reynolds) number, whereas u: 2 — R" and p: © — R are unknown
velocity and pressure fields, respectively.

Problem (1.1) has been investigated by a number of authors, beginning with the
pioneering work [4]; for a rather detailed, yet incomplete, list of contributors and corre-
sponding contributions we refer the reader to [5, Chapter VII|, [2] and the bibliography
there included. The peculiarity of these results is due to the circumstance that the
function space where u belongs is not a full Sobolev space but, instead, a homogeneous



Sobolev space. The latter means that for a given f in the Lebesgue space L% (Q) (suit-
able g3 € (1,00)), the associated velocity-field solution wu, its first derivatives and its
second derivatives belong, in the order, to different L%-spaces, i = 1,2, 3, with

q > q2 > g3. (1.2)

These findings are sharp, in the sense that, under the stated assumptions on f, it can
be shown by means of counterexamples that the numbers ¢, g2, g3 must, in general, be
different and satisfy (1.2).

However, particularly motivated by the recent approaches to the study of time-periodic
well-posedness [9, 8] and time-periodic bifurcation [6, 7], we would like to investigate
which further assumptions (if any) f must satisfy in order to ensure that u belongs to
the full Sobolev space W24(2) (¢ = ¢3). A positive answer to this question would, for
example, allow to frame time-periodic bifurcation in a full Sobolev space and hopefully,
analyze the phenomenon of secondary bifurcation in a similar way as that employed for
flow in bounded domains [10]. Notice that the rigorous interpretation of this phenomenon
in the case of an exterior domain is, to date, an entirely open problem.

The main objective of this paper is to show that if, in addition to being in L%, f is
in the dual, DEI’T(Q), of a suitable homogeneous Sobolev space!, with r = r(g,n), then
there exists a unique (u,p) solving (1.1) with, in particular, u € W24(£2), Vp € LI(Q).
Moreover, the solution depends continuously on f, uniformly in A € (0, A\g) for arbitrarily
fixed Ag > 0; see Theorem 2.1.

In view of the results established in [9], Theorem 2.1 produces an immediate corollary
that ensures that a similar property holds also for time-periodic solutions of period 7 > 0
to the (linear) Oseen problem (see (2.7)), provided f is periodic of the same period T;
see Theorem 2.3.

Finally, combining Theorem 2.1 and Theorem 2.3 with the contraction mapping the-
orem, we may extend the results proved there to the fully nonlinear Navier—Stokes case
(see (2.10), (2.12)), on condition that the “size” of f and A is suitably restricted, and
n > 3. We thus show existence in full Sobolev space for both steady-state (Theorem
2.5) and time-periodic (Theorem 2.7) Navier—Stokes problems in exterior domain.

The plan of the paper is as follows. In Section 2, after recalling some basic notation
used in the paper, we state and comment our main results. In the subsequent Section
3, we provide the proof of well-posedness for the steady-state (Theorem 2.1) and time-
periodic (Theorem 2.3) Oseen problem. Finally, in Section 4 we extend the results of
the preceding section to the fully nonlinear case; see Theorem 2.5 and Theorem 2.7.

2 Statement of the Main Results

We begin to introduce our principal notation. Unless otherwise stated, by the symbol €2
we mean a (smooth) exterior domain of R", i.e., the complement of a (smooth) compact
set {lg. With the origin of coordinates in the interior of {29 we put Bgr := {zr e R":
lz| < R}, Qg := QN Bg, and QF .= O\ BE.

!See the next section for the precise definition of Dy " ().



For (t,z) € R x Q, we set 0y := 0/0t, 0; := 0/0z;, j = 1,...,n, and, as customary,
for @ € Nj we set D* := 9" --- 99", and denote by V*u the collection of all spatial
derivatives D%u of u of order |o| = k.

For A an open set of R" and ¢ € [1, c0], we denote by L(A) and W*4(A) the classical
Lebesgue and Sobolev spaces of order k € N, equipped with norms ||-||; = ||-||¢.4 and
|"[lk.g = II|lk,q:.4, respectively. We also consider homogeneous Sobolev spaces:

DM9(A) := {u € LL(A) | VFu € LI(A)},

with corresponding seminorm

kg A = Hvk“Hq;A = Z ID%ul[g;.4 »
|a|=k

‘u’k,q = ‘U

and Dlg’q(A) obtained by (Cantor) completing C§°(A) in the norm |- [, ,. We indicate

the latter’s dual space by ng’ql(A), where ¢ = q/(qg—1), q € (1,00), with norm | - Lk,q,.

Let X be a seminormed vector space, 7 > 0, and g € [1,00]. Then Lie(R; X) is the
space of all measurable f: R — X such that f(¢t 4+ 7) = f(¢t) for almost all ¢ € R and
1/ llLa,. (r;x) < o0, where

T ( /uf H%dt> g <oe Sl = essupl A0

For simplicity, we set Lier(R x A) := Lier(R;LI(A)) and || fllg := [IfllLe,, (riLacay) for
f € Lier(R x A). Moreover, we introduce the “maximal regularity space”

WE29R x A) := {u € LL (R x A) | u€ LI (R; W>9(A)), dyu € LL (R x A)},
equipped with the norm

lull12.6 = llullwizomyay = lellig, @wzacay) + [10llLe@x.a)-

For functions f € Lje (R; X) we introduce the projections

.
-z /0 JO)dt,  Pf=f—PF,

and we call Pf € X the steady-state part and P, f € Lier(R; X) the purely oscillatory

part of f. Setting Lper | (R; X) := P, Lier(R; X), we obtain the decomposition

Lo, (R X) =X &Ll | (R;X).

per

We shall also use the notation

L;I)erj_ (R X A)a WLQ’q (R X ./4) = 'PLWI 2, q(R X .A)

per, L per

(RXA) 'PLL

per



Unless otherwise stated, we do not distinguish between the real-valued function space
X and its R™-valued analogue X™, n € N.

We use the letter C' to denote generic positive constants in our estimates. The depen-
dence of a constant C' on quantities a,b, ..., will be emphasized by writing C(a,b,...).

We are now in a position to state our main findings. We begin with the following
theorem that, in fact, represents the key result upon which all the others rely.

Theorem 2.1. Let Q C R", n > 2, and let ¢ € (1,00), 1 € (""H n+1),0< A< Ao

Set s := Sfll_): Then, for every f € LI(Q)" N Dy """ ()" there exists a solution

u € D*(Q)"NDLY(Q)" NLIH(Q)", p € DM(Q)
o (1.1). This solution satisfies O1u € LI(2)™ and obeys the estimates
1+d M
[ulyy + Ametull g < CATRTIF] (2.1)
n+l-—r
_ M
‘“|2,q + Al[orullq + IVpllg < C(Hf”q + A ‘f|71,r) (2.2)
for some constant C = C(n,q,r,, \g) > 0, where

2 zf”+1<7"§

n—1° :
1 ifn=r=2,
M=<0 if 2y <r<mn, 0= / (2.3)
0 else.
1 ifn<r<n+l1,
In particular, if s < q, then u € W24(Q)" and
(1+6)6 (1+6)0 _ M
A fullg + A2OFD fuly o+ July < C(1fllg + A% 1f]2q,) (2.4)
where
0= g5 - (n+Dgr € [0,1]. (2.5)

n(g—s)+qs nn+1)(g—r)+qr

Moreover, if (u1,p1) is another solution to (1.1) that belongs to the same function class
as (u,p), then u = uy and p = p1 + ¢ for some constant c € R.
Additionally, if r > "5, we can choose p such that p € L"(Q). Then dyu € D~17(Q)
and it holds

M
Ipllr + AlOrul_y,, < CATT[f|_y . (2.6)

Remark 2.2. Note that the condition s < ¢ is equivalent to =< l — ——. Therefore, the

n+1
n+1 n+1

assumption r > in Theorem 2.1 implies the necessary condltlon q >



The first, important consequence of this theorem is presented in the next one concern-
ing the corresponding linear time-periodic problem
Ou — Au+ \o1u+Vp=f in R x €,
divu =0 in R x €,
u=0 onR x9N, (2.7)
lim wu(t,z) =0, t eR,

|z|—o00
with f: R x © — R™ a given time-periodic external force. Precisely, we will prove the
following.
Theorem 2.3. Let Q CR", n > 2, and let g € (1,00), r € ("Tﬂ,n—i— 1) and 0 < X < Xp.
Set s := U Then, for every f € LI(R x Q)" with Pf € D=L7(Q)" there is a solution

n+l—r-
(u,p) = (v+w,p+q) to (2.7) with
v € D) NDI( Q)" NLI(Q)", p € DH(Q),
we W (R x )", q €L, (R;DM(),

which satisfies
146 _ M
(], + AT [o]ls < CAZ 1 [PFI,
_ M
(0], + MOrolly + Vplly < C(IPFllg + A7 PFI_y ), (2.8)
lwll1,24 + IValle < CIPLL g

for a constant C = C(q,r,Q,Ag) > 0 and M and ¢ as in (2.3). Moreover, if (ui,p1) is
another solution to (2.7) that belongs to the same function class as (u,p), then uw = u;
and p = p1 + po for some T -periodic function pg: R — R.

In particular, if s < q, then u € Wll)’ezr’q(]R x Q)" and

(1+6)0

(1+46)0 M
A ol + A0 o]y 4 July g < C(IPFllg + A1 [PF] ) (2.9)

where 6 € [0, 1] is given in (2.5).
Remark 2.4. The observation made in Remark 2.2 applies to Theorem 2.3 as well.

Next, combining the above theorems with the contraction mapping theorem, we are
able to extend analogous results to the nonlinear case, under the assumption of “small”
data.

More specifically, let us begin to consider the steady-state problem

—Av+Xw+Vp+v-Vo=Ff in Q,
dive =0 in Q,
v=—Ae; on 0f), (2.10)
lim v(x)=0.
|z|—o00

We shall prove the following result.



Theorem 2.5. Let Q@ C R™, n >3, and let q,r € (1,00) with

q=

3q n_ o ifn > 5.

1 1 1 2 4 1 2 1 n=l  yfp =34
L - e ARt
3 3g n+1"r qg n-r 1

Then there is Ag > 0 such that for all 0 < A < Ag we may find € > 0 such that for all
feli)n Dal’r(Q) satisfying || fllg + | f|_1, < € there exists a pair (v,p) with

(n+1)r

v e D*(Q)NDY(Q) NL+-+(Q), v € LIQ), peDH(Q)

satisfying (2.10). In particular, if s < q, then v € W24(Q)".

Remark 2.6. As in Remark 2.2, the additional assumption s < ¢ is equivalent to % <
% — T}rl Therefore, the upper bound in (2.11) leads to the necessary conditions
1 1
q>éﬁﬁll ifn=34  ¢>""" ifn>5
nc—n—1 n—
Likewise, consider the problem

Ov—Av+X01v+Vp+ov-Vuo=f in R x €,

dive =0 in R x €,
v=-MXe; onR x 9Q, (2.12)

lim v(t,z) =0, teR.

|x|—o00

where f is a suitably prescribed time-periodic function. We shall prove the following.

Theorem 2.7. Let Q CR™, n >3, and let q,r € (1,00) with

2 1
BEL <+, ‘%@i—L<q, (2.13)
nc—n-—1
2 4 1 2 1 1 1 =l ifn =3,4
e S e = §<{g A (2.14)
g n- T q g n+l—r S ifn>5.

Then there is Ag > 0 such that for all 0 < A < Ay we can find € > 0 such that for all
f e Lia(R x Q)" with Pf € Dy ()" satisfying || f||, + Pfl_1, < € there exists a
unique solution

(v,p) € W?(R x Q)" x L (R; DY()),  Pp e L'(Q)

per
to (2.12).

Remark 2.8. For n = 3, condition (2.13) yields ¢ € ($,4]. For n > 4, the second
2

(
restriction in (2.13) is redundant and it simplifies to ¢ € (”E,f ,n+1].




3 Proofs of Theorem 2.1 and Theorem 2.3

In order to prove Theorem 2.1, we first establish the following density result, which
enables us to consider problem (1.1) only for right-hand sides f € CJ°(2)™.

Proposition 3.1. Let Q C R™ be an arbitrary domain and let q,v € (1,00). Then
Cg°(R2) is a dense subset of L4(€2) N Dal’T(Q).

Proof. The space L4(Q) N Dy " (Q) can be identified with the dual space of LZ (Q) +
Dé’T,(Q), where s = s/(s — 1). Identifying elements of C3°(€2) with the corresponding
functionals, we consider g € LY (Q) + Dé’r,(ﬂ) that is an element of the kernel of each
functional in C§°(12), i.e.,
/ pgdr=0
Q

for all ¢ € CF(§2). This implies g = 0. Consequently, by a standard duality argument,
C5o(€2) is dense in LI(2) N Dal’T(Q). O

We recall the notion of weak solutions: A pair (u,p) € D(l)’T(Q)" x L7

1oc(82) is called
weak solution to (1.1) if divu = 0 and

/Vu:V(p—i—)\alu'godx—/pdivap—i—f-goda:
Q Q

for all ¢ € C3°(2)™ with divp = 0. We show that weak solutions have better regularity
when f is sufficiently regular.

Lemma 3.2. Let Q C R™ be an esterior domain of class C2. Let q,7,5s € (1,00),
feCEEQ), and let (u,p) € (D ()" NLI(Q)") x L. .(Q) be a weak solution to (1.1).

Then u € D9(Q)", O1u € LI(Q)" and p € DY(Q), and for each R > 0 with 0Q C Bg
there exists C = C(n,q,Q, R) > 0 such that

[uly g + MOl +Iply, < CA+AY(If g + lullgen + IPlgx)- (3.1)

Proof. By [5, Theorem VIL1.1], we have u € Wi9(Q2)NC®(Q) and p € WLI(Q)NC>(Q).
Let 0 < Ry < Ry < R such that 0Bp, C €2, and let x € C§°(Bg,) with x = 1 on Bg,. We
set v := (1—x)u+B(u-Vy), where B denotes the Bogovskii operator, and p := (1—x)p.
Then v € leo’g(]R”) N DL (R™) N LS (R") and p € WEY(R") satisfy

loc

{ —Av+ A w+Vp=F inR" 52)

divv=0 inR"
with

F:=(1=x)f+2Vx-Vu+Axu—Nxu+pVx+ [ — A+ A0 ]|B(u- V).



By [5, Theorem VII.7.1], there exists a solution (vq,p;) € D*4(Q) x D14(Q) to (3.2) that
satisfies

[v1lgq + AD1villg + 1]y 4 < ClIFlg- (3.3)

Now set w := v—wv1. Then w is a solution to the homogeneous Oseen system in the whole
space. Therefore, w = v—wv; is a polynomial, which can be readily shown with the help of
Fourier transform. From [5, Theorem VII.6.1] and f € C3°(€2) we conclude D®u(z) — 0
and thus D*v(z) — 0 as |x| — oo for each a € Njj. In virtue of D®v; € LI(Q) for |a| = 2,
the polynomial D*w = D% — D% must thus be zero, i.e., D*w = 0 for |a] = 2. In
the same way we conclude 01w = 0 and, in consequence, Vq = 0. Hence we can replace
(v1,p1) with (v, p) in estimate (3.3). Since u = v and p = p on Q1| estimate (3.3) thus
implies

‘U|27q;QR1 + )\Halu”q;glﬁ + ‘ph,q;QRl < |U‘2,q + Aol + |p‘1,q

(3.4)
<C(Ifllq+ 1+ Mull1,g0m, + Hqu;QRl)‘

To derive the estimate near the boundary, we use another cut-off function x; € C§°(Br)
with x1 = 1 on Bg,, and we set v := y1u and p := x1p. Then (v, p) € W4(Q) x WH4(Q)
is a solution to
—Av+Vp=x1f—2Vx1 - Vu—Axiu— xaAdiu+pVx1  in Qp,
dive=u-Vyx1 in Qp,
v=0 on JNpg.

It is well known (see [5, Exercise IV.6.3] for example) that then (v,p) is subject to the
estimate
[Vl + [1Vpllg < C(1fllger + 1+ N)u

Since u = v and p = p on Qp,, a combination of this estimate with (3.4) yields

Lg;Qr T HPHq;QR)-

[ulg, o + AllOrullg + [ply , < CA+N)(1llg + L+ Mlulligon + IPlear)-
Finally, an application of Ehrling’s inequality
‘u|1,q;QR < O(g_lHqu%QR + 5|u|2,q;QR)
see [1, Theorem 5.2]) for £ > 0 sufficiently small leads to (3.1). O
(see [ y

Proof of Theorem 2.1. For the moment, consider f € CJ°(€2). The existence of a weak
solution (u,p) to (2.1) with u € D5 (Q)NL*(£2) satisfying (2.1) follows from [11, Theorem

2.2]. In the case ¢ > "5, one shows p € L"(2) and ||p|, < C)\_nijl|f|_17r in the same
way as in [5, Proof of Theorem VII.7.2]. Then, for ¢ € C§°(2)" we have

A /Q - pda = /Q (f-o+pdive—Vu: V) dr < (I, + [ple + IVl [Fe],



where 7/ = 7/(r — 1), which implies du € Dy """ () and

_ M
Novul_y, < C(If|_y, + ol + [Vull,) < CA1]f], .

This shows (2.6) if r > 7. If this is not the case, we instead obtain a local estimate in
the following way: First of all, by [5, Lemma VII.1.1] we have p € L"(Q2g) for all R > 0
with 0Br C ). For fixed R, we can add a constant to p such that fQR p = 0. Now let

(RS W(l)’r/(QR)”, r" =r/(r — 1), be a solution to the problem

divey = [p"%p p"Ppdz=1g  inQg,

— = |
1Qr| Jog

which exists since g has vanishing mean value and satisfies g € L™ (Qg) (see [5, Theorem
I11.3.6] for example). Moreover, we have

-1
[¥ll1r0r < Cllglrern < Cliplla,-

Since (u,p) is a weak solution and p has vanishing mean value on Qg, we deduce

, 1 .
ol = / pdivode+ [ pde — [ |p"pda
Qr Qr ’QR| Qr

= Vu: Vi —Nowu-yp— f-yde
Qg

< O+ 20) (IVulls + [1£ll 1m0 ) ¥

|17TJ;QR
< O+ 20)(IVulls +1£1-1,) Il
Using estimate (2.1), this leads to
M
[pllrop < CA™ T ’le,r' (3.5)

Next, by Lemma 3.2, from f € C(Q2) we conclude u € D?9(2) and p € D4(Q) and
the validity of (3.1). We apply the estimate

[ullgor < C@E)lullonr + 5‘“|1,q;QR

for e > 0 and o € (1, 00) several times to deduce

[

5]

ap < CE)lulls + Ce)luly . + eluly,,
a0p < CE)Ipllrop + &lply 4

Choosing ¢ > 0 sufficiently small and combining these with the estimates (3.1), (2.1) and
(3.5), we conclude (2.2) for f € C5°(€2). Employing the above estimates and Proposition
3.1, we can finally extend the result to general f € LI(Q2) N Dgl’r(Q) by a standard
density argument.



Moreover, the additional assumption s < g yields the embedding
L*(2) N D2’q(Q) — WQ"’(Q),

so that u € W24(Q) in this case, and the Gagliardo-Nirenberg inequality (see [3]) implies

(1+68)0

6, 11— - -
lullg < Cllullglulyy” < CA™#5 (Ifllg + A7 11 f] )

and
1/2 _ (1+49)6 M
[uly , < Cllull Y2 uly? < O (| flg + A H ] ),

where we used (2.2). This shows estimate (2.4) and completes the proof. O

Now let us turn to the time-periodic Oseen problem (2.7). We recall the following
result, which treats the case Pf = 0.

Theorem 3.3. Let Q C R™, n > 2, be an exterior domain of class C?, q € (1,00) and
A €[0,X], \o > 0. Forany f €L | (R x Q)" there is a solution

per, L
(u,p) € W2t (R x Q)" x LI | (R;DM(Q))
to (2.7), which satisfies
[ulli2.4 +[[Vpllg < Cllfllg (3.6)

for a constant C' = C(n,q,Q, Xo) > 0. If (u1,p1) € Wé’i’j(R x Q)" < LI (R;DM(Q))

is another solution to (2.7), then u = uy and p = p1 + po for some T -periodic function
Po: R — R.

Proof. The result for n = 3 has been established in [9, Theorem 5.1]. The general case
n > 2 is proved along the same lines. O

A combination of Theorem 2.1 and Theorem 3.3 allows us to treat general time-
periodic forcing terms and immediately leads to a proof of Theorem 2.3.

Proof of Theorem 2.3. Set f1 := Pf and fo := P, f. Let (v,p) € (LSQDQ"J(Q)) xDLA(€)
be a solution to (1.1) with right-hand side f = f; that exists due to Theorem 2.1.
Moreover, let (w,q) € Wéi’ﬂ(ﬂ% x Q) x LI | (R;DY9(Q)) be a solution to (2.7) with
right-hand side f = f» that exists due to Theorem 3.3. Then (u,p) := (v+w,p+q) is a
solution to (2.7) with the asserted properties. The uniqueness statement is deduced in

a similar way. 0

10



4 Proofs of Theorem 2.5 and Theorem 2.7

In the following we focus on the time-periodic case and the proof of Theorem 2.7. The
proof of Theorem 2.5 is very similar but less involved, and we will sketch it at the end
of this section.

First, we reformulate (2.12) as a problem with homogeneous boundary conditions. For
this purpose, let R > 0 with 0B C Q, and let ¢ € C§°(R") with ¢ = 1 on Br. We
define the function V': R™ — R™ by

A
V(z) = 5 [— A+ Vdiv](p(z)z3er).
Then divV =0 and V(z) = —Ae; for z € 092, and V obeys the estimate
[=AV + AV g+ [-AV + A V], < CA(1+N). (4.1)

We set u(t,z) := v(t,z) — V(x), p := p. Then (v,p) is a T-time-periodic solution to
(2.12) if and only if (u,p) is a T-time-periodic solution to

Ou—Au+MNhu+Vp=f+Nu) inRxQ,

divu =0 in R x €,
u=0 on R x 09, (4.2)
lim w(z) =0,
|z|—o00

where
Nw)=-u-Vu—u-VV =V -Vu—-V-VV + AV — X, V.
We will show existence of a solution to (4.2) in the function space

X9 i={ue W2IR x Q)" | divu =0, “’Rxag =0, ||Pullx < oo},

per
1 (n+1)r
ollxs= vl g + [0l + A olls, 5= o= m s
which we equip with the norm
Jullxar = [IPullx + [[PLull124-

Then X" is a Banach space since s < ¢ by (2.14). The following lemma enables us to
derive suitable estimates for A'(u) when u € X%".

Lemma 4.1. Let q,r € (1,00) satisfy (2.13) and (2.14), 0 < A < Ao, and let uy,us €
Xi’r. Set vj := Puj, wj :=Pru; for j =1,2. Then

o
|v1 - Vuz|lg < CX™ 75T log || [Jval]a,

__n_
’Ul . VUQ‘—LT < CA il HU1||/\HU2||/\7

w1 - Vwsllg < Cllwi|l1,2,4]lwe

[P(wr - Vws)|_y . < Cllwill1,2,4

|172,q’

lwal[1,2,45

__<
[v1 - Vwallg < CA™ 7+ [Jur]alJwall1,2,4,

~ Y~ o~~~
L N N
co g O Ut =~ W
~— ~— — Y— ~— —

s
w1 - Vallg < CA™ 7 H T [[wi[1,2,/02(,

11



where ¢ € [0,1) and 0,1 € [0,2]. Moreover, n =2 if and only if r = (n+1)/2.
Proof. Due to (2.14), the Gagliardo-Nirenberg inequality (see [3]) implies

1-02

—9 0
S Hleallsgge < Clualg? llozlls™*,

6
[v1llsg < Cloafggllvn
for 61, 62 € [0,1]. An application of Holder’s inequality thus yields
__0_
[v1 - Voallg < [Jv1]laq ] Voallsgsz < Clor |t lJor |t [v2]52 vl 2% < CA™ 757 oy [|a[[v2] ],

which is (4.3) with § = 2 — 6; — 6. Since % -
(4.4) by estimating

S

< % < %, in the same way one shows

. __n_
[v1 - Voo|_y . = [div(vr ® v2)|_y . < Cllvi|2r[[val2r < CA™ T o[ ]|vz][a-

Note that (2.14) implies n € [0,2]. To derive (4.5), we distinguish two different cases.
On the one hand, if ¢ > max{2,n/2}, Holder’s inequality and the embedding theorem
from [9, Theorem 4.1] yield

w1 - Vwal|g < [Jwi|pe

per

®;Loo ) Vwalles (riLa(e)) < Cllwillizgllwalli2,g

per

On the other hand, if (n +2)/3 < ¢ < (n+ 1)/2, we conclude in the same way

< C|lun

lwr - Vwallg < Jwil [1.2,gllwall1,2,-

24 (RLFI% () Ve ”L,%zAR;L% (@)

This yields (4.5). Since (2.13) and (2.14) imply 1 > 2nt2) _ 6 and we have % - 2<

nq n’ n =
% < %, for the derivation of (4.6) we can again use Holder’s inequality and [9, Theorem
4.1] to deduce

[P(wy - Vws)|_y, = [divP (w1 ® wa)|_y . < Cllwr @ wallLa_ wiLr(e)

per
< Cllollrz,, ®rer @) lwlliz,, @iz @) < Cllvllizgllwllzg:

per
The remaining estimates (4.7) and (4.8) follow in a similar fashion. O

Proof of Theorem 2.7. Tt suffices to show existence of a solution to (4.2). Consider the
solution operator

Sni (LUQ)" NDG " (@)") & Ly, (Rx " XL [

where v is the unique velocity field of the solution (u,p) € X%" x Lie:(R;D19(€2)) to
(2.7) that exists due to Theorem 2.3. This yields a family of continuous linear operators
with

M
[Sxflixer < C(Ifllg + X" [Pfl,), (4.9)
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with M as in (2.3), compare estimate (2.8). Then (u,p) is a solution to (4.2) if u is a
fixed point of the mapping

F: X9 =X, uwe Sa(f +N(u)).

Now consider u € A, := {u € X{" | [|ulx < p} for a radius p > 0 that will be chosen
below, and set v := Pu, w := P u. Then we have

PN (1) = —v-Vo—Pw-Vw) —v-VV -V -Vo—V-VV + AV — A3V,
PNu)=-v-Vo—-w-Vv—Pi(w-Vw)—w-VV =V - Vuw,

and an application of estimates (4.9) and (4.1) together with Lemma 4.1 leads to
|F@)lxar < CIf +N @)y + A7 [P(f + N ()] _y,)
< (I1fllq +ﬂ%rf\,” + <1 + x#’wm z2)
(AT AT A (Jullg £ Vi) )
<O (e + )+ (A5 4 A5 4 A ) (p+ A)2).
Similarly, for ui,us € A, we obtain
[ F (u1) — F(ug )wa < C(||N(U1) - (u2)||q + AT PN () = N(ua))| )
<O+ AT AT AT (s + Jualler + IV el — usllxas
<O+ AT AT ) (o4 A)un - uz||xor-

Note that the assumptions imply max{6,(, M +n} < n+1— M, so that we can consider
v € R with

<M +1 < n+1
Ty max{6,(, M +n}
Now we choose A = ¢ = p7 and p > 0 so small that
C(p'y*% +p27'yni+l +p277%ﬂ +p277%) < ps C(plf'yniﬂ +p177%ﬂ +p177]¥11i1n) < %

This ensures that 7: A, — A, is a contractive self-mapping, and the contraction map-
ping principle finally yields the existence of a fixed point of F. This completes the
proof. O

Proof of Theorem 2.5. We may proceed in a similar way as in the previous proof. Here
we introduce the function space

29" = {u e D*(Q)"ND"(Q)" NL Q)" | divu =0, Uy = 0},
(n+1)r

1
lullzgr = llulls = uly g + fuly, + AT [l s o= ST

13



and the solution operator Sy : (L4(Q)"NDy " (Q)") — 24", f > u, where u is the unique
velocity field of a solution (u,p) to (1.1) that exists due to Theorem 2.1. Then (v,p) is
a solution to (2.10) if and only if (u,p) := (v — V,p) is a fixed-point of the mapping

F: 28" =757, u— S\(f+N(w),

where V' and N (u) are given as before. The existence of such a fixed point can then be
shown as in the proof of Theorem 2.7 by making use of estimates (4.3) and (4.4). O
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