ON THE CUSPIDALIZATION PROBLEM FOR HYPERBOLIC

CURVES OVER FINITE FIELDS

YASUHIRO WAKABAYASHI

ABSTRACT. In this paper, we study some group-theoretic constructions as-
sociated to arithmetic fundamental groups of hyperbolic curves over finite
fields. Omne of the main results of this paper asserts that any Frobenius-
preserving isomorphism between the geometrically pro-I fundamental groups
of hyperbolic curves with one given point removed induces an isomorphism
between the geometrically pro-I fundamental groups of the hyperbolic curves
obtained by removing other points. Finally, we apply this result to obtain
results concerning certain cuspidalization problems for fundamental groups
of (not necessarily proper) hyperbolic curves over finite fields.
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INTRODUCTION

In the present paper, we consider the following problem:

Problem.
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Suppose that we are given a hyperbolic curve over a finite field in which | is
wnwvertible. Then, given the geometrically pro-l fundamental group of the curve
obtained by removing a specific point from this hyperbolic curve, is it possible
to reconstruct the geometrically pro-l fundamental groups of the curves obtained

by removing other points which vary “continuously” in a suitable sense?
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We shall formulate the above problem mathematically.

Let [ be a prime number, X a hyperbolic curve over a finite field K in which [
is invertible. For n a positive integer, we denote by X,, the n-th configuration
space associated to X (hence, X; = X), and write Il for the geometrically
pro-l fundamental group of X. Here, the fiber of Xo — X over a K-rational
point z € X may be naturally identified with X\ {z}, so we may regard Xy — X
as a continuous family of cuspidalizations of X. Therefore, the above problem
can be formulated as follows (where Y denotes a hyperbolic curve over a finite
field L in which [ is also invertible, and we use similar notations for Y to the
notations used for X):

Theorem A.

Let

a: 1\ zp — Iy

be a Frobenius-preserving isomorphism [cf. Definition 3.5] which maps the de-
composition group D, of x (well-defined up to Ix\(z1-conjugacy) onto the de-
composition group D, of y (well-defined up to Iy 1 -conjugacy). Here, we shall
denote by @ : Iy = Iy (resp., Dy, 5y) the isomorphism (resp., the decomposi-
tion group of x in Ilx, the decomposition group of y in Ily ) obtained by passing
to the quotients Ilx\ [y} — Ilx, Iy\ gy — Ily.

Then there exists a unique isomorphism

Q9 HX2 ; Hy2
which is compatible with the natural switching automorphisms up to an inner

automorphism and fits into a commutative diagram

a2
IIx, —— Iy,

Lo

My —— Ty
that induces o by restricting oy to the inverse images (via the vertical arrows)
of D, and D,.
In particular, if ' (resp., y') is a K-rational point of X (resp., an L-rational
point of Y'), and we assume that the decomposition groups of «', y' correspond
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wa o, then we have an isomorphism
, ~
o ey — gy

such that o and o induce the same isomorphism I1x — Ily.

In Section 1, we recall the notion of the (log) configuration space associ-
ated to a hyperbolic curve and review group-theoretic properties of the various
fundamental groups associated to such spaces. In particular, the splitting de-
termined by the Frobenius action on the pro-/ étale fundamental group Ay, of
X, @k K gives rise to an explicit description of the graded Lie algebra obtained
by considering the weight filtration on Ay, (cf. Definition 1.6). This explicit
description will play an essential role in the proof of Theorem A.

In Section 2, we discuss a certain specific choice (among composites with in-
ner automorphisms) of the morphism between geometrically pro-I fundamental
groups obtained by switching the two ordered marked points parametrized by
the second configuration space. This choice will play a key role in the proof of
Theorem A.

Section 3 is devoted to proving Theorem A. Roughly speaking, starting from
a given geometrically pro-I fundamental group Ilx\(,}, we reconstruct group-
theoretically a suitable topological group, i.e., II¥¢ (cf. Definition 3.1), which
contains the geometrically pro-I fundamental group of the second configuration
space, by using the explicit description of graded Lie algebra studied in Section
1. Next, we reconstruct the automorphism on Hljgze induced by the specific
choice of the switching morphism studied in Section 2. Finally, we verify that
IIx, can be generated, as a subgroup of H%g;, by the given fundamental group
IIx\ (2} and the image of this fundamental group via the specific choice of the
switiching morphism studied in Section 2; this allows us to reconstruct Iy, as
a subgroup of II{¢.

In Section 4, as an application of (a slightly generalized version of) Theorem
A, we give a group-theoretic construction of the cuspidalization of an affine
hyperbolic curve X over a finite field at a point “infinitesimally close” to the
cusp x. That is to say, we give a construction, starting from the geometrically
pro-l fundamental group IIx of X, of the geometrically pro-l fundamental group
Hylzog of the log scheme obtained by gluing X to a tripod (i.e., the projective

line minus three points) at a cusp x of X:

Theorem B.
Let X (resp., Y') be an affine hyperbolic curve over a finite field K (resp., L),
x a K-rational point of X \ X (resp., y an L-rational point of Y \'Y ). Let

O{ZHX;)HY

be a Frobenius-preserving isomorphism such that the decomposition groups of x
and y (which are well-defined up to conjugacy) correspond via «. Then there
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exists a unique isomorphism

6[ : Hyi:og % H?;Jog
well-defined up to composition with an inner automorphism which maps the
decomposition group (well-defined up to conjugacy) of T in Yfg to that of i in

?;Og, and induces a by passing to the quotients Uos — lx, Ilgis — 1y
x y

group-
theoretic
reconstruction! &

—

Finally, we consider the cuspidalization problem for (geometrically pro-l) fun-
damental groups of configuration spaces of (not necessarily proper) hyperbolic
curves over finite fields (cf. Theorem 4.4):

Theorem C.
Let X (resp., Y') be a hyperbolic curve over a finite field K (resp., L). Let

(05 HX ; Hy
be a Frobenius-preserving isomorphism. Then for any n € Zsq, there exists a
unique isomorphism

(6790 HXn ; Hyn
well-defined up to composition with an inner automorphism, which is compatible
with the natural respective outer actions of the symmetric group on n letters and
makes the diagram

Q41
HXn+1 ]'_‘[Yn+1

a B

HXn L) Hyn
(i=1,--- ,n+1) commute.

This statement is already proved in [11] for the case where n = 2 and X is
proper, and in [4] for the case where n > 3 and X is proper. On the other hand,
by combining results obtained in this paper with the result obtained in [11], we
obtain a shorter proof of the statement for n > 3 which includes, for the first
time, the affine case.
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NOTATIONS AND CONVENTIONS

Numbers:

We shall denote by Q the field of rational numbers, by Z the ring of rational
integers, and by N C Z (resp., L>q < Z) the additive submonoid of integers
n >0 (resp., the subset of integers n > a for a € Z). If [ is a prime number,
then 7, (resp., Ql) denotes the l-adic completion of 7Z (resp., Q).

Topological Groups:
For an arbitrary Hausdorff topological group G, the notation

Gab

will be used to denote the abelianization of G, i.e., the quotient of G by the
closed subgroup of G topologically generated by the commutators of G.
If G is a center-free, then we have a natural exact sequence

1 — G — Aut(G) — Out(G) — 1

— where Aut(G) denotes the group of automorphisms of the topological group
G; the injective (since G is center-free) homomorphism G — Aut(G) is obtained
by letting G act on G by inner automorphisms; Out(G) is defined so as to render
the sequence exact. If the profinite group G is topologically finitely generated,
then the groups Aut(G), Out(G) are naturally endowed with a profinite topol-
ogy, and the above sequence may be regarded as an exact sequence of profinite
groups.
If J — Out(G) is a homomorphism of groups, then we shall write

G T = Aut(G) Xowe) J

for the “outer semi-direct product of J with G”. Thus, we have a natural exact
sequence

1—>G—>G0>1;tJ—>J—>1.
It is verified (cf. [4], Lemma 4.10) that if an automorphism ¢ of G T preserves
the subgroup G C G 0>lét J and induces the identity morphism on G and the

out
quotient J, then ¢ is the identity morphism of G x J.
Log schemes:

Basic references for the notion of log scheme are [7] and [6]. In this paper,
log structures are always considered on the étale sites of schemes. For a log
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scheme X% we shall denote by X (resp., Mx) the underlying scheme of X'°#
(resp., the sheaf of monoids defining the log structure of X'°8). Let X' and
Y8 he log schemes, and f°8 : X198 — Y1°8 3 morphism of log schemes. Then we
shall refer to the quotient of M x by the image of the morphism f*My — Mx
induced by f'°¢ as the relative characteristic sheaf of f1°8. Moreover, we shall
refer to the relative characteristic sheaf of the morphism X'°¢ — X (where, by
abuse of notation, we write X for the log scheme obtained by equipping X with
the trivial log structure) induced by the natural inclusion O* — M as the
characteristic sheaf of X'°8.

We shall say that a log scheme X8 is fs if M x is a sheaf of integral monoids,
and locally for the étale topology, has a chart modeled on a finitely generated
and saturated monoid. If X'°# is fs, then, for n a nonnegative integer, we shall
refer to as the n-interior of X'°8 the open subset of X on which the associated
sheaf of groupifications of characteristic sheaf of X'°¢ is of rank < n. Thus, the
O-interior of X'°# is often referred to simply as the interior of X'°8.

Curves:

Let f : X — S be a morphism of schemes. Then we shall say that f is
a family of curves of type (g,r) if it factors X < X — S as the composite
of an open immersion X — X whose image is the complement X \ D of a
relative divisor D C X which is finite étale over S of relative degree r, and a
morphism X — S which is proper, smooth, and geometrically connected, and
whose geometric fibers are one-dimensional of genus g. We shall refer to X as
the compactification of X.

We shall say that f is a family of hyperbolic curves (resp., tripod) if f is
a family of curves of type (g,r) such that (g,r) satisfies 2g — 2 +r > 0
(resp., (g,7) = (0,3) and the relative divisor D is split over 5).

We shall denote by

Mg,[THS

the moduli stack of r+ s-pointed stable curves of genus ¢ for which s sections are
equipped with an ordering. This moduli stack may be obtained as the quotient
of the moduli stack of ordered (r+ s)-pointed stable curves of genus g (cf. [8] for
an exposition of the theory of such curves) by a suitable symmetric group action

on r letters. We shall denote by ﬂlﬁr] 4, the log stack obtained by equipping

M, 1)+s With the log structure associated to the divisor with normal crossings
which parametrizes singular curves.

Fundamental Groups:

A basic reference for the notion of Kummer étale covering is [6]. For a locally
Noetherian, connected scheme X (resp., a locally Noetherian, connected, fs log
scheme X'°%) equipped with a geometric point T — X (resp., log geometric
point 76 — X&) we shall denote by 71 (X, Z) (resp., mi (X8, 7'°8)) the étale
fundamental group of X (resp., logarithmic fundamental group of X'°8). Since
one knows that the étale and logarithmic fundamental groups are determined
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up to inner automorphisms independently of the choice of basepoint, we shall
omit the basepoint, and write 7 (X) (resp., m(X8) ).

For a scheme X (resp., fs log scheme X'°8) which is geometrically connected
and of finite type over a field K in which a prime number [ is invertible, we
shall refer to the quotient Iy of m(X) (resp., the quotient ITyie of 71 (X°8))
by the closed normal subgroup obtained as the kernel of the natural projection
from 71 (X ®x K) (resp., 71 (X'® @k K)) (where K is a separable closure of
K) to its maximal pro-l quotient Ax (resp., Axig) as the geometrically pro-1
étale fundamental group of X (resp., geometrically pro-l logarithmic fundamen-
tal group of X'°8). Thus, (if we write G for the Galois group of a separable
closure of K over K, then) we have a natural exct sequence

1—>AX—>HX—>GK—>]_

(reSp, 1 e AXlog e HXlog e GK e 1)

Note that if the log structure of X'°8 is trivial, then we have natural isomor-
phisms Ax = Axios, [Ix = I xi0g.

If K is finite, then write GJ}( C Gk for the mazimal pro-l subgroup of Gk (so
Gl = 7). Also, we shall use the notation

=1 x¢, G, CTI

— where II denotes either the geometrically pro-I étale or logarithmic funda-
mental group of X — as the restricted pro-l étale or logarithmic fundamental
group of X.

1. FUNDAMENTAL GROUPS OF (LOG) CONFIGURATION SPACES

The purpose of this section is to recall the notion of the (log) configuration
space associated to a curve and review group-theoretic properties of the various
fundamental groups associated to such spaces.

Let [ be a prime number, K a field in which [ is invertible, K " a separable
closure of K — where we shall denote by Gk the Galois group of K over K —
and X a hyperbolic curve over K of type (g,7).

Definition 1.1.

(i)  For m € Z>y, Write X*" for the fiber product of n copies of X over
K. We shall denote by

X,(€ x°)
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the n-th configuration space associated to X, i.e., the scheme which rep-
resents the open subfunctor

S {(fr, ) €XXM(S) | fi # f5if i # )
of the functor represented by X*™.

(ii)  Let us denote by Yfg the n-th log configuration space associated to X
(cf. [14]), i.e

——log

= SpeCK X*log M 7‘]+7’Z
— where the (1-)morphism Spec K — M;,[r] is the classifying mor-
phism determined by the curve X — Spec K, and the (1-)morphism

——log ——log
M g,[r]+n — M

g,lr]
of the tautological family of curves over ﬂ;[gr] +n- In the following, for

is obtained by forgetting the ordered n marked points

simplicity, we shall write X °° for X, *.

Proposition 1.2.

(i) The O-interior (cf. §0) of the log scheme Yfg is naturally isomorphic
to the n-th configuration space X, associated to X.

(ii) The log scheme Yrg 1s log reqular and its underlying scheme is connected
and reqular.

(iti) The projection p® - Yfg — Y;gl, induced from the (1 )morphzsm
M;iHn — MlOFHn | obtained by forgetting the k-th (k = - ,n)

ordered points of the tautological family of curves over Mg r)4ns 08 log
smooth (cf. §0) and its underlying morphism of schemes is the natural
projection p : X, — X,,_1 obtained by forgetting the k-th factor, and
hence, is flat, geometrically connected, and geometrically reduced.

Proof. See, for example, [4], Proposition 2.2. O

Definition 1.3.

We shall denote (cf. §0) b
HXn (I‘eSp.,AXn>

the geometrically pro-/ étale fundamental group of X,, (resp., X, ®x K), and

Hy}nog (l"esp 7].—Iyloan)

the geometrically pro-l log fundamental group of Yfg (resp., the fiber product

X

OB o 1y copies of X' over K ). Moreover, we shall denote (cf. §0) by

flog 9 flog xn
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respective restricted pro-/ fundamental groups. If we write
ik . A]A;(n/n—l — AXn

for the kernel of the surjection p2 : Ax, —» Ay, ,, where p{ denotes the
morphism induced by the projection py : X,, — X,,_1 obtained by forgetting
the k-th factor, then we have exact sequences

1—>Axn—>Hg(_)—>G§<_)—>1

n

1 — A];(n/n_1 — Ay, — Ax, , —1
R T e
— where the symbol (—) denotes either the presence or absence of “1”, and when
there is no fear of confusion, we shall write “i;”, “pi” (by abuse of notation)
for the morphisms induced by i, px, respectively.

Also, we have a square diagram

Hg;n),l Pk Hg(_n) Hg(_) XGSK_) . XG;;) Hg(_)
o) o )
yl;;fl AE— yifg E— ylogxn

— which can be made commutative without conjugate-indeterminacy by choos-
ing compatible base points — arising from a natural commutative diagram

Pk
Xpo1 —— X —— X
log Plog log logxn
— X — —
X X X

Then, it follows from Proposition 1.2 (i), (ii) together with the log purity the-

orem (cf. [6], [9]) that the two vertical homomorphisms are isomorphisms. In the

following, we shall identify Hg(_) with H(:l())g, H(:k),gxn with Hg(_) X (=) o X0 Hg(_)
n Xn X GK GK
and the surjection py : Iy, — Ilx, , with the surjection py : H(Y_k))g — H(Y_h))g
n n—1

by means of these specific isomorphisms.

Proposition 1.4.
(i) A’%ﬂ/nil may be naturally identified with the mazimal pro-l quotient of
the étale fundamental group of a geometric fiber of the projection mor-
phism pr + X, — X, _1.
(ii) The images of the iy, : A’}}n/n_l — Ax,, where k = 1,--- n, generate
Ax, .

n
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(iii) The profinite groups Ax,,, A’&n/nfl, H_Txn, H}m are slim (i.e., every open

subgroup of each profinite group is center-free).

Proof. Assertion (i) follows from [14], Proposition 2.2, or [18], Proposition 2.3.
Assertions (ii) and (iii) follow from induction on n, together with the exact
sequence

in Pn
1— A}n/nfl — Ay, — Ax, , —1

displayed in Definition 1.3. Indeed, with regard to (ii), A’)“(n/nil maps to A’}(nil/ni2
(for k =1,---n—1) via p, : Ax, — Ay, _,, and it is verified that this map

A’)“(n/nil — A”j(nil/ni2 is surjective by regarding it as the morphism induced by
an open immersion between the hyperbolic curves that arise as geometric fibers
of the projection morphisms involved. With regard to (iii), the slimness of Ax
is well-known (cf., e.g., [10], Lemma 1.3.10); the slimness of IT}; follows from the
fact that the character of G arising from the determinant of A% coincides with
some positive power of the cyclotomic character; the other statements follow

from the fact that an extension of slim profinite groups is itself slim. O

Next, we recall from [11], § 3, the theory of the weight filtration of fundamen-
tal groups and the associated graded Lie algebra.

Definition 1.5.

Let [ be a prime number; G, H, A topologically finitely generated pro-/
groups; ¢ : H — A a (continuous) surjective homomorphism. Suppose further
that A is abelian, and that G is an [-adic Lie group.

(i) We shall refer to as the central filtration {H(n)},>1 on H with respect
to the homorphism ¢ the filtration defined as follows:

H(l):=H
H(2) := Ker(9¢)
H(m) := ([H(m1), H(mz)] | m1 +my =m) for m >3
— where (N; | i € I) is the group topologically generated by the N;’s.
In the following, for a,b,n € Z such that 1 < a < b,n > 1, we shall
write

H(a/b) := H(a)/H(b)
Gr(H) == P H(m/m+1)

m>1

Gr(H)(a/b) :== € H(m/m+1)

b>m>a
Gro,(H) = Gr(H) ®z, Q
Grg, (a/b) := Gr(H)(a/b) @z, Qi
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H(a/o0) :=lim H(a/b) .

b>a

(i)  We shall denote by Lie(G) the Lie algebra over @, determined by
the [-adic Lie group GG. We shall say that G is nilpotent if there exists a
positive integer m such that if we denote by {G(n)} the central filtration
with respect to the natural surjection G — G (cf. (i)), then G(m)={1}.
If G is nilpotent, then Lie(G) is a nilpotent Lie algebra over Q;, hence
determines a connected, unipotent linear algebraic group Lin(G), which
we shall refer to as the linear algebraic group associated to G. In this
situation, there exists a natural (continuous) homomorphism (with open
image)

G — Lin(G)(Q))
(from G to the l-adic Lie group determined by the Q;-valued points of
Lin(G)) which is uniquely determined (since Lin(G) is connected and
unipotent) by the condition that it induce the identity morphism on the
associated Lie algebras.
In the situation of (i), if 1 < a € Z, then we shall write

Lie(H(a/oc)) := lim Lie(H (a/b))

Lin(H (a/o0)) := lim Lin(H (a/b))

— where we note that each H(a/b) is a nilpotent l-adic Lie group.

Definition 1.6.
For n € Z>1, we shall denote by
{Ax,(m)}

the central filtration of Ay, with respect to the natural surjection Ay, — A;l”xn

(where X denotes the smooth compactification of X (cf. §0)), and refer to it
as the weight filtration on Ay, .

Proposition 1.7.
If we equip Aﬁ(n/nq with the central filtration induced from the identifica-

tion given by Proposition 1.4 (i) and its weight filtration, then the sequence of
morphisms of graded Lie algebras

L — Gr(ak )5 Gr(Ay,) 25 Gr(Ax, ) — 1

induced by the second displayed exact sequence of Definition 1.3 is exact.

Proof. See [4], Proposition 4.1. O
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Next, let us fix a section o : G — Ilx, of the surjection Iy, — Gk induced
by the structure morphism of X,,. This section o determines natural conjugate
actions of Gk on Ay, , hence also on

Grg, (Ax,)(a/b)
Liey, (a/b) := Lie(Ax, (a/b))
Liny, (a/b) := Lin(Ax, (a/b))(Q,)
for a,b € Z such that 1 < a <b.

Proposition 1.8.
Let us assume that K is a finite field whose cardinality we denote by qx, and
write Fr € G for the Frobenius element of G . Then:

(i) The eigenvalues of the action of Fr on Liex,(a/a + 1) are algebraic
numbers all of whose complex absolute values are equal to q‘;(/Q (i.e.,
weight a).

(ii) There is a unique G g-equivariant isomorphism of Lie algebras
Liey, (a/b) = Grg,(Ax,)(a/b)
which induces the identity isomorphism
Liey, (c/c+ 1) = Grg,(Ax, )(c/c+ 1)
for all c € Z>y such that a < c <b.

Proof. Assertion (i) follows from the “Riemann hypothesis for abelian varieties
over finite fields” (cf., e.g., [15], p. 206). Assertion (ii) follows formally from
assertion (i) by considering the eigenspaces with respect to the action of Fr. [

The following proposition is a special case of a result proven previously
(cf. [17]). For simplicity, we discuss only the case used in the proofs of the
present paper.

Proposition 1.9.
Forn = 1,2, the graded Lie algebra Gr(Ax,) has the following presentation.

(i) The casen =1 (i.e., X, =X):
generators (1<j<r 1<i<g)
o1 (; €Ax(2/3)
* o, B € Ax(1/2)

relation
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T g _
®1 Zj:l G+ i, 3] =0

— where §; (j =1,2,--- 1) topologically generates the inertia subgroup
in Ax (well-defined up to conjugacy) associated to the j-th cusp [relative
to some ordering of the cusps of X X KJ.

(ii) The case n = 2:
generators (1<j<r 1<i<g, k=1,2)
o ( € Ayx,(2/3)
* (€ Aﬁ(z/l(2/3>

o Ozf, ﬁf e Ak (1/2)

Xo/1

relations (1 < j,7' <, j# 7, 1 <i,i < g, i #7, {kt} =

{1,2})
TG+ T8 =0

o [of, (F1=[85]=1¢¢=0
o; [of,af] = [of, 8] = (6, 65] = 0
oi [0, 0f] = (6], 5] =0

o5 [, 5] =¢

— where ¢ topologically generates the image in Ax,(2/3) of the inertia
subgroup in Ax, (well-defined up to conjugacy) associated to the diagonal
divisor of X xg X, and C]’? generates the image in A§2/1(2/3) of the

inertia subgroup in A];Q/l asssociated to the j-th cusp [relative to some
ordering of the cusps of X X K] of the k-th factor of Xs.

2. SWITCHING MORPHISM ON CONFIGURATION SPACES

We continue to use the notation of Section 1. In this section, we consider

various automorphisms induced by the automorphism of Y;Og determined by
switching the two factors of X. The group-theoretic uniqueness of such induced
switching morphisms between fundamental groups (Proposition 2.5) plays a key
role in the proof of Theorem A.
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We denote by
]Dlog

the log scheme obtained by equipping the diagonal divisor X C X, (which is
the restriction of the (1-)morphism My ;141 — My ;42 obtained by gluing the

. . ——1 .. . .
tautological family of curves over M ;ﬁ] 41 to a trivial family of tripods along

the final ordered marked section) with the log structure pulled back from Yl;g.

Thus, if we write d : D¢ — X 120g for the natural diagonal embedding, then it
follows immediately from the definitions that p; od = pyod : D% — X% s
a morphism of type N (cf. [2]), i.e., the underlying morphism of schemes is an
isomorphism, and the relative characteristic sheaf (cf. §0) is locally constant

with stalk isomorphic to N.
Observe that the (1-)automorphism on Mlg(j[gr] 4o Over M:[gr] given by switch-
ing the two ordered marked points of the tautological family of curves over

—lo

g . . — . . .
M 1142 induces automorphisms s, 5, and sp, which fit into a commutative

diagram as follows:

d ~log  p=(p1,p2) ~Flog <-log
Dles =, X y — X " xgX

| | | ()X
Dlog %, Xlzog p=prp2)  <Flog XKylog‘

Lemma 2.1.
In the notation of the above situation,

(1) S is the morphism determined by switching the two factors.

(ii) s is the identity morphism on the underlying scheme; on the sheaf of
monoids defining the log structure of D¢, for any étale local section 0
of Mp such that “0 = 07 defines the diagonal divisor X C X,

s(0) =—0 .
Proof. Recall that X, is obtained by blowing-up X x x X along the intersection
of the diagonal divisor and the pull-backs of the cusps via pi,ps : X9 — X.
Thus, one verifies easily that assertions (i) and (ii) follow immediately from the

fact that the ring homomorphism corresponding to s in an affine neighborhood
of any diagonal point may be expressed as

A®KA—>A®KA
D 4@ ) @,
J J

hence maps 6 to —6 for any local section ¢ such that “6 = 0” defines the diagonal
divisor X C X xg X. O
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Remark 2.1.1.

Lemma 2.1 (ii) can be interpreted as the assertion that the automorphism
induced by s on the sheaf of monoids My defining the log structure of Dl)?g
may be expressed, relative to the étale local splitting of Mp — Mp/O% = N
corresponding to 6, as

N ¢ Oy —N @& 0%

(m, v) — (m, (=1)"v) .

The above diagram (%)% induces a diagram of profinite groups as follows:

dH 11
HDlog 4] HX2 ] HX XGg HX

[gﬂ}lz [sn}lz [Eﬂllz ()"

dl'[ 1T
Myee 9 17, "

HX XGx HX .

Note that the arrows in the diagram (%) are only defined (i.e., in the absence

of appropriate choices of basepoints of respective log schemes) up to conjugacy.
Next, we observe that since the subgroups of the conjugacy class of subgroups

determined by the image of [d"] may be naturally regarded as decomposition
groups associated to the diagonal divisor of X, any choice of a specific homo-
morphism d" : Tpos — o (i.e., among its various conjugates) determines a
specific decomposition gmu;

Dy C Hyl;g
— where we write d"! : Dy — Hyl;g for the natural inclusion — associated
to the diagonal divisor (i.e., among its various Hyngog—conjugates), as well as a
specific inertia subgroup

Ix C Hylzog
associated the diagonal divisor (i.e., among its various Hyngog—conjugates). Here,

we recall that Iy is canonically isomorphic to Z;(1).

Definition 2.3.1
Let ' — X be a strict morphism (cf. [6], 1.2) such that the underlying
scheme of z'°¢ is equal to Spec(K). We shall write

—log —log
X$ = X2 Xylog l‘log,
~log .__ ]D)log log
s . — Xylog A y
=) )
GKlog T Hxlog

— where the morphism 712% X (resp., D& — Ylog) in the fiber product
defining Y?g (resp., 7°8) is p; (resp., p1 o d = py o d), and the symbol “(—)”

. 1 -
denotes either the presence or absence of “i”7 — and refer to X ; & (resp., 7'°8)
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as the cuspidalization of X at x (resp., diagonal cusp of 7;0’5). We note that

both the log structure of z'°¢ and the underlying scheme of YLOg depend on the
choice of z € X:

(1)

The Case x € X:

In this case, z = z'°8

, i.e., the log structure of z'°¢ is trivial. As we
discussed in Section 1, the underlying scheme of Yfg is naturally iso-

morphic to X; this isomorphism maps Z to  and the interior of 7};‘%
onto X \ {z}.

The Case x € X \ X:

In this case, the log structure of 2'°¢ has a chart modeled on N, which
determines a local uniformizer of X at x. The scheme X, consists of
precisely two irreducible components, one of which maps to the point

r € X (resp., maps isomorphically to X) via Y}fg e Ylog; denote
this irreducible component by P (resp., X, via a slight abuse of no-
tation). Thus, X, P are joined at a single node v,. Let us refer to
X (resp., Px, v,) as the major cuspidal component (resp., the minor
cuspidal component, the nezus) at x, and denote by Ylog/, Fllzg, V% the
log schemes obtained by equipping X, Pk, v, with the respective log
structures pulled back from Yiog (cf. [13], Definition 1.4). Note that the

l-interior of X *° (resp., @l;g) is isomorphic to X (resp., is a tripod).

cusps

Cuspidalization
at v € X(K)

(the two thick arrows in the picture do not represent morphisms of log schemes)
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In the following, we fix choices of specific [i.e., in the sense that they are not
subject to conjugacy indeterminacy!] homomorphisms
11 1
1 :HY;)g — Ilx,, p; Ilx, — IIx

induced by the morphisms of log schemes i; : X% Y;Og, [0 YLOg X

xX
and a choice of a specific decomposition group
.Dj g Hylzog

. ~ vl . . . .
associated to 7'°¢ of X ; & among the various conjugates of this subgroup. Write
v Dz = 50
for the natural inclusion. These choices determine a homomorphism of profinite

groups
fX . Hy;og — GKlog,

arising from the structure morphism Yfg — 78 by taking fx := il o pll :
‘HO 1T
[0s — Ggron (:: Im (0 | X)), as well as a profinite group

Ij = Ker(Dj <l> Hyi'og i) GKlog)
— where we note that I; is naturally isomorphic to Z;(1) (i.e., a Tate twist of

Zl).

Lemma 2.3.
(i) The subgroup Da(<> [l50x) s the normalizer of Iz in Tlsios.

(ii) For any choice of a specific decomposition group d" : Dx — Ilx, (i.e.,
among its various conjugates) associated to the diagonal divisor of Xo |
the subgroup Dx of Ilx, coincides with the normalizer of Ix in Ilx,.

Proof. Note that we have commutative diagrams

Ij E—— Dj

ilfov\zil ilfovl

1 &
AX2/1 I,

pilod!

1 — ]X _— DX HX 1
dH|IXJ( gnl idl
I — AAIX'Q/I Z—1> HX2 i Ix L

— where the two horizontal sequences in the second diagram are exact, and both
the first displayed diagram and the left-hand square in the second diagram are
cartesian. Next, let us recall the well-known fact (cf., e.g., [16], (2.3.1)) that
Iz and Iy coincide with their respective normalizers in A}(m. Thus, assertion
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(ii) follows immediately from the surjectivity of pi' o d". On the other hand,

assertion (i) follows immediately from the observation that the images of Dz and

[T0s via piloidll coincide. This observation is a consequence of the geometry of
x

the corresponding morphisms of log schemes, which implies that these images
coincide with a decomposition group C Ilx associated to the point x. O

Lemma 2.4.
Under the determination discussed preceding Lemma 2.3, we can uniquely
take a pair of specific homomorphisms

d": Dy — Ty, pY:Ix, — Iy

among the various conjugates of these subgroups, obtained by morphisms between
log schemes d : D'°& — Xl;g, D2 Yl;g — X, satisfying the following conditions:

(1) The image of the inertia subgroup Ix (via d) coincides with the image

of Iz via il

2) Dx maps (via (p,p) od™ : Dy — Ix x¢, IIx) onto the image of the
1 2 K
diagonal embedding I1x — Ilx Xq, Ilx.

Proof. Since Dy is the normalizer of Ix in Il by Lemma 2.3, it is enough to
2

take Dx as the normalizer of /; in Il5i.s, and take P so as to pllod” = pllod™.
Uniqueness follows from the requred two conditions. O

Now, before we continue the discussion, we shall give comments for Proposi-
tion 2.5.

(1) Recall that the natural surjection Dz — G (since G is abelian, this
map is uniquely determined without the discussion of base points) has
a section. Indeed, fixing a choice of such a section is equivalent to
extracting roots of any local uniformizers of the divisors X, C X, and
D g Yg at T.

(2) We shall consider the restriction map H'(Gg,Z(1)) — HY(GY., Z,(1))
of cohomology groups induced by the natural inclusion Gk — Gg.
Since G}( is the maximal pro-l subgroup of G and I; is isomorphic
to Z;(1) as Gx-module, H' (G, Z(1)) is isomorphic to H (G}, Z,(1))
and is isomorphic to the maximal pro-I completion (K*)" of the multi-
plicative group K* of K. Therefore, if we denote by Z 1(G;(, I;) (resp.,
Z' (G, I;)) the set of (continuous) 1-cocycle maps of Gl (resp., Gi)
with coefficients in I;, then we can refer to any element of Zl(GJ}(, I;)
(resp., Z'(Gk,I;)) belonging to the inverse image of a € (K*)"
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HY(GY I;) (vesp., = H'(GY, I;) via the natural surjection as a (con-
tinuous) 1-cocycle map representing the Kummer class a

Proposition 2.5.

Following the discussions and results in this section until now, we shall fix a
choice of a section

g . GK — Dj}

(hence also a choice of an induced morphism o' : GJ}{ — Dl) of the surjection
D;U — GK.

Then, for any 1-cocycle map

§:Gh — I

representing the Kummer class —1 € (K*)", there exists a unique triple (§g, S(TS, E(Ts

of vertical automorphisms in the following diagram

o4t i
D, ', M x o T

i) 1] | Ol
pt 2 gt P f
x —— HXz e HX XGJ;( HX
— where p' : HE(Q — Il e 1l (resp., d' : D, — H;(Z) denotes the morphism

induced by pi, pY (resp., d") determined in the preceding disucussions — which
makes ()T commute and satisfies the following two conditions:

(1) 5t - 11l X o i, = 10l X ot 1Tl is the morphism obtained by switching
K K
the two factors.

(2) The continuous function from G to H%Og defined by

2

g (shoat)(g) ol(g)™

15 valued in Iz C H&z and coincides with ¢.

Proof. We begin by proving the existence portion. By the surjectivity of pf, we
can take 3%,?} such that the right-hand square of the diagram ()7 commutes
and the condition (1) is satisfied. If we take arbitrary st € Aut(D%) from the
conjugacy class, commutativity of the rectangle in (>|<)T up to conjugacy implies
that there exists A € ITk Xat IT{, such that 550 (pfodh) = Inn(\) o (pf 04f) o§jS
(where Inn(\) denotes the inner automorphism obtained by conjugating by \).
As obtained in Lemma 2.4, pf o d' maps DE{ onto the diagonal subgroup of
I, Gl IT%;, hence Inn()\) preserves the diagonal subgroup. Since ITk is center-
free (by Lemma 1.4 (iii)), it is verified that A lies in the diagonal. By taking a
lifting \ € Dg( of A and replacing §j; by Inn(S\_l) o §j;, we can make the rectangle
in (*)" commute in the strict sense. Next, we observe that s}oc_lT = Inn(p)od' o§§
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for some u € H&Q. By the commutativity of the rectangle in (x)f, u projects

via p! into the center of T’ X gt 1Tl (hence, to the unit element). Therefore,

replacing s} by Inn(u™") o s}, we can make () commute.

Thus, we obtain an automorphism of an exact sequence

plod'=plod'

Iy i, L
idlz glz idlz
Fodt—pl ot
pyod'=pjod
1 —— Iy Dl A== L — 1

which consists of the identity morphisms of HE( and Iy. Let M C Q be the
monoid of positive rational numbers with denominators of I-power, and A the
global sections of the sheaf of monoids defining the log structure on a universal
geometrically pro-l két covering of D& X 5log 2°8. Then, N forms a direct

product splitting N' = M@&M@ K, where (cf. the discussion (1) preceding this
proposition) the first (resp., second) factor of direct product is due to extracting
roots of a local uniformizer of the divisor X, C X, (resp., D C 72) at Z inside
of a choice of ¢. Then the automorphism §j; of DE( may be characterized by
the choice of a projective system {(—1)1%}m62>0 of l-power roots of —1 (well-
defined up to multiplications by projective systems of l-power roots of 1) in a

way that the automorphism of N = M@ M @ (K ) is expressed as
ay Qs ay Qg ag

(lml,l%7 )'_> (lm17l727<_1)172 k)

(¢f. Lemma 2.1 (ii))). We observe that for any element g of G, the auto-
morphism of A corresponding to o'(g) (resp., (st o ol )(g)) € HTX2 is expressed

as
ay Qg ay; Qg

(ﬁa ﬁ) ) = (lm_l’ W)g(k))

a;  asp a; ay g((—1)m2)
Lo G gy e JUE DT
(I‘eSp7 (lml 1 ma’ ) <lm1 " m2? (—1)""22 g( )) )
Thus, (s' o ol )(g) - o (g)! is valued in Ix (= I; by Lemma 2.3) and the

1-cocycle g — (stool)(g)- ok (9)~" represents, by definition, the Kummer class

—1 € (K" = H (G, 7,(1)). Therefore, after modifications of s!, s5 by some
Ix-inner automorphisms, condition (2) is satisfied. This completes the existence
assertion.

Next we prove the uniqueness portion. If we take two triples (ﬂ, SJ{,ED,

(sh, s.50) so as to satisfy conditions (1) and (2), then si o (s))™! = Inn(n) €

Aut(H}Q) for some n € H&Z and we see that Inn(n) preserves the subgroup
DE( C H_TXQ. Since D;( is normally terminal in H&Q, it is verified that n is in

HLlog. Moreover, from condition (1) and the fact that IT% is center-free, 7 lies

X

. fod' . .

in Ker(D} Pl X gt H}), i.e., n € Ix. On the other hand, as the section
K
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o' acts on Ix via the cyclotomic character, which is a faithful action, condition

(2) implies that 7 is the unit element, i.e., that s = s}, hence (s{,s!,57) =

(s}, sb,53). O

Remark 2.5.1.

In the case [ # 2, —1 coincides with the unit element 1 in (K*)". Then, in
the statement of Proposition 2.5, by taking a 1-cocycle map d to be trivial, we
may obtain s} satistying s} o of = o7,

3. THE PROOF OF THEOREM A

We begin with a review of the notation and the setup. Let [ be a prime number,
K a finite field in which [ is invertible, and K a separable closure of K. We

shall denote by G the Galois group of K over K. Next, let X be a hyperbolic
curve over K of type (g, r), '8 a strict K-rational log point of X% =X 110g7

and erte X X flog x10g7 xlOg = DIOg X lg LL‘ g GKlog = Hxlog In

addition, we assume that we have fixed choices of spe(nﬁc homomorphlsms
il s o — 1, pl iy, — Iy
(they determine a structure morphism fx : HYLOg — Ggos by taking fx =illo

Pl Hgee — G wios (:= Im (Tl '— LSOy x))), within in the respective conjugacy

classes determined by these homomorphisms, a choice of specific decomposition
group Dz C e associated to z, where we write

Ve - Dj e Hylzog
for the natural inclusion, and a choice of a section
x:Gxg — D;

of the composite surjection D; -5 M0 X G Kloe — G

Definition 3.1.
(i)  The section oy determines, by Composing with the morphism D; 25

goe (resp., Dz o x,, D; Pl o [Ixx2), a natural conjugate G-
f
action on AXz/l = Ker(HYlog = Gros) (resp., on Ax,, on Axx2), hence

also on

GI%(Q/l = GrQl(Aﬁg/l),
(resp., Gry, := Grg,(Ay,), Gryxz := Grg,(Axx2)),
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Lieﬁ(w1 = Lie(Aﬁ(Q/l(l/oo)),
(resp., Liey, := Lie(Ax,(1/00)), Liexx2 := Lie(Axx2(1/00))),

Linﬁ(z/1 = Lin(A&z/l(l/oo))(Ql).
(resp., Liny, := Lin(Ax,(1/00))(Q), Linyx2 := Lin(Axx2(1/00))(Q;)).
In the following, we regard these objects as to be equipped with the

Gk-actions in this sense. From the discussion in Definition 1.5 (ii), we
have the following commutative diagram consisting of G'x-equivariant

morphisms
i1 p
Akw — Ax, —— Axxe
.1 i%in . plin .
Lme —— Liny, —— Linyxn

and topological groups equipped with the additional G g-action struc-
tures

Lie . . Lie .__ Lie
AXQ = AXXQ XLinXxQ LIHX27 HX2 = AXQ X GK
as well as G g-equivariant homomorphisms of topological groups

Intg : Ay, — A, Ity : Ty, — ITye.

(ii))  We shall fix a 1-cocycle map 0x : G — [z := Ker(Dz —» Ggiog) repre-
senting the Kummer class —1 (cf. the discussion preceding Proposition
2.5). Then, taking a product

05y 1 Gg — Dz g— dx(g) - ox(9)

— which is a homomorphism of topological groups — gives a new section
of the surjective homomorphism D; — G. In a similar way to (i), the
section oy, determines a natural conjugate G -action on

v 1
Ger = GrQl(A§<2/l),
(resp., Gry, := Grg,(Ay,), Gryxe = Grg, (Axx2)),
Liey, , = Lie(A,  (1/00)),
(resp., Liex, := Lie(Ax, (1/00)), Liexx2 := Lie(Axx2(1/0))),
v 1 .
Liny, = Lln(Aﬁ(Q/l(l/oo))(Ql).

(resp., Liny, := Lin(Ax, (1/00))(Q)), Linyxz := Lin(Axx2(1/00))(Qy)).

— where, in the following, we regard these objects as to be equipped with
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the Gi-actions in this sense — as well as topological groups equipped
with the additional G x-action structures

LlC X . b LIO . LlC
A : AXXZ XLinxx2 LlnX27 : A X GK

Next, by taking account of dx and the setup of i, pil, v,, ox fixed
above, we may take an automorphism 55H : I, — Ilx,, arising from the

switching morphism sx : X, X X mducing a uniquely determined
morphism ng : l'I_TX2 — H_TXQ obtained in Section 2, and obtain G-
equivariant homomorphisms of topological groups
AL‘C L ~ . ALi HL‘C L TLi
Ay — Axy, ) — 1S

~

induced by s}’ .

Lemma 3.2.

The Gk-action induced by os, defined in Definition 3.1 (ii) on Ax, (hence
also on CuirXQ, LuieXQ, LEnX2 and AI;(‘S) coincides with the action defined in a way
that

Gr — Aut(Ax,); 9 — Inn(s?x o z{l oy 00x(9)).

Proof. It follows immediately from the definition of G k-action induced by o5, .
O

Lemma 3.3.
Intg and Int%y are injective.

Proof. 1t is enough to verify that Ay, — Liny, is injective. But it follows from
the discussion in Definition 1.5 (ii) and the fact that (,,.; Ax(m) =1 (cf. [17],
Corollary 2.6). O

Definition 3.4.

(i)  Let us fix a choice of each inertia subgroup I; € Ay = Ker(H—log fX

Grueg) (7 = 1,2,---,r) associated to the j-th cusp (relatlve to some
ordering of the cusps of X xx K) among the various A} Xt _-conjugates
of these subgroups. Then, we have a canonical isomorphisms

nj:If;[j (j:1,2,'--,7”)

For n = 1, 2 we shall denote by V" the completion with respect to the
filtration topology of the free Lie algebra generated by

=Le(@Leay)
j=1
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equipped with a natural grading (hence also a filtration) by taking I, ;
to be of weight 2, A%b to be of weight 1.

(i) If X has genus > 1, then we shall write
My := Homg, (H*(A+,7Z1),7Zy) .

Note that My is canonically isomorphic to Iz as a Gx-module. The cup
product on the group cohomology of A+

2

N\ H'(Ax, My) — H*(Ax, Mx @, My)
determines an isomophism

Hom(A2, My) — A2,

hence compositions of natural homomorphisms
2 2
¢:I; = My — \AR, v: NAR — My S 1T;

(iii)  If X has genus > 1 (resp., genus = 0), then we define L% to be the
quotient of V" by the relations determined by the images of the following
morphisms:

(1) When n = 1,

o ; — V(2/3); m (idy, + > n; + ¢)(m)
(resp., &1 Iz — V'(2/3) ; m— (ids, + 35 n;)(m)).
(2) Whenn=2(1<i<g, 1<j<r {kk}=1{1,2)),

o I; — V2(2/3); m—=m+in(3om; + 6)(m)

o, I; ®z, A;‘(—b — V2(3/4) ;m @ a v [ir onj(m),ip(a)]

s A2AZ — V2(2/3) ra Ad — [in(a), i ()]

015 N AL — V2(2/3) saAd — ir(a) Nip(d) — ¥(a Nd)

(vesp., o1 [z — V2(2/3) 3 m — m +ix(3- ;) (m))

— where “[, ]” denotes the Lie bracket, and for k = 1,2, iy : (P 1; &
A’ A;ﬁ) — (PLaN A%)EBZ denotes the inclusion into the k-th factor.

(iv)  If we consider a G g-action on V" as that taking the natural action on
each direct summand in V", then the ideal generated by the relations
defined in (iii) is invariant under this action. Hence, we may equip the
graded Lie algebra

L (vesp., £%)
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with the additional G'x-action structure and have a G g-equivariant ho-
momorphism

s Ll — L%
of graded Lie algebras given by

EBJ SAR) — L @ EBI @ AD)?
7=1
(a,0) — (a, Zl(b))
and a G g-equivariant isomorphism

L. p2
sy L%

~

-, £_2X
of graded Lie algebras given by

0 (PLe AR o PLe A2y

(a7b1762) — (CL, b27b1)

Lemma 3.5. y o

Let hi, : LY — Gr§(2/1, hg, - Ly — Ger be homomorphisms of graded
Lie algebra given by the natural inclusions A% < GrQl(A}(Q/l)(l/Z), I; —
Gro,(Ak,,)(2/3) and I; — G, (AL, )(2/3).

Then h¢, and Iulér are G g -equivariant isomorphisms of graded Lie algebras.

Proof. 1t is enough to verify the assertion in the case where x is cusp of X. But
since Ap s trivial, it follows that the natural inclusion Il oy — Hyiog (well-
defined up to inner automorphisms) induces a G g-equivarinant isomorphism
A2 = Aaybz. This completes the proof by Proposition 1.9 (i). O

Lemma 3.6.
Let

Lle

e LleX/ — Liex,, LleX/ — LleXQ, s Liey, — L1eX2

X

be the G- equwariant homomorphisms of graded Lie algebras induced by i :
I Xlos My,, it : T x5 ITx, and 35 I, = Ilx, respectively.
Then there exist GK equivariant isomorphisms of gmded Lie algebras

1 . pl ~ -1 i1 . pl ~ K

h% : L3 — Liex,, h% :L% — Liey,
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which fit into the following commutative diagrams consisting of Gk -equivariant
mophisms

L L L
1 i 2 1 ! 2 Sox
oy o . . R M S
hklz hg(lz hklz hg(lz hg(lz 7@{1
. L L L sbie |
s N . X A
leX2/1 1€X, 1eX/ 16X, Liex, —— Liex,.

Proof. Let h* : L% — Grg,(Ax,) be the homomorphism given by

Pre AR)® — Gro,(Ax,)

(a,b1,by) i o hi (a+ b)) + 35X 08" 0 h, (by).
It is verified that h? is an isomorphism of graded Lie algebras by Proposition
1.9 (ii) and Gk-equivariant when we regard it as a map h%, : L3 — Gry, as
well as ;L2Gr D L% — drx2 If we denote i GIX o Cry,, 15" : drxm —
Gr X s?; : Gry, — Gr x, be the Gx-equivariant homomorphisms of graded Lie
algebras induced by 4} : Hflog — Ily,, it : H*log — Ilx, and 36 My, — Iy,
respectively, then we have the following G- eqmvarlant commutative diagram

L L L
1 T 2 1 ! 2 Sox

Ly —— Lx Ly —— Lx L3 — [%

onE e R e i, |
-Gr IGr Gr

1 1 g 1 1 5 S5 )

s —_ X

Gl"X2/1 GrX? Ger/l GrX2 Gry, —— Gry,.

On the other hand, by taking account of the compatibility of Gk-actions (cf.
Lemma 3.2) together with Proposition 1.8, we have the following G k-equivariant
commutative diagram

-Gr ZGr Gr

1 1 y 1 5 1 Ssx
GrX2/1 E— GI‘X2 GI‘X2/1 _— GrX2 GrX2 —) GrX2
| | | [ !

1 Z-Ifie . v ;%ie v s%ae
L16X2/1 —— Liey, L1eX2/1 —— Liey, Liex, X L16X2

By composing the vertical arrows in these commutative diagrams, we obtain
the required isomorphisms. 0

Now, let L be a finite field of cardinality prime to [, Y a hyperbolic curve over
L of type (¢',7"), y'°¢ a strict L-rational log point of Y = Yllog; we shall use

—log
HY2 y H—log 5 GLlog,

similar notation for objects obtained from Y (e.g., Y5, Y, v
Y
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etc.) to the notation used for objects obtained from X. Moreover, we shall fix
a choice of homomorphisms

I . 1T .
11 H?log — HYQ, Pr - Hy2 — HY
Y
.. . Flog i p1 il s . .
arising from the morphisms Y, - Y, Y5 — Y within in the respective conju-

gacy classes determined by these homomorphisms.

Definition 3.7.
Let 8 be an isomorphism of profinite groups Hflog = Hflog or Iy &

ITy. Then the natural quotient HXIOg — Gy (resp I ylos Gp,Ilx —

Gg,Ily — @) arising from the structure morphism X . — Spec(K) (resp.,

~log
Yy
theoretically (cf. [19], Proposition 3.3) as the (unique) maximal (Z-)free abelian

quotient of Ilio (resp., Hgog, i, IIy). Therefore 5 induces an isomorphism
x y
ﬁo . GK — GL-

Now we shall say that 3 is Frobenius-preserving if the isomorphism 3y : Gx —
(G, obtained as above preserves the Frobenius elements.

— Spec(L), X — Spec(K),Y — Spec(L)) may be characterized group-

In the following, suppose further that we have given a Frobenius-preserving
isomorphism « : Ilsioe = H5i0e that maps Di(:y—ﬁ Hylog) onto a specific decom-
position group D ofzg]. Then we may take a section O'YI : G, — Dy of the natural
surjection Dy — (1, and a 1-cocycle map dy : G, — I := Ker(Dy — Gpug) of
G, with coefficients in [j; so as to be compatible with ox, dx via isomorphisms
a and ag : Gxg = G, induced by . By applying the precedlng discussion and

results in Section 2 to Y, we obtain objects II{°, Int3}, sg[ etc.

Proposition 3.8.

In the notation of the above situation, there exist a G-equivariant iso-
morphism a2 A¥e =AM such that it is also G-equivariant when we
regard it as a map AI;(I;? AXL/‘e and that if we denote by ol Im§e = Ty,

o TtLie ~T s ~ MoTs Lie
o TI§e S TIe the semi-direct products of af" ™ in these two ways, then
these morphisms make the following diagrams commute
IntL o4l Li ?Lle
. 1e L. X VL.
HXLog — I —— Ilxx ke —— 1%
alz ag[Lie lz Exall agme l dHLie l
IntHOiH . HLle
Mooy —— TIHe ——— Tlyxo o % ay
Y5 Y x Lie Y Lie
Yy 2 HY2 7 HY2 .

Proof. Since « is assumed to be Frobenius-preserving, it follows from [10],
Lemma 1.3.9 and [12], Corollary 2.8 that (g,r) = (¢,7') and that « induces



28 Yasuhiro Wakabayashi

an isomorphism P! : A%b — A’%b and a bijective correspondence between the

. ~log —l . . "
respective sets of cusps of X ; g, YyOg as well as isomorphisms of the decompsition
(inertia) groups of cusps corresponding via this bijection. By using these isomor-
phisms (together with constructions of LY, L%, £}, £3), Lemma 3.6 induces

. v 1 v 1
~ s Lie . T3 ~ T3
G -equivariant isomorphisms o LleX " L1eY2/1, a¢ : Liey, o = L16Y2/1,
alie : Liey, & Liey, and a4 : Liey, = Liey, such that o = &“¢ (by com-

patibility of G k-actions 1nduced by as a morphism of underlying graded Lie
algebras and that these maps which make the following diagram commute in

the sense of G'x-equivariant

) iLie séL)i? o Lie o
— —_— —
Liey, " Liex, Liex, Lie X1

alie lz akie lz akie lz Flie lz

Lie skie 7Lie

.1 Y . Sy < 1 o
D —_ —
LleY2/1 Liey, Liey, Lley2/1 .

Since oy, 05, have been taken to be compatible with oy, 05, via o respec-
tively, we have al¢ = gl jLie = jLie) a5 morphisms of underlying graded Lie

algebras. On the other hand, LleX2 (resp., Lie X,) 18, as a Lie algebra, generated
iLic g

L
by the images of L1eX2/1 4, Liex, (resp., LleXQ/ 5 L16X2) and the composition

| ke S5y ¢ 1 e SSx v
Liey, , — Liex, — Liex, = Liex, (resp., Liey, ~— Liex, = Liex, — Liey,),
Lie

hence we have a}i® = a5, Therefore, it follows from the functoriality of Lin(—)
that this diagram induces the required diagram.

O

One of main results of this paper, i.e., Theorem A, is as follows:

Theorem 3.9.
Let X (resp., Y) be a hyperbolic curve over a finite field K (resp., L), x a
K -rational point of X (resp., y an L-rational point of Y) XQ (resp., Yg) the

second configuration space associated to X (resp., Y), Xx (resp., Yy ) the

cuspidalization of X at x (resp., of Y aty) [cf. Definition 2.2], D; LA [0

(resp., Dj 2, e ) the decomposition group of the diagonal cusp 78 (resp.,
Yy

7%).
Let

(07 Hyiog — H?lyog

be a Frobenius-preserving isomorphism [cf. Definition 3.5] which maps Dz onto
D;. Here, we shall denote @ : Illx = Ily, (resp., D, 1N IIx, D, 2 Ily ) by the
isomorphism (resp., the decomposition group of x, the decomposition group of

y) obtained by passing to the quotients Hgios — Ly, Tlgiog — Ily-.
x y
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Then there exists a unique isomorphism
Q9 . HX2 — Hy2

which is compatible with the natural switching automorphisms [cf. the discussion
following Remark 2.1.1] up to an inner automorphism and fits into the following
commutative square

(e
2 H Y2

Iy,

I -

My —— Iy
which induce v by restricting o to the inverse images (via the vertical arrows)
of Dy and D,.

Proof. Let us take s , s3 o™ and &I as we obtained up to now. If we
identify (s oif')(A, ) with iy(A%, ) via the inclusion Int : Iy, — II§e,
then it follows from Proposition 1.4 (ii) that ill_[(Hleog) and (s3 o z'lf)(A}(m))
generate Iy, (similarly, Iy, is generated by iIf(HYLDg) and (s§ o ilf)(A%/Q/l)) ).
Therefore, since the diagram

T st
1 i 1L Sx Ik
x

X
Li Li
al ag[ 1e J/ dg[ 1e J/
111_[ Lie S?Y Lie
Moos —— I —2 T}

Y

commute, ag[ maps Ilx, onto Ily,. Thus, the restriction oy of a2H to IIx, makes
the diagram (%) commutes.

Next we consider the uniqueness. Let us take two maps 3, 3 : Ilx, — Ily,
both of which make the diagram (**) commutes. Then 7! o @ induces an
automorphism of the exact sequence

11 I
1 & p1
1— Ak, STl 25 T — 1

which consisits of the identities of Aﬁ(m and ITx. This implies that 37t o 3 is
the identity morphism (cf. §0). O

Corollary 3.10.
Let X (resp., Y') be a hyperbolic curve over a finite field K (resp., L), x,a'
K -rational points of X (resp., y,y' L-rational points of Y ). Let

(07 Hylzog — Hyzog

be a Frobenius-preserving isomorphism such that o (resp., the isomorphism @ :
IIx = Iy induced by passing to the quotients Hzios = Iy, Tlgios — 1y ) maps
x y
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the decomposition group of the diagonal cusp T (resp., x') to the decomposition
group of the diagonal cusp § (resp., y') up to conjugation.
Then there exists a unique Frobenius-preserving isomorphism
a/ . Hylzolg — H?Lc;g
well-defined up to an inner automorphism which induces @ by passing to the
quotients and maps the decomposition group of the diagonal cusp z' to the de-
composition group of the diagonal cusp y' up to conjugation.

Proof. The existence assertion follows from Theorem 3.8 and the fact that if
D, C llx, D, C Ily denote the decomposition groups of z’, y’ respectively,
then we have Hylo/g = Dml XTIy HXQ, Hylo/g = Dy/ X1y HYQ.
@ y
We consider the uniqueness assertion. Let us take two isomorphisms &/, &’ :

s — Tloie Which induce @ : Ilx = Ily by passing to the quotients. and

write 3 := (&/)tod € Aut(Ilioe) which yields, from the existence assertion,
fs € Aut(Ily,) reducing to the gigdentity morphism of ITyx2 by passing to the
natural quotient Iy, — IIyx>. Then 3, define an element [3;] of Out™(Ay,)
and [fa] reduce to the unit element in Out(Ay) by the definitions of &/, &'
But Out™(Ay,) — Out(Ay) is injective (cf. [5] for the definition and results
concerning to “Out™”), so we have [3,] = 1. This completes the proof. O

Remark 3.10.1.

Any Frobenius-preserving isomorphism is quasi-point-theoretic (cf. [19], Corol-
lary 2.10, Proposition 3.8 and [12], Corollary 2.8), i.e., induces a bijection be-
tween the set of decomposition groups of the points of X,Y. Therefore, in the
statement of Corollary 3.10, a closed point 3 of Y which corresponds to x’ via
@ necessarily exists (but this choice is not unique).

4. CUSPIDALIZATION PROBLEMS FOR HYPERBOLIC CURVES

In this last section, we apply of Theorem 3.9 to obtain group-theoretical con-
structions of the cuspidalization of a hyperbolic curve at a point infinitesimally
close to a cusp (cf. Theorem 4.3), as well as of arithmetic fundamental groups
of configuration spaces (cf. Theorem 4.4).

We maintain the notation of Section 3; moreover, until the end of Theorem
4.3, we shall assume that both X and Y are affine (i.e., r,7’ > 0), and z, y are
split cusps of X, Y, respectively, i.e., v € X(K)\ X(K),y € Y(L)\Y(L). As
discussed in Definition 2.2, we obtain the major and minor cuspidal components
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X , ﬁl;g at z, together with the nexus /¢ at x as strict log closed subschemes
of Y?g (cf. [6], 1.2), which determine subgroups well-defined up to conjugacy,

]:[Yl()g/7 ].—_[@l)c()g7 Hl/alcog g Hyivog

— which we shall refer to, respectively, as major verticial, minor verticial, and
nezus subgroup (cf. [17], Definition 1.4).

Lemma 4.1.

. . —log’ —log —log —log —log
1The composition of Tlnorphzslms X7 =X, (resp., Py — X,”)and X, —
—log —log —log . . .
X ° xXg a8 (resp., X °© — Py X %) induces an isomorphism
) T X

Hylog/ E— HX XGK GKlog
(Tesp., H@l;;g — H[FJX XGK GKlog )

In particular, the major verticial subgroups may be thought of as defining sec-
tions of the projection s — Iy X G Gclos.

Proof. We shall only consider the non-resp’d portion due to a similar argument.
We recall that the category of két coverings has the étale descent property and

invariance for restriction from an henselian trait to its closed point (cf. [6]).

. —log’ —log . . . ~ ..
Since X ©~ — X ~ xx 2'°¢ is an isomorphism on X \ {z}, it is enough to

see isomorphicity of the morphism between the log inertia groups of v'°¢ and
298 X e 2198 e, Ker(Il jos — Grx) and Ker(I oz, 0108 = Gx) (cf. [6], 4.7 for
the terminology “log inertia subgroup”). If we fix a chart, modeled on N, of
7'°8 (i.e., roots of a local uniformizer at x in X), then we may give '°¢ x ;- 218
(resp., v°¢) a chart of the form N @ N, where the first factor of direct sum

is that pulled back from the ground log scheme z!°¢ and the second factor is
that pulled back from z'°¢ as an exact closed subscheme of X (resp., via
P2 Oy : Ylog — ylog). By using these splittings, we may express a chart of the

homomorphism of monoids induced by the morphism /¢ — 7198 x ;- 21°% as
NeN—NgN
(a,b) — (a,a+Db)
Then, by applying the functor Hom(( _ )&, 7Z;(1)) to this morphism of monoids,

it is verified that the induced morphism of log inertia groups between ¢ and
2'°8 X ;¢ 218 is an isomorphism. O

Lemma 4.2.
(i)  Suppose that we fix a choice of a nexus subgroup IT os € Tlioe amonyg
its various ios-conjugates. Then there exists a unique pair of inclu-

stons
Hylog’ g HY;OEH H@};{’g g HY;og



32 Yasuhiro Wakabayashi

(among their various Hylog-conjugates) both of which contain II s C
Hylzog .

(ii) The compatible inclusions Huiog - HYlog/ - Hyicog, Hyi_og C Hﬁl)c;g C
[s0s obtained in (i) make a commutative square

H V;og E— Hﬁl)(;g

l l

Hylog/ —_— HYLOg
which s co-cartesian in the category of extensions of Gis by pro-l
groups.

Proof. We consider assertion (i). If we fix a universal (geometrically pro-l) két
covering U'¢ — Yicog, then the fixed inclusion II oz C Il5iee corresponds, by

definition, to a log geometric point 7% of U°8 over /8. Therefore it is enough
to take Hylog/ C g, Hgoe © I as those of corresponding to unique
T X x

. . —log’ —log . . . ..
irreducible components of U over X ~ , Py~ which contain 7. Assertion (ii)

follows from the construction of colimit and the “van Kampen Theorem” in
algebraic topology. O

Now we consider Theorem B. Once we shall consider, for simplicity of the
proof, a slightly weaker statement with respect to the case where the types
(g, 7) of the hyperbolic curves satisfy that (¢g,7) = (0, 3) as stated below. But by
giving directly a proof of Theorem 4.4, which contain the statement of Theorem
B, we also can conclude the same statement as the case (g.r) # (0, 3).

Theorem 4.3.
Let X, Y be affine hyperbolic curves over a finite field K, L, respectively, of
type (g,7) # (0,3) (resp., of type (g,7) = (0,3)), = a K -rational point of X \ X,

y an L-rational point of Y \'Y. Let
(6 HX L> HY
(resp., o : Uxw,orr — My, 1)
be a Frobenius-preserving isomorphism such that the decomposition groups of x
and y (which are well-defined up to conjugacy) correspond via « (resp., where

K', L' are the unique extensions of K, L whose degrees of extensions are two).
Then there exists a unique isomorphism

6[ : Hylzog — H?Log

(resp., &' : Tsos Xy Grr — oos X, Grr)
x Y

well-defined up to composition with an inner automorphism which maps the
decomposition group (well-defined up to conjugacy) of T in Yicog to that of y
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m Y and induces « (resp., /) by passing to the quotients Il Xlos Iy,

H?log —» Hy (7“68]9 I 1og X G GK/ —» HXXKK’ | - log Xar GL/ —» HYXLL/)

Proof. The proof of uniqueness is similar to that of Corollary 3.8.
Now we consider the existence assertmn In the case (g,7) = (0,3), X xx K’

is isomorphic to a tripod. Let D!, 4 My Kk be anatural inclusion of a specific
decomposition group D, of v in Ilx g and kx : D), X, xxcxr — H—log X Gy
G (vesp., kp : llxx ok Xa,, D) — H—log X Gkr) the injective morphlsm
induced by the isomorphism, obtained in Lemma 4.1, with respect to the major
(resp., minor) verticial subgroup. If we fix an 1dent1ﬁcat10n D! =7,(1) x Gk,
then the automorphism « of (Z;(1) x Z;(1)) X G given by (s1, S2,1) +— (81,81 —
$9,1) coincides with (rp)~' o kx|pyxa, 0y 0 Dy Xa . Dy, = D!, X¢,, D.. Hence
the square

D, Xg,, D —— Hxuyr Xay D,

€T
| ]
D), Xq,., Hxsperr =X, Hffg Xax Grr
— where the left hand vertical arrow is the natural inclusion and the upper
horizontal arrow is the composition of x and the natural inclusion — is co-
cartesian in the category of extensions of D! by pro-l groups by Lemma 4.2.
Therefore, by comparing this diagram to that of Y, the proof is completed.

In the case (g, ) # (0, 3), by considering the number of topological generators
of profinite groups, we take an open subgroup II, C IIy such that the corre-
sponding étale covering Z of X satisfies the followmg condition: Z is also étale
over z in their (smooth) compactification, and have at least two split points
z, 7z over x (where we shall choose z so that a suitable choice of decomposition

group D, C I, of z coincides with D, ). Let Z be the partial compactiﬁcation

. - . . . —l =l
of Z at 2/, leog the cuspidalization of Z at z. Moreover, let Z ° ]P’;g, V%8 be

. . . —log
the major, minor cuspidal component and the nexus of Z,~ at z. Then we have
a sequence of inclusions

Hyiog — HPZ XGK DZ — HIPJX XGK DQE (‘k)

and a commutative diagram

1Ty X Gy D, «—— HZ' X Gy D, —— Il X G g D, «—— Hflog/
My ——— I, — 1 L

— where the upper sequence induces a sequence of morphisms, by restricting
to subgroups,

IIx XGr D$<—Dz XGg Dz ;Dz XGr DZ;HVLOg (**)
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Hence, combining () with (xx) yields the lower horizontal sequence of the
commutative diagram

Hleg’ N H,/g)g E— H@I)?g

| | |
HX XGK DQ? — Hl/lOg —_— HPX XGK D:E
Therefore, the colimit of the following diagram

HX XGr l)gj — Hlliog — HIPX XGk Dm

in the category of extensions of D, by pro-/ groups coincides (by Lemma 4.2)
with IIgis. Therefore, by comparing this diagram to that of Y, the proof is

completeﬁ. O

Finally, we consider Theorem C, i.e., the cuspidalization problem for geo-
metrically pro-l fundamental groups of configuration spaces of (not necessarily
proper) hyperbolic curves over finite fields:

Theorem 4.4. (cf. [11], Theorem 3.10, (4], Theorem 4.1)
Let X (resp., Y') be a hyperbolic curve over a finite field K (resp., L). Let

01121_[)(—>Hy

be a Frobenius-preserving isomorphism. Then for any n € Zsq, there exists a
unique isomorphism

(079 HXn — Hyn

well-defined up to composition with an inner automorphism, which is compatible
with the natural respective outer actions of the symmetric group on n letters and

makes the diagram

Qn41
HXn+1 HYn+1

P! J lp?

ITx

Qn
.y,

(i=1,--- ,n+1) commute.

Proof. If n = 2 and X is proper, it follows from [11], Theorem 3.1. We shall
consider the case where n = 2 and X is affine. It follows from Theorem 3.8
and Proposition 4.3 that «; induces an isomorphism ag : Gx = G, and o :
Iy, X, G = 1ly, xg, Gy — where Gg: C G (resp., Gy C Gp) denotes
an open subgroup corresponding to some finite extension K’ of K (resp., L'
of L) — as well as an isomorphism a3 : Ax, = Ay,. Now let us denote by
Tx : Gg — Out(Ax,) (resp., 7v : G — Out(Ay,)) the morphism obtained
naturally by lifting elements of Gk (resp., G ) via the surjection Iy, — G
(resp., Iy, = G'). Then a5, ag construct two morphisms

Ty 0 g, [@5] o Tx : Gx — Out(Ay,)
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— where [a5] denotes the isomorphism Out(Ax,) — Out(Ay,) that sends
each element g € Aut(Ax,) to a2 o go (ad)™! € Aut(Ay,) — which coincide
after composing with the natural homomorphism Out(Ay,) — Out(Ay) by
definitions of ag, a. On the other hand, the images of 7y o ap and [a8] o
7x lie in Out™(Ay,) and Out™(Ay,) — Out(Ay) is injective (cf. [5] for the
definition and results concerning to “Out™“”), so 7y oy = [@5'] o 7x. Therefore,

since 1Ty, & Ay, e K (resp., Iy, = Ay, WG L), we have an isomorphism
ITx, = IIy,, which satisfies the required uniqueness and compatibility from the
construction. This completes the assertion in the case where n = 2 and X is
affine.

The assertion of the case n > 3 follows from a very similar argument as the
above discussion. Indeed, we can apply an inductive argument on n together
with the natural extension

1 — Ax\(z})

o, — Iy, — Iy — 1

out
(hence ITx, = Ax\{a}),_, * Ilx) for an arbitrary K-rational point x € X, and
the fact that Out"™ (A ), 1) — Out™(Ax\ 2y, _,) Is injective. O

The following corollary follows immediately from Theorem 4.4, together with
the fact that any Frobenius-preserving isomorphism between hyperbolic curves
over finite fields preserves the set of decomposition groups of closed points (as
stated Remark 3.10.1).

Corollary 4.5. (cf. [4], Corollary 4.1)
Let X (resp., Y') be a hyperbolic curve over a finite field K (resp., L), and
n e Zzo. Let
[ HX = Hy
be a Frobenius-preserving isomorphism, and {xy,--- ,x,} an ordered set of dis-
tinct K-rational points of X. Then there exists a ordered set {yy, - ,yn} of
distinct L-rational points of Y and uniquely exists an isomorphism

& : HX\{-Tlv"'a-Tn} ;) HY\{ylf"yyn}

well-defined up to composition with an inner automorphism, which induces o by
passing to quotients IIx\ ... 2y = x, I\ gy, yuy = Hy.
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