ODoOOoooboboobOobD - NEKRASOVOOO, bobo, BLowupPOO

oo o

00000, NekrasovO OO [10]0000,0000000000000000 9]0
oo0o.

0000000, NekrasovD OO N =2 SUSY Yang-Mills 000 deformO 00000
O000.000000D00,00000O00000DO0O0DOO0O000OO0ODDOODOD,ODO00DO
00000000000 (D00 NekrasovO OO )OOO. 00,8100000000000
00000,00 200000000000000000D00000DO. D0DODOO0O00O0
0000000000000 000000000DOD000. 000 8oDoDoooooonoon
O00000000O. 0000000000 o00ooo00oooDo0. boooooogoo
O0,00000000 blowapdOOOOO.O00OO,blowupO00000O0O00O0OOOO
0000000000000 000C0O0OO0)O,000000D0D00000. 00,0000
OO000d,blowup0 0000000000000 O0OOODODOOOOD.ODO0DOOOODOOO
0000000000000 C0. (DO00D0O0D00OD0O0DODOUOoD)o00 40, 00000
0000000000 0000d, Seiberg-WittenD OO OO RiemannOOOOOOOOO. O
0000000 NekrasovO OO0 0O O. Seiberg-Witten[13] O , NV = 2 SUSY Yang-Mills O O
O prepotential 0 D0 0 000 OO, Seiberg-WittenO OO OO0 O . O0O0OODO, prepotential
00000000000 DO0O0DO00D00 prepotential 00000000000 OODOO.
(1000000000 Yane-MillsDOOOODODOODODOODODODOOOODODOODODODOOOO
O0,000000000000D000DO0D0DO00O000O0DOO0OD0DO.ODO00DOoOoOO00O0O,
Seiberg-Witten 0 00 0000 O prepotential 0 OO0 0000000, 88000000000
D0o0d00oOooOo,0000o0o0oag.

1. 00booooboboood

M(r,n), Mo(r,n)00 1000000000000000000.

000,000000000000 (By,Bs,i,j)0 GL,(C)DO00D0000DOO M(r,n)
0000 By, Bs € End(C?), i € Hom(C7,C?), j € Hom(C",C")

(1) [Bi, Bo] +1ij =0,

Supported by the Grant-in-aid for Scientific Research (No.15540023), JSPS.
1



(2) there exists no proper subspace S C C" such that B,(S) C S (a« =1,2) and imi C S

000 GL,(C) 0000

g (B1,Bs,i,j) = (gB1g~ ", gBag ™, gi, jg ")

O00.00,(2)00000000000000000000000000000 My(r,n)00O
O0.0000,SpecMy(r,n)0 (1) 0000000000000 0O0DOOO GL,(C)-00000O
0000000000000 000000000000. 0000,00 7: M(r,n) — My(r,n)
gooog.

guobobobbbbooooobh:

(1) M(r,n)0000000000000,000 2.

(2) r0,00000.

(3) M(r,n)0,P?00000000000000000000.0000,00000 (E,¢)
D000000000: E0OPPO0DO0DD0O00000000, 0, EO line 000
00O 0000000. (fee0 P20 line0 0 D)

r=10000,M(1,n) 00000000 CPO0n000000000000. My(1,n)0
00,0000 SYC*»HOO0O0O,r: HIB(C?) - SH(CHOODO0ODO00-0000000000
O00. (OO0O000O0,00000000 flDOO0OD0OO.)

m: M(r,n) — My(r,n) 000000000 Springer 00 T*B—-NOOOOODOOOO. O
gbgggooooboboooboboa.

0100000, Kac-Moody Lie0 00000000000 0O0OOO,4,5|0000000
O000,00000000000000000. 0000000, %0)00000000
000000000, 000000000000oDooooO0. (D0D0ooDooooooo, o
0000000000000 0O00000UooOD.,) ODO0,000000000,00000
0000000000000 000O00000O0. 00000000000, 00000 (OO
0000000000 O0)000o000OUoOOoDoUUoOoOoooOooO.



O0o00OOoooopooOd - NEKRASOVO OO, 0000, BLOWUP OO 3

T=T>xT'0r+100000000, M(r,n), My(r,n) 00000000000, OO
0o,
(Bi, Ba, i, j) — (t1B1,t2Ba,ie ™" titae]),
for t1,t, € C*, e = diag(ey,...,e.) € (C*)", dete = 1.
000. HY(M(r,n),0) = H(My(r,n),0)0 M(r,n), Mo(r,n) 0000000000000
00.000 T-module0 00,

ch H*(M((r,n), O)

00000000 . 0000000000000000 well-defined00000,00 &4, ef,
...,er00000000000000D0D00D. 00 H*M(r,n),0)0,k>00000 00
0000000000. 0000 NekrasovD OO0

78t 19, €, q) = §:q§: ) ch H' (M (r,n), 0) “™ 2™ ™ g ch HO(Mo(r,n), O)

e (JTea=1)

00000O,00000000.000q0,000000000, €= (ey,..
O00. 00000000, 00 degenerate version:
75 (eq, 9,; q) Zq Z hmchH(M(r, n), O)| ¢, =ete1

. t2:e—t52

eq=e too

00000,00000000. @=(a,...,a,), Yae=0)0000000000, M(r,n)

Oo‘oag’
/M n !
(T7 )

goobobbooooobobuaobo,ggbogoon.
O00000000000000 (Borel-Moore)DOODOOOOOOOOOODO. nO0O0O
goobogo

Tyt H*T(M(r, n)) — H*T(Mo(r, n))

00,000 [M(r,n)]00 m(M(r,n)])0000. My(r,n)0 TO00000000 00
000000000000, 0000000 «: {0} — My(r,n) 0000, w.: HI({0}) —
HT(M(r,n))0000. D000D00000000,0000 Cley,e,,@(0 00000000
0)O000. Atiyah-Bott 0000000000, Cley,e,a) 000 S =C(e1,e2,a) 0 tensor [
g, gooouagg:



0000 fypm 10 (o) 'm(M(rn))000000.
r=10000,00000000.00000,00000 My(1,n)0000000000
0000000,000‘00’'00000000000000:

o0 d

i q
(11) ZmSt(tl,tQ; C[) = exXp

« 2 @
degenerate ] 0 O O,

i q

1.2 Znst q) = —
(1.2) (€1,€2;9) = exp (618)
ooo.

000 notation 0 00000000O00. @ = (ay,....a) (Nae=0)0,s, 0000
0000 hODOOD00000000. 000000 oY = (0,...,0,1,21,0,...,0)0 000
i=Y,da)0000. 000 (¢),...,a )0OO0DDO000. 00 s, 00000000
QUODD. 0000 Q={k=(k1,....k) €Z" | N ko =0}000.000 k=3, klay0DO

O00O.0000 notationd 400000 DO.

2. 0gg0booboooobbogoa

00 KOOOOOOOOOOOO,0000000000000. (0000000000
000000.) 000000 Zst(ty,ty,&q)0 Z™(ey,e5;q) 0 0000000000000
000000.000000000000000000,000000000000000.

00,00000Y00seydOoon,

9]
Q ly(s) = number of #
A YY) ay(s) = number of ©

0000 leg length Iy (s) O arm length ay(s) 0000 0. Macdonald 0000000000
g,0ugbbgdouogboooboo.gbo,bbooobbooo0uooobooboboobon
O00000,000000000000000000000000,000 Iy(s),ay(s)00O0O
googdbooooobbboobo. bbb oo, bbobbooooooo,0ooon
guoboooogogo.

rO000 Y =(Yq,...,Y,)000,

¥ —ly,(8) av (s —ay, (t
Niﬁ(tlat%é‘) =ege, X Z (Zfl 7! )tzya( )+1> + Z (tiya(t)HtQ ! )>

SE€EYq tEYB



O0o00OOoooopooOd - NEKRASOVO OO, 0000, BLOWUP OO 5

Ooo0odoo Nzﬁ(tl,tQ,é‘)DDDDD.(1§a,ﬂ§r)DDDD
qIVI
IIN’thma
a,B=1
ooOo00o.000 |§7|D,YQDDDDDDDDDDD.

degenerate ] O O O,

(2]‘) Z}r(lSt(thTQ?éz q) Z

IY\

Z Hnaﬁ 61,82,

(2.2) Z(e1,€9,d;9)

gbobD.000

n? s(e1,2,8) = [ (“ly(s)e1 + (ava(s) + s + ag — ac)

sEYy

X H ((lyﬂ (t) + 1)81 — aY@ (t>€2 + ag — CLQ) .

ooo.

r=10000(1.1)0(2.1)0000000, Hilbertt 100000000000, Macdonald
000000000000000000000000.0000,(1.1)0000000000
ZrtQO00000000000.00000000000r>20000 28 (or ZH)0 0
0000000000000000000. 0000000,00000000000000
oooo.

. 0booboboboobon

0000000, degenerate version0 00 Z»'0000000. 00000 Zs*0000
goooooobooooooooboooooboon.

Oooboooobobooooobodobo,dboo0d ‘ocob0’oooobob. obbooooooao
ogoooo,0oooboocoooboobooboboobooooboooboooboooboooboboboobooOooag,
000000000000000D00O0. (8g)booooo.)

Ve1,e2 (z;A) O

) 4 As/ dt, et

,\) = — — —

Tereal s ds|_,T(s) Jo t (et —1)(e=t —1)
gogoouoooo.oou,dooououa

ZinSt(gh €2, Eiu q)

2(8178276 q = exXp [ Z’yﬁfl €2 a’IB’A)
otB



gooboobooo.goo A:qferDD.
gbooboooogoobooogooo.

(DE)"™ (£ -g) = <di> fla+ew)ge+ o)

i dkf dmfkg
p dak dzm—F"

y=0

oy opoooooooooo.

Theorem 3.1 ([9]). (1) 0000000000000000.

Z(e1,€2,0:9) = 22(51,82 —e1,d+eikiq)Z(er — e, 60, + £2k5 ),
k

1,6 g1+ e)(r—1)\" . - . -
0=Z(Df0;’q2)—(l i)Q( >) (Z(61,62—61,a+61k;q)~Z(€1—82,62,a+€2k;q)>

—

k
for1<d<2r—1.000,k0000000 Q={keZ |Sk,=0}000.
(2)000,d=1,200000000000000000,0000000000.

obobo0d KpOoOooooooo,bobbbobbboboobooooboobon
goo.ggooobobo,boooboogg.

Ooobooooooobobo,blowwp DO0DOOO0OO0OO0ODO. DO0DOOOOOOODOO
‘blowup D0 O0’O0O0OODO.

gobood,bbbooboobbboba,bbbobobogobooobbobbobooon
ooobooboOo.bob0b0o0oobo0oooboobon, Nekrasovd ODOOOO0OO.

4. SEIBERG-WITTEN O O

000, N =2SUSY Yang-Mills 000000, 0000000000000 OOOOO
uo.

1988: Witten [14]0 , Donaldson 0 O 00O N = 2 SUSY Yang-Mills O O 0 twisted version
0000000000000 000bOO0O. 000 DonaldsonD OO0, 000O0O0OO
goo.

1994: Seiberg-Witten [13] O , NV =2 SUSY Yang-Mills 0000 00000000000
A

1997: Moore-Witten [3] O, by = 10 Donaldson O O 00 Seiberg-Witen 0 0 00 OO
ggobdoaoooooobboboobooonobooooda.



O0o00OOoooopooOd - NEKRASOVO OO, 0000, BLOWUP OO 7

gogooobb,oobbooobgob,gobugbbobbobooboobooboobg,
gbbobdobooboooboo.obob,ooo0ooobbbob,boobobooobo
goboobobbobbobg.

OO00,000000000 NekrasovOOODOOO,00000D0O00ODODDOOOODO,
gobog,bbbbogboobobobooobooooob,ooobbboooouogo
g.0ogbbog,bodgoogobbobboboobbobooo,gbbobbbooooba
gobobooboooooobgoooob,ogooobuoboogb.

QD 000000000, Seiberg-WittenD OO, 000000000000O0O0OOOOO
godbog,ugubbogbo.obu, bbb oooboooboobn
goo.

= (up...,u,) 00000000 DOOCOODO

1
Cg: N (w + —) =P(2) = 2" +up2" P tuzz P+ Hu,
w

0000 000 Seiberg-Witten D OO OD. 00000000 {¢e€C~}0 w0000
0.000AD00O00000OD,00000000¢0000000,000000.00
C:> (w2 —z€eP 0000000000000, 2,...,20 P(z)=00000 (00O
000000), |u/>|A0000,2 0000 20 P(:3)=+2A"00000000000
000.2=20,C; —P'02r000000000. c00000000, 0oy (w=00)0
o (w=0)0,00€P'00000000000000000. C;0 genusO r—1000.

000000, C;0, Riemann D00 2,0 »00000000000000000000
0.0000,C; 000000 4, (e=1,...,r—1)0 »70 .- 0000000000000
00,B.,0 ;0 »-0000000000000000000.000000000,000
0000000000000000000. (Ag-As=0= B, Bs, Ay - Bs = 6u3.)

ds 0

dS = de_w
2w w

000, Seiberg-WittenOOO OO . co. OO0 0OODOOOOOODO. ODOOO

aa:/ das, afz/ as
Aq a

0«00 (u/>|A)000000000.0000 @=(ay,...,a) Ca,=0)0,w000
000000000, (0000 ar=-Y,,,6,0000.)



O0«000D0000,dS0O0w, 000000
0 ”pd
2as i
aup w=const P/<>
oddo,p=2,...,r 000 CzpO0O0DDOOO0ODOODO. Remann O OO OOOOODOO
gigﬂa,L%DDDDDDDDD,DDDDD

* Oa,
000 w00 (Ju/> |A)0000 /00000. /0000000 unique0000. OO
good, fO,20000000000000

;0 0
I 2rq— | Fo = 2F
(S g +2rag ) =27
00000.000000000000 000000000.
OO0000000, NekrasovOOOOOOOOooOoOoooOoOoooooon.

a

Conjecture 4.1. (1) F(ey,e9,a;q) = €169log Z(e1,69,a;9) 0,61 =, =0000000.
(2) F(0,0,d q) 0 Seiberg-Witten 0 0 000000 FOODD.

000000,00000000,00000000. (Nekrasov-Okounkov [11]0 000 0
ooo.)

00000000000, 000000000,blewep0000000. 000, blowup O
O000,0000000 F(e,e90,a;q) 00 000000DOO000O0OO,0000000000O
O0000000000.00,d=1,20blowup0000000, (1)000. q0O0O00O0O
goooooooooooo.

O00,d=20 blowupd 000 Z(ey,e9 —€1,a;9)Z(e1 — e9,69,a;q) 0 000, 1,60 — 00
O0000. (H)Dooooooooooooooo,

9 2 rhinst (=, _ auQ 8UQ 1 0
<42) (q@_q) FO (a7 q) N ij 8ai aaj 7T\/—_187'Z‘j

00000000000. 000 F™ 0 geylog 20 (ey,60,a;9)0 ey =, =0000000
0Doo. 00,

log ©(0|7),

3F0< ) 1 0*F, (@ q)

= Tii — — - -\ Ay s

— q 4 J 2m\/—1 0atda’ q

O000,0000 Seiberg-WittenO OO OO OOOO OO, Seiberg-Witten D 00O O OO identify
gono. oo @E(0|T)DDDDDDDDDDDD,

§|7' Zexp (7‘(\/_2 Tiik'k + 2%\/_2 k(€ + )

keqQ




O0o00OOoooopooOd - NEKRASOVO OO, 0000, BLOWUP OO 9

goooboobooog.

00, [1j0o000, /000000000000000000. (00000000000
000.,)000O00000oogooooooD,004100000000000.

DDDDDDDDDDDDDDDD.DD,DDDDDD,Seiberg-WittenDDD,f/)\[r-DDD
ggogboboooobooo,gboobobuo.booobobbobbbouobond
O00,s, 000000 LeOODOOO Seiberg-WittenO OO ODOODOOODO, 0000000
000000000000 000000, 00000000000, (OO0, 0000 gOo
Langlands 000 0000000000000, 000000000000O0000O00O00O.) O
gb,gogboboobobgbuoboob b oo oo. bobuobooooboa,
gdduouogooobboouoobbbobuooouooboa

O0r=10000,00000 eplict0 000000 ODOO. O00O0O,100000,
0000000000 00o000O,000000000O0000o00. D000 2loooog,
00000000000000,000 Okounkov-Pandharipande [12] 0 P' 0 Gromov-Witten
000 (000,000000000000 genusO00000000O0)0000000ODOO0
O000.00,(120000000000,00000 A, 000000 7-0000000000
O0. 0000000b00b00,00b0000b00bbo00. oogog, Hilbertd oo
0000000 FockODOOOODO (6)00),0000000000,00000000000O
googboooouooooobo.boo,buob~roobbooboobb,0obobbobobo
00o00o0o00o0oO0O, (1200000000000, r0000C0000DOOODOODOO.

REFERENCES

[1] A. Gorsky, A. Marshakov, A. Mironov and A. Morozov, RG equations from Whitham hierarchy, Nucl.
Phys. B 527 (1998), 690-716.

[2] A. Losev, A. Marshakov and N. Nekrasov, Small instantons, little strings and free fermions, preprint,
hep-th/0302191.

[3] G. Moore and E. Witten Integration over the u-plane in Donaldson theory, Adv. Theor. Math. Phys. 1
(1997), 298-387.

[4] H. Nakajima, Instantons on ALE spaces, quiver varieties, and Kac-Moody algebras, Duke Math. 76 (1994),
365-416.

, Quiver varieties and Kac-Moody algebras, Duke Math. 91 (1998), 515-560.

, 000000 Hilbert 000 Heisenberg 00, 00 50, (1998) 385-398.

, Moduli of sheaves on blown-up surfaces, in ‘Proceedings of RIMS Project 1999/2000, Algebraic

Geometry and Integrable Systems related to String theory’, RIMS Kokyuroku 1232 (2001), 29-33; avail-

able from http://www.kusm.kyoto-u.ac.jp/ "nakajima/TeX/blowup.ps.gz

, 0000000, DODDOO0O 203000000000 0ODO0O000O0O; available from
http://www.kusm.kyoto-u.ac.jp/ “nakajima/Talks/jkikaku.ps.gz

[9] H. Nakajima and K. Yoshioka, Instanton counting on blowup. I, preprint, math.AG/0306198.
[10] N. Nekrasov, Seiberg- Witten prepotential from instanton counting, preprint, hep-th/0206161.
[11] N. Nekrasov and A. Okounkov, Seiberg- Witten theory and randaom partitions, preprint, hep-th/0306238.

8]




10 oo o

[12] A. Okounkov and R. Pandharipande, Gromouv-Witten theory, Hurwitz theory, and completed cycles,
preprint, math.AG/0204305.

[13] N. Seiberg and E. Witten, FElectric-magnetic duality, monopole condensation, and confinement in N = 2
supersymmetric Yang-Mills theory Nuclear Phys. B 426 (1994), 19-52; Erratum, Nuclear Phys. B 430
(1994), 485—486.

[14] E. Witten, Topological quantum field theory, Comm. Math. Phys. 117 (1988), 353-386.

[15] K. Yoshioka, Chamber structure of polarizations and the moduli of stable sheaves on a ruled surface,
Internat. J. Math. 7 (1996), 411-431.

0 606-8502 000000000000 O00000000O0O0O0000O0O
E-mail address: nakajima@math.kyoto-u.ac. jp



