Estimate of martingale dimension revisited

Masanori Hino
Department of Mathematics,
Kyoto University

Abstract

The concept of martingale dimension is defined for symmetric diffusion processes
and is interpreted as the multiplicity of filtration. However, if the underlying space
is a fractal-like set, then estimating the martingale dimension quantitatively is a
difficult problem. To date, the only known nontrivial estimates have been those for
canonical diffusions on a class of self-similar fractals. This paper surveys existing
results and discusses more-general situations.

1 Introduction

To date, various concepts of dimensionality have been introduced in diverse fields of
analysis. The Hausdorff dimension dg is the most familiar and is related strongly to the
geometry of the underlying space. The spectral dimension d is a more analytic concept
and appears in on-diagonal estimates of the fundamental solutions of the heat equations.
The martingale dimension d,, is associated with diffusion processes and indicates the
multiplicity of filtration. We begin by explaining the dimensions d, and d,, more precisely
in the framework of Dirichlet forms.

Let K be alocally compact separable metric space and let 1 be a o-finite Borel measure
on K with full support. Let C.(K) denote the set of all real-valued functions on K with
compact support. This is regarded as a normed space with the supremum norm. Suppose
that we are given a strongly local regular Dirichlet form (€, F) on L?(K,u). In other
words, F is a dense subspace of L?(K, i), and £: F x F — R is a non-negative definite
symmetric bilinear form that satisfies the following:

e Closedness: If a sequence { [, }nen in F and f € L*(K, p) satisfy

lim sSup S(fm - fmfm - fn) =0 and nh—>nc}o ||fn - fHL2(K,u) = 0>

N—oo m,n>N

then it holds that f € F and lim,, .o E(f, — f, fn — f) = 0.
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e Markov property: For any f € F, f = max{0, min{1, f}} belongs to F and satisfies
Ef, ) <EL D)

e Regularity: The space FNC.(K) is dense in both F and C.(K). Here, the topology
of F is induced by the norm || f||7 := (E(f, f) + Hf||%2(K’H))1/2.

e Strong locality: If f, g € F and a € R satisfy f-(g—a) =0 p-a.e., then E(f,g9) = 0.

Then, there exists uniquely a non-positive self-adjoint operator L on L*(K, ) such that
the domain of v/—L is equal to F and

E(f,9) :/K(\/—_Lf)(\/—_Lg)du for every f,g € F.

By letting T} = €'l for t > 0, {1} }+>0 forms a strongly continuous contraction semigroup
on L*(K,u). This extends to a semigroup on L*®(K,p) in the natural way, which is
denoted using the same symbol. The Markov property of (£, F) induces that of {7 }:>o;
that is, 0 < f < 1 p-a.e. implies that 0 < T;f < 1 p-a.e. for every t > 0.

For a subset A of K, we define the 1-capacity Cap,(A) of A by

Cap,(A) = inf{E(f, f) + ||f||%2(K7M) | f€F, f>1 pae. on aneighborhood of A}.

A function f of K is called quasi-continuous if there exists for every € > 0 an open set U
of K such that Cap,(U) < ¢ and f|x\y is continuous. A set A C K with Cap,(4) =0
is called an exceptional set. A statement depending on each point x of K is said to hold
quasi-everywhere (q.e.) if there exists an exceptional set N such that the statement holds
for all z € K\ N.

From the general theory of Dirichlet forms [6], (£, F) induces a diffusion process
{Xi}i>0 on K with no killing inside. More precisely, {X;};>o is defined on a filtered
probability space (Q, Foo, P, { Ps taekns {Fi}i>0). Here, Kn := K U {A} is the one-point
compactification of K and {F;}>0 is the minimum complete admissible filtration of the
process {X;}i>0. For any ¢ > 0 and a bounded Borel function f on K, it holds that
E.[f(X})] is a quasi-continuous modification of T;f(x). Here, F, denotes the integration
with respect to P,.

If there exists an integral density (called the transition density) p:(-,-) of 7, with
respect to p and, for some dy > 0 and ¢ > 0,

2 < pe(z,x) < B2 reK, te (0,1],

then we call d; the spectral dimension associated with (€, F) or {X;}i>o.

In the following, we may assume without loss of generality that there exist shift op-
erators 0;: ) — € for ¢ > 0 that satisfy X, 0 0; = X, for all s > 0. The lifetime of
{Xi(w)}+>0 is denoted by ((w).

A [—o00, +oc]-valued function Ay(w) (t >0, w € Q) is called an additive functional if

e for each ¢ > 0, A; is F;-measurable; and



o there exist a set A € F,, and an exceptional set N C K such that P,(A) = 1 for
all z € K\ N and ;A C A for all t > 0; moreover, for each w € A, A (w) is right
continuous and has the left limit on [0, ((w)), Ao(w) = 0, A.(w) € R on [0, {(w)),

A (w) = A¢w)(w) on [((w), 00), and
Apps(w) = Ag(w) + Ay(Osw)  for t,s > 0.

The aforementioned set A is called a defining set of A. Two additive functionals A and
A" are identified if, for any t > 0, P,(A; = A}) = 1 for q.e. z.

Let M denote the space of all martingale additive functionals with finite energy. That
is, M is the totality of additive functionals M = {M,;};>o such that

e M is a real-valued additive functional;
e M (w) is right continuous and has a left limit on [0, 0o) for w in a defining set of M;
e E,[M? < oo and E,[M;] =0 for all t > 0 and q.e.x € K; and

e the total energy e(M) of M, namely

1
e(M) = sup - Ez[MtQ] p(dr),
>0 2t

is finite.

Then, the martingale dimension' d,, (with respect to (€, F)) is defined in [10] as the

smallest number D such that there exist M W, MP) e M such that for every M € M
there exist ¢ € L2(K, p) satisfying

D
M, =) (gW e M), t>0. (1.1)

j=1

Here, ¢ ® M is the stochastic integral in the sense of martingale additive functionals; see
[6, Section 5.6] for its precise definition. Here we mention only that if ¢ € C.(K), then it
is given by the standard stochastic integral

(poe M), = /Otgp(Xs) dMs,.

If there are no integers D satisfying the above, then d,, is defined as +oc.

Other than the case where the Dirichlet form is given by the L?-inner product of the
“gradient of functions” with respect to a “Riemannian metric” with explicit information,
determining the value of d,, is a difficult problem in general. Martingale dimensions can be
interpreted analytically as the “maximal effective dimensions of the virtual (co-)tangent
spaces of K;” see [12, 13] for further details.

'Precisely speaking, this is called the “AF-martingale dimension” in [10], where AF represents “ad-
ditive functional.” The concept of martingale dimension can be defined for general (not necessarily
symmetric) diffusion processes in a similar but slightly different manner (cf. [21]), which we do not
discuss here.



Figure 1: d-dimensional Sierpinski gaskets (d = 2, 3)

2 Survey of previous results

In this section, we survey some known results for the dimensions in typical examples.

Example 1 (Euclidean spaces). Let K = R¢ and p be the d-dimensional Lebesgue
measure. Define

&(f.0) =5 [ (VIVOdn fgeF = TR,

where H'(R?) denotes the first-order L*-Sobolev space on R?. The diffusion process
{X;}+>0 associated with (€, F) on L?(R%, 1) is nothing but d-dimensional Brownian mo-
tion. The transition density p,(z,y) is expressed explicitly as

1 |z —y|?
pt(l’7y)—WeXP B .

In this case, dg = d; = d, and furthermore d,, = d. Indeed, we can take d as D and the
jth component of X; — X, as Mt(J) for j=1,...,din (1.1).

Example 2 (Sierpinski gaskets). For d > 2, the d-dimensional Sierpinski gasket K (Fig-
ure 1) is defined as the unique nonempty compact subset of R? such that

d+1

K= J;(K),

where ¢;: R? = R? (j =1,...,d+1) is given by ¢;(2) = (z+a;)/2 and ay, . .., aqs; € R?
are given points that are affinely independent. The Hausdorff dimension dy is equal
to log(d + 1)/log2. There exists a canonical diffusion process (“Brownian motion”)
{Xi}e>0 [7, 17, 5] and the associated Dirichlet form (€, F) on L?*(K, 11), where p is the nor-
malized Hausdorff measure on K. Also, the continuous transition density p;(x,y) exists
and satisfies the sub-Gaussian estimate [5]:

pt(I7y> = Wexp - <—> SRS (07 1]7 (21)

ct



Figure 3: d-dimensional standard Sierpinski carpets (d = 2, 3)

where ds = 2log(d + 3)/log(d + 1) € (1,min{2,dg}). In particular, the inequality d < 2
implies that the process {X;}+>o is point recurrent. The martingale dimension d,, was
proved to be 1 in [18], which is the first nontrivial result in the problem of determining

.

Example 3 (Nested fractals). Nested fractals [20] are self-similar sets in Euclidean spaces
with some good symmetries. Sierpinski gaskets are typical examples of nested fractals.
See Figure 2 for other examples. In particular, they are finitely ramified, that is, they
become disconnected by deleting appropriate finite points. The Hausdorff dimension dg
is calculated easily from the general theory. As in Example 2, Brownian motion [20]
and the associated Dirichlet form exist, and transition density exists and satisfies the
quantitative estimate (2.1) with different constant ds € (1, min{2,dg}) ([16], see also [1]).
The martingale dimension d,,, has been proved to be 1 in [9].

Example 4 (Sierpinski carpets). Sierpinski carpets are typical examples of self-similar
fractals that are not finitely ramified, that is, infinitely ramified. See Figure 3. As in
the previous examples, the Hausdorff dimension dp is calculated easily. Brownian motion
exists [2, 19, 3, 4] and its transition density satisfies the estimate (2.1) with different
constant dy € (1,dy), although the exact value of ds is unknown [2, 3]. It was proved in
[11] that the martingale dimension d,, satisfies the inequality

1<d, <d,. (2.2)

In particular, if dy < 2 (that is, the process is point recurrent), then d,, = 1 because d,,
is an integer or +oo.



Note that the estimate (2.2) of d,, is valid also in Examples 2 and 3. So far, nontrivial
estimates of d,, have been shown for only self-similar Dirichlet forms on self-similar sets
as in the examples above. In the next section, we provide a nontrivial result about d,, for
more-general (not necessarily self-similar) spaces.

3 Main result

As before, let K be a locally compact separable metric space and let p be a o-finite
Borel measure on K with full support. Suppose that we are given a strongly local regular
Dirichlet form (£, F) on L?*(K,u). We introduce some more concepts associated with
(€, F). For an open set U C K and h € F, we say that h is harmonic on U if

E(h,h) =inf{E(f, f)| feF, f=hp-ae onU}.
For a Borel set V and an open set U in K with V' C U, we define the relative capacity
Cap(V,U) by

Cap(V, U) = inf {g(ga g) and g= 0 p-a.e. on K \ U

g € F, g =1 p-a.e. on a neighborhood of V,}

For f € F, we define the energy measure vy of f as follows [6, Section 3.2]. If f is
bounded, then v; is a positive finite Borel measure on K that is characterized by

/K pdv; =26(fo. f) — Eo. ). ¢ € FNCLK).

For general f € F, the measure vy is defined as vy(A) = lim,,_,o vy, (A) for Borel sets
A of K, where f, = max{—n,min{f,n}}. A Borel measure v on K is called a minimal
energy-dominant measure [10] if

(i) for every f € F, vy < v;

(ii) if another o-finite Borel measure v/ on K satisfies condition (i) with v replaced by
V', then v < V.

Such a measure always exists [10, Proposition 2.7] and we assume it is fixed. We introduce
the following assumption.

Assumption 5. (i) There exists a family of open subsets {U, lgn)}keN,neN of K such that
the following hold.

e For each n, {U,E")}keN are disjoint and (p + 1) (K \ Lken Ulin)) =0.

e For cach n, the family {U"""},ey is an essential subdivision of {U" }zen in
the sense that, for each &, U,inﬂ) C U,SL) for some %'

e The o-field generated by {U ,5”); ke N, n e Nyu{all (u+v)-null sets} includes
the Borel o-field of K.



Figure 4: Examples of random recursive Sierpinski gaskets

(ii) There exist a positive constant C' and a compact subset Vk(n) of U ,gn) for each n and
k, such that, for every n and k,

° yh(U]g")) < OVh(Vk(n)) for every h € F that is harmonic on UIS");
e for every f € F with f =0 on K\Vk(n),

| £l ey < C Can(Vi™, UZ)ES ). (3.1)
Theorem 6 ([14]). Under Assumption 5, d,, = 1.
The following are examples that satisfy Assumption 5.

(i) Dirichlet forms associated with regular harmonic structures on post-critically finite
self-similar sets [15], in particular, on nested fractals. Thus, Theorem 6 includes the
corresponding result in Example 3.

(ii) Canonical Dirichlet forms on random recursive Sierpinski gaskets [8] (Figure 4). This
is an example in which the underlying space is a fractal set but not a self-similar
one.

We give two remarks on this theorem.

e Inequality (3.1) corresponds to the case ds < 2. Thus, the result is consistent with
(2.2).

e When d; > 2, we conjecture that the inequality (2.2) holds under Assumption 5
2ds n . . .
with “L>*(K, )" in (3.1) replaced by “LdQs—z’(K, ,u/,u(U,E )))” (possibly with suitable
extra assumptions). Currently, we face some technical obstacles to handling the
case d, > 2.
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