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1 Intrduction

A family of hyper-surfaces is called mean curvature flow if the normal velocity coincides with
the mean curvature vector. Since the mean curvature flow is a formal L? gradient flow of
surface area, the flow basically converges to a point in finite time if the initial surface is
closed, compact and embedded. However, singularities can develop in some mean curvature
flow before the flow shrinks to a point and various researchers have been interested in the
structure of singularities, for example, the blow-up late of the second fundamental form, the
behavior of flow around blow-up time and so on. In this paper, our aim is to construct a
global-in-time measure-theoretic weak solution to the mean curvature flow with right angle
condition taking the analysis on singularities into account. For the details of the connection
between our weak solution and the mean curvature flow with right angle condition, see Remark
2.4.

In the following, let 2 C R™ be a bounded domain with smooth boundary. We consider
the following Allen-Cahn equation with a zero Neumann boundary condition on the domain
Q CR™ ,

Oy = Aug — w (u5)7 (r,t) € Q x (0,00),

o ¢
815 —0, (z,1) € 92 x (0, 00), (1.1)
ue(z,0) = uep(x), z € €.

Here, € > 0 is a parameter, v is the outer unit normal to the boundary 02 and we assume a
double well potential W € C3(R) satisfies the following conditions:

(W1) W(£1) =0 and W (s) > 0 for s # +1,
(W2) there exists a constant —1 < v < 1 such that W/ < 0 in (v,1) and W’ > 0 in (—1,7),
(W3) there exist constants 0 < a < 1 and 3 > 0 such that W”(s) > g for a < |s| < 1.

A typical example of such W is (1 —s?)?/4, for which we may set o = 1/2/3,3 =1 and 7 = 0.
The Allen-Cahn equation (1.1) is the L? gradient flow of

Vul? W
E.lu] := /S2 —E| 2“' +—5(U) dx



sped up by the factor 1/e. Heuristically, for a given family of functions {u.}oce<1 with
sup, Fe[us] < 00, ue is close to a characteristic function, with a transition layer of width
approximately € and slope approximately C/e. Thus Q is mostly divided into two regions
{us =~ 1} and {u; ~ —1} for sufficiently small . With this heuristic picture, one may expect
that the following diffused interface energy

o L <5|Vu5(.7t)|2 ) V[r(us(-,t))) £ (1.2)

€ g 2 €

behaves more or less like surface measures of moving phase boundaries, where

o= /_1 VW (s) ds. (1.3)

Furthermore, one may also expect that the motion of the “transition layer” is a mean curvature
flow with the right angle condition on 9 because a formal L? gradient flow of the surface
area is its mean curvature flow. In order to give a rigorous proof of this kind of singular
limit problem for the Allen-Cahn equation (1.1), we have to introduce weak solutions to the
mean curvature flow with the right angle condition. For example, Mizuno and Tonegawa [10]
constructed Brakke’s mean curvature flow with a generalized right angle condition (a measure
theoretic weak solution) via the singular limit problem of the Allen-Cahn equation (1.1), and
Katsoulakis, Kossioris and Reitich [9] proved a connection of the singular limit problem of
(1.1) to the unique viscosity solutions of a level set formulation of the mean curvature flow with
the right angle condition. However, they assumed the convexity of the domain in each paper.
Accordingly, we prove the convergence of (1.2) to Brakke’s mean curvature flow appeared in
[10] without the assumption of the convexity of the domain. We note that the connection
between (1.1) and the level set formulation of the mean curvature flow with the right angle
condition without the assumption of the convexity of the domain was proved by [2, 3]. We
also discuss the behavior of the Brakke’s mean curvature flow with a generalized right angle
condition in Remark 2.4.

2 Notions

We note some notions related geometric measure theory to define Brakke’s mean curvature
flow with a generalized right angle condition.

2.1 Homogeneous maps and rectifiable measures

Let G(n,n — 1) be the space of (n — 1)-dimensional subspace of R". For S € G(n,n —1), we
identify S with the corresponding orthogonal projection of R™ onto S. For two elements A
and B of Hom(R"™,R"™), we define a scalar product as

A-B:= Z Ai]‘Bij.
1]

The identity of Hom(R"™, R"™) is denoted by I.



Figure 1: Picture of geometric notions of a smooth manifold.

We recall some notions related to varifold and refer to [1, 13] for more details. We say
that a Radon measure p on R" is rectifiable if there exist an H"~! measurable countably
(n — 1)-rectifiable set M C R™ and a locally H"~! integrable function # defined on M such
that

() = 4" (0) = [ Baola) dH o) for o€ CuRY).

M

Here, we note that the approximate tangent space Tan, M € G(n,n—1) of M exists H" !-a.e.
on M. Therefore, we can define the first variation

ou(g) := Vg(x) - Tang M du(z) =/ 0(z)Vg(z)-Tan, M dH" '(z) for ge CHR™;R™)
R7 M

if pv is rectifiable. Let ||du|| be the total variation when it exists, and if ||§y|| is locally bounded,

we may apply the Riesz representation theorem and the Lebesgue decomposition theorem (see

[4, Theorem 1.38, Theorem 1.31]) to du with respect to . Then, we obtain a p measurable

function hy, : M — R", a Borel set o C R™ such that p(0p) = 0 and a ||dp|| |5, measurable

function v, : Op — R™ with |v,| =1 ||dp|-a.e. on dp such that

(s,l,(,q)_/ﬂg (hys 9) d,1/+/a (v, g) d||dp|  for g€ CHR™R™). (2.1)
" “w

The vector field hy, is called the generalized mean curvature vector of u, the vector field v,
is called the (outer-pointing) generalized co-normal of y and the Borel set du is called the
generalized boundary of p.

Remark 2.1 For a smooth and oriented hyper-surface M C R" (with boundary), the diver-
gence theorem

/~ div;g dH" 't = — / (hyp g) dH" "+ / vy, g) AH™? for g€ CHR™R™)
M M OM

holds, where div ; is the divergence on M, hy; is the mean curvature vector of M and vy 18
the co-normal vector of M (see Figure 1). Since div ;g coincide with Vg - Tang M, we may
see that hy, v, and Op defined by (2.1) also coincide with hy, vy and OM, respectively, if
po=H""

We also remark that, for any rectifiable p such that ||0p|| is a Radon measure, h,, is
perpendicular to M p-a.e. on M if the density function 0 of p is integer p-a.e. on M (see

[1])-



In order to discuss a contact angle condition of p on 912, we have to introduce a tangential
component of dp on IQ which is defined by

Suldalg) = Ouloa(g — (g, v)v) for ge C(OYR™)

when g is rectifiable and sptu C Q. If the total variation ||§p| Jo+04|q| is absolute continuous
with respect to u, then by the Riesz representation theorem and the Lebesgue decomposition
theorem to du ngﬁ@ | with respect to p, we obtain a p measurable function hz : M — R
such that

Oulso+onle)g) = /R (hl.g) du for ge CHR™R™), (2.2)
where M C € is the countably (n — 1)-rectifiable set associated to .

Remark 2.2 Since 6p(g) coincides with (5p|jo+0pla)(g) for any g € CHR™R") with
(g9,v) =0 on 99, we obtain by (2.1) and (2.2)

—/ (hy, g) du+/ (v, 9) dl|dpll = —/ (1%, g) dp
R o R

for any g € CLR™;R™) with (g,v) = 0 on IQ if u satisfies the following:

(V1) p is rectifiable and spty C Q,
(V2) ||op|l is a Radon measure,
(V3) ||0p|dg+dplall is absolute continuous with respect to ju.

By a simple calculation, we may see that
e the generalized boundary Op is a subset of OS2,
o the generalized co-normal vector field v, is perpendicular to OQ ||0p||-a.e. on Op,

e the vector field hz coincides with the generalized mean curvature vector hy pi-a.e. in Q
and the projection of hy onto the tangent space of 0Q (i.e. Tan,0Q(h,)) p-a.e. on 0.

Therefore, we can say p satisfies a “right angle condition” in the sense of measure if p fulfills
the conditions (V1)—(V3).
2.2 Brakke’s mean curvature flow with a generalized right angle condition

We define a measure theoretic weak solution to the mean curvature flow with the right angle
condition.

Definition 2.3 Let {u}ic0,) be a family of Radon measures on R"™. We say that {u'} is a
Brakke’s mean curvature flow with a generalized right angle condition if

(B1) u! satisfies (V1)—~(V3) and the density function 6 of u' is integer ut-a.e. on 2N M?,
where M! is the countably (n — 1)-rectifiable set associated to ut, for a.e. t € [0, 0),

(B2) the vector field hzt defined by (2.2) for ut and a.e. t € [0,00) is of the class L2 (dutdt),

loc



Mt

of t>t

Figure 2: An example of the mean curvature flow with the right angle condition.

Figure 3: A stationary solution to Brakke’s mean curvature flow with a generalized right angle
condition such that M N consists of line segments.

(B3) for any ¢ € CLR™ x [0,00); RT) with (V¢,v) =0 on 9Q x [0,00) and 0 < t; <ty < oo,

to

p (o)

to
< [ ] ol + (V6B + 006 duar
t=t1 t1 Rn

Now, we also note the definition of the mean curvature flow with the right angle condition
in the classical sense and some relation with the weak solution.

Remark 2.4 The long time existence of the mean curvature flow with the right angle con-
dition was proved by [14]. Its mean curvature flow is defined as the following: Let M be
a compact, smooth and orientable (n — 1)-dimensional manifold with compact and smooth
boundary OM. If a family of smooth immersions F : M x [0,T) = R™ construct a geometric
flow {M*'} = {F(M,t)} such that

Ve e On M, oM = F(ﬁM,t) Co, vy L O on oM?,

where vy, is the normal velocity vector of M?, we say that Mt is a mean curvature flow with
the right angle condition. Since F' is a smooth map, M* does not change the topology and
it is possible that M* moves to the outside Q. For example, in Figure 2, the moving hyper-
surface M! touch the boundary O at time t, € (0,T) and pass through it. From a physical
point of view, we would like to construct a mean curvature flow “only inside Q7 by letting
topological changes occur. Since topological changes are ones of the singularities, we study a
weak solution to the mean curvature flow in the sense of Brakke.

Here, we discuss the behavior of the Brakke’s mean curvature flow defined in Definition
2.8. If we assume that a Brakke’s mean curvature flow with a generalized right angle condition
pt is described as pt = H"1| . for some smooth and orientable (n — 1)-dimensional sub-
manifold M?* in R™ with compact and smooth boundary OM?, we may see that for any t > 0



(i) M cQ,
(ii) OM*' C 0Q and vy, is perpendicular to O on OM?,
(iii) vyge = hype on MtNQ.

The property (i) follows from sptu! C Q and we do not know if OQNM?! = OM!. We also note
that the definition of Brakke’s mean curvature flows with a generalized Tight angle condition
do not tell us the behavior of O N M! immediately. Indeed, H" | sq and H" Y . where
McQisa hyper-surface composed of a minimal surface M NQ and the remaining part
M N 8K, are stationary solutions to the Brakke’s mean curvature flow with a generalized right
angle condition (see Figure 3). The motion of a measure H"flLJ\;ﬂ seems possible to converge
to the stationary solution H"~! Lz in finite time, and in this case, M? does not change the
topology. Therefore, analysis on the behavior of the Brakke’s mean curvature flow with a
generalized right angle condition, in particular construction of a motion with some topological
changes, is a future work.

We also note that, in broad strokes, the boundary condition of a viscosity solution to a
level set formulation of the mean curvature flow with the right angle condition is defined in a
“weak sense” and the behavior of the level set flow around boundary is not well known (see
[2, 3, 6, 9, 12] for more details). For example, Giga [5] constructed a viscosity solution v in
the case n = 2 so that the zero level set of v(-,t) fattens in finite time tg > 0. By using this
solutton, we can construct two curvature flows with the right angle condition, which start frow
same initial curve, so that one of the flows is separated into two curves for any t > ty and
the other does not change the topology.

3 Assumptions and main result

3.1 Assumptions of initial functions

Hereafter, we assume the following assumptions for the initial function u. o € CL(Q) of (1.1):

(A1) lueollpooro) < 1,

(A2) there exists Dy > 0 such that sup,cq ,~o fBr(x)rm E\Vugéo(y)l2 4 W(uZO(y)) dy < Dor*~1,
(A3) there exists ¢; > 0 such that sup,cqe|Vueo| < ci,

(A4) there exist ¢ > 0 and A € [3/5,1) such that sup,cq a\VuEéo(z)P - W(uz"o(aj)) < e,
(A5) 20 (2) = 0 for = € OO

Here, let Dy, c1,co and A € [3/5,1) be some universal constants. By the standard parabolic
existence and regularity theory, for each € > 0, there exists a unique solution u. with

u. € C([0,00); CH(©2)) N C™®(Q x (0, 00)).
We also note that the boundedness of the domain 2 and the assumption (A2) imply

sup B, [ue, 0] < c3 (3.1)
(2



for some constant c3 depending only on n, Dy and the diameter of . Only the conditions
(A1), (3.1) and the regularity ug € H'(2) are assumed in [10]. Therefore, we note a choice
of initial functions satisfying the assumptions (A1)—(A5) in the following remark.

Remark 3.1 We note that for a surface I' with 90 degree contact angles on 0} it is possible
to construct diffuse approximations that satisfy the assumptions (A1)—(Ab) as the following.
Our construction is standard as in [7, 11]. Let Qg be

Q¢ :={(y1,9y) eR" : 1 € R, || < d}

for d > 0 and define T' := Qg N {y1 = 0}. By the standard existence theory for ordinary
differential equations, we may choose the unique function q € C4(]R) such that

¢(0) =0, lim g(s) =+1, 4(s)=v2W(q(s)) inR.

Then it is easy to see that the C* function ve,(y) := q(y1/&;) defined on Qg satisfies

Vo2 W(v..
/ €,| ’U51| 4 ('Usl) dy < O'(Un_17"n_1 fO?”’/’ >0, yo € Rn,
By (y0)NQg

2 E;
Vo, )2 Wi, — 3.2
Vo ()] < s W, |w; W= _ (v; (v)) fory € Ty, (3:2)

(Vue,,vg) =0 on 09y,

where o := fil V/2W (s) dx and vy is the out ward unit normal to 0Qy. Now we assume that
U is a neighborhood of T and that ¢ is a bijective C* map from U onto U := ¢(U) such that

$(QNU)=QNU, ¢(0NU)=02NU, supl||Vé '(2)] <1, sup|Ve(y) <C
zelU yel
for a suitable d > 0 and a constant C' > 0, where || - || is the operator norm. By using this
mapping, (3.2) implies that u., o(z) := v, o 1 (x) satisfies the assumptions (A1)-(A5) with
a positive constant Dy depending only on o,n and C, ¢1 = 1 and ca = 0 on the set QN U.
By expanding uc, o as a mostly constant function to satisfy the assumptions outside of U, we
may see the possibility of the initial assumptions in the present paper. In this construction,

the diffused interface energy for ue,o should behave like the surface measure of the surface
I':=¢(T) and T intersects O with 90 degrees.

3.2 Main result

Our goal is to extend the convergence theory in [10] to remove the assumption of the convexity
of the domain as the following.

Theorem 3.2 ([8]) Let 2 C R™ be a bounded domain with smooth boundary. Assume (A1)-
(A5) and let us be the unique solution of (1.1) for e > 0. Define a Radon measure pt by
(1.2). Then, there exist a sub-sequence {€;};cn converging to 0 as i — oo and a set of Radon
measures pt on R™ such that /L;, — pbt (i — o00) in the sense of measure for all t > 0.
Furthermore, pt is a Brakke’s mean curvature flow with a generalized right angle condition

defined by Definition 2.3.

Remark 3.3 The integrality of the limit Radon measures pt in the interior of Q follows from

[16].



Figure 4: Picture of {(z) and Z.

4 Outline of proof

As we mentioned in Section 1, the equation (1.1) is a L?-gradient flow of E., therefore we
obtain the uniformly boundedness of F_[u.(-,t)] with respect to t > 0 and £ > 0 by applying
(3.1). Roughly speaking, this fact and the compactness of Radon measure imply the conver-
gence puf. — p' (i — o0). Here, we discuss the rectifiability of u’ (i.e. the condition (V1)).
We note that the condition sptu C Q obviously follows from the convergence uéi — pt and
the inclusion sptul C Q for any & > 0.

One of the key arguments to prove the rectifiability of u! is a characterization by the
(n — 1)-dimensional backward heart kernel. For y € R™ and s > 0, let p(, 5 be the (n —1)-
dimensional backward hear kernel, namely,

1 _lz—y)?

————————¢ =0 for zeR" t<s. (4.1)
(Am(s—1t)) =z

Py.s)(@: 1) =

Roughly speaking, the heart kernel p(, (-, t) converges to (n — 1)-dimensional delta function
on (n — 1)-dimensional hyper-surface as ¢ — s in the sense of distribution. For example, if M
is a smooth k-dimensional sub-manifold in R™ such that y is a interior point of M, then

0 if k=mn,
lim | Pl (@, t) dHF (@) =<1 if k=n—1,
oo if kE<n-2.
Therefore, the “dimension” of yi* can be analyzed by p‘(p(, )(-,t)) and this analysis is a first
step to prove the rectifiablity of f. The Huisken or Ilmanen type monotonicity formula is an
inequality to control the time development of yi*(p(y.)(-,t)), thus we define some notions to

present the statement of the monotonicity formula.
The following notions are related to the reflection argument. Define x as

# := ||principal curvature of 9| e (a0
For s > 0, define a subset Ng of R” by
N := {z € R" : dist(z,09Q) < s}.



There exists a sufficiently small
cs € (0, (6r) 71

depending only on 92 such that all points x € Ng., have a unique point () € 9 such that
dist(z, 9) = |z — {(x)| (see also Figure 4). By using this ((z), we define the reflection point
Z of x with respect to 9 as

We also fix a function n € C*°(R) such that

d
0<y<1, <o

5. <0, sptn C [0,¢4/2), n=1on|0,cs/4].

For s > t > 0 and z,y € N,,, we define the truncated version of the (n — 1)-dimensional
backward heat kernel and the reflected backward heat kernel as

pl,(y,s)(mvt) = 77(|T - y|)p(y,s)(mat)7 pZ,(y,s)(mvt) = 77(‘% - y')p(yﬁ)(i?t)’

where p(, ;) is defined as in (4.1). For x € Na¢, \ N, and y € N, /2, we have

7=yl 2|7 = Cl = IC) —yl > ea— 5 = 5
Thus we may smoothly define py (, ) = 0 for z € R" \ N, and y € N, /2. We also define the
discrepancy function &, as

gl Vue, (2, )]* W (ue, (, 1))

5 - for (x,t) € Q x [0,00).

Eeila,t) ==

Proposition 4.1 (Boundary monotonicity formula [10]) There exist constants 0 < cs,cg <
oo depending only on n,cs and 02 such that

d e
a (U@CS(S 1 /Qpl,(y,s)(xvt) + p2,(y,s)(x7t) dﬂil (.’Z?))

(s T s iL’,t)+p2 s (:E,ﬁ)
< pea(s—t)1 P1,(y5)( /(y:9) _
<e (664—/&2 05— 1) e, (z,t) dzx

(4.2)

Jorall s >t >0,y € N,/ and i €N,

d ! nk P1,(y,s) (T, 1)
- (Uecs(s )1 /91017(%5)(33715) d#év@‘)) < eCs(s—t)% (Cﬁ +/§2h£gi(1"t) dx (4.3)
for all s >t >0,y € R"\ N, /5 and i € N, where o is the constant defined by (1.3).

The proof of Proposition 4.1 in [10] does not require the convexity of €, thus we can
apply this monotonicity formula to our problem. In order to control the time evolution of
1Py, (1) (= 1 (1,5 (5 1) + p2,(y,s)(-11))), we have to take the limit i — oo for both
inequalities (4.2) and (4.3). Therefore, analysis on the behavior of the discrepancy function
&, with respect to 7 is one of the key arguments. In the following, we study the upper bound
of the discrepancy function.



4.1 Preparation

In this section, we note some lemmas to discuss estimates on the upper bound of the discrep-
ancy function. A key lemma is the following equality to control the normal derivative of the
discrepancy function.

Lemma 4.2 Let A, be the second fundamental form of 0Q at x € Q2. Then

i‘vuap _

5 3 Az (Vue,,Vug,) for (z,t) € 92 x (0,00).

This equality can be proved by using only the Neumann boundary condition of (1.1). We
also note that Lemma 4.2 and the Neumann boundary condition of (1.1) imply that for any
(z,t) € 002 x (0, 00)

0 0 if Q is convex,
_551 2 . . (44)
v kei|Vue,|*  even if Q is not convex.
Another key lemma is an estimate which follows from the scaling argument. Let
Q,, ={yeR": gy € Q}
and define the function
Ve, (Y. T) 1= g, ey, e27) for y € Q.. T€[0,00).
We note that
Ke; := ||principal curvature of 9, || Lo (90, ) = €if (4.5)

holds and v, satisfies

Orve, = Avg, — W'(ve,) in Qg x (0,00),
(Vve,,vg,) =0 on 08, x (0,00),

where v, is the outward unit normal to 9€);,. The standard gradient estimate depends on

the second fundamental form of the boundary of the domain. Therefore, “uniformly gradient

estimate” of vg, holds by (4.5), namely, |V, | is uniformly bounded with respect to x,¢ and ¢;

if sup,cq. jen |Vue, (x,0)] is finite. Since the boundedness of Vu,, at initial time is equivalent

to the assumption (A3), we obtain the following estimate.
Lemma 4.3 There exists a constant c; depending only on ci,cq and W such that

sup &|Vug,| < cr
Qx[0,00)

for all0 < g; < 1.



Remark 4.4 By the scaling argument, we can obtain the uniformly boundedness of the second
derivatives of ve, if we assume the uniformly boundedness of its derivatives at initial time.
Therefore, roughly speaking, the estimate |V2ue,| < 5;2 follows from the scaling arqument
under suitable assumptions, which gives the estimate [(V&,,v)| < 6;2. On the other hand,
by combining (4.4) and Lemma 4.3, we obtain

%SQ < kcke;yt for (x,t) € 09 x [0,00) (4.6)
which is better than the estimate following from the scaling argument in the viewpoint of the
oder of &;.

We also note that the estimate €., < €' can be obtained by Lemma 4.3 since sup, ¢ |ue; | <
1 follows from the maximum principle and the assumption (A1). Our aim is to obtain a better
estimate of the upper bound of the discrepancy function in the viewpoint of the oder of ;.

4.2 Upper bound of discrepancy function on CONVEX domains

First, we discuss the upper bound of discrepancy in the case that €2 is convex. By the Allen-
Cahn equation (1.1) and a simple calculation, we obtain
2(W"(ue,) Ve, V&)

e, — A&, < — 8?‘Vu€i|2 on {(z,t) € 2 x(0,00): [Vue,| # 0}. (4.7)

Here, we have used the Cauchy-Schwarz inequality
Ve, Ve [ > [V2ue, Vue, |

We note that &, is obviously non-positive if |Vug,| = 0. Therefore, if  is convex, the
maximum principle for the discrepancy function works well by virtue of (4.4) and (4.7), and
Mizuno and Tonegawa [10] proved the uniformly boundedness &, < C for some C' > 0 being
independent of z,t and g; via this argument.

4.3 Upper bound of discrepancy function on NON-CONVEX domains

Our aim is to extend the convergence theory in [10] to remove the assumption of the convexity
of the domain. Therefore, we estimate the upper bound of the discrepancy function without
the assumption of the convexity of the domain as the following.

Proposition 4.5 There exists a constant cg depending only on n, k,c1,cz2,c4, W and Q such

that )
gi|Vue, W (ue,
p EATP  Wlie) o
Qx[0,00) i

(4.8)

for any 0 < e; < 1, where A is the constant in the assumption (A4).

In the following, we assume 3/5 < A < 1 for simplicity. We define a function ¢., € C* Q)
based on the distance function dist(9f2, -) from 09 by

@e,(x) = K(cF + 1)ip(dist(0Q, x) /i),



where ¢ € C*([0,00); R™") satisfies
P(s)=s forse[0,cs/2], ¥'(s)=0 forsees,00), [|¥|<1, [ <4/ey

By applying the standard estimates of the derivatives of the distance function dist(9€?, ), we
obtain

) k(2 +1)
— e, = — L Q 4.
B Ge; - on 0 (4.9)
and
0< ¢e; <M, |Vée,| < M/e, A¢e, <M/e? in Q (4.10)

for some positive constant M; depending only on n,k, ¢4 and ¢7. Define G € C*°(R) by
G(s) := 1—(s—7)?/8, where 7 is the constant in the assumption (W2). We note that G (u.,)

satisfies 1
0<Glug) <1, Gu,)W'(ug,) >0, G"(ug;)= T (4.11)

Let éei is a modified discrepancy function defined by
€ (2,1) = &, (x,1) = 67 G ue,) + e, ().
Then, by virtue of (4.10) and (4.11), we may see the equivalence
€, Se in Ox[0,00) <= &, Se in Qx [0,00).

Therefore, it is sufficient to prove the estimate on the left hand side of the equivalence. By a
similar argument for (4.7), we obtain

¢ ¢ UVE., (W (us,) + el A& (ue,)) Ve, — V
atéei —Afei < — < e, ( ( Ez) 5 i 2( el)) e (;5>
€i|vu5i|
2(W' (ug,) + el G (ue,))
Ez2|vu5i|2

on {(x,t) € A x (0,00) : |Vuy,| # 0}.

- Ei_/\_QG/(uQ)W/(uEi)

+e,G (ue,) | Viue, |2 + (Vue,, Vo) + A¢
By applying the inequalities (4.10) and (4.11), it implies

2(VE,, (W (us,) + ;G (ue,)) Ve, — V)
612|vu5i |2

athi - Aéel S -

M, e o M
_—— . — ,t) € Q x (0, : | # 0},
+ SVu. 1 |Vue, |* + 2 on {(z.t) € Qx(0,00):|Vu,| # 0}
(4.12)
where M is a positive constant depending only on M; and supj,<; [W’(s)[. On the other
hand, (4.6) and (4.9) imply
o -

e <0 on 99 % (0,00).



Therefore, we can apply a modified maximum principle for the modified discrepancy function.
Indeed, if we assume

éEi (y7 7-) = Sup éEi (Z’, t) = C'E;)\
(z,t)€Q2x(0,T")
for sufficiently large C' > 0 and a fixed time 7" > 0, then y is a interior point of Q and (4.12)
at the point (y,7) shows
~ A=5 ~
0<Ci(g; 7 +e;2) — Cogy 72,

where the constants C} and Cy are positive and independent of £; and T' > 0. However this
is a contradiction for sufficiently large ¢ € N because the right hand side diverges to —oo as
i — 00. Therefore, we have the conclusion.

Remark 4.6 Roughly speaking, Lemma 4.2 and (4.7) give improved estimates for the order
of €;, which are better than the estimates following from the scaling argument (see Remark
4.4). The inequality (4.8) corresponds to one kind of “interpolation inequality” between the
inequalities (4.6) and (4.7), thus the fractional exponent X appears in (4.8).

4.4 Vanishing of the discrepancy
By applying the inequality (4.8), we can prove

/t2 ec5(57t)211 / pl,(y,s)(mv t) + P2,(y,s) (CL’, t)
t Q 2(s—t)

&, (z,t) dedt -0 as i — o0

for 0 < t; < ta < s. Therefore, we can take the limit ¢ — oo for (4.2). The proof is based
on the argument by [15]. Here, we note that we have to modify the argument to include the
reflection argument.
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