A SURVEY OF THE HODGE-ARAKELOV THEORY OF
ELLIPTIC CURVES II
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ABSTRACT. The purpose of the present manuscript is to continue the survey
of the Hodge-Arakelov theory of elliptic curves (cf. 7, 8, 9, 10, 11]) that was
begun in [12]. This theory is a sort of “Hodge theory of elliptic curves” anal-
ogous to the classical complex and p-adic Hodge theories, but which exists
in the global arithmetic framework of Arakelov theory. In particular, in the
present manuscript, we focus on the aspects of the theory (cf. [9, 10, 11])
developed subsequent to those discussed in [12], but prior to the conference
“Algebraic Geometry 2000” held in Nagano, Japan, in July 2000. These devel-
opments center around the natural connection that exists on the pair consisting
of the universal extension of an elliptic curve, equipped with an ample line
bundle. This connection gives rise to a natural object — which we call the crys-
talline theta object — which exhibits many interesting and unexpected prop-
erties. These properties allow one, in particular, to understand at a rigorous
mathematical level the (hitherto purely “philosophical”) relationship between
the classical Kodaira-Spencer morphism and the Galois-theoretic “arithmetic
Kodaira-Spencer morphism” of Hodge-Arakelov theory. They also provide a
method (under certain conditions) for “eliminating the Gaussian poles,” which
are the main obstruction to applying Hodge-Arakelov theory to diophantine
geometry. Finally, these techniques allow one to give a new proof of the main
result of [7] using characteristic p methods. It is the hope of the author to sur-
vey more recent developments (i.e., developments that occurred subsequent
to “Algebraic Geometry 2000”) concerning the relationship between Hodge-
Arakelov theory and anabelian geometry (cf. [16]) in a sequel to the present
manuscript.
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1. GENERAL INTRODUCTION

We begin our general introduction to the topics presented in the present manuscript
by reviewing the fundamental argument from algebraic geometry whose arithmetic
analogue is the central goal of the Hodge-Arakelov theory of elliptic curves.

Let S be a smooth, proper, geometrically connected algebraic curve over an alge-
braically closed field of characteristic zero k. Let

E— S

be a family of one-dimensional semi-abelian varieties whose generic fiber is proper.
Thus, (except for a finite number of exceptions) the fibers of E — S are elliptic
curves. Let us write

»CSs

for the finite set of points over which the fiber of ' — S fails to be an elliptic curve,
and

def
we = Qg/slog
for the restriction of the sheaf of relative differentials to the zero section of £ — S.
Then the height of the family £ — S is defined to be:

htg def degg(w%2)

(i.e., the degree on S of the line bundle in parentheses). The height is a measure of
the arithmetic complexity of the family F — S. For instance, the family is isotrivial
(i.e., becomes trivial upon applying some finite flat base extension T — ) if and
only if htp = 0.

In some sense, the most important property of the height in this context is the
fact that (in the nonisotrivial case) it is universally bounded by invariants depending
only on the pair (S,3). This bound — “Szpiro’s conjecture for function fields” —
is as follows:
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(1) bty < 295 — 2+ |5

(where gg is the genus of S, and |X| is the cardinality of ). The proof, in the
present geometric context, is the following simple argument: Write Mg for the
compactified moduli stack of elliptic curves over k, and oo C Mgy for the divisor at
infinity of this stack. Thus, E — S defines a classifying morphism

Kk:S — M

whose (logarithmic) derivative

dr : w3? = K Q57 g (00) = Qs(3)

is nonzero (so long as we assume that the family £ — S is nonisotrivial). Thus,
since dk is a generically nonzero morphism between line bundles on the curve S,
the degree of its domain (i.e., htg) is < the degree of its range (i.e., 295 — 2+ |X|),
so we obtain the desired inequality.

Note that in the above argument, the most essential ingredient is the Kodaira-
Spencer morphism, i.e., the derivative dr. Until recently, no analogue of such
a derivative existed in the “arithmetic case” (i.e., of elliptic curves over number
fields). On the other hand:

The Hodge-Arakelov theory of elliptic curves gives rise to a nat-
ural analogue of the Kodaira-Spencer morphism in the arithmetic
context of an elliptic curve over a number field.

A survey of the basic theory of this arithmetic Kodaira-Spencer morphism, together
with a detailed explanation of the sense in which it may regarded as being analogous
to the classical geometric Kodaira-Spencer morphism, may be found in [12].

At a more technical level, in some sense the most fundamental result of Hodge-
Arakelov theory is the following: Let E be an elliptic curve over a field K of
characteristic zero. Let d be a positive integer, and n € E(K) a torsion point of
order not dividing d. Write

L= 0p(d- )
for the line bundle on F corresponding to the divisor of multiplicity d with support
at the point n. Write

Et - FE

for the wuniversal extension of the elliptic curve, i.e., the moduli space of pairs
(M, V pm) consisting of a degree zero line bundle M on E, together with a con-
nection V . Thus, ET is an affine torsor on E under the module wg of invariant
differentials on E. In particular, since E is (Zariski locally over E) the spectrum
of a polynomial algebra in one variable with coefficients in the sheaf of functions
on F, it makes sense to speak of the “relative degree over E” — which we refer to
in this paper as the torsorial degree — of a function on ET. Note that (since we are
in characteristic zero) the subscheme Ef[d] C ET of d-torsion points of ET maps
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isomorphically to the subscheme FE[d] C E of d-torsion points of E. Then in its
simplest form, the main theorem of [7] states the following:

Theorem 1.1. (Simple Version of the Hodge-Arakelov Comparison Isomorphism)
Let E be an elliptic curve over a field K of characteristic zero. Write Et — E for
its universal extension. Let d be a positive integer, and n € E(K) a torsion point

whose order does not divide d. Write £ % Ogr(d-[n]). Then the natural map
D(EY, L) — L]pta)

given by restricting sections of £ over ET whose torsorial degree is < d to the d-
torsion points ET[d] C E' is a bijection between K -vector spaces of dimension

d?.

The remainder of the main theorem essentially consists of specifying precisely how
one must modify the integral structure of T'(E', £)<¢ over more general bases in
order to obtain an isomorphism at the finite and infinite primes of a number field,
as well as for degenerating elliptic curves.

The relationship between Theorem 1.1 and the classical Kodaira-Spencer mor-
phism is discussed in detail — albeit at a rather philosophical level — in [12], §1.3,
1.4. The analogue in the arithmetic case of the geometric argument used above
to prove (1) is discussed in [12], §1.5.1. The upshot of this argument in the arith-
metic case is that in order to derive diophantine equalities analogous to (1) in the
arithmetic case — i.e., Szpiro’s conjecture — it is necessary to eliminate certain
unwanted poles — called Gaussian poles — that occur in the construction of the
arithmetic Kodaira-Spencer morphism.

In the present manuscript, we discuss the following further developments in the
theory (cf. §3):

(i) a method for eliminating the Gaussian poles under certain conditions (cf.
Corollary 3.5);

(ii) an argument which shows that (under certain conditions) the reduction in
positive characteristic of the arithmetic Kodaira-Spencer morphism coin-
cides with the classical geometric Kodaira-Spencer morphism (cf. Corollary
3.6);

(iii) a alternative proof of Theorem 1.1 using characteristic p methods.

Thus, development (i) brings us closer to the goal of applying Hodge-Arakelov theory
to proving Szpiro’s conjecture (for elliptic curves over number fields). Unfortunately,
the conditions under which the argument of (i) may be carried out do not hold (at
least in the naive sense) for elliptic curves over number fields. Nevertheless, there
is substantial hope that certain new constructions will allow us to realize these
conditions even for elliptic curves over number fields (cf. §3 for more on this is-
sue). Development (ii) is significant in that it shows that the analogy between the
arithmetic and classical geometric Kodaira-Spencer morphisms is not just philos-
ophy, but rigorous mathematics! Finally, the significance of development (iii) is
that it provides a much more conceptual, as well as technically simpler proof of the
“fundamental theorem of Hodge-Arakelov theory” (i.e., Theorem 1.1).
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Underlying all of these new developments (especially (i), (ii)) is the theory of
the crystalline theta object, to be discussed in §2. This object is a locally free
sheaf equipped with a connection and a Hodge filtration, hence is reminiscent of
the “MFV -objects” of [2], §2. On the other hand, many of its properties, such
as “Griffiths semi-transversality” and the vanishing of the (higher) p-curvatures,
are somewhat different from (and indeed, somewhat surprising from the point of
view of the theory of) MFV-objects. Nevertheless, these properties are of crucial
importance in the arguments that underly developments (i), (ii).

2. THE CRYSTALLINE THETA OBJECT

2.1. The Complex Analogue. We begin the discussion of this § by motivating
our construction in the abstract algebraic case by first examining the complex
analogue of the abstract algebraic theory.

Let E be an elliptic curve over C (the field of complex numbers). In this discus-
sion of the complex analogue, we shall regard E as a complex manifold (rather than
an algebraic variety). Let us write Og (respectively, O, ) for the sheaf of complex
analytic (respectively, real analytic) complex-valued functions on E. In both the
complex and real analytic categories, we have exponential exact sequences:

0 —— 2mi-Z Op —22. 0% 0

exp

0 —— 2mi-Z Ok,

Since (as is well-known from analysis) H'(E,Og,) = H*(E,Op,) = H*(E,Og) =
0, taking cohomology thus gives rise to the following exact sequences:

0 —— HYE,21i-2) —— HY(E,OF) —— HYE,05)

8 HAE2mi Z) =7 —— 0

0 —— HYE,0}) —<% H(E,2ri-Z)=7 —— 0

In other words, (as is well-known) the isomorphism class of a holomorphic line
bundle on E is not determined just by its degree (which is a topological invariant),
but also has continuous holomorphic moduli (given by H*(E,Og) # 0), while the
isomorphism class of a real analytic line bundle is completely determined by its
degree. Thus, in particular, the complex analytic pair (E,L) (i.e., a “polarized
elliptic curve”) has nontrivial moduli, and in fact, even if the moduli of E are held
fixed, £ itself has nontrivial moduli. (Here, by “nontrivial moduli,” we mean that
there exist continuous families of such objects which are not locally isomorphic to
the trivial family.) On the other hand, (if we write Lg o L®o, Op,, then) the real
analytic pair (Er, Lr) has trivial moduli, i.e., continuous families of such objects
are always locally isomorphic to the trivial family. Put another way,

The real analytic pair (Er, Lg) is a topological invariant of the
polarized elliptic curve (E,L).
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Note that once one admits that Eg itself is a “topological invariant” of F (a fact
which may be seen immediately by thinking of Er as H'(E, S'), where S' C C*
is the unit circle), (one checks easily that) the fact that Lg is also a topological
invariant follows essentially from the fact that H'(FE,Op,) = 0. Note that if one
thinks of the wuniversal extension ET as the algebraic analogue of Eg, then the
analogue of this fact in the algebraic context is given precisely by the (easily verified)
fact:

HYE", Ogt) =0

(i.e., the first cohomology module of the algebraic coherent sheaf Opi). In §2.3
below, we would like to exploit this fact to show that the pair (Ef, £|g+) has
a natural structure of crystal (valued in the category of “polarized varieties,” or
varieties equipped with an ample line bundle), and that — by placing an appropriate
integral structure on ET — one may show that this crystal exists naturally not only
in characteristic 0, but also in mized characteristic. Thus, in summary, the analogy
that we wish to assert here is the following:

topological invariance of (Fg, Lg) «— (ET, £|TE) is a crystal

In fact, it is useful here to recall that in some sense:

The essential spirit of the “Hodge-Arakelov Theory of Ellip-
tic Curves” may be summarized as being the Hodge theory of the
pairs (Eg, Lr) (at archimedean primes), (ET, £|TE) (with appropri-
ate integral structures — to be discussed in §2.3 below — at non-
archimedean primes), as opposed to the “usual Hodge theory of an
elliptic curve” which may be thought of as the Hodge theory of Ex
(at archimedean primes) or ET (at non-archimedean primes).

In this connection, we note that the “Hodge-Arakelov theory of an elliptic curve at
an archimedean prime” is discussed/reviewed in detail in [7], Chapter VII, §4.

2.2. The Case of Ordinary p-adic Elliptic Curves. Central to the theory of
the mixed characteristic analogue of the ideas presented in §2.1 is the theory of
the étale integral structure on the universal extension of an elliptic curve. In the
present §, we would like to review the definition of the étale integral structure and
discuss its structure in the case of an ordinary p-adic elliptic curve.

Let us work over a formal neighborhood of the point at infinity on the moduli
stack of elliptic curves — i.e., say, the spectrum of a ring of power series of the form

S % Spec(O[g]))
where O is a Dedekind domain of mixed characteristic and ¢ an indeterminate.
Write S for the completion of S with respect to the g-adic topology, and £ — S
for the tautological degenerating elliptic curve (more precisely: one-dimensional
semi-abelian scheme), with “g-parameter” equal to ¢q. Then we have natural iso-
morphisms

E|

1%

=Gp wp=0s-dlog(U); ET|§% Gy x A
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where we write U for the usual multiplicative coordinate on G,, (cf. [7], Chapter
ITI, Theorem 2.1; the discussion of [7], Chapter III, §6, for more details). If we
write “T” for the standard coordinate on this affine line, then near infinity, the
standard integral structure on Et may be described as that given by

P o, 17

r>0
On the other hand:

Definition 2.1. The étale integral structure on ET (near infinity) is given by

@ o ()

where (T) € LT(T 1) ... (T = (r —1))).

T

Moreover, although the above definition of this integral structure is only valid
near infinity, this integral structure extends uniquely over the entire (compactified)
moduli stack of elliptic curves Mey (over Z) — cf. [9], §1. (Note that this uniqueness
is a consequence of the fact that My is a regular scheme of dimension 2).

Thus, given a family of elliptic curves E — S over an arbitrary Z-flat base 5,
we obtain a naturally defined “étale integral structure” on the universal extension

ET,ie., a group scheme

E;rt -5
(which is not of finite type over S).

Next, we would like to examine this étale integral structure in more detail in the
case of a family of ordinary p-adic elliptic curves. Thus, let S be a p-adic formal
scheme which is formally smooth over Z,, and assume also that we are given a
family of ordinary elliptic curves

E— S

such that the associated classifying morphism S — (Men)z, is formally (i.e., rela-

tive to the p-adic topology) étale. (Here, by “ordinary,” we mean that the fibers of
E — S over all the points of Sg, have nonzero Hasse invariant.) For n > 1, write

E[p"] ¥ Ker([p"] : E — E)

for the kernel of multiplication by p™ on E. Then, as is well-known (cf., e.g., [6], p.
150), there is a unique exact sequence

0 — E[p"]* — E[p"] — E[p"]" -0
of finite flat group schemes over E such that E[p"|* (respectively, F[p"]¢) is étale
locally isomorphic to p,. (respectively, Z/p"Z).
Let us write:

def
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Then since E¥ — S is a family of elliptic curves, and the classifying morphism
associated to E — S is étale, it follows that EF¥" — S defines a morphism:

LSS

One checks easily that ®g et L is a lifting of the Frobenius morphism in char-
acteristic p, and that ®Y is the result of iterating ®g a total of n times (as the
notation suggests). The morphism

V:E¥Y - E
given by dividing E¥ by the image in E¥ of E[p] will be referred to as the the
Verschiebung morphism associated to E. For any n > 1, the morphism

Vi EY S E
given by dividing E¥" by the image in E¥" of E[p"] is easily seen to be equal (as
the notation suggests) to the “n-th iterate” (i.e., up to various appropriate base
changes by iterates of ®g) of V. Note that the kernel of V" may be identified with
E[p"]°t. In particular, it follows that V" is étale of degree p™.
Thus, we obtain a tower

1

. EY BT . S EY S F

of étale isogenies of degree p. Let us denote the p-adic completion of the inverse
limit of this system of isogenies by E¥ . Thus, in particular, we have a natural
morphism

EF - E

In [9], §2.2, a certain canonical section

klp": EX" @ Z/p"Z — E' @ Z/p"Z
is constructed of the universal extension of E over E¥ . This section is the “ordinary

analogue” of the section near infinity (cf. the discussion at the beginning of the
present §2.2) given by sending 7"+ 0. Letting n — oo, we thus obtain a morphism

K[p™]: EFT — (BN
(where “A” denotes p-adic completion). Finally, by computing near infinity, one
shows that this morphism in fact factors uniquely through the étale integral struc-
ture, i.e., determines a morphism:

Fep : E* - (E;rt)/\

Theorem 2.2. (Explicit Description of the Etale Integral Structure of an Ordinary
Elliptic Curve) The natural morphism

rep s BT — (Bl

from the p-adic completion of the “Verschiebung tower” of E to the p-adic comple-
tion of the universal extension of E equipped with the étale integral structure is an
isomorphism.
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We refer to [9], §2.2, for more details. The essential idea of the proof is to apply
the following well-known bijection (due to Mahler — cf., e.g., [5], §3.2):

Comb(Z,)" = Cont(Z,, Z,)

from the p-adic completion of the free Z,-module Comb(Z,) on the generators (f)
to the space of continuous functions Z, — Z, (given by evaluating the indeterminate
T on elements of Z,,).

Remark 2.3. One way to think of the content of Theorem 2.2 is as the assertion
that:

The étale integral structure on E' is very closely related to the
p-adic Hodge theory of E.

Since EJ, is defined globally over Z whenever E is defined globally over Z, Theo-
rem 2.2 may also be taken as asserting that EL enjoys the following remarkable
interpretation:

The universal extension of an elliptic curve equipped with the
étale integral structure is a natural globalization over Z of the (very
local!) p-adic Hodge theory of the Hodge elliptic curve.

This interpretation is very much in line with the general philosophy of Hodge-
Arakelov theory (cf., e.g., [12], §1.3).

2.3. Integral Structures and Connections. Let

f:E—S
be a family of elliptic curves over a scheme S. In order to formulate the various
versions of the comparison isomorphism of Hodge-Arakelov theory (cf., e.g., Theo-
rem 1.1) properly in mixed characteristic, it is necessary to consider not only the
universal extension ET, but also certain Ef-torsors — which we shall refer to as
Hodge torsors — as follows. Let £ be a line bundle on E. For simplicity, we assume
that the (relative) degree (over S) of L is one. Then we define

Ef - E
to be the wp-torsor over E parametrizing (over an open U C E) the (Og-linear)

connections V. on the line bundle L. Often to simplify the notation (as well as to
emphasize the analogy with E'), we will denote E* by

E*
(where we think of the “¢” as being set equal to £).
Then E* admits a natural ET-action, defined as follows. If V is the connection
corresponding to a section of E* — FE over some open U C FE, and V, is a

connection on the degree zero line bundle Og([0g] — [a]) for some point a € E(S),
then we let the point (o, V,,) of ET(S) act on E* by

V= (T3Ve) ® Va
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— where we denote by 7, : F — E the morphism “translation by «,” and we
observe that

(77 L) ® Op([05] — [a]) = £

(by the elementary theory of line bundles on elliptic curves), so (7)V )&V, defines
a connection on £ over 77U, i.e., a section of E* — E over 7 U, as desired. Thus,
we obtain an action of ET on E* which is compatible (via the projections ET — E,
E* — FE) with the usual translation action of E on itself. Moreover, it is an easy
exercise to show that the action of ET on E* defines a structure of Ef-torsor on
E*.

When S is Z-flat, and L is the degree one line bundle defined by a torsion point
n € E(S), then there is also a natural analogue of the étale integral structure on
ET (cf. §2.2) for E*. For simplicity, we restrict ourselves here to the case where
* = Op([0g]). Then (since (Mcy)z is connected and regular of dimension two) the
étale integral structure on E* is uniquely determined over arbitrary .S once it is
determined “near infinity,” i.e., in the case S = Spec(Z[[g]]). Now, as we saw at the
beginning of §2.2, the standard integral structure on ET is given (near infinity) by:

P oe, 17

r>0
Relative to this notation, the standard integral structure on E* is given by:

D oz, (-3

r>0

Thus, just as the étale integral structure on ET is given by:

g (1)

r>0
it should not surprise the reader that the étale integral structure on E* is given by:

1

@ o ("7

r>0 "

Here, we note that in the case of a more general torsion point n € E(O[[g*/N]])
(where O is the ring of integers of some number field), the “%” is replaced by a
rational number of the form 3 — %, where § € Q is any representative of the unique
class in Q/Z such that — if we think of E(O[[¢'/"]]) as G, (O[[¢"/N]][¢'])/¢* via
the Schottky uniformization of the Tate curve E — then 7 is equal to the point
determined by ¢ - ¢® for some root of unity .

Just as in the case of Et, the étale integral structure on E* extends over all of
(Men)z. At primes other than 2, this follows immediately from the case of Ef. On
the other hand, at the prime 2, this extension result is much more difficult to prove
(cf. 9], §8.2, 8.3) and requires various complicated 2-adic computations involving
higher p-curvatures (where p = 2). At any rate, once this extension is made, one
obtains an S-scheme (which is not of finite type over S)

*
Eet
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equipped with a natural structure of Egt—torsor.
Next, let us assume that S is smooth of finite type over Z. In this situation,
it is proven in [9], Lemma 5.1, that the well-known connection on ET determines

natural connections on E!, and EZ,. Moreover, by using the fact (cf. [9], Theorem
4.3) that

fe(Op=) =0s; R'f(Op-) =0

(where, by abuse of notation, we denote all structure morphisms to S by “f”) one
derives (cf. [9], Theorem 5.2) the following fundamental (i.e., relative to the theory
of [9]) result (cf. the discussion of §2.1):

Theorem 2.4. Let ¢ € E},(S) be a horizontal point of EY,. Then restriction to
€ defines a natural bijection between connections (over Z) on the pair (E},, L|g>,)
and connections on the line bundle L|. on S.

Remark 2.5. Typically, in the situations that we are interested in, there will be
a natural choice of connection on L], so we shall not discuss this technical issue
further in this survey. Thus, (once one chooses a connection on L|.) there is a
natural choice of connection on (E},, L|g+,). In particular, we thus obtain a natural
crystal valued in the category of schemes equipped with an ample line bundle on the
crystalline site of PD-thickenings of .S over Z.

Before proceeding, we observe that the crucial fact

fe(Opz,) = O0s; R'fu(Op:,) =0

— which is immediate in characteristic 0 — holds in mixed characteristic only for
the étale integral structure, not for the standard integral structure on £*. This is
the technical reason for the appearance of the étale integral structure in Theorem
2.4. Tt is an interesting coincidence that this integral structure just happens to be
the same integral structure as the integral structure that was applied in [7] to make
the comparison isomorphism (cf. Theorem 1.1) valid in mixed characteristic.

Once one has a connection on the pair (£}, £|g,), the next natural step is to

consider the resulting connection Vy on the locally free (albeit of infinite rank!)
sheaf

V1 (Ls:)

on S. Note that by considering the “torsorial degree” of sections of £ over E}, (i.e.,
relative degree over E), one obtains a natural “Hodge filtration”

Fr(y)cvy

whose subquotients are given by:

(F/EN) W) = o - ®0, f2(L)

(where f,(L) is the push-forward of the original line bundle £ on E). The triple

V, F"(V), V)
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is referred to as the crystalline theta object (cf. [9], Theorem 8.1) and is the main
object of study in [9].

2.4. Comparison Isomorphism at Infinity. In this §, we would like to take
a closer look at the crystalline theta object introduced in §2.3 in a neighborhood
of infinity, i.e., over the base S = Spec(Z[[¢]]). In this case, if we think of the

tautological elliptic curve over Ug def g [¢71], i.e., the Tate curve, as the quotient

Gm/qZ

and write U for the standard multiplicative coordinate on G,,, then sections of
def

V= f*(ﬁ

g+,) may be thought of as linear combinations of the theta function

0 LN (—1)k . g2k ak gk g
kez

(where “U~% -0 is a certain natural trivialization of £ over G,,, and we note that
the exponent of ¢ is always integral) and its derivatives (with respect to U).
In fact, in the present context, it is natural to consider certain specific derivatives

(i.e., “congruence canonical Schottky-Weierstrass zeta functions” — cf. [9], §6) of
the theta function, as follows. For integers r > 0, let
def [T 1
Ve[
! 2 2

(i.e., the greatest integer < the number in brackets);

Fr(Z) ¥ 0-M\1-\,..,r—1-)\1CZ

Thus, F™t1(Z) O F"(Z) is obtained from F"(Z) by appending one more integer
“k[r]” directly to the left/right of F"(Z) (where “left/right” depends only on the
parity of ). In particular, the map Z>o — Z given by

r — kr]
is a bijection. Also, let us write:
1 1
(k) & k2 -k
2 2
Then a topological (with respect to the g-adic topology) O:q»basis of V is given by
G a0 ¢CC . eV, where we define:

k—+ A 1,21 _1
gSG:Z( . ).(_1)k.q2k hopk-2.9
kEZ

(cf. [7], Chapter V, Theorem 4.8).
Next, let us recall that the integral structure on E}, was defined by:

_ 1
o ()

r>0

hence that sending T — 0 defines a g-adic section
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kG, * (Gm)g — E&lg

(at least after one inverts 2). Then pulling back via kg, and applying the trivial-
ization of Llg,, given by “U 3.4 yields a natural evaluation morphism:

=V — £|(Gm)g :> O(Gm)/s\

which is, in fact, integral over Z (cf. [9], Theorem 6.1). Moreover, the connection
Vv is projectively compatible — that is, compatible up to a possible “error term”
consisting of a scalar-valued (logarithmic) differential on S (cf. [9], Theorem 6.1,
for more details) — with the natural connection on O, ) 5 (regarded as a quasi-

coherent Ogmodule) arising from the fact that ((Gm)§ arises by pulling back to S

the Z-scheme G, (i.e., put another way, the unique connection for which integral
powers of U are horizontal).

Next, let us observe (cf. [7], Chapter V, Theorem 4.8) that the sections (C¢
introduced above have the following congruence property:

2(¢S9) =0 (mod ¢l

Thus, it is natural to consider the sections
~oq def _
e
which define a new integral structure on V, which we denote by
VGP

— where the “GP” stands for “Gaussian poles,” i.e., the poles arising from the
g V&I ¢f. [7], Chapter VI, Theorem 4.1 and the Remarks following that

theorem. In particular, the (¢ form a topological Og—basis for VS and Z factors
through VEF to form a morphism:
26P . per O

m )g

Now we have the following Schottky-theoretic analogue (i.e., d-torsion points are
replaced by “G,,”) of the original Hodge-Arakelov comparison isomorphism (cf.,
Theorem 1.1):

Theorem 2.6. (Schottky-Theoretic Hodge-Arakelov Comparison Isomorphism) The
evaluation map introduced above is an isomorphism:

EGP . VGP -~ O(Gm)/\
S
which is projectively horizontal with respect to the natural (logarithmic) connection

Vv (¢f. Theorem 2.4) on the left and the trivial connection (i.e., for which the
integral powers of U are horizontal) on the right.
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Proof. This is essentially a combination of [9], Theorems 6.1, 6.2. The main idea
is that, since the integral powers of U form a topological Og»basis of O,,)~ it
S

suffices to prove the result modulo ¢, in which case it essentially follows from the fact
that the binomial coefficient functions form a Z-basis of the space of integer-valued
polynomial functions on Z. O

A number of interesting corollaries may be read off of Theorem 2.6, as follows.
The first such corollary is the computation of the monodromy of (V, Vy,) at the point
at infinity, i.e., V(¢) € S (cf. [9], Corollary 6.3). More important from the point
of view of the further development of the theory is the vanishing of the p-curvature
(cf. [3], §5,6, for a discussion of the notion of “p-curvature”) — cf. [9], Corollary
6.4.

In fact, in the present context, in addition to the p-curvature, the higher p-
curvatures of the pair (V, Vy) may also be defined (cf. [9], §7.1). Then one has the
following result (cf. [9], Corollary 7.6):

Corollary 2.7. All of the higher p-curvatures of the crystalline theta object vanish
(over an arbitrary Z-smooth base S).

Proof. Note that since these higher p-curvatures all form sections of locally free
sheaves (at least in, say, the universal case S = (Mey)z) it suffices to check that
they are zero in a neighborhood of infinity, i.e., for the present S = Spec(Z[[q]]).
Thus, we may apply the isomorphism of Theorem 2.6, so Corollary 2.7 follows from

the fact that Og,,)~ is (topologically) generated by its horizontal sections. [J
S

In more down-to-earth terms, Corollary 2.7 may be interpreted as follows. It
follows from the general theory of integrable connections that in any PD formal
neighborhood (where, “PD” stands for “puissances divisées,” i.e., divided powers)
of a point of S, sections of V may be PD formally integrated to form horizontal sec-
tions of (V,Vy) in the given PD formal neighborhood. In general, such horizontal
sections are not defined on a formal neighborhood of the given point of S, i.e., (if,
for instance, t is a local coordinate on a relatively one-dimensional smooth S over
Z, then) such horizontal sections are only defined once one introduces the divided
powers:

t’I'L

n!
(where n > 0 is an integer). To state then that “all the higher p-curvatures vanish”
means that such horizontal sections exist as formal power series in t with integral
coefficients.

The above discussion motivates the following point of view. Near infinity, the
horizontal sections of the above discussion are simply the integral powers of U.
Thus, the classical theta expansion

0 XN (—1)k . g2k ek gk g
kEZ
may be thought of (in the present context) as the “ezpansion of a generator of
FY(V) in terms of local horizontal sections of (V,Vy).” In particular, if one takes
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this point of view, then it is natural to consider the expansion of a generator of
FL1(V) in terms of local horizontal sections of (V,Vy) at points of (Mcy)z other
than the point at infinity. These crystalline theta expansions are discussion in more

detail in [9], §7.2.

2.5. The Associated Kodaira-Spencer Morphism. Let

f:E—S
be a family of elliptic curves over a smooth Z-scheme S. We shall write (V, F"(V), Vy)
for the associated crystalline theta object (cf. §2.3).
In this §, we would like to consider the relationship between Vy and F7(V).
The first, most fundamental property of this relationship is that, unlike the MF V-
objects of [2], §2, which satisfy Griffiths transversality, i.e., the connection maps F"

into F"*1, the crystalline theta object only satisfied the following weaker property
(cf. [9], Theorem 8.1):

Theorem 2.8. (Griffiths Semi-transversality) The crystalline theta object satisfies
“Griffiths semi-transversality,” i.e., Vy maps F(V) into F™2(V) for all integers
r>0.

Remark 2.9. The reason that the crystalline theta object is only “semi-transversal”
is the following: The connection of Theorem 2.4 is defined in two steps. If one thinks
in terms of isomorphisms between pull-backs to “nearby points” that differ by a
square nilpotent ideal, first one must establish the isomorphism between the two
pull-backs of E%,. This causes the Hodge filtration to jump once. Then (once one
has an isomorphism between the underlying schemes, i.e., between the two pull-
backs of E¥,) one must establish an isomorphism between the two pull-backs of L.
This causes the Hodge filtration to jump once more. We refer to the discussion of
[9], §8.1, for more details.

Thus, by analogy to the usual Kodaira-Spencer morphism in the Griffiths-transversal
case (which measures the extent to which the connection fails to preserve the Hodge
filtration, i.e., map F" into F"), it is natural to define the Kodaira-Spencer mor-
phism of the crystalline theta object as follows: By Theorem 2.8, Vy defines a
morphism:

F'(V) = F3(V) ®og Qs/z
If we then compose with the projection F® — F3/F?2 then we obtain an Og-linear
morphism:

ry : FY(V) = (F?/F?)(V) @05 Qsz = 5 - T @os FH (V) @05 sz

N =

Moreover, since F1(V) = f.Ogr([0g]) is a line bundle, it follows that we may regard
ky as an Og-linear morphism:

1
w%Q — 5 . QS/Z

On the other hand, we recall that the “classical Kodaira-Spencer morphism” of the
family £ — S is defined as follows: If we write
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£ 'R fpr.Op
for the first relative de Rham cohomology module of E — S, and F1(£) C &

(respectively, V¢) for its Hodge filtration (respectively, Gauss-Manin connection),
then V¢ defines a morphism

Fl(g) — & Rog QS’/Z

which may be composed with the projection & — £/F'(€) = FY(&) @0, 752 to
obtain a morphism:

ke FH(E) = FY(E) ®os T ®os Qs

Since F1(£) = wg is a line bundle, k¢ may thus be regarded as a morphism:

w%2 — QS/Z
Then we have the following result (cf. [9], Theorem 8.1):

Theorem 2.10. (The Kodaira-Spencer Morphism of the Crystalline Theta Ob-
Jject) The Kodaira-Spencer morphism

1
Ky : w%2 — 3 QS/Z
associated to the crystalline theta object (V,F"(V),Vy) is equal to % times the

classical Kodaira-Spencer morphism

Kg : w%Z — Qg7

associated to the relative first de Rham cohomology module of the family E — S.

Proof. It suffices to prove this result in the universal case, i.e., when S = (Men)z.
Moreover, the asserted equality clearly holds over all of (M.y)z if and only if it
holds in a neighborhood of infinity. Thus, we may assume that S = Spec(Z[[q]]).

Now the main idea is to consider the theta expansion:

1

O LN (—1)k. g2 sk Uk (Ut L g)
keZ

By Theorem 2.6, the connection Vy, amounts (in the context of such expansions)
to the (logarithmic) partial derivative ¢ - 9/9q. On the other hand, generators of
F7(V) for r > 1 are obtained by taking various derivatives of © with respect to U.
Since applying q-9/0q to the k-th term of the expansion amounts to multiplying the
k-th term by $k? — 1k, it follows that (if we ignore the trivialization “U~z-0))
then) applying ¢ - 9/9q to the k-th term of the expansion gives the same result as
applying (U - 9/0U)?* — L(U - 8/9U) to this term. That is to say, we have:

{q-a/aq} 0= {%(U-&/@U)Q - %(Uﬁ/@U)} -0

On the other hand, near infinity, the classical Kodaira-Spencer morphism amounts
to the identification of “q-9/dq” with “(U - 9/0U)?.” This completes the proof of
the asserted equality. O
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Remark 2.11. The vanishing of the p-curvatures (cf. Corollary 2.7) in the presence
of a Kodaira-Spencer morphism which is an isomorphism (cf. Theorem 2.10) is
somewhat surprising from the point of view of the classical theory of MFY -objects
arising from families of varieties, in which vanishing of the p-curvature is related to
vanishing of the Kodaira-Spencer morphism (cf. [4]).

3. LAGRANGIAN GALOIS ACTIONS

In this §, we apply the theory of §2 to

(i) show how to eliminate the Gaussian poles from (a certain version of) the
arithmetic Kodaira-Spencer morphism under certain conditions (cf. Corol-
lary 3.5);

(ii) show that the reduction in positive characteristic of (a certain version of)
the arithmetic Kodaira-Spencer morphism coincides with the classical ge-
ometric Kodaira-Spencer morphism (cf. Corollary 3.6).

The ideas surveyed in this § are discussed in more detail in [10], §2 (in the case of
odd p); [11], §3 (in the case of p = 2). The key idea here is that the theory of the
crystalline theta object allows one to study the (globally defined) discrete arithmetic

Kodaira-Spencer morphism from a (local p-adic) continuous point of view.

Let p be an odd prime. Let K def Qp(Cp), where ¢, is a primitive p-th root of

unity. Write O (respectively, m; k) for the ring of integers of K (respectively,
maximal ideal of O; residue field of Ok);

g def Spec(Ok[[q]])

and

E— S

for the tautological degenerating elliptic curve (more precisely: one-dimensional
semi-abelian scheme) with “g-parameter” equal to ¢ over S. Also, let us write:

def 1
Z = Spec(Ok(lq7]])
Thus, over Q, Zg — Sp is finite, étale, and Galois, with Galois group
G =TFy(1)
(where the “(1)” denotes a Tate twist). As is well-known, over Ug def S\V(q), the
p-torsion points of E — S fit into a natural exact sequence:
0— l’l’p|US - E[pHUs - ]F;D|Us —0

which splits over Uy def Us xg Z. In the following discussion, we consider the
particular splitting

H|UZ - E[p”UZ

(i.e., subgroup scheme H|y, that projects isomorphically onto F|y,) of this exact
1
sequence defined by the p-th root of ¢ given by g».
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Next, let us write C' — S for the unique semi-stable model compactifying £ — S.
Thus, C' is regular, and the complement of its unique node is equal to E. On the

other hand, C4 e o X g Z is no longer regular. Let us denote by

cy,—Z
the unique regular semi-stable model over Z compactifying E|y,. Thus, the com-
plement

E, —Z
of the nodes of C7, has a natural group scheme structure whose special fiber (i.e.,
fiber over V(q%)) is a disjoint union of p copies of G,,.
Next, let us observe that H|y, determines (by taking the closure in EY) a closed
subgroup scheme

HCE),
of E%. We may then form the quotient:

E; CEy— Ey ¥ E,/H

Thus, Eyg — Z is a one-dimensional semi-abelian scheme with “g-parameter” equal
1
to q». Let us write
def
Ly = Opy(08,)

and L/, &of Lylpy; Lz €of L' g,. Moreover, it may be shown (cf. [10], §2.1, for
more details) that, if we denote by € € Ez(Z) the unique section of order 2, then
although a priori,

def
»Cs :e »CZ|5

appears only to be defined over Z, in fact, it admits a natural G-action (compatible
with the G-action on Oy), as if it arose as the pull-back to Z of a line bundle on S.

On the other hand, note (cf. the exact sequence discussed above) that K, may
be regarded as a closed subgroup scheme:

(l'l’p)Z g EH
In addition, one has a natural closed subgroup scheme

{£1} — Eg
so we shall write “(—p,)z C Eg” for the translate of (p,,)z by the element “—1.”
If we now substitute the pair (Ey, Ly) into the theory of §2.3, 2.4, we obtain
the corresponding crystalline theta object

(VHa F7(VH)7 VVH)

over Z by considering sections of Ly over the Hodge torsor equipped with its étale
integral structure Ej; , associated to this pair. Moreover, it follows immediately
from the definition of the integral structure on E7; ,, that the subgroup schemes
(,up) z,{£1} C Ey lift naturally to closed subschemes
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(I‘l‘p)Z7 {:l:]'} g E?—I,et

hence that we obtain a natural lifting

(7Au’p)Z g E;{,et

of (—p,)z € Ex. On the other hand, by the theory of theta groups (cf., e.g., [7],
Chapter IV, §1), we have a natural theta trivialization

Lrl(-p)z = Le®0; O,z

of the restriction of L to (—p,)z.
In particular, if we restrict sections of Ly over Ej; ., to (—p,)z and then apply
the theta trivialization, we obtain a morphism

2y, Va — L ®o, 0(“1))2

whose restriction

EHDR : Hpr — Le Koy, O(“p)z

to Hpr def FP(Vy) C Vg is “essentially” (i.e., up to taking H-invariants) the
restriction morphism appearing in the original Hodge-Arakelov Comparison Iso-
morphism (cf. Theorem 1.1). That is to say, it follows from the main theorem of
[7] that:

Enpnlu, s an isomorphism.

(In order to make it an isomorphism over Z, one must introduce the “Gaussian
poles” on Hpgr.) In particular, since the Galois group G acts naturally on the range
of Zxpy, We get a natural action of G on the domain of =y, at least over Uy.

Definition 3.1. This action of G on Hpgr |y, will be referred to as the Lagrangian
Galois action on Hpr.

Remark 3.2. Note, in particular, that, unlike the Galois actions considered in [7],
Chapter IX, §3; [10], §1 (cf. [12], §1.4.1, for a survey of this theory), the Lagrangian
Galois action depends on the choice of the subgroup H. In fact, however, the
choice of different splittings H does not affect the present theory very much. What
is, however, essential here, is the existence of the natural multiplicative subgroup
scheme:

ll’p|US g E[p]‘US

Indeed, this is the essential element of the present discussion in a “neighborhood
of infinity” that does not exist in the number field case. We will say more on this
later (cf. Remark 3.7 below).
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Remark 3.3. Just as was done in [12], §1.4.1, for the usual Galois action, once
one has defined the Lagrangian Galois action, one may consider the corresponding
Lagrangian arithmetic Kodaira-Spencer morphism by looking at the extent to which
the Hodge filtration F"(Hpg) is preserved by the action of G. We leave it to the
reader to make the routine details (entirely similar to [12], §1.4.1) explicit. For more
on this Lagrangian arithmetic Kodaira-Spencer morphism, we refer to Corollary 3.6
below.
Next, let us write

Zlog, Slog
for the log schemes obtained by equipping Z (respectively, S) with the log structure
defined by the divisor V(q%) C Z (respectively, V(q) C S) and

Inf(Z'°¢ @ k/Ok)
for the site of infinitesimal thickenings of Z'°% ® k over Og. Note that here, we
do not assume that we are given a divided power structure on the ideal defining
a thickening. Since, however, all the higher p-curvatures of (Vu,Vy, ) vanish (cf.
Corollary 2.7), it follows that the p-adic completion (V, VﬁH) of WV, Vy,, ) defines

a crystal on the site Inf(Z'°8 @ k/Ox).

In particular, since elements o € G are all congruent to the identity morphism on
Z'9 modulo m, it follows from the general theory of crystals on sites of thickenings
that o defines an automorphism

/ : 9}{ :> 9}{

g

which we denote by fg, by analogy to “integration/parallel transport along the
(closed) path o” in the classical complex case. Now, taking into account the functo-

riality /naturality of all the definitions involved, we obtain the following fundamental
result (cf. [10], Theorem 2.4):

Theorem 3.4. (The Crystalline Nature of the Lagrangian Galois Action) For any
o € G, the following diagram commutes:

=~
o~

Vi _va Le®o, O(,,_p)z

Il K

=~

]/}H i) ,CE ®OZ O(HP)Z

(where the “hats” denote p-adic completion, and the vertical morphisms are the
natural morphisms associated to o).

Put another way, Theorem 3.4 asserts that the Lagrangian Galois action can
be computed via “crystalline methods.” Thus, if one restricts the commutative
diagram of Theorem 3.4 to Hpr C Vg and then applies a certain lemma (cf. [10],
Lemma 2.6) derived from the theory of the theta convolution (cf. [8]; [12], §2) to
the effect that =5, and Z,, have the same image in L ®o, O, ),, one obtains

the following result (cf. [10], Corollary 2.5):
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Corollary 3.5. (Elimination of Gaussian Poles) The Lagrangian Galois action on
Hprlu, is, in fact, defined on Hpgr (i.e., without Gaussian poles).

Finally, we would like to apply Theorem 3.4 to relate the Lagrangian arithmetic
Kodaira-Spencer morphism to the classical Kodaira-Spencer morphism. To do this,
we must consider the Lagrangian Galois action modulo m?. First, we observe that
it follows immediately from Theorems 2.8, 3.4 that for any o € G, the Lagrangian
Galois action of o0 on Hpr maps

F'(Hpr) — F*(Hpr) @0, (Ok /m?)

in such a way that modulo m, F!(Hpgr) maps into F*(Hpr). In particular, if we
compose this map with the projection F3 — F3/F? (cf. the discussion of §2.5),
then we obtain an Oz-linear morphism

F'(HpRr) ®o, k — (F?/F?)(Hpr) ®o, (m/m?)
5 (182 ®0, F'(Hpr)) ®o, (m/m?)

H

— i.e., if we let 0 € G vary, we obtain a homomorphism

ke G=T,(1)
— Homo, (F1 (HDR> Qo k, (Tgi ®oz F! (HDR)) Qox (m/mQ))
= 782 o, (m/m?)

On the other hand, if we forget about families of elliptic curves and form the natural
ezact sequence of differentials associated to the triple Z'°¢ — S8 — Spec(Of),
we obtain an extension of G-modules:

0= Qoy/z, ®0x Oz = (p~!-m-0z) o, (O /M) = Qg 7,
— Qzlog/slog - Qzlog/OK ®Fp — O
(where all differentials involving S'°%, Z!°¢ are understood to be g-adically continu-

ous). By considering the extent to which sections of g1 /0, ®F,, lift to G-invariant
sections of {2zies 7, We thus obtain a homomorphism

G ®IFP (QZI"g/OK & FP) - (p_l sm- OZ) Qo (OK/mp_l)

whose composite with the morphism induced by the projection m — m/m? is easily
verified to be an isomorphism

0:G AF, Ozsk = ®Zlog/OK RO m/m2
(cf. the theory of [1], 1., §4) relating the Galois group G to the (logarithmic) tangent

bundle © g9 )0, i Homo, (g0, ,Oz) modulo m.
Thus, if we combine § with k¢, we obtain a morphism:

S . 2
Ka @Zlog/@K R0, k— TE@H ®o k
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On the other hand, if we compute H6G by means of Theorems 2.10, 3.4, it follows
that:

Corollary 3.6. (Relation to the Classical Kodaira-Spencer Morphism) The mor-
phism
%:0 k— 182 k
KGOzl /oy Rox K — TEn ROk
constructed by considering the Lagrangian Galois action modulo m? and applying
the natural isomorphism

0:G®r, Ozek = O 2109 /0, DO m/m2

between the Galois group G and the (logarithmic) tangent bundle modulo m is equal

to % the classical Kodaira-Spencer morphism associated to the family Eyg — Z.

Remark 3.7. From the point of view of applications to diophantine geometry (cf.
[12], §1.5.1), one would like to develop an analogue of the theory of the present §
over number fields — i.e., as opposed to over “formal neighborhoods of infinity” (cf.

the base § & Spec(Ok]l[q]])), as in the present discussion. Indeed, as discussed in
[12], §1.5.1, the main essential obstruction to applying Hodge-Arakelov theory to
diophantine geometry is the elimination of the Gaussian poles — i.e., the number
field analogue of Corollary 3.5. As discussed above (cf. Remark 3.2), the main
ingredient that one needs in order to realize such a theory over number fields is an
analogue over number fields of the multiplicative subgroup scheme:

ll’p|Us - ELPHUS
— le., a “global multiplicative subspace” of the Tate module (of an elliptic curve
over a number field). A first step towards realizing such a global multiplicative
subspace is taken in [10], §3, where a global multiplicative subspace is constructed
over the base:

(Men)g

It is then proposed in loc. cit. that perhaps by restricting this subspace over (Men)g
to a Q-valued point, one may achieve the goal of constructing a global multiplicative
subspace for elliptic curves over Q. Unfortunately, this operation of restriction is
not so straightforward, since it involves numerous intricacies related to the issue of
keeping track of basepoints (of the various fundamental groups involved). Moreover,
this issue of keeping track of basepoints appears to be related to Grothendieck’s
anabelian geometry. At the time of writing, the author is optimistic that by applying
the anabelian theory of [15]; [16]; and [18], Chapter XII, §2, these technical problems
may be resolved and hence that a natural global multiplicative subspace for elliptic
curves over number fields may be constructed. It is the hope of the author to expose
these ideas (cf. [17]) in a future sequel to the present manuscript.
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4. HODGE-ARAKELOV THEORY IN POSITIVE CHARACTERISTIC

In this §, we explain how a certain extension of the theory of §2.2 for ordinary
elliptic curves to supersingular elliptic curves in positive characteristic can be used
to give an alternate proof of Theorem 1.1. More details on the theory discussed
here may be found in [11], §1, 2.

Let

E— S

be a family of elliptic curves over an [F-scheme S such that the associated classifying
morphism

S — (Men)r,

is étale. In the following discussion, we will write &g : S — S for the Frobenius
morphism on S, and denote the result of base-changing objects over S via ®g by
means of a superscript F. Thus, the morphism

p]: E—FE

(multiplication by p) factors as a composite of morphisms:

dp %

E E¥ E
where @ is the relative Frobenius morphism of E — S, and V is the Verschiebung
morphism. As is well-known, the kernels of ®x and V are Cartier dual to one
another:

E[®g] = EF[V)*
Next, let us observe that the pull-back

V*EY - EF

of the universal extension Et — E via V admits a canonical section:

ki EY -V ET

Indeed, if we can show that the wg-torsor V*Et — E¥ is trivial locally on S, then x
may be defined as the unique section that takes the origin Ogr of E¥ to the origin
of V*E' (which is determined by the origin 0g+ of ET). Thus, it suffices to show
that the wp-torsor in question is trivial locally on S. Since R!f.(wg) (where, by
abuse of notation, we denote all structure morphisms to S by f) is a line bundle
on S, it suffices to prove this local triviality in the case that £ — S is ordinary.
But then, V* induces an isomorphism wg — wgr, so it follows that the morphism
(again induced by V*)

Os = R' f.(wp|g) = R fu(wpr |pr) = Os

(where the isomorphisms on the two ends are the “trace maps” of the “residues and
duality theory” of E, EY') is given by multiplication by p = deg()V). Since we are
working in characteristic p, this completes the proof that the wg-torsor V*ET — EF
is trivial (locally on S).
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Next, let us consider structure sheaves. Let us regard OTE as a quasi-coherent
sheaf of Op-algebras (via the projection ET — E). Similarly, V : E¥ — E allows us
to regard Opr as a coherent sheaf of Op-algebras. Thus, the morphism & : BY —
V*ET induces a morphism of quasi-coherent O g-modules:

/{*:OE—>OEF

Let us write Oéf C OE for the coherent subsheaf consisting of sections whose
<p

torsorial degree (i.e., relative degree over F) is < p. Thus, if we restrict x* to O,

we obtain a morphism

between locally free Og-modules of rank p. Now one has the following positive
characteristic, degree < p version of Theorem ?7:

Theorem 4.1. (Verschiebung-Theoretic Analogue of the Hodge-Arakelov Com-
parison Isomorphism) The morphism

O;f — OEF
is an isomorphism.

Proof. First, we remark that the above discussion extends naturally to degener-
ating elliptic curves and hence is compatible with all natural integral structures in
a neighborhood of infinity. For more details on this issue, we refer the reader to
[11], §1.

Next, we observe that it essentially follows from Theorem 7?7 that the morphism
in question is an isomorphism over the ordinary locus in S. Indeed, this is a
consequence of the fact that the F,-vector space of all (set-theoretic) functions on
IF, is spanned by the polynomial function on IF,, of degree < p. Thus, in particular,
the morphism in question is an isomorphism over a dense open substack of (M y1)r

*

Thus, (by working over the proper stack (Men)r, ) it suffices to consider determi-
nants. That is to say, it suffices to show (strictly speaking, not just over (Mop)r

but also over (Men)r,) that:

p?

det(O5P) = det(Opr) € Pic(E)g &' Pic(E) @2 Q

Since ET — E is an wg-torsor, it follows immediately that

|
—

det(@éf) = J-ltel = —%p(p —1) - [wg]

<
Il
o

(where we think of Pic(E)g as an additive group). On the other hand, since
E¥[V] 5 E[®g]*, we have:
OE'F V] :> HomoE((’)E[q,E], OE)

(as coherent Op-modules). Thus, since E¥ — E is a EF[V]-torsor, we conclude
that:
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p—1
. 1
det(Opr ) = det(Opry)) = —det(Opa,) = — 3 J-lwr] = —5p(p—1) - [we]
=0
(since E[®g| C FE is just an infinitesimal neighborhood of the origin 0g). This
completes the proof. [

Remark 4.2. A version of Theorem ?? where “< p” is replaced by “< p"™” (where
n > 1is an integer) is given in [11], Theorem 1.1.
Next, we consider line bundles. Let

n € E(S)

def

be a torsion point of order prime to p. Write n¥ = ®g(n) € EF (S) and set:

£ 0pe (" ]): M E @p(L")

Thus, LF (respectively, M) is a line bundle of degree 1 (respectively, degree p) on

EY (respectively, E). Since the order of 7 is prime to p, it follows that n¥ does not
intersect Ogr , hence that we have an isomorphism

given by restricting sections over E¥ to Ogr. Now we are ready to apply the
method of the above discussion to prove the following positive characteristic version
of Theorem 1.1:

Theorem 4.3. (Positive Characteristic Version of the Hodge-Arakelov Compari-
son Isomorphism) The natural restriction morphisms

EEF . f* ([,F

vept) = LF | grpy)

and
Ep : fiMpppt) = Mg

induced by k are isomorphisms.

Proof. First, we observe that by the theory of theta groups (applied to descent
via the Frobenius morphism ®z : E — EY) the bijectivity of Zgr is equivalent to
that of Zg. We refer to [11], §2, for more details.

Next, we observe that this discussion extends to the case of degenerating elliptic
curves (cf. [11], §2, for more details). Thus, we may work over the proper stack
(Men)r,, so (just as in the proof of Theorem ??) it suffices to show that Zpgr
is generically an isomorphism and that the determinant bundles associated to its

domain and range define the same element of Pic((Men)r,)o-

The fact that Zpe (or, equivalently, Zg) is an isomorphism over an open dense
substack of (Men)r, follows from the theory of the comparison isomorphism near
infinity developed in [7], Chapter V (cf. [11], §2, for more details).

On the other hand, the isomorphism

FALF) 5 Lo 0
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implies that (just as in the proof of Theorem ?7?) the determinants of the domain
and range of Zgr are both equal to:

=3 - loel = ~3pp— 1) [l

This completes the proof. [

Remark 4.4. Thus, although in the above proof of Theorem ??7, we use the (rel-
atively easy) portion of the theory of [7] concerning the comparison isomorphism
near infinity, the intricate degree computations of [7], Chapter VI, are not used in
the proof of Theorem ??7. Also, we observe that although Theorem 77 is a positive
characteristic result, reduction modulo p implies Theorem 1.1, at least in the case
d = p. Moreover, since the truth of the characteristic zero result Theorem 1.1 for
arbitrary d is equivalent to the equality of the degrees of two specific line bundles,
both of which are polynomials in d (cf. the complicated degree computations of [7],
Chapter VI), the fact that these two polynomials are equal whenever d is a prime
number implies that they are equal for all d. Thus, in summary, the above technique
yields a simple proof of Theorem 1.1 for arbitrary d. We refer to [11], §2, for more
details.

Remark 4.5. One way to interpret the preceding Remark 77 is the following:

The characteristic p methods (involving the Frobenius and Ver-
schiebung morphisms) of the above discussion yield a new proof of
the various combinatorial identities inherent in the computation of
degrees in [7], Chapter VI, proof of Theorem 3.1.

This situation is rather reminiscent of the situation of [14], Chapter V. — cf.,
especially, the second Remark following Corollary 1.3. Namely, in that case, as
well, characteristic p methods (involving Frobenius and Verschiebung) give rise to
various nontrivial combinatorial identities. It would be interesting if this sort of
phenomenon could be understood more clearly at a conceptual level.

Remark 4.6. One interesting feature of the above proof is the crucial use of the
Frobenius morphism ®g : E — ET. Put another way, this amounts to the use of the
subgroup scheme E[®g] C E (i.e., the kernel of ® ), which, of course, does not exist
in characteristic zero. Note that this subgroup scheme is essentially the same as the
“multiplicative subspace” that played an essential role in the theory surveyed in §3.
That is to say, it is interesting to note that just as in the context of §3, the crucial
arithmetic object that one wants over a number field is a “global multiplicative
subspace,” in the above proof, the crucial arithmetic object that makes the proof
work (in positive! characteristic) is the “global multiplicative subspace” E[®g] C E

(which is defined over all of (Men)r, ).

Remark 4.7. Another interesting and key point in the above proof is the fact that,
unlike the case in characteristic zero (where the structure sheaf of a finite flat group
scheme on a proper curve always has degree zero):

In positive characteristic, the structure sheaf of a finite flat
group scheme on a proper curve can have nonzero degree.
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In fact, it is precisely because of this phenomenon that in order to make the com-

parison isomorphism hold in characteristic zero over the proper object (Men)g, it

is

10.
11.
12.
13.
14.
15.
16.

17.

18.

necessary to introduce the Gaussian poles (cf., e.g., [7], Introduction, §1).
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