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g : affine Lie algebra
(e.g., untwisted g = go ® Q|z, 27| ®© Qc & Qd)
h =&, Qh; ® Qd : Cartan subalgebra
P* C b : dual weight lattice
P = Homgz(P*,7Z) C h* : weight lattice

- nondegenerate symmetric bilinear form on h* s.t.
(,) g y

(6, A) = (¢, \)

cl: §* — b*/Q5

Py =cl(P), P' ={X|{c,\) =0}, P3 = cl(PY)
NB. g untwisted afline Lie algebra of gg

— P(?l . weight lattice of gg




min; (o,0;) /2

ds = g
U = U,(g) : quantum enveloping algebra (QEA) with P as
the weight lattice (defined over Q(qgs))

U’ : QEA with P, as the weight lattice,

i.e., U c U (without ¢%)

U}, : QEA with P9 as the weight lattice,

ie, U — Uj (¢¢ =1, ie., level 0)




gs = qmini(ai,ai)/Q
U = U,(g) : quantum enveloping algebra (QEA) with P as

the weight lattice (defined over Q(qgs))
U’ : QEA with P, as the weight lattice,
i.e., U c U (without ¢%)

U}, : QEA with P9 as the weight lattice,
ie, U — Uj (¢¢ =1, ie., level 0)

Modified version of U{)I

U=¢0 AeP? Uja) : modified enveloping algebra (of level 0)

a) : projection to the weight space with weight \ € P(?l

B= @AEPOI B(Ujay) : its global crystal basis




‘Kashiwara extremal weight modules.

Definition 1. Let V' be an integrable U-module.
A vector v € V with weight X is called extremal if

F;T,v=0 if (h;,w\) <O0.

{Eiva =0 if (h;,wA) >0,

for all w € W (affine Weyl group).

3 similar definition for regular crystals.




Theorem (Kashiwara 1994). (1) J universal extremal
weight module V() having an extremal weight vector vy €
V(A) of weight .

(2) For w € W, 3 a U-module isomorphism V(\) = V(w),
respecting the global crystal bases. (The inverse image of vy,
is q3'Twvy.)

(3) V(X) has a global crystal basis B()), s.t. B is mapped to
B(\) L {0}.

In fact, Kashiwara gives a combinatorial description of

elements of B mapped to 0.




Quiver varieties I

Assume g is symmetric and A is (level 0) dominant.

Consider quiver varieties:

MA) = Luycn M, A) D L(A) = L i<n L1, A)
Mo(00, ) = U,,cport, cn Mols A)

m: MA) — Mp(oo, \)

Gy = Hz GL(A;) (A= Zz A\iw;)

K&>XCT(€()\)) : equivariant K-homology

it is a module over R(Gy x C*) = R(G))[q, ¢ ']

Theorem (N). One can construct a Uj-module strucutre on
K> (¢())) via the convolution product.

In particular, it commutes with the R(G\)[q, ¢~ !]-structure.




Theorem (N). K> (g()))




Theorem (N). K> (2(X\) 2 V(N).

e Uj-str. on LHS is given in Drinfeld realization, while that
on RHS is given in Chevalley generators.
The existence of R(G))-module structure on V() is
non-trivial.
+{global basis} has a characterization as bar-invariant +
almost orthogonal. The bar involution and ( , ) can be
defined via geometry. (Lusztig’s conjectural signed basis

for equivariant K-theory)
But the existence is not proved via geometry so far.

The bar involution is defined via Grothendieck-Serre
duality + an ‘opposition’ V: MM(A) — M(N).




Remarks.
(1) An irr. f.d. representation of (Uj),, =< : unique simple quotient of
V(A) ®y C where x: R(Gx x C*) — C with x(¢s) = €.
After the specialization gs; = :
{iso. classes of irr. rep.’s} < {x: R(Gx) — C}/conjugate
— {s € G | semisimple} « {Drinfeld poly.’s}

If e WA, M(p, \) = £(u, \) = point.

Hence K " (£(u, \)) 2 R(G)[q,q7'].

The global basis elements in this weight space are

{irr. rep’s of G} X Opoint.

(Opoint € KX (L(X, N)) is the vector vy.)

These are the ‘extremal’ vectors in V' (\). In particular, other elements
in the crystal basis are connected to one of those by Kashiwara

operators €;, f;.




Several points of the proof I

e Show the assertion for A = w; (level 0 fundamental

representation) : easy, thanks to irreducibility
NB. V(w;) has a R(C*) = Z[zF]-module structure. (Kashiwara)

o KOVE (2(N) € KTE (2(N) & @, K& (2(m0)*.
‘~’ becomes ‘=’ if

— tensor the quotient field of R(T)), or
— replace £(\) by a ‘tensor product variety’ 3(\)

e Prove similar statements for V(\):
— V) SV CVO)E @, V(i)
— where V(A) € Uz Jox € V(A) with Ty = @ v&

1,V

— V(A\) & Uty




level 0 fundamental representations'

Choose 0 € I with ag = 1. For 7 # 0, let

2

A —aYAo if (g,49) # (A2 n)
\2An — Ag otherwise

W; = 4

(level 0 fundamental weight)

Theorem (Kashiwara). (1) Jz; € Auty/(V (w;)) of weight
d;d (d; = max(1, (g, @;)/2)) s.b. 2iVm, = VU, +d,s
(2) V(w;) = Q(qs)[zi,zi_l] ® W(w;), where W(w;) =

V(w;)/(z; — 1)V (w;) (finite dimensional U’-module).
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‘ Two-sided cells I

A : associative algebra over a commutative ring R

B : a basis of A as an R-module

F e {K C B | Span(K) is a two-sided ideal }

¥ <b (bt cB) &L VK e Fwithbe K =V € K.

bt & p < and B < b,

two-sided cells in B : equivalence classes for ~

left (right) cells : two-sided ideal — right (left) ideal
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‘ Two-sided cells I

A : associative algebra over a commutative ring R

B : a basis of A as an R-module

F e {K C B | Span(K) is a two-sided ideal }

¥ <b (bt cB) &L VK e Fwithbe K =V € K.

bt & p < and B < b,

two-sided cells in B : equivalence classes for ~
left (right) cells : two-sided ideal — right (left) ideal

If B is generic, then F = {B} and 3 only one cell.

We should choose a good basis, e.g., Kazhdan-Lusztig basis for
the Iwahori-Hecke algebra.




Recall that the modified enveloping algebra U has a global
basis (Lusztig).

o P(?”L : (level 0) dominant weights, < : dominance order

U Y {2 €U zacts by 0 on V(y) with g # A}

(two-sided ideal)

example : ay € U[Z)], as all weights of V(p) are < pu.

U\ € UZA/UPA

BN C {be B|beUEN, by # 0}

NB. Similar definitions for U of finite type were given by
Lusztig. (‘Based modules’)
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Theorem (Beck+N.). (1) B[\] descends to a global crystal
basis of U[\] under U[Z)\] — UJ[\].
(2) B[)] is a two-sided cell of B, and all two-sided cells are of

this form.

By definition, U[\] — End(V(\)). Tt is natural to expect that

U[)\] is similar to the matrix algebra. It is true for finite types

(Lusztig). For affine types, is ‘almost’ true...
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‘fj at ¢ = 0 (different from Kashiwara’s ¢ = 0) I

o Let £(U[)]) be Z[g,]-submodule of U[\] generated by B[]

e Define a(b) € Z U {oo} as min{n | ¢"b£(U[A]) c £(U[\])}.
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‘fj at ¢ = 0 (different from Kashiwara’s ¢ = 0) I

o Let £(U[)]) be Z[g,]-submodule of U[\] generated by B[]
e Define a(b) € Z U {oo} as min{n | ¢"b£(U[A]) c £(U[\])}.
The property P1 holds:
(1) a(b) < oo

(2) Yu, the restriction a| BINNB(Uq,,) 1S constant.




o Let ¢, (q) : structure constant of U[\] w.r.t. the basis B[]
a(b

S )b - normalized basis element

We have

7= 3 g0
blleB

(We used that we may assume a(b’) = a(b").)

e By the definition of a, we have qs( )cgg, € Zlqs).

o Therefore, U[\]~ el ) Z[qs]g is closed under the

multiplication

o Let U\ el U[\ " /¢ U[\]~ (asymptotic algebra)
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e 1, : image of b, a Z-basis of U[\o

(b) b

e structure constant = constant part of ¢ Cpp/
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e 1, : image of b, a Z-basis of U[\o
(0) b

e structure constant = constant part of q? Cppy

We have the property P2 (existence of the generalized unit):

3 a finite set ng C [;’[)\] S.t. tgty = Oqqty for d,d € DB[)\]
and Vb € BIA] 'd, d’ € Dy s.t. ty = tatyta

NB. Dy C B[\] can be naturally identified with the global

basis of a finite dimensional module @), W (c;)®".




e 1, : image of b, a Z-basis of U[\o
a(b) b’

e structure constant = constant part of g Cppy

We have the property P2 (existence of the generalized unit):

3 a finite set ng C [;’[)\] S.t. tgty = Oqqty for d,d € DB[)\]
and Vb € BIA] 'd, d’ € Dy s.t. ty = tatyta

NB. Dy C B[\] can be naturally identified with the global
basis of a finite dimensional module @), W (c;)®".

We also have the property P3:

~

o U[)\] — fJ[ lo ® Q(gs) defined by
=> d€Dg e B\ S dtb’ is an algebra homomorphism.
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G =1lier, GL(Ai) (A=) Aiwi)

Irr G : the set of (iso. classes of) irreducible rep’s.

!/

c®., = dim Hom(s",s ® s')

ss’

Jy : a free Z-module with basis T with the multiplication :
(di,s,d2)(d}, 8" db) = 3 0 500ay ar (di, 8", db)

J) is a matrix algebra over the represenatation ring of G (size
— #DBN), and T, is its basis.

Theorem (Beck+N.). (U[Mo,B[)\]) is isomorphic to
(Jx,T)) as a based ring.

NB. A similar result was conjectured for cells of an affine Hecke algebra by

Lusztig. A big progress was made by Bezrukavnikov-+Ostrik.
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Problems I

e Prove the existence of the crystal basis in a geometric way.

(cf. Bezrukavnikov’s talk.)

e Define Kashiwara operators €;, f; in a geometry way.

e Try to extend these to quantum toroidal algebras.

(K-theory for quiver varieties of affine types.)
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