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‘Framed moduli spaces of instantons on R4I

° HEZZQ, r € L.

o M,*(n,r) : framed moduli space of SU(r)-instantons on

R* with co = n, where the framing is the trivialization of
the bundle at oo.

This is noncompact:

— bubbling

— o parallel translation symmetry




We kill the first ‘source’ of noncompactness (bubbling) in

two ways:

e My(n,r) : Uhlenbeck (partial) compactification

My(n,r) = I_I M} (k,r) x S"FR*,
k=0

e M(n,r) : Gieseker (partial) compactification, i.e., the
framed moduli space of rank r torsion-free sheaves on

P? = R* U £, parametrizing pairs (E, ¢)

— FE : a torsion-free sheaf on P? with tk =7, co = n

— p: Bl = (9290: (framing)




e M(n,r) : nonsingular hyperKéahler manifold of dim. 4nr (a

holomorphic symplectic manifold)
e My(n,r) : affine algebraic variety

e m: M(n,r) — My(n,r) : projective morphism (resolution

of singularities) defined by

(E,¢) — ((EYY,9),Supp(E"/E)).

(cf. J. Li, Morgan)




These are quiver varieties for the Jordan quiver

— V., W : cpx vector spaces with dimV =n, dimW =r
— M(n,r) =EndV & EndV & Hom(W, V) ® Hom(V, W)
— pu: M(n,r) — End(V); u(B1, B2,a,b) = [B1, Ba| + ab

My(n,r) = p~1(0)/ GL(V) (affine GIT quotient)

M(n,r) = p=t(0)*e/ GL(V)

stable £ AS C V with B,(S) C S, Ima C S




‘Example r =1 : Hilbert scheme of points.

Theorem. M (n,1) = Hilb™(A?), My(n,1) = S™(A?)

Hilb™(A?) : Hilbert scheme of n points in the affine plane A?

S™(A?) : symmetric product (unordered n points with mult.)

Sketch of Proof
e Hilb"(A?) = {I C Clz,y] | dim Clx,y]/I = n}
e Set V =Clx,y]/I
B1,By = xx,xy, a(l) =1 mod I, b=0
o S™(A?) — My(n,1) is induced by A?"* — M(n, 1):
(B1, Ba,a,b) = (diag(x1,...,z,),diag(yi,...,yn),0,0)




Torus action I

T =T"! : maximal torus in SL(W)

T =C*xC*xT ~ M(n,r), Mo(n,r) : torus action
(Bl,BQ,a,b) — (tlBl,thg,ae_l,tltgeb)

(t1,t2) e C* x C*, e €T

C|[My(n,r)] (the coordinate ring of My(n,r)) is a
T-module.

Similarly H*(M (n,r),O) and H (M (n,r), E)
(E : T-equivariant sheaf) : T-modules

Lemma. Weight spaces of C[My(n,r)] (and H (M (n,r), E))

are finite dimensional.




.
Let t1 =€, to =e®2, e = (e™,...,e") €T (Zaa = 0).

a=1

(identified with characters)

Define

Zin8t<€17€27 a: A) — ZA%W Cth[MO(n’T)]

n=0

vanishi:ngthm- Z A2m“ Z(—l)z Chf HZ(M(’I”L, T)? O)

n=0 1

(instanton part of Nekrasov’s partition function)




Example : r=1

2n n 2\1 __
;A ch~ C[S"(A?)] = exp (Z o

d=1

Thus

£1€9 log (Z A" ch~ (C[S”(Az)]> =

n=0

Nekrasov conjectured the same limiting bahaviour for r > 2.

(Explained later.)




‘A reformulation in terms of equivariant K-theory'

Theorem (Combinatorial Expression).

1

Zinst(€1,€2, C—L»’ A) _ ZA2T|?|

Y

1% chz (/\—1T§)

where Y = (Y1,...,Y,) is an r-tuple of Young diagrams with
Y| =3 [Yal, and
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H H (1 - exp(—lyﬁ (s)er + (1 +ay,(s))e2 +ap — aa))

a,B s€Yq

X H (1 —exp((1 + 1y, (t))e1 — av,(t)e2 +ag — aa))
teYy

Ay (s)

Ol |
o
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)T

Fixed point set M (n,r

e [B1,By,a,bl € M(n,r) is fixed by T = T"1
<= a direct sum of M (ny,1) (O ne =n)
(.- W decomposes into 1-dim rep’s of T')

e M(ng,1) = Hilb™ (A?%) 3 I, is fixed by C* x C*
< [, is generated by monomials in z, y

<= [, corresponds to a Young diagram Y,

\ y5

a:2y3
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o M(n,\T ={V =(Vi,....Y,) | 3 [Ya| = n}

e formula for the character of the tangent space:

)

Ty
H 1 —exp(—ly,;(s)er + (1 + ay, (s))e2 + ag — aa))
CYa

X H (1 —exp((1+ Iy, (t)e1 — ay, (t)e2 + ag — aqa))
teYy

follows from the computation of the Ext-group (or via
(Bla B27 a, b))
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Let r = 1. Recall that we have computed ch=C[S™(A?)].

Corollary.

eo A2d
=P (Z (1—e1)(1— ed52)d>

d=1
A2lY]

— ;E _ly 61—|—(1—|—ay(8))62)(1 . 6(1—|—ly(8))81—ay(8)62)

Purely combinatorial proof : Cauchy formula for Macdonald
polynomials, i.e., a generalization of the proof in the previous

transparency.

Remark. Appearance of Macdonald polynomials are natural in

view of Haiman’s work.
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‘ Perturbation Part I

e + &5 + 3e169
128182

log(A),
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‘Nekrasov Conjecture (2002) I

Define the full partition function by

Z(€17€27 (3:, A) gf Zpert(€17€27 67 A)ZinSt(€17€27 (3:, A)

Conjecture. Suppose r > 2.
81822(‘5175275;q) — FO Ty

where Fy is the Seiberg-Witten prepotential, given by the

period integral of certain curves.
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‘ Seiberg-Witten geometry I

A family of curves (Seiberg- Witten curves) parametrized by

—

X =(Xq,....X,) with [[ X, = 1:
Cpy:Y?=P(X)* —4X A",

r

PX)=X"+U X"+ -+ U0 X+ (-1)" = | (X - Xa).

a=1
Cso (Y, X)— X € P! gives a structure of hyperelliptic curves.
The hyperelliptic involution ¢ is given by «(Y, X) = (=Y, X).
Define the Seiberg- Witten differential (multivalued) by

1 (XP(X)—-LP(X))dX
dS——%logX VX :
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Find branched points X near X, (A small). Choose cycles
Ay, By (0 =2,...,7) as
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Random partition I

Theorem (Nekrasov-Okounkov). Conjecture is true.

Rotate the Young diagram 45° and consider it as a graph of a

funtion. A

It satisfies

flx) =lz| for |z[ >0,  [f(z)—f(y)] <]z—yl
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.
fa,?(w | €1,62) = ZfYa(w — aq | €1,€2).
a=1

Then
o 7(e1,e9,a;\) is a sum over the space of such functions.
e Consider it as a mesure on the space of Lipschitz functions.

As e1,e9 — 0, these measure converge to the delta measure at a

single function f,.

e Analysis of f, — SW geometry

20



Blowup equation — another proof I

Theorem (N+Yoshioka). Assume r > 2. Then Z satisfies

Z(er,e2, @A) = Y exp K— <4d_728(7“_1)> (51+s2)}

kczr—1

d d

- e da 1 - e 4 _£2
X Z(81,€2 —81,a—|—€1k;A627‘ 4 )2(81 —82,82,a+82k;A627” 4 )

o 7Z'71 = the weight lattice of SU(r)
e the equation determines the coefficients of A?"*" recursively.

e the equation guarantees dFy = lim 05152 log Z.
£1,62—

21



e it satifies a differential equation

d*> 0°F,
exp |—
P78 (Olog A)?

]@E(O’T)

o d 92 F,
~ OE\ T 4ry/—1r0logAod|

We can show that the Seiberg-Witten prepotential satisfies
the same equation. As this equation characterizes Fy, we

prove Nekrasov’s conjecture.

22



