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Abstract

K. Kishimoto gave the sufficient conditions for a polynomial of the form
X™—q in skew polynomial rings of automorphism type to be a Galois polyno-
mial with a cyclic Galois group. In this paper, we shall generalize Kishimoto’s
results for the general skew polynomial rings.

1 Introduction and Preliminaries

My talk at the conference was based on the paper [1]. The contents of this paper
therefore overlaps with the publication.

Let A/B be a ring extension with common identity, Aut(A) a ring automor-
phism group of A, and G a finite subgroup of Aut(A). We call then A/B a G-
Galois extension if B = A% and, there exist positive integer n and a finite set
{ui; v}ty (ui, v; € A) of A such that >  wp(v;) = 01, (the Kronecker’s delta)
for any ¢ € G. In this case, we say that G is a Galois group of A/B, and {u;; v;}!,
is a G-Galois coordinate system of A/B. It is well known that a Galois extension of
fields with a finite Galois group G is a G-Galois extension.

Throughout this paper, let B be an associative ring with identity 1, p an au-
tomorphism of B, and D a p-derivation. By B[X;p, D] we denote the skew poly-
nomial ring in which the multiplication is given by aX = Xp(«a) + D(«) for any
a € B. Moreover, by B[X;p, D], we denote the set of all monic polynomials f
in B[X;p, D] such that fB[X;p, D] = B[X;p,D]f. We say that a polynomial f
in B[X;p, D] is a Galois polynomial in B[X;p, D] if B[X;p. D]/ fB[X;p,D] is a
G-Galois extension of B for some finite subgroup G of Aut(B[X; p, D]/ fB[X; p, D]).

We put here B[X; p] = B[X;p,0]. In [4], K. Kishimoto showed the following.

Lemma 1.1. Let m > 2 be a positive integer, R = B[X;p], Ry = B[X;plo),
f=X"—-a€ Ry (ae BYA=R/fR, e =X+ fRec A C’"={be B|p) =
b, ab = ba (Yo € B)}, and assume that C? contains a m-th root w of unity. If m
and a are invertible in B and 1 —w' (1 < i < m—1) is a non-zero divisor in B, then
f=X"™—a is a Galois polynomial in R. More precisely, if we let o be a B-ring
automorphism of A defined by o(z) = 2w and G = {1, o, 0, --+, 0™}, then A/B
1s a G-Galois extension whose G-Galois coordinate system is given by

{m™'a’; xm_ia_l}:;l. (1.1)



The purpose of this article is to generalize Lemma 1.1 for the general skew
polynomial ring B[X; p, D]. In section 2, we shall give the sufficient conditions for a
polynomial f = X™ —a € B[X;p, D] (m > 2, a € B) to be a Galois polynomial
in B[X; p, D] with a cyclic Galois group, that is a generalization of Lemma 1.1.

2 Main result

Throughout this section, let R = B[X;p, D] and Ry = B[X;p, D]. Asin [8,
pp.48], we inductively define additive endomorphisms P, (0<j <) of Bas
follows:

1 (i=j=0)
o D' (i=0.i>1)
i P (i=j=1)
p(I)[z—l j—1] + D(I)[z—l 7] (Z > 2) 1< ] <i-— 1)

By Lemma [8, Lemma 2.2], f = X™ —a € R (m > 2, a € B) is in Ry if and
only if

D™ (o) = aa — ap™(a) (Vo € B)
By =0 (1< j<m—1)

pla) =a
D(a) =0

From now on in this section, we shall use the following conventions:
o CPP ={be B|p) =5, D(b) =0, ab=ba (Va € B)}
o N,={be B|p'(b)b=0bp'(b) =0 (Vi>0)}

Moreover, for some non-negative integer k, we define an additive endomorphism T/f
of B by

Ha) = Zpi(a) (o € B).

Now we shall state the following theorem which is a generalization of Lemma
1.1.

Theorem 2.1. Let m > 2 be a positive integer, f = X™ —a € Ry (m > 2, a €
B), A= R/fR, and x = X + fR € A. Assume that C*? contains a m-th root w of
unity, there exists b € N, such that T/’)”_l(b) =0, and w and b satisfy

D(a)w+ ab(w —1) =b(w — 1)p(a) + D(a) (Vo € B).

If m and a are invertible in B and 1 —w' (1 <1i < m—1) is a non-zero divisor in B,
then f = X™—a is a Galois polynomial in R. More precisely, if we let o be a B-ring
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automorphism of A defined by o(z) = zw+b(w—1) and G ={1, 0, 02, -+, ™ '},
then A/ B is a G-Galois extension whose G-Galois coordinate system is given by

{m™(z+b)"; (x+ b)m_ia_l}?:ol :

Remark 1. In Theorem 2.1, assume that b = 0. Then, it is easy to see that
Theorem 2.1 is equal to Lemma 1.1.

Example 2.2. We shall show an example of a Galois polynomial of degree 2 in
R R

R R
0 0
0 0

skew polynomial rings. Let B = (the 2 x 2 matrix ring over the real umber
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filed R), I = [0 X

D:B — Bby

p 11 (12 | 1 —0Og2
Qo1 Qg2 —Q1 (22

a1« —Q1 Qg —
D ({ 1 12}) = { 2 T 11] (a11, cug, g1, e € R).

]EB,andO:{ }EB.\?\7edeﬁnetwomapsp:B—>B,

Qo1 Qg2 0 —Q91

It is easy to see that p is an automorphism of B such that p*> = 1, and D is a
p-derivation of B. Let R = B[X;p, D], Rgy = B[X;p, D]y, a = I € B, and
f=X?—a € R. Tt is obvious that p(a) = @ and D(a) = O. In addition, for any
a € B, one easily see that

D*(a) = 0 = aa — ap*(a), Ppy(a)=0.
Therefore f = X* — a is in Ry by Lemma [8, Lemma 2.2]. Let A = R/fR,
r=X+fRe A w=—-I,and b = [8 (1)

square root of unity in C**”, b is in N, such that 7)(b) = b+ p(b) = O. Moreover,
for any a € B, we can see that

]. It is obvious that w is a (primitive)

D(a)w + ab(w —I) = b(w — I)p(a) + D(a).

Noting that 27 and a = I are invertible in B and I — w = 21 is a non-zero divisor
in B, f is a Galois polynomial in R by Theorem 2.1. More precisely, if we let o be
a B-ring automorphism of A defined by o(z) = 2w +b(w —I) and G = {1, o}, then
A/B is a G-Galois extension whose G-Galois coordinate system is given by

{27z +b)"; (z +b)° ”1}20 {—,;(x—l—b);(x—l—b)Q,x%—b}.
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