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§1.1.

A. Grothendieck

[SGA1]
X

x̄ π1(X, x̄)
X ( ) Y

x̄ fiber set Y (x̄)
π1(X, x̄) Y (x̄)

profinite 1)

x̄
π1(X)

Y → X Y (x̄) π1(X, x̄)
X π1(X, x̄)

( Y ) Y (x̄) π1(X, x̄) 2) ( )
π1(X, x̄) H Y → X

( ) H ↔ Y Y = Y H ,
H = HY HY Y π1(Y )
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X K Spec (K)
Y fiber set Y (x̄) Y

π1(Spec (K)) Gal(K) def= Gal(K/K)
( K K )

f : X1 → X2 X1 x̄1 x̄1

x̄2 π1(X1, x̄1) → π1(X2, x̄2)
Y → X2 ( ) Y ′ → X1

Y (x̄2) ∼= Y ′(x̄1)
x̄1

π1(X1) → π1(X2)

X K X → Spec (K)
SpecK → SpecK XK → X (XK

def= X ×K K)

(1.1) 1 −→ π1(XK) −−−−→ π1(X)
prX−−−−→ Gal(K) −→ 1

prX π1(XK) X K
profinite (

) 3) π1(X)
Gal(K)- (1.1)

(1.1) π1(XK) π1(X)
π1(X) → Aut(π1(XK)) π1(XK)

Gal(K) Out(π1(XK))
( )

(1.2) ρX : Gal(K) → Out(π1(XK))

prX : π1(X) → Gal(K) ρX : Gal(K) → Out(π1(XK))
π1(XK) ρX

prX (
g n (g, n) �= (0, 0), (0, 1), (0, 2), (1, 0)

) profinite

π1(XK) ρX Gal(K) π1(X)

§1.2. Grothendieck
Grothendieck([G1-3]) X ‘ (anabelian)
’ K

Gal(K) π1(X) (1.1) X

Grothendieck
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(GC1) . K X
π1(X) prX : π1(X) → Gal(K) ‘ ’

Grothendieck
Grothendieck ‘ (reconstitute)

’
4) Grothendieck

(GC2) Hom . K X, Y

HomK(X,Y ) → HomGal(K)(π1(X), π1(Y ))/ ∼

K- Gal(K)- ( π1(YK)
) (

)

Grothendieck G.Faltings ([F1])
Tate :

HomK(A,B) ⊗ Ẑ ∼= HomGal(K)(H1(AK , Ẑ),H1(BK , Ẑ))

( A, B K Ẑ Z profinite )
Faltings isogeny ( Shafarevich )

2 proper
H1 H1 π1

(GC1)

effectivity ( 5) ) order
Grothendieck (GC1)(GC2)

Tate Grothendieck
π1(X)

‘ ’ Gal(K) ‘ ’ π1(XK) (1.2)
( A.Weil P.Deligne

) ([G3])
( ) Section

K X K- x ∈ X(K) X → SpecK
section x : SpecK → X K- x
(1.1) section αx : Gal(K) → π1(X) ( π1(XK)- )

(GC3) Section . (GC2) X/K prX : π1(X) → Gal(K) section
α : Gal(K) → π1(X) X K- ‘ K- ’

6)
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(tangential) section Hom
Grothendieck ([G2]) X Y

( smooth fibration )
7) Section Hom X

variant 8) X Y
9)

§1.3.
Grothendieck ([G1-3]) §1.2

(dessin d’enfant)

K = Q, X = P1 −{0, 1,∞} (1.2)
G.V.Belyi ([B])

[G1-3]

(
Grothendieck-Teichmüller )

([1–6]) ([I2], [H])

Grothendieck

§2. ( X : , K : )

§2.1. Anderson-
Grothendieck (1.1)

(1.2)
l (1.2) π1(XK) pro-l

10) π
(l)
1 (XK)

ρ
(l)
X : Gal(K) → Out(π(l)

1 (XK))

([I1])
Grothendieck, Deligne X = P1 − {0, 1,∞} pro-l

( ) 11)

12)

G.Anderson- ([AI])
Λ ⊂ P1(K) 0, 1,∞

(Anderson- ). X = P1
K − Λ pro-l ρ

(l)
X

K
(l)
X Λ l K
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pro-l ρ
(l)
X K K

(l)
X

Λ ⊂ P1(K)
π1(X) Gal(K)- K

(l)
X K

l
K

Grothendieck

§2.2.
Anderson- π1(P1 − Λ) pro-l P1 − Λ “pro-l

” Λ “pro-cusp”
( )

cusp ( )

X K ( ) affine Y

Y ∗ Y cusp ΣY
def= Y ∗ −Y

Y HY = π1(Y ) prX : π1(X) → Gal(K)
KY Y HY ∩π1(XK)

Y ∗ gY ΣY (K) nY 2gY + nY − 1
profinite pro-l l

H1(YK ,Zl) (= π
(l)
1 (YK)ab) Gal(KY )-

cusp 13) ( nY − 1
)

Riemann-Weil ‘cusp ’ H1(YK ,Zl) 2gY

Y ∗ l- l Tate Riemann-Weil
Gal(KY ) Frobenius (weight)

H1(YK ,Zl) cusp

§2.3. ([N1])
X = P1

K − Λ (Λ ⊃ {0, 1,∞}) Y K( N
√

1)
XK( N√1) (Z/NZ)|Λ|−1

H1(YK ,Zl) cusp Y l

K((λ − λ′)1/N | λ, λ′ ∈ Λ− {∞})
prX : π1(X) → Gal(K) N
N ( ) K×

{λ − λ′ | λ, λ′ ∈ Λ − {∞}, λ �= λ′}
Λ ⊂ P1(K) (

) K ( )
P1 − { }
§2.4.

cusp π1(X)
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H Y H cusp ⊂ H1((Y H)K ,Zl)
cusp (§2.2 ) weight filtration

H l I ∩H
cusp π1(XK) I Gal(K)- π1(X)

π1(XK)
‘cuspidal isotropy ’ ( )

X ( X cusp ) π1(XK) (∼= Ẑ)
( weight filtration [N2,4])

π1(X) prX : π1(X) → Gal(K)
section α : Gal(K) → π1(X) X K- tangential

section Grothendieck Section (GC3) section
K-

( )
X1, X2/K Gal(K) π1(X1) ∼= π1(X2)

( prX ) X1 X ′
1

X2 π1(X ′
1) ∼= π1(X ′

2) X ′
2

P1 −{n } P1 −{ }

[N1] π1(P1 − {0, 1,∞, λ}) K×

〈λ〉, 〈1 − λ〉, 〈 λ
λ−1 〉 P1 − {0, 1,∞, λ}

Q ‘ ’
([N2])

affine pro-l
Grothendieck pro-l
‘ ’ pro-l

pro-l filtration
( [N7] [NTs],[NTa],[MT]

) (GC2) Isom

(§3)
tangential section

prX : π1(X) → Gal(K)
section α : Gal(K) → π1(X)

( section )

π1(X) H Y H

Y H
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(
)

§3. Grothendieck

§3.1. Grothendieck
k X ( ) affine ([T1])

X π1(X) ( (GC2) Isom
) k(X) Gal(k(X))

([U])

(i) X∗

(ii) k(X)×

(iii) k(X) = k(X)× ∪ {0}
§2 X X∗

(i) Brauer Neukirch
X ( )

H2

X x

αx : Gal(k(x)) = π1(Spec (k(x))) → π1(X)

prX ◦ αx Gal(k(x)) ↪→ Gal(k) αx

x x k- αx prX

section prX

section α x ∈ X(k) αx

(Gal(k) ∼= Ẑ profinite Section (GC3)
)

(∗)
α Im(α) π1(X) H

X Y H k- Y H(k)

Im(α) X
(pro-) k- k- X
x α = αx (∗)

k
(≥ 0) l (l k

) Frobenius Lefschetz
x ∈ Σ def= X∗ − X section αx

αx
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x ∈ Σ ( ) αx

π1(X) x

(ii) [U] k(X)

(i) X∗ x

Weil x ∈ X K̂×
x /Ô×

x

(∼= Z) x ∈ Σ K̂×
x K̂×

x /Ô×
x → π1(X)ab K̂×

x → π1(X)ab

( Ôx OX∗,x K̂x )
Artin ∏

x∈X

′
K̂×

x /Ô×
x ×

∏
x∈Σ

K̂×
x −→ π1(X)ab

π1(X) k(X)× (
X affine X = X∗ k(X)×/k× )

(iii) (ii)
X∗ x ordx : k(X)× → Z x ∈ Σ

reduction Ker(ordx) = O×
X∗,x → k(x)× ( ) [U]

k ( k̄) (“Σ = X∗” )
reduction

(Σ )
(X = P1

k − {0, 1,∞} = Spec (k[t, t−1, (t − 1)−1]) t ) f ∈ k(X)
k(f) ⊂ k(X)

k(X)

§3.2.
§3.1 X ( ) π1(X)

tame πtame
1 (X)

affine Grothendieck (GC2) Isom affine
tame §1.2 Tate

Grothendieck Tate Tate
Faltings Tate

Grothendieck (§4.1 )
K

K affine X K X reduction
tame X

good reduction pro-l (l )
( good reduction

Serre-Tate ) ( good reduction
proper ([O1,2]) )

v K Kv K v Ov kv

Kv K X
XKv

XKv
π1(XKv

) (1.1)
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pr−1
X (Gal(Kv)) XKv

good reduction XKv
good reduction

XOv
XKv

Ov Xkv
reduction

πtame
1 (Xkv

) π1(XOv
) πtame

1 (Xkv
)

π1(XKv
) π1(XOv

)
XKv

( ) XOv

good reduction ( )
K X v good reduction

reduction Xkv
tame (X )

K affine X1,X2 Gal(K)
π1(X1) ∼= π1(X2) (X1,X2 good reduction

) K v πtame
1 ((X1)kv

) ∼= πtame
1 ((X2)kv

)
affine tame (X1)kv

∼= (X2)kv

( Isom )

Isom(X1,X2) ∼= Isom((X1)kv
, (X2)kv

)

v X1
∼= X2 affine

tame affine (GC2)
Isom

[M1] affine tame
proper (GC2) Isom

( ) log (GC2) Isom

§3.3.
0 g n

[T2] Fp 0

( ) tame

§4.

§4.1.
§1 Grothendieck

([M1-4])
p

Grothendieck (§5.1)
(GC2)
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(A) Tate §1 Grothendieck
Faltings ([F1]) Tate

Faltings height

( )
Qp Tate

Grothendieck =Tate

(GC2)

(B) Diophantus Grothen-
dieck Diophantus

( )
( (1.2)

)
Section (GC3)

( )

Mordell 14) Section (GC3)
Grothendieck

p

§4.2.
Grothendieck (1.2)

C X X X
X X̃ → X

X̃ H
def= {z ∈ C | Im(z) > 0}
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Aut(X̃ ) ∼= Aut(H) = SL2(R)/{±1} X ( ) π1(X )
X̃

(4.1) ρX : π1(X ) → SL2(R)/{±1}

(SL2(R)/{±1} ) ρX
π1(X ) H H X

X
(1.2) ρX (4.1) ρX

ρX ( )X ( )

p

(§5) Grothendieck p ( 5.1)
15)

π1(X ) H X
π1(X ) H

H PX

φ : H → PX

(X ) X

φ
X H

5.1

§4.3. p Hodge
5.1

p
Faltings p Hodge ([F2]) p

Hodge Tate
Grothendieck p Hodge

p ( Qp ) ( )

(mysterious functor)
p Hodge

X
(GC2)

( ) (GC2)
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X
mysterious functor (GC2) 16)

⇐⇒

p
Hodge Grothendieck

5.1

§5. Grothendieck

§5.1.
p Qp p

(sub-p-adic field) p Q Qp

N Q N
(Q ) ([M3])

5.1. p K S X

Homdom
K (S,X) → Homopen

Gal(K)(π1(S), π1(X))

→ Homopen
Gal(K)(π

(p)
1 (S), π(p)

1 (X))

Homdom
K K

Homopen
Gal(K) Gal(K) ( π1(XK)

) π
(p)
1 (V ) π1(V ) pro-p (π1(V )

Ker(π1(VK) → π
(p)
1 (VK)) )

(GC2) §4.2
X S X

5.1

5.1 ( [M3] A) Grothendieck

5.2. p K L M

HomK(M,L) → Homopen
Gal(K)(Gal(L),Gal(M))

HomK K
Homopen

Gal(K) Gal(K) ( Gal(M ⊗K K)
)
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K Isom F.Pop [M3]
([P2])

(i) 5.1 K base p
p B S X B

5.1
(B p ) 5.1

(ii) 5.1 smooth
(GC2) Isom [M4]

§5.2. 5.1
K Qp

X( S) proper non-hyperelliptic

5.1 Hom
( ) Hom

π
(p)
1 (X) → Gal(K) X

T
def= π

(p)
1 (XK)ab X g T Zp

2g Gal(K)- p Hodge
Tate K p Cp

(T ⊗Zp
Cp)Gal(K) ∼= DX

def= H0(X,ωX/K)

Gal(K)-
X K g DX

PX X non-hyperelliptic X PX

X
PX ρX

PX ( X)

§4.2 φ : H → PX

p ( )
H [M2] [M3]

X p
tame tame p

L 17) L Qp

p Qp

L
L

ξ : Spec(L) → X
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L X
H X

L X (ξ
) L Spec(L)

X Spec(L)

X H

PX X Faltings p Hodge
( ) α : Gal(L) →

π
(p)
1 (X) K

φα : Spec(L) → PX

L- §4.2 φ : H →
PX p φα φα

α ξ L- ( X(L) ) 18)

φα X

α X

π
(p)
1 (X) → Gal(K)

19) α X K

L base-change XL π
(p)
1 (XL) → Gal(L)

section αL : Gal(L) → π
(p)
1 (XL) section αL π

(p)
1 (XL)

Im(αL) Gal(L) π
(p)
1 (XL)

H ⊆ π
(p)
1 (XL) Y H → XL Y H

L
{Y H → XL} α
α section αL

(∗) Im(αL) π
(p)
1 (XL) H

Y H L- Y H(L)

H
Y H(L) �= ∅ Y H(L) XL(L)

[F2] mod pN XL(L)
φα mod pN XL(L)

x∞ ∈ XL(L) x∞
Gal(L) → π

(p)
1 (X) α

α α (∗)
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Y H L-

L L
(p ) line bundle line bundle

Chern Y H

p
line bundle Chern

[BK] p exponential map
20) Y H L L (p ) line bundle

Y H p L line bundle p
L- ample line bundle line bundle effective

Y H p L
L tame L tame

Y H L
line bundle L-

5.1

1) profinite ( )

2) profinite
3)

[H] §3.3
4) Grothendieck smooth fibration

‘ ’ ‘ ’
[IN]

5) Faltings
[N6] 5.4

6) K K∞ X K-
α(Gal(K∞)) π1(XK)

7) Grothendieck X Y X-
Y (X) = Hom(X,Y )

( ) ([M3]) §5
8) section Mordell-

Weil Grothendieck ([G3])

([N5], [N7]2.2 ) 5.1 section
pro-p ([M3], Theorem C )
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9) F.Pop ([P1,2]) (§5 ) Pop
J.Neukirch ([Ne])

10) profinite G l
G pro-l
11) [I1]
modular Fp2

P1
λ−{0, 1,∞} tame SL2(Z[ 1p ]) ( ) ‘supersingular
λ- ’

§1.1 Grothendieck
( )

[2] Deligne

12) [I2] [1]
13) l Zl(1)

cusp ‘ ’

14) 2 Faltings Tate
([F1])

15) (
[M5-8] )

16) mysterious functor Grothendieck
§5.2

§4.1
17) L

18) Spec(L) → X Spec(L) → X π1

Gal(L) = π1(Spec(L)) → π1(X) → π
(p)
1 (X)

19) §3.1 (i)
20) [M3]
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