QUIVER VARIETIES AND MCKAY CORRESPONDENCE
— LECTURES AT HOKKAIDO UNIVERSITY, 2001 DEC. —

HIRAKU NAKAJIMA

LECTURE ANNOUNCEMENT

The theme of lectures is an interplay of representation theory and geometry. We will explain
the author’s old results [N3] in 1995, a geometric construction of affine Lie algebras and their
representations. These are constructed by using convolution products on homology groups of
so-called quiver varieties, which was introduced by the author. But here, we use the language
of Hilbert schemes, instead of general quiver varieties, hoping this makes more accecible to
readers. Drawbacks are

(1) We can treat only affine Lie algebras, not general Kac-Moody algebras.
(2) We can treat only basic representations, not whole irreducible integrable representations.

But the main feature of the theory still survives.

We also discuss on a construction of Kashiwara’s crystal structure on the set of irre-
ducible components of lagrangian subvarieties in Hilbert schemes. This construction is due to
Kashiwara-Saito [KS].

Our method is an application of more general technique which has been used successfully
in the representation theory during the last several decades (see [CG, G]). It is the construc-
tion of algebras by the convolution product, defined on homology groups (or their variants)
of manifolds. For example, Weyl groups and affine Hecke algebras were constructed by con-
volutions on homology groups and equivariant K-homology groups of flag varieties (Springer,
Borho-MacPherson, Lusztig, Ginzburg, Kazhdan-Lusztig, etc). Also upper triangular parts of
quantum enveloping algebras and their canonical bases were constructed by convolutions using
perverse sheaves on moduli spaces of representations of quivers (Lusztig).

We also discuss a geometric explanation of McKay correspondence given in [N2]. The McKay
correspondence is roughly a correspondence between nontrivial irreducible representations of a
finite subgroup I" of SLy(C) and irreducible components of the exceptional set of the minimal
resolution X — C?/T". The original correspondence was constructed by identifying both with
vertices of the Dynkin diagram corresponding to I'. In [N2] we described irreducible compo-
nents in terms of representation theory of I', where the minimal resolution was identified with
a special quiver variety. Here we use the language of Hilbert schemes also. The explanation
turns out to be same as one found afterward independently by Ito-Nakamura [IN].
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1. CONVOLUTION PRODUCT

The first two sections are general theory of convolution products.

1.1. General definition. Let X, Y be finite sets. Let F(X), F(Y) the vector space of C-
valued functions on X, Y. If a C-valued fuction K(x,y) on X X Y is given, we can define an
operator F(Y) — F(X) by

F(Y) 3 fy) — (K * f)(z) S K(w,y)f(y) € F(X).

yey

This is called the convolution product of K and f.
Suppose X, Y, Z are finite sets. For given functions K(z,y) on X x Y and K'(y, z) on
Y x Z, we consider the composition of operators given by the convolution products:

K (K + f)(a) = 3 K(x.y) <Z K'(y, z>f<z>> .

yey z€Z

This is equal to

Z (Z K(x,y)K'(y, z)) f(2).

z€Z \yeYy

Hence if we define (K * K')(x, 2) o > ey K(2,y)K'(y, 2), then the composite of operators is

given again by the convolution product.
If we take X =Y, then the vector space of C-valued functions on X x X, which we denote
by F(X x X) is an algebra by the above convolution product K x K'. It is clearly associative:

(K« K')« K"=Kx (K« K").
And the unit is given by the characteristic function of the diagonal Ax:
1 ifx =y,
0 ifz#y.

The algebra F(X x X) has a natural representation. Namely F(X) under the convolution
product !

KxAxy=AxxK =K, WhereAX(x,x):{

Example 1.1 (Trivial). Suppose #X = n. Then F(X x X) is the matrix algebra of n x n
matrices. F(X) is the vector representation.

This example means that we need to consider a subalgebra of F(X x X) in order to get an
interersting algebra.

1.2. Iwahori-Hecke algebra (due to Iwahori). The Iwahori-Hecke algebra H, is a g¢-
analogue of the group ring of the Weyl group W associated with a complex simple Lie algebra
g. Here ¢ is an indeterminate (parameter). We consider the simplest case g = sly. In this
case, the Weyl group W is Z/27Z. The Iwahori-Hecke algebra H,, is the C[q, ¢']-algebra with
generator T" and the defining relation

(T —q)(T+1) =0.

Note that the relation reduces to T? = 1 if ¢ = 1.

Let k = IF, be the finite field of ¢ elements. We consider the projective line P*(k) of k, the
space of 1-dimensional subspaces of k*. We consider a natural action of SLy(k) on P!(k), and
the diagonal action on the product P'(k) x P'(k). Let F(P'(k) x P'(k))%"2(*) be the vector
space of C-valued functions on P! (k) x P*(k) which is invariant under the SLy(k)-action.

By the following elementary result, F(P'(k) x P'(k))5"2%) is an associative algebra (with
unit) by the convolution.
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Lemma 1.2. Suppose a group G acts on X. Let F(X x X)% be the vector space of functions
on X x X invariant under the diagonal action of G. Then it is a subalgebra of F(X x X) with
respect to multiplication given by the convolution.

The vector space F(X x X)“ has a base given by characteristic functions of G-orbits in
X x X. In our case X = P!(k), G = SLy(k), it is easy to see that the diagonal action has two
orbits: the diagonal A and the complement of the diagonal U < PY(k) x PY(k) \ A. Let us
denote the characteristic functions by the same notation: A and U. In order to identify the
algebra F(P!(k) x P1(k))St2(®) it is enough to compute the convolution products A A, AU,
U=xA, U=xU. But the first three are trivial. A is unit, so A* A=A AxU=U,UxA="U.

Let us compute the last one:

UsU)z,2)= Y Ulx,y)Uly,2) = #{y € P'(k) | y # 2,y # 2}

y€eP! (k)
N q if x =y,

where we have used #P'(k) = ¢+ 1. Thus we finally get
UxU = (q—1)U+qA,
Or, equivalently
(U —qA)*(U+A)=0.

After the substitution U — T'; A — 1, this is the defining relation of the Iwahori-Hecke algebra
for 5[2.

This example can be generalized to the case of arbitary Iwahori-Hecke algebra associated
with a complex simple Lie algebra g, by considering the flag variety G/B instead of P!(k).

1.3. The quantum universal enveloping algebra U, (sl;) (due to Beilinson-Lusztig-
MacPherson). Consider the Lie algebra sly(C). It is the complex Lie algebra generated

by
0 1 00 1 0
Sl | S P R

with the defining relation

[h,e]zQe, [haf]Zva [67f]:h'

The universal enveloping algebra U(sly) is the associative algebra with generators e, f, h and
the same defining relation, where [z, y] is understood as zy — yz. Geometrically sly(C) is the
space of left invariant vector fields on the Lie group SLy(C), and U(sls) is the ring of invariant
differential operators on SLo(C). (A vector field is a 1st order differential operator.)

Let us define a g-analogue of U(sly), called the quantum enveloping algebra of Drinfeld-
Jimbo, attached to sly. Let v be an indeterminate. (We will use the finite field F, again, and
the parameter v will be given by ,/g.)

Let us introduce v-intergers:

vt — "

b=
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Let U,(sly) be the associative C(v)-algebra with generators e, f, k* and the defining rela-
tions

k' =k 'k =1,
(1.3) kek™ = v2e, kfk™' =v72f,
-1
ef — fe= k= k -
v—v"

Heuristically we can think & = v". If we make v — 1, then we recover the defining relations of
5[2.

The representation theory (finite dimensional representations) of U,(sly) is known to be
the same as that of sly(C). In particular, we have the unique irreducible representation of
dimension N + 1 for each N € Zx. It is realized on the space of polynomials in x with degree
< N as

Ea? def. pN—2d,d ol def. [N —d+ 1]1} 4t ifd > 0,
’ 0 ifd=0,’

fapt 2t [d+ 1], 24 ifd < N,
0 ifd=N.

(The defining relation (1.3) follows from the identity [N — d|,[d + 1], — [d],[N —d + 1], =
[N - 2d]v)

We give a geometric realization of U, (sly), which is nothing to do with the ring of differential
operators on SLy(C). In fact, the Lie group SLy(C) is absent in the following construction.

Let k = F, be the finite field of ¢ elements. Set v = |/g. Fix a positive integer N. Let G
be the Grassmann variety of all subspaces of k™V. It is a disjoint union of G5 with 0 < d < N,
where G, is the Grassmann variety of d-dimensional subspace of £~. We consider the action
of GLy (k) on G and the diagonal action on G x G. Then the vector space F(G x G)Gn () of
C-valued GLy (k)-invariant functions on G x G is an associative algebra by the convolution.

It has a base given by the characteristic functions of orbits.

Lemma 1.4. The GL,(k)-orbits in G X G are parametrized by 2 X 2-matrices

ail  ai12
21 (22
with entries a;; € Z>o satisfying a1 + a1z + a1 + aza = N. The corresponding orbit is the set
of pairs (V, V') of subspaces of kN with
dlm(V N V/) = a1, dlm(V/V N V/) = ay19,
dim(V'/V V') =ag, dim(E™/V + V') = ag.

Let Ay denote the diagonal in G; X G4. The corresponding matrix is [d . Let ¢4 be

0
0 N—d
the orbit

{(V, V)|V cV dmV =d-1,dimV’' = d}.

d—1 0

1 N- d] . Exchanging the role of V" and V', we also define

The corresponding matrix is [

Ja:

_ ! ! . . . ! d 0
fa={(V, V)|V OV dmV =d+1,dmV’'=d} «— L N—d—l}'
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Let us denote the characteristic functions by the same symbol as orbits. Let € et Z do €d>

def Z d—o fa- We compute the convolution products of these functions. The followings are

0bv1ous

Ad*Ad’ :6dd’Ad7 Ad*g: € % Ad+1, Ad*f: fv* Adfl.

Let us compute the commutator [e, f| = € * f— f* e. We have
Ex HV,V)=#{V" kN |V Cc V"2V, dim V" =dimV + 1 = dim V' + 1},
(F)(V, V) =#{V" kN | Vo V" cV dimV"” =dimV — 1 =dim V' — 1}.
In particular, the both are 0 unless dim V' = dim V" and dim VNV’ = dim V' —1 (or equivalently
dimV +V’'=dimV +1). Moreover, if V' # V'  then we must have V" =V +V/ V" =V nNV".
This means that the both functions take values 1 on this pair (V,V’). The only remaining case
is V =V'. We have
Ex HV,V)=#{V" C kN |V c V" dim V" =dimV + 1} = #P(kN/V),
(F*)(V, V) =#{V" CEN |V O V" dim V" = dimV — 1} = #P(V*),
where P( ) is the projective space of 1-dimensional subspace of a given vector space. We have

#P(kN/V) -1 +q+q2 4. _i_qN—dimV—l’ #]P)(V*) -1 +q+q2 4. _‘_qdimV—l.

Thus we have

,UlfN(ev* f)(V, V) — vlfN(}-v «e)(V,V) = o=V (UQdimV 4p2dimVE2 U2N72dimV72)

:,U2d1mV—N+l_|_v2d1mV—N—l+ +’UN 2dim V-1 [N 2d1mV]

We define

df def. _
S ey Y

d

and also define
k=Y oA,
d

Then the above computation means that e, f, k satisfy the defining relation (1.3) with param-
eter v = ,/q. Thus we have an algebra homomorphism

b Uv:ﬁ(s[Q) — F(G x g)GLN(k)

This cannot be an isomorphism since dim F(G x G)“*¥®) < oo, while dim U,_ /;(sl) = oc.
However one can show that

Proposition 1.5. The homomorphism ® is surjective. So F(G x G)S*N*) s a quotient of
U,- s(sl) divided by a two-sided ideal 1.
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Consider the constant function ¢4 on G4. Then we have

k % Cq = ’UN_QdCd,
(exca)(V) =v"N#{V' |V C V' dimV + 1 = dim V' = d}
_Jo if dimV #d — 1,
| vENHP(EN V) otherwise,

- [N —d+ 1]@ Cd_1<V)
(f*ca)(V) =v V' |V O V' dimV — 1 =dim V' = d}

o if dim V # d + 1,
v H#P(VF)  otherwise,

= [d+ 1]y cap1(V).

These equations mean that the representation F(G)S¥(®) of F(G x G)Ev(*) is isomorphic to
the (N + 1)-dimensional irreducible representation of U, (sly) via the homomorphism ®.

This example can be generalized to the quantized universal enveloping algebra U, (sl,,) by
considering the n-step partial flag varieties

{0o=VocWvyc---cV,=kV}

instead of the Grassmann variety. Here the dimensions of V; is not fixed as above. So the
above variety is a disjoint union of varieties of various dimensions.

However, a generalization of this example to U,(g) for arbitary g is still open, even for g of
classical type.
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2. CONVOLUTION ON BOREL-MOORE HOMOLOGY

2.1. Convolution on cohomology. We can replace finite sets by the Euclidean space R™,
the summation over the finite set by the integration in the definition of the convolution product.
Namely, if X = R™, Y = R" with coordinates (x1,...,%m), (y1,...,¥yn), then a given function
K(x1,...,Tm,Y1,---,Yn) on X X Y defines an operator from the space of functions on Y to
the space of functions X by the formula

(K * f)(a1,...,0m) 2

& K(xlw"a:cmayla'"7yn)f(y17"'7yn) dyl dyn
The Fourier transform is an example of an operator given by the convolution. Strictly speaking,
we must impose some restrictions on functions to have convergence of the integration.

We can further replace R, R™ by oriented C'*°-manifolds and functions by differential forms
on the manifolds. Let M and N be oriented C*°-manifolds. Let A*(M), A*(NN) be the vector
space of all (complex valued) differential form on M and N. If a differential form K on M x N
is given, we want to define an operator A*(N) — A*(M) by

(2.1) A*(N)Bar—>K*ade:f'/ K ANae A (M),
N

More precisely, K A « is the exterior product of K and the pullback of o to M x N, and [ N
is the integration of K A « over each {x} x N. If M and N are compact, the integration is
well-defined. We assume this condition for a moment. However it will be too restrictive for
our later purpose.

The composite of this convolution is again a convolution of this type: If K (resp. K') is a
differential form on M x N (resp. N x O) with the above condition, then we have

K*(K’*a):/o</NK/\K’)/\a.

The space A*(M) of differential forms is too big. We work on the de Rham cohomology
group H*(M), which is by definition, the space of closed forms modulo the space of exact
forms:

Hk(M) d;f, {OzEAk(M) ’dOé:O} .
{dB € AX(M) | p € AFH(M)}
(We always consider the cohomology group with complex coefficients. So we do not write
H*(M, C). Moreover, all results which we will use on cohomology can be found in a standard
textbook, e.g., [3].)
If K is a closed p-form on M x N, then we have

dM</K/\Oé>:/dMXNK/\Oé /K/\dNOé
N N

where we put the suffix to the exterior differential operator in order to emphasize the manifold
where the relevant differential form is defined. In particular, the convolution product maps
closed (resp. exact) forms to closed (resp. exact) forms. Therefore, we have a well-defined
operator

(2.2) Kx-: H(N) — H*(M).
Let us consider the degree more precisely. If « is a k-form, then K A « is (k + p)-form, so
Jy K ANais (k4 p— dim N)-form.

Moreover, if K is written as K = dj;«nF', then the operator on the de Rham cohomology
group is 0 as

/K/\O[:/(dMXNF)/\Oz:/dMXN<F/\OZ):0,
N N

N
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where we have used the Stokes theorem in the last equality. This means that the operator
(2.2) depends only on the class in

[K] € H*(M x N).

Take M = N. Then the cohomology group H*(M x M) has a structure of an associative
algebra by the convolution.
Example 2.3. Suppose that M is a compact oriented C*°-manifold as above. By the Kiinneth
isomorphism H*(M x M) = H*(M)® H*(M), together with the Poincaré duality (H*(M))" =
HImM=F(N) the algebra H*(M x M) is isomorphic to the matrix algebra End(H*(M)).
2.2. Borel-Moore homology. As illustrated by above example, the condition that M is
compact is restrictive, and we do not get an interesting algebra by the convolution product on

cohomology groups.
If we carefully see the definition (2.1), we find that it is enough to impose the following:

the restriction of the projection M x N — M to the support of K is proper.

Recall that a continuous map between topological spaces is proper, if the inverse image of a
compact set is again compact. Then the above integration is convergent. Thus the operator
is well-defined.

In our later examples, we have the following situation: Let Z be a fixed closed subset
Z C M x N such that

the restriction of the projection M x N — M to Z is proper.
Then we consider a variant of the de Rham cohomology group
{K | dyxnK = 0,the support of K is contained in a small neighbourhood of Z}

{dpxnF' | the support of F is contained in a small neighbourhood of Z}

Then the operator H*(N) — H*(M) is well-defined. Namely the integration is convergent,
and the result is independent of the choice of the representative in the above coset.

The above definition is a little bit naive. A rigorous defintion is given by the relative
cohomology group

H*(M x N,M x N\ 2),

which is, by definition, the cohomology groups of the following complex:

d 0

=AM M x N) @ A¥ Y (M x N\ Z) MA’““(M x NY A*(M x N\ Z) —---,
where j: M x N\ Z — M x N is the inclusion. For most of our purpose, the above naive
definition is sufficient.

For the study of the convolution product, it is more natural to consider the above cohomology
group than the usual cohomology group. The above is (a variant of) the so-called Borel-Moore
homology group. We give the definition and list its properties.

When X is a topological space which can be embedded as a closed subset in an oriented
C*-manifold M, we define

Hy(X) % gamM—k0r A\ X).

The relative cohomology group is defined as above. (NB: We will never use the ordinary
homology group. So there is no confusion in the notation.)

We must check that the right hand side is independent of the choice of M. Let us study it
in an example.

0 if k#n,

H(R) = HH(R) = {C if k = n.
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In particular, our Borel-Moore homology is different from the usual homology. Consider the
embedding R" in R"*! as a linear subspace. So we might define as

Hk(Rn) — Hn-l—l—k(R?H-l’ Rn—‘rl \Rn)

Let us check that this gives us the same answer. By the Kiinneth theorem, the above is equal
to

B ER)eH(RR\{0}).
p+q=n+1-k
So the assertion follows from

Lemma 2.4.

0 ifq#1,

HIR.R\ {0}) = {C A

Since the proof is so simple. We give it.

Proof. Obviously the cohomology group vanishes unless ¢ = 0, 1. Consider the case ¢ = 0
first. Let j: R\ {0} — R be the inclusion. By the above definition of the relative cohomology
group, a class is represented by a closed form a such that j*a = 0. A closed 0-form on R is
nothing but a constant function. And j*a = 0 means that the constant must be 0.

Next consider the case ¢ = 1. A 1-form « on R is written as

a = f(zr)dz.

By the definition of the relative cohomology group, H'(R,R \ {0}) is represented by a pair
(f(x)dx,g(x)) of 1-form on R and a function on R\ {0} such that dg = j*f(x)dz, i.e., ¢'(x) =
f(z) for x € R\{0}. If there exists a function F'(x) on R such that F'(x) = f(z), j*F(x) = g(z),
then the class (f(z)dz, g(x)) is zero. We define a map

H(R,R\ {0}) 3 (f(2)de, g(x)) — / " f(@)dz — (ge) — g(~2)) € C,

where ¢ is a positive real number. It is independent of the choice of the representative of the
class. Namely, if F'(x) = f(x), 7*F(x) = g(z) for some F(z), then the above is 0. Moreover,
since ¢'(z) = f(x) outside {0}, the above is independent of e.

Obviously the map is linear and surjective. Let us show that is is injective. Define

F(z) = /Z f®)dt + g(—e).

It defines a function on R and satisfies df = f(z)dx. It satisfies F(—¢) = g(—¢). If
(f(z)dz,g(x)) is contained in the kernel of the above homomorphism, then it means that
F(e) = g(e). Then (f(x)dx,g(x)) = dF, so it is 0 as a cohomology class. O

Note that we can take a representative (f(x)dx,g(z)) so that its support is contained in a
given arbitrary small neighbourhood of 0. In this sense, we recover the naive definition.
Our canonical isomorphism

ank(Rn> N Hn+17k(Rn+17Rn+1 \ {0}>
is given by
[a] — [a A f(2p1)dzngr, a A g(@ng)] = (o] A[f(Tni1)dTni, 9(Tng1)],
where (f(x)dx,g) is a class such that

/ f(@)dr — (9(e) — g(—e)) = 1.

This [f(zpe1)dTni1, 9(Tne1)] is an example of the Thom class.
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Theorem 2.5. If E is an oriented C'™° vector bundle over a C*°-manifold M of rank r, then
there ezists a unique class ® € H"(E,E\ M) such that

[ o=

for each fiber E, of E. Here M is embedded in E as the 0-section.

This class is called the Thom class of E. And as above, the support of ® is contained in
arbitrary small neighbourhood of M.

If S is an oriented closed submanifold of M, then its tubular neighbourhood is diffeomor-
phic to the normal bundle Ng/,;. We can consider the Thom class of Ng/s as a class of
HeedmS(A M\ S). If X is a closed subset of S, then the homomorphism

HIMS=k(S S\ X) s a—saAdec HImM=F(Ar M\ X)

is an isomorphism. This means that two definitions of the Borel-Moore homology group Hy(X),
one using S and the other using M, are canonically isomorphic. Based on this result, one can
prove

Proposition 2.6. The Borel-Moore homology group Hy(X) = H¥M=k(M M\ X) is inde-
pendent of the choice of the umbient manifold M.

We list up properties of the Borel-Moore homology, which we will use later.
(Fundamental class of manifolds) Suppose M is a connected oriented C*° manifold.
Then

Hy(M) = HIM=k(pr),

If kK = dim M, then a constant function on M with value 1 is a generator of H°(M). We call
the corresponding element in Hgiy, a7 (M) the fundamental class of M, and denote it by [M].
Note that it is always nonzero. If M is not necessarily connected, its fundamental class is
defined as a sum of the fundamental classes of connected components.

If S is an oriented submanifold of M, then the fundamental class [S] is identified with the
Thom class of the normal bundle under the two realization of the Borel-Moore homology:

HY(S) 21 «— ®c HOM™S(M M\ S)
| ) ) |
Haims(S) > [S] == [5] € Haims(S5)

(Pull-back with support) Suppose that M and N are oriented C*° manifolds with
dimM = m, dimN = n, and f: M — N is a smooth map. If X € M, Y C N are
closed subsets with f~'(Y) C X, then we have a homomorphism

[ Hy(Y) = Hy o (X)

as a composite
H™M(N,N\Y) L5 H (M, M\ f71(Y)) — B0 (M, M\ X).
This map depends on manifolds M, N, f. A continuous map f: X — Y does not necessarily
induce a homomorphism f*: Hp(Y) — Hi_piym(X).
In particular, we consider the following situation:

e X is an open subset of Y,
e Y is a closed subset of an oriented C'°°-manifold N.

Then we take M = N \ (Y \ X), which is an open submanifold of N containing X as a closed
subset. Then we have a homomorphism

Hy(Y) — Hp(X).
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(Pushforward) (See also Remark 2.11 below) Suppose f: X — Y is a proper continuous
map. Then we have a homomorphism

This is defined as follows. Suppose that X (resp. Y) is embedded in (0,1)™ (resp. R") as a
closed subset. Then the composition

XLy % (0,1)" =Y x [0,1]" — R* x R™
is a closed embedding. The properness of f is used to show that the image is closed. Thus
Hp(X) = H™™ R™ x R™, R" x R™\ X).
We have a map
H™ R x R™ R" x R™\ X) — H™" FR" x R™ R" x R™\ Y x [0,1]™),
ie.,
Hp(X) — Hp(Y x [0,1]™).
By the Kiinneth theorem, we have Hy(Y x [0,1]™) = D, Hp(Y) @ Hy([0,1]™). But it is
easy to see
e fo 1178

The isomorphism for ¢ = 0 is given by

Ho([0, 1]™) = H™(R™ R™\ [0, 1]™) 5 [a, 5] — / aeC,

R’VTL
where we suppose «, [ have support contained in a neighourhood of [0, 1]™ as before.
Thus we have a homomorphism

FEzercise 2.7. Show that f, is independent of various choices. Show that (g o f). = g. o f..

If X is compact, then the projection P: X — point is proper. Thus we have a map
P.: Hy(X) — Ho(point). But Hy(point) is isomorphic to C, where the constant function on
point with value 1 corresponds to 1 in C. This map is identified with

Hy(X) = H# V(M M\ X) 3 [, 6) - [ aec
M
where we take the representative [, 5] so that its support is contained in a small neighbourhood
of X.
FEzxercise 2.8. Check the above assertion from the definition.

(Long exact sequence) Let U be an open set of X, and Y = X \ U be the complement.
Let i: Y — X, j7: U — X be inclusions. We have a long exact sequence

oo Hy(Y) 25 Hy(X) D HyU) S Hy (V) > -

where 6* is the boundary homomorphism.
(Intersection with support) Suppose X, Y are closed subsets of an oriented C* manifold
M with dim M = m. Then we can define a cap product (in M)

N: Hy(X) @ H(Y) — Hpy—m (X NY)
from a cup product in the relative cohomology:
U: H"(M, M\ X) ® H(M,M\Y) — H*"\(M, M\ (X NY)).
Note that this depends on the umbient space M.
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FExercise 2.9. Suppose that X and Y are oriented submanifolds of M. Assume that they
intersect transversally. Namely, T,.X +T,Y = T, M for all x € X NY. Then X NY is an
oriented manifold with dimension dim X + dimY — dim M, where the orientation is induced
from that of X and Y. We have the following formula:

XIN[Y]=[XNY]
in Hgim X +dimy—dimm (X NY).

(Self-intersection and Euler class) We suppose X, Y are oriented submanifolds of M.
We want to compute the intersection product [X] N [Y] without assuming the intersection
is transverse. The most extreme case is when X = Y. In this case [X] N [X] is called
self-intersection. Let ® € HMmX ()M M \ X) be the Thom class of the normal bundle.
Let 9: H*(M,M \ X) — H*(M) be the natural homomorphism, and let : X — M be the
inclusion. Then it is easy to check that [X]N[X] is identified with :*¢® under the isomorphism
HedmX (XY = Hyin X codim x (X). In general, the pullback of the Thom class of an oriented
vector bundle F is called the Euler class of E. Thus i*9® is the Euler class of the normal
bundle.

If 7/ is a small pertubation of i: X — M, then ¢ and 7’ is homotopic, so the class i*0P is
equal to "*9®. Using the above argument backwords, we find

9P = 4, ([ XN [X]),

where j: /X N X — X is the inclusion. We can choose i’ so that i'X and X is transversal.
Then the right hand side is j.([’X N X]). Combining all these discussions, we get

X]N[X] = [/ X N X].

(Fundamental class of subvarieties) Let M be a complex manifold, and X C M be a
closed subvariety (not necessarily irreducible) with dim¢ X = n.

Proposition 2.10. We have Hi(X) =0 for k > 2n and H2,(X) has a base corresponding to
wrreducible components of X of dimension n.

Proof. If X is nonsingular, this is obvious from Hy(X) = H?*"*(X). We prove the assertion
for general case by induction on dim¢ X. The case dime X = 0 is obvious. We have a closed
subvariety Z C X with dim Z < n such that and X \ Z is nonsingular, of pure dimension n.
We consider the long exact sequence

C— Hy(Z) 25 Hy(X) 5 Hy(X\ Z) 25 Hea(Z) — -

By the induction hypothesis, Hy(Z) = 0 if & > 2(n — 1). And we have Hy(X \ Z) = 0 if
k > 2n, and Hy,(X \ Z) has a base given by fundamental classes of its connected components.
Since the connected components of X \ Z are the irreducible components of X with dimension
n, we get the assertion. O

If X is irreducible, we denote by [X] the class in Hs,(X) given by the above lemma, and
call it the fundamental class. If X is not irreducible, its fundamental class is the sum of
fundamental classes of irreducible components of dimension n.

Remark 2.11. It is known that our Borel-Moore homology group Hy(X) is isomorphic to ho-
mology group of infinite singular chains with locally finite support. More precisely, a formal
infinite singular chains ), a;0;, where o; is a simplex, a; € C, is called locally finite, if for any
compact subset D C X there are only finitely many nonzero a; such that DNSupp o; # (). One
can define the boudary operator exactly as in the usual finite singular chains. It preserves the
locally finiteness condition, so one can define the associated homology group. It is canonically
isomorphic to our H(X).
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Moreover, it is clear that a proper continuous map f: X — Y induces a homomorphism
fo: Hi(X) — Hi(Y) exactly as in the case of usual homology groups, since the locally finiteness
condition is preserved under the proper map f.

2.3. Lagrangian construction of the Weyl group (due to Ginzburg). Let My, My, Mj
be oriented C'*° manifolds with dim M; = m;. Let Zi5 C My X My, Zs3 C My x Mz be closed
subsets satisfying

the restrictions of the projections M; x My — My, My x My — My to Zia, Zaz are
proper.

Let p1o: My x My x M3 — My x My, etc, be the projection. Then we can define the convolution
product by

Hk(Zlg) ® Hl(Z23) 5> K® K’
— D13« (P12 K ﬂp;:),Kl) € Hiti—my (P13(Z12 X M3 N My X Za3)).

More precisely, we take the cup product of piy K € Hy iy (Z12 X M3) and pis K" € Hyyp, (My X
Za3) in My x My x Mj. Then the restriction of pi3 to Zyo x Mz N My X Zs3 is proper by the
above condition. Thus the pushforward is well-defined. Note that pi3(Z12 x Mz N My X Zs3)
is a closed subset of M; x M;.

Let M = T*P'(C), the cotangent bundle of the complex projective line. It is the set of pairs

T"P(C) = {(V.€) € P'(C) x End(C?) | {(V) = 0,£(C*) C V}.
Note that € is nilpotent by the condition. We define the Steinberg variety
7€ {(V1,Ve,6) € P(C) x P}(C) x End(C?) | (V1,€). (V2. €) € T'P'(C)}.

It is a closed subvariety in T*P'(C) x T*P}(C). If £ # 0, then V; = V5 = Ker{. Thus it
is contained in the diagonal of T*P!(C) x T*P!(C). Thus Z is a union of two 2-dimensional
complex submanifolds

AT*]P’l(C) U (PI(C) X Pl (C)) 9
where P!(C) is contained in T*P!(C) as £ = 0 (0-section). Thus
H4(Z> = C[AT*]}"l(C)] D (C[]Pﬂ((C) X ]P1<(C)]

By the definition, the map Z — T*P!(C) is proper. Hence we have the convolution product
on Hy(Z):

Hy(Z) x Hi(Z) 3 (K, K') ¥ pus.(pio K N psK') € Ha(Z),
where we should notice p13(Z x M NM x Z) = Z.

Theorem 2.12. H,(Z) is isomorphic to the group ring C[Z/27)] of the Weyl group Z/27 of
5[2.

Proof. Let us compute the convolution product
[Areprc)] * [Apeprc)],  [Arprg)] * [P'(C) x P'(C)],
[P'(C) x P(C)] * [Ar-pi(c)],  [P(C) x P'(C)] * [P'(C) x P'(C)].
The first threes are easy. The intersections are transversal, and we easily get

[Appr ()] * [Apepr ()] = [Arpr ()],
[Aqeprc)] * [PY(C) x P'(C)] = [P'(C) x P'(C)] * [Apepr ()] = [P'(C) x P*(C)].

Namely [Ag«p1(c)] is the unit. This holds in general.
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Let us consider the last one. We have
[P(C) x P'(C)] * [P'(C) x PY(C)] = pua. ([P'(C)] x ([P'(C)] N [P'(C)]) x [P'(C)])
= P, ([P1(C)] n[P'(C)]) [P*(C) x P*(C)],
where [P!(C)] N [P'(C)] is the intersection product in My = T*(P*(C)), and P: P! — point is

the projection to the single point. So P, ([P'(C)] N [P!(C)]) is an element in Hy(point). But it
is considered as a real number by the isomorphism Hy(point) = C.

Ezercise 2.13. Compute the self-intersection [P*(C)] in T*P'(C):
[P'(C)] N [P*(C)] = —2[point],

where point is the fundamental class of a point in [P!(C)]. (It is independent of the choice of
points.)

By this exercise, T <’ [PY(C) x PY(C)] + [Apspr(c)] satisfies T? = [Apepr(c)]. Thus we get
the assertion. n

Remark 2.14. The result of this section and that in §1.2 is deeply connected. The result of §1.2
can be reformulated by using SLo-invariant mixed perverse sheaves on P!. Functions appeared
in §1.2 are traces of the Frobenius homomorphism on stalks of perverse sheaves on rational
points. Forgetting the mixed structure, one can formulate the result on equivariant D-modules
on the complex manifold P!(C) (the Riemann-Hilbert correspondence). It gives the group ring
ZIW], the specialization of the Hecke algebra H, at ¢ = 1. There is a natural passage from
D-modules to cycles in cotangent bundles, i.e., characteristic cycles.

FEzercise 2.15 (See [16]). By considering the cotangent bundle of the Grassmann variety, con-
struct Ul(sly).
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3. HILBERT SCHEMES OF POINTS

3.1. Definition. In this subsection, we define the Hilbert scheme of points on the complex
plane, and study its geometric properties. We do not use a general construction due to Gro-
thendieck, and give an elementary treatment which works only our special case.

First we do not restrct ourselves to the case when dimension is 2. Let X be the N-dimensional
complex affine space CV. We define the Hilbert scheme of points by

Xl 4 {I'| I is an ideal of C[xy,...,zy]| with dim¢ Clzy, ..., zx]/] = n}.
So far, we consider X just a set. It can be considered also as
XM = {A, | Ay is a quotient ring of C[zy,...,zx] with dime Ay = n}.
The correspondence is given by
0—1—Clzy,...,on] = Az — 0.

(The notation Az is borrowed from algebraic geometry. Z is a 0-dimensional subscheme of
CN, and Ay is the coordinate ring of Z.)
The Hilbert scheme X is related to the symmetric product S™X in the following way. If

we have distinct n points py, ..., p, in X, then it defines both a point in S™X and a point in
XM, In fact, if we set

7 {f € Clzy,...,zn] | f vanishes at p1, ..., po},
it is an ideal with dim¢ C[zy,...,2n]|/I = n. (The correspondence subscheme is of course,

Z = {p17 s 7pn}
However, the difference occurs if some points collide. Consider the case n = 2. In this case,

there are two types of ideals in X2, The first type is an ideal given by two distinct points p,
q- The other type is an ideal given by

(3.1) T={f|f(p)=0, df,(v) = 0}

for some point p € X and nonzero tangent vector v € T,X. This ideal is a limit of ideals
of the first type when ¢ approaches to p. And the information of the direction in which ¢
approaches to p is remembered in /. In the symmetric product, the limit is simply 2p, and
this information is lost. When the number of points is greater than 2, much more complicated
ideals will occur.

Ezercise 3.2. Show that the Hilbert scheme X[ coincides with the symmetric product S™X
when the dimension of the base space is 1.

We give a matriz description of X, Let V & Clzy,...,xn|/1I, considered as a vector

space. We define linear operators B; on V by
B;(f mod I) © 2 f mod I.

We define a vector v € V as v "2 1 mod I. Then it is clear that they satisfy the following
properties
(3.3.1) [B;, Bj] =0,
(3.3.2) v is a cyclic vector, i.e., if a subspace S C V contains v and is invariant under B;’s, then
it must be the whole space V.

Conversely, if a vector space V' and such (By, ..., By,v) is given, we can define an ideal [
as a kernel of a surjective homomorphism

Clx1,...,zn] D f(x1,...,xn) — f(B1,...,Bx)v € V.
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Here f(By,...,By) makes sense since [B;, Bj| = 0. Moreover, the surjectivity follows from
the cyclicity of v. Thus I is a point in X ™. This I is not changed under the action of GL(V)
given by
(Bla s 7BN’ U) — (gBlg—17 s ,gBNg_l,gU).
Moreover, it is easy to check that these maps are mutually inverse. We have a set-theoretical
bijection
XM {(By,...,By,v)|(3.3.1),(3.3.2)} /GL(V).

When a GL(V)-orbit through (B, ..., By,v) is considered as a point in X we denote it by
[(Bl, ce 7BN7 U)]

For example, consider the case n = 2. Since [B;, B;] = 0, we can make B;’s simultaneously
into upper triangular matrices as

rr m Ty G2
B, = , B, = ,
1 [ 0 yl} i [ 0 yz}
If (x1,29,...,2n) # (Y1,Y2, - - ., Yn), then we can simultaneously diagonalize all B;’s. This case
corresponds to the ideal given by distinct two points. Suppose (1, z2, ..., 2n5) = (Y1,Y2,- - -, YN)-
Then the cyclicity implies that (ai,as,...,ay) # (0,0,...,0). Now it is not difficult to see

that this case corresponds to an ideal of type (3.1) with v = (a1, as,...,ay).
From now on we assume N = 2.

Theorem 3.4. X" is a nonsingular complex manifold of dimension 2n.

The following proof will be not used later. So an uninterested reader can safely skip it.

Proof. Let X" < {(By, By, v)|(3.3.1),(3.3.2)}, i.e., XM = X[/ GL(V).

Step 1. We first show that X" is a nonsingular complex manifold of dimension 2n + n?.
Let

p: End(V) x End(V) x V' — End(V)
be a map defined by
1(B1, B2, v) = [By, Byl

Then X[ is an open subset of ;~(0). The differential of u at (By, B, v) is given by
d,LL((SBl, 532, (S'U) = [Bl, 532] + [(SBl, Bz]

It is enough to show that the cokernel of du is dimension n for any (B, Bs,v) € XM, We
identify the dual space of End(V') with itself by the inner product given by trace. Then the
cokernel of dyu is

{C € End(V) | tr (Cdu(6By,dBs, év)) = 0 for all (§By,0Bs,v)}
={C € End(V) | [B1,C] = [By,C] = 0}.

This space is isomorphic to V' under the map C' +— Cv thanks to the conditions (3.3.1), (3.3.2).
This completes the step 1. N

Step 2. Next we show that the action of GL(V) on X[ is free. Suppose that g € GL(V)
stabilizes (B, Bz, v), i.e.,

gB1g~" = By, gBsg~" = B, gv =v.

Then S < Ker(g — 1) is a subspace of V' which is invariant under B;, B, and contains v.
Hence S =V by the condition (3.3.2). Thus we have g = 1.

Step 3. We show that every GL(V)-orbit in X is closed. In fact, the closure of an orbit
is a union of orbits, but any orbit cannot be contained in the closure of another orbit since
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both have the dimension dim GL(V) by Step 2. In particular, the quotient space X" / GL(V)
is Hausdorft.
Step 4. We show that a bijection

GL(V) x X" T {(z,gz) € X" x X[ | g € GL(V)}
is a homeomorphism. Thus we want to show that the inverse of the map is continuous. Suppose
}H?o«BLi’ Bai,v:), (9:B1.:9; ", 9iBasig; 'y givi)) = (B, Ba,v), (9B1g™", gBag ™', gv)).
We need to show that g; converges to g. Set
B, =giBuig; ', By, =9iBagi ', v = givi.
We have
9iB1; = Bi,igia giBa; = Bé,igi-

We consider h; = g;/||g;||. Then ||h;]| = 1, so we may assume that h; converges to an en-
domorphism h € End(V) with ||h|| = 1 if we replace h; by a subsequence. Therefore, we
have

hBy =gBig~'h, hBy=gBayg~" h.
Suppose ||g;|| — oo. Then

hv = lim h;v; = lim v; = 0.
=00 i=oo |lgi
This means the kernel of h contains v and invariant under By, By. Thus h = 0 by (3.3.2).
This contradicts with ||h|| = 1. Therefore ||g;|| is bounded, and may assume g; converges to

g € End(V). As above, we have
gBi=gBig 'y, ¢Ba=gBag'g, g'v=gv.
By Step 2 (we do not need the invertibility of ¢’), we have g = ¢’. This completes the proof of
Step 4.
Step 5. The rest of the proof is a standard argument (see e.g., [40, Theorem 2.9.10]). So
we explain it only briefly.
Take (By, By,v) € X", Consider the deformation complex at (Bj, By, v):

End(V) “End(V) x End(V) x V -2 End(V),
where ¢ is the differential of the GL(V)-action, i.e.,
L(é) = ([57 Bl]7 [é-a BQ]? £U)

By the arugment in Step 1, we know that ¢ is injective. We can take a submanifold S of xnl
passing through z such that

(1) its tangent space TS is complementary to Im ¢,
(2) GL(V) - S is an open subset of X™ and the map GL(V) x S — GL(V) - S is an

isomorphism of complex manifolds.

We can give a structure of a complex manifold to the quotient space X[ /GL(V) = X" so
that the natural map {1} x S — GL(V)-S — X[ is an isomorphism onto an open set of
Xl O

Remark 3.5. (1) Theorem 3.4 is originally due to Fogarty [13]. Our proof here is completely
different, and somehow similar to the construction of a moduli space in the gauge theory.

(2) It is known that X[ is a hyperKihler manifold [Lecture, §3]. This result is based
on the matrix description of X", a well-known correspondence between the GIT quotient
and the symplectic quotient, plus a misterious lemma in linear algebra. An existence of
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a holomorphic symplectic form (weaker than the existence of a hyperKéahler structure) was
proved by Beauville [2] earlier.

3.2. The Hilbert-Chow morphism and the punctual Hilbert scheme. Let S"X be

the nth symmetric product of X = C2. It is an orbifold, locally isomorphic to an open set

of the Euclidean space divided by an action of a finite group. In particular, it has a natural

topology and complex structure. It is an affine algebraic variety, whose coordinate ring is

CA1, f11, -+ s Ans ) ©m. Tt is known that the ring is generated by Y, Aud for various p, g.
The symmetric product has a natural stratification indexed by partitions of n:

S"X =| |SyX,  where S}X = {Z ity € S"X
A 7

For example, if A = (1") = (1,...,1), then 57}, ) X is the open set consisting of distinct n
points. It is a nonsingular locus of S™X, i.e., S™X has singularities along the complement
S™X\ S{imyX. The other extreme is A = (n). Then Sy X is the set of points with multiplicity

n. Hence S&)X is isomorphic to X.
Let [(By, Bo,v)] € X" Since [By, By] = 0, we can make B; and B, simultaneously into

upper triangular matrices as

Aok 1.k

Bi=\|: - |, Ba=|: "

0 ... \, 0 ... py

We define a map m: X[ — §"X by
T([B1, B2, v]) = (A1, ) + - + (A, i)

From the above remark on the coordinate ring of S"X, it is clear that this is a morphism
between complex analytic varieties. It is called the Hilbert-Chow morphism. If [(By, Ba,v)]
corresponds to an ideal given by distinct n points, then it is easy to see that the corresponding
matrices By, By are simultaneously diagonalizable, and the eigenvalues are the given points.
This shows that 7 is an isomorphism on an open set consisting of ideals given by distinct
points, i.e., ﬂ_l(San)X).

The other extreme is the inverse image of a point in S?n)X . We define

XS A o), XIS (S, X)

where 0 is the origin of X = C%. The formar X(E"] is called the punctual Hilbert scheme. These
are closed subvaricties of X" and we have X" = X([)"] x X. Ifn=1, X([)l] ={0}. If n = 2,

X([)z] =~ P! by the description explained in §3.1. The inverse image of the other points can be
casily described. If C' € STX, then

(3.6) a0y = X xPl s

where A = (A1, Ag, -+ ) is a partition of n.
It is known that

Theorem 3.7. Ifn # 0, X(E”] is an (n — 1)-dimensional irreducible subvariety. (If n =0, we
understand X\ = {point}.)
This result is due to Briangon [4] (see also larrobino [19]).

Theorem 3.8. m: X[ — S"X is a resolution of singularities. Namely, T is a proper surjec-
tive morphism such that

(1) X" is nonsingular,

(2) m is an isomorphism on W_I(San)X).
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(3) 7 1(SinyX) is a dense subset in XM,
Moreover, X" is irreducible.

Proof. We do not prove that 7 is proper yet. For example, it becomes obvious if we consider
the Hilbert scheme (P2)™ of points on projective plane. Then (P2)™ is a projective variety
since it is a subvariety of the Grassmann manifold. In particular, it is compact. We can define
the Hilbert-Chow morphism 7 : (IPZ)M — S"(P?). It is clearly proper. Then X"l = 771(S"X),
where S"X is an open subset of S"P2. Thus the properness is clear.

Another way to show the properness is to identify S”X with the quotient in the geometric
invariant theory:

S"X = p1(0)) GL(V).

Then the properness follows from a general theory in the geometric invariant theory. This
argument is necessary for quiver varieties.

Now we check other conditions. The surjectivity of 7 is clear. The remaining one is the
condition (3). We have proved that X[ has dimension 2n. Thus the condition (3) follows if
we show that dim 7 (S X \ S{inyX) < 2n. And this follows easily from the previous theorem

and (3.6). Since it is clear that S(imX is connected, it also implies that X "l is connected. [

Remark 3.9. For the proof of this theorem, the full strength of Theorem 3.7 is not necessary.
It is enough to prove the weaker statement ‘there is only one (n — 1)-dimensional irreducible

component in X(gn]’. In fact, even weaker statement dim X([)n} < n —11is enough. There is a
very simple proof of this statement based on the symplectic geometry on X ([Lecture, 1.13]).

Remark 3.10. Using Theorem 3.7, one can show that
1
dim 77 !(C) = n — # of nonzero entries in A\ = B codim Sy X", C e SyX".

Thus the map 7 is semi-small. This immediately gives us a formula of Betti numbers of X ™.
(See [Lecture, Chapter 5].)
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4. QUIVER VARIETIES (OR I-HILBERT SCHEMES)

Quiver varieties were introduced in [N1]. They arised a natural generalization of moduli
spaces of anti-self-dual connections of the so-called ALE spaces, studied in [29]. However, we
give a different geometric description in these lectures.

4.1. T-fixed point set. Let I' be a finite subgroup of SLy(C). The classification of such
subgroups has been well-known to us, since they are symmtry groups of regular polytopes via
the double covering SU(2) — SO(3). The classification table is the following:

type affine Dynkin graph group
An (n>0) ({C;_ :i)o {[5.%]]e™" =1}, the cyclic group Z/(n + 1)Z
> e i ' _
D, (n>4) ;)o+ 4;(.; the binary dihedral group of order 4(n — 1)
o
Es o000 the binary tetrahedral group
o
E; 004000 the binary octahedral group
@)
Ey 000000 the binary icosahedral group

TABLE 1. finite subgroups of SLy(C) and affine Dynkin diagrams

The link between this classification and that of simple simply-laced complex Lie algebra of
type ADE will be explained soon.

The group I' acts on the complex plane X = C?, and also on the Hilbert scheme X, We
want to consider the fixed point variety

(X" = {1 € X" | y. T =T for any y € T}.
IfI e (X[”])F, then C[z,y|/I is a I'-module.

Since X[ is smooth and T is finite, the fixed point set (X [”])F is a union of nonsingular
submanifolds (of various dimensions). The I'-module structure of Clz,y]/I is constant along

each connected component of (X [”])F. For a given isomorphism class v we set

def.

X(v) & {1 e (xM)’ ( Cle.y)/I =V}, wheren =dimV,

where V is a I-module in the isomorphism class v. A priori, this is a union of connected

components of (X [”])F. However, a stronger result is known: X (v) is connected. This follows
from a general result for quiver varieties by Crawley-Boevey [9)].

Example 4.1. This example was first given by Kronheimer [28] (in a slightly different lan-
guage), and was a starting point of later works on quiver varieties [29, N1, N3]. It was
rediscovered later by Ginzburg-Kapranov (unpublished), and then Ito-Nakamura [IN] inde-
pendently.

Consider the ideal I of functions vanishing at points in a free ['-orbit. The action of I"
on X is free outside the origin 0, therefore the orbit consists of #['-elements. The I'-module
Clx,y]/I is the regular representation of I'. Let R be the regular representation of I', and r its
the isomorphism class. Then X (r) of the fixed point set in the Hilbert scheme X" (n = #T),
which contains ideals consisting of functions vanishing on a I'-orbit. The corresponding fixed
point set (S"X)! in the symmetric product is isomorphic to X/T" in this case. Thus we have a
proper morphism 7: X (r) — X/I', which is a resolution of singularities. This is easy to check.
In fact, it is an isomorphism on ﬁ_l((S("ln)X)F) =7 1((X \{0})/T). And X(r) is connected,
so the complement is lower dimensional. (There is a very simple proof of the connectedness
for this X (r). See [Lecture, Chatper 4].)



22 HIRAKU NAKAJIMA

Since X (r) is a symplectic manifold, its canonical bundle is trivial. So X (r) is the so-called
minimal resolution of X/T'. Such a resolution is unique, and has been studied from various
points of view (much before the theory of quiver varieties is developed). In particular, it is
known that the inverse image 771(0) of the origin 0 under 7 is a union | J C; of projective lines,
whose intersection graph is a Dynkin graph of type ADE. (Delete the black vertex from the
affine Dynkin graph in the table.) In other words, the intersection matrix C; - C; is (—1) times
the Cartan matrix of type ADFE. This is a reason why the classification of finite subgroups of
SLy(C) is related to the classification of simple Lie algebras.

In fact, it is possible to study the exceptional fiber 771(0) in the language of Hilbert schemes,
or quiver varieties. See Example 6.3.

4.2. simple Lie algebras and root systems. We briefly recall the theory of simple Lie
algebras and their root systems.

Let g be a Lie algebra defined over C. It is said simple if dimg > 1 and it contains no
nontrivial ideals. Such a Lie algebra is known to be classified by its root system.

A simple Lie algbra contains a maximal abelian subalgebra, unique up to an inner automor-
phism. Such a maximal abelian subalgebra is called a Cartan subalgebra, and denoted by b.
It is known that the adjoint action of an element h € § is semisimple. Therefore we have a
direct sum decomposition

g= @ Gos where g, ={x € g|[h,z] = (o, h)x for all h € h}.
ach*

When g, # 0 and a # 0, « is called a root. The set of roots is denoted by A. It is known
that dim¢c g, = 1 for a € A. It is known that if « is a root, then —« is also a root. Since g,
g_o are 1-dimensional, the commutator [g,, g o] is at most 1-dimensional. Tt is known that
(0o, 0_o] is, in fact, 1-dimensional. It is also known that the subalgebra g, ® g_o @ [ga, 0o
is isomorphic to sl;. We can choose x4 € gas Yo € -0, ha € [ga, 8—a) so that the standard
relation for sly holds: [ha, o] = 224, [ha) Yol = —2Ya, [Ta,Ya] = ha. We normalize h, by
(a, hg) = 2.

For a root a € A, we define a linear automorphism s, of h* by s,(§) = £ — (£, ha)a. The
Weyl group W C GL(b*) of g is the group generated by s,’s (« € A). It is known that W
permutes roots.

def.

The lattice @@ C bh* generated by roots is called the root lattice. Let hr = {h € b |
a(h) € R for all @« € A}. We have hr @g C = . Connected components of hr \ U,ca{l |
a(h) = 0} are called (open) Weyl chambers. It is known that the Weyl group W acts simply

transitively on the set of Weyl chambers. Once a Weyl chamber W is chosen, we define the

set Ay of positive roots by A, o {a € A | a>0o0onW}. We say a postive root « is

indecomposable if it is not written as o = (1 + (o with (1, B2 € A,. The indecomposable
positive roots are called simple. Let TT = {ay, ..., a,} be the set of simple roots. It is known
that IT gives a base of h*, and any root 3 is written as 5 = >, m;c; with integral coefficients
m; € Z all nonnegative or all nonpositive. Therefore, A = A, U —A,. We define the Cartan
matriz of g by (¢;j)ij=1,..n With ¢;; = (a;, ha,). We define a partial ordering < on h* by setting
A < pif g — X is a sum of positive roots or u = A. There exists a unique § € A, which is
maximal with respect to <. It is called the highest root.

It is known that c¢;;c;; = 0, 1, 2, or 3 for @ # j. Define the Dynkin diagram of g as follows.
The vertices correspond to simple roots «; € II. If |¢;;| > |cji|, two vertices o, and o are
connected by |¢;;| lines, and these lines are equipped with an arrow pointing toward «; if
lcij| > 1. The Lie algebra g is said simply-laced if ¢;; = 0 or 1.

The reconstruction of g from the Cartan matrix will be explained in §5 in the context of
Kac-Moody Lie algebras.

Example 4.2. Consider g = sl,,;. We choose a standard basis of C*"™! so that g is the
Lie algebra of tracefree matrices. Let e;; be the (n + 1) x (n + 1) whose (7, j)th entry is
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1 and all other entries are 0. Then {e; (i # j),€i; — €it1,+1(¢ = 1,...n)} is a base of g.
The subalgebra of all tracefree diagonal matrices is a Cartan subalgebra. Let us denote it
by h. We define v; € b* (i = 1,...,n+ 1) by (vi,e;; — €j414+1) = 0ij — dij+1. We have
h* = @?:11 (Cvi/ (v1 + -+ 4+ vyy1 = 0). The root spaces are

b if a =0,
Ga = C€i7]’ if a =wv; — Vj with ¢ 7é 7,

0 otherwise.

So A = {Ui — Y | i 7é ]} Let Ly;—v; = €ij S Ovi—vjs Yoj—v; = €jji € [y hvi—vj =
Cii = €jj € [Foimv;s Gv;—v;)- Then To, o, Yu—v;, oy, satisfy the standard relation for sly. The
normalization condition (v; — vj, by, ;) = 2 is satisfied. The reflection s,,_,; corresponding to
a root v; — v; exchanges v; and v; € h* and fixes the other vy. Therefore the Weyl group W is
the symmetric group S, 41 on v;’s. The subspace hg consists of all real tracefree (n+1) x (n+1)
diagonal matrices. We take a Weyl chamber WV given by

W = {diag(A1, ..., Any1) € IR [N > N (i=1,...,n)}.

Then we have Ay = {v; —v; |i < j}and Il = {a; | i =1,...,n} with o o — vip1. We
have Ay ={a; + - -+ a5 | ¢ <j}. The Cartan matrix is

2 -1 O

-1 2 -1
-1 2 -1

O -1 2

The highest root is v1 — v,41 = @1 + - - - + a,,. The Dynkin diagram is the graph in Table 1.

4.3. Affine Cartan matrix. The Cartan matrix C = (¢;;) of a simple complex Lie algebra
appeared in the previous section has the following properties:

(1) it is indecomposable (i.e., the corresponding Dynkin diagram is connected),
(2) ¢;; =2 for all 4,
(3) cij € Zgg for i # j,
(4) Cij = 0 <~ Cji = 0,
(5) all principal minors of C are positive.
Here principal minors are determinants of the matrices (¢;;);jes for subsets S C {1,...,n}.
When (¢;5) is symmetric, i.e., of type ADE, we have
(5s) C is positive definite.
In fact, it is known that the properties (1) ~ (5) ((1) ~ (4) and (5s) for symmetric matrices)

characterizes Cartan matrices of simple Lie algebras.
Affine Cartan matrices are defined as matrices satisfying (1) ~ (4) and

(5)" all proper principal minors of C are positive and det C = 0,
or for symmetric matrices
(5s)" C is positive semidefinite and det C = 0.
The classification of affine Cartan matrices is known (see [22, §4]). Symmetric affine Cartan
matrices (more precisely, corresponding Dynkin diagrams) are ones given in Table 1.
Suppose that C = (¢;;) is an (n + 1) x (n + 1)-matrix. We let indices 7, j run from 0 to

n and 0 corresponds to the black vertex. There is a vector 6 € Z"*! such that Cd = 0 and
entries of § are relatively prime, since C is rank n. Such a vector is unique up to +. In fact,
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type entries of ¢
Az 0] &
1
> XN,
D (nz4)| 2ol

FEg 1—2—%2—1

E- 1—2—3_13—2—1
Eg 1727&47&24—2

it is known that all entries are positive or negative. So we take ¢ for the positive one. For
symmetric case, the entries are given by the following table.

From the table, one can see that the entry of 4 corresponding to the vertex 0 (the black
vertex) is always 1. Moreover, it is known that the other entries of § are the coefficients of the
highest root of the corresponding simple Lie algebra g:

6= "(1,ay,...,a,), HZZaiai.
=1

4.4. McKay correspondence. McKay obtained more direct connection between finite sub-
groups I' of SLy(C) and the Dynkin diagrams [33].

Let po, ..., pn be (the isomorphism classes of ) irreducible representations of ', where py is
the trivial representation. Let () be the 2-dimensional representation defined by the inclusion
I' C SLy(C) as above. Then we define nonnegative integers a;; by

Qepi=EPr",
j

i.e., a;; = dim Hom(p;, @ ® p;)*. Since @ is isomorphic to its dual Q*, we see that a;; = aj;.
Then we define a graph as follows. The vertices are irreducible representations p;. We draw
a;j = a;; edges between the vertices p; and p;. A remarkable observation due to McKay is that
this graph is of type affine ADFE. The black vertex corresponds to the trivial representation
po- Moreover, the graph obtained by removing the black vertex is same as one given by the
intersection of irreducible components of the exceptional set. The original McKay’s argument
was based on the explicit calculation of characters of irreducible representations of I'. Although
it is completely rigorous, it remains misterious why such a result holds. There was a geometric
approach to prove this assertion, due to Gonzalez-Sprinberg and Verdier [17], and also its
generalization to the case I' C SL3(C) [20, 5. We will come back to two dimensional case
later.
The McKay observation gives us another description of X (v). Let

V=Pviop

be decomposition of the I-module V| i.e., V; = Hom(p;, V)I'. This notation will be used for
any I'-module V" hereafter. We consider the matrix description (B, Bs,v) for a point in X (v).
Since v € V is given by 1 mod [, it is fixed by the I'-action, i.e., v € Vj ® pg. We take a base
for pg, and identify py with C. So v is an element in Vj.

We consider the pair (By, By) as an element of Hom(V,Q ® V'), and denote it by B. It is
clear that B is contained in (Q @ Hom(V,V))". We have

(Q ®@ Hom(V,V))" = @ Hom(V;, Vi) @ Hom(p;, Q@ @ p;)"

,J
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Choose and fix a base for Hom(p;, Q ® p;)' for each pair (i,7). (In fact, if the graph is not

Aj, then the space is at most one dimensional.) Collecting the bases for all i, j, we denote
the union by H. To each h € H, we associate an oriented edge in the affine Dynkin diagram
from the vertex [ to k, if h is an element of the base of Hom(p;, @ ® p;)'. In this case, we
denote i by in(h), j by out(h). For every edge in the affine Dynkin diagram, we can attach two
orientations. In particular, the number of oriented edges is twice the number of unoriented
edges. We decompose B as

B = @ B, ®h, where By, € Hom(Vout(h), ‘/in(h)>'

The figure 1 represents the data, when I is of type A,,, where an oriented edge h is denoted
by in(h), out(h).

Vo
Bl,O BO,n
Bo.1 Bn,O
B2 Ba 3 Br_1,k By k+1 Bn_1n
Vi w20 |, L e P L 1
1 B 2 B32 By k-1 k Bri1,k Bnn-1 n
FIGURE 1

An oriented graph is called a quiver. This description for Example 4.1, i.e., V is the regular
representation, is Kronheimer’s construction [28]. The description for a general V' is a special
case of the quiver variety in [N1].

From now on, we identify the isomorphism class v of a [-module with a vector in ZZ}" as

v = '(dimVg,...,dimV,), WhereV:@Vi@)pi.

We also denote components of v as v = (vg,...,v,).

feleiieieicicicicok We assume I is not trivial subgroup {1} hereafter. #isc

4.5. Lagrangian subvarieties. Let 7: X (v) — (S49™V X)) be the restriction of the Hilbert-
Chow morphism. Since 7 is proper, the inverse image 71(0) is a compact subvariety. (Here
0 means dim V' - [0], the O-dimensional cycle at the origin with multiplicity dimV'.) It can
be shown that it is homotopic to X(v), so H,(X(v),C) is isomorphic to H,(7~*(0),C). We
introduce the notation:

2(v) ¥ 7 10) C X(v).

We have £(v) = X(v) N X[[)dim V1| where X(gdim "I'is the punctual Hilbert scheme.
We have

Theorem 4.3. £(v) is a lagrangian subvariety in X(v). In particular, it is middle dimen-
sional.

We will give a proof, due to Lusztig, which is different from the original one [N3], during
our study of the crystal structure on the set of irreducible components of | |, £(v).

When X (r) is the minimal resolution of X/I" as in an example above, £(r) is the union of
projective lines. So the result can be checked directly.
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4.6. Roots in terms of quiver varieties. A correspondence between roots of a Lie algebra
and indecomposable representations of a quiver was first observed by Gabriel [14] and further
studied by Kac [23]. We study a correspondence from the view point of quiver varieties in this
subsection.

.....

v be the 0th component of v, and (, ) be the standard inner product on Z"**. Then
dim¢ X (v) = 209 — (v, Cv).

Proof. Considering the I'-invariance in the proof of Theorem 3.4, we have
Ty X (v) = Kerdp/Ime,

where
End(V)" (Q @ End(V) & V)" % End(V)",
where ( )I' means the I-invariant part. Also ¢ is injective and the cokernel of dyu is isomorphic

to VI. Therefore
dim X (v) = dim (Q ® End(V))" + 2dim V' — 2dim End(V)".
Using the decomposition V' = @;_, V; ® p;, we find

End(V)" = éEnd(%), (Q®End(V))" = @ ay Hom(V,, Vj), VT =1
1=0

Now the assertion follows. O

FExercise 4.5. It should be possible to prove this dimension formula using the equivariant ver-
sion of Hirzebruch-Riemann-Roch formula (i.e., Lefschetz formula), without using quiver vari-
ety description. A similar calculation can be found in [29, Appendix]. But the details are not
worked out yet.

From this dimension formula, an importance of the bilinear form (-, C-) on Z"*! is clear.
The following is well-known (see [22, §4,85])
(1) (v,Cv) € 274,
(2) (v,Cv) =0 if and only if v € Z0, (this property characterize ¢ up to £),
(3) the Z"-part of § is the highest root 6 of g.
(4) if vg = 1, then (v,Cv) = 2 if and only if § — v, considered as a vector in Z", is a root
of g,

(4) is a consequence of the property of the bilinear form associated with the Cartan matrix
of finite type.

Consider Example 4.1. We have dimV; = dimp;, when V is the regular representa-
tion. Therefore the dimension vector r of V is equal to *(dimpy,...,dimp,). We have
2 = dim X(r) = 2 — (r,Cr), and therefore (r,Cr) = 0. By the property (2) above, we have
r € ZJ. Since dim py = 1, we have r = §.

Theorem 4.6. Consider the case vg = dim V' = 1. Let v/ = {(dimV;,...,dimV,) € Z".
Let 0 € 7" be the highest root. Then X (v) is nonempty if and only if @ — v’ is a positive root

or 0. Moreover, in the first case X (v) is a single point, while the second case is the minimal
resolution of C*/T .

Proof. 1f X (v) is nonempty, then
0<dimX(v)=2—(v,Cv).

Therefore the necessity assertion follows from the above mentioned property of the bilinear
form.
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For the converse, we must show that X (v) is a single point if # — v’ is a root. This can be
proved by using the theory of the ‘reflection functors’ for quiver varieties, which says

e X(vy1) and X (vy) are diffeomorphic if § — v} and 6 — v} are in the same Weyl group
orbit.

Then it is enough to show the assertion for the special case v/ = 0, i.e., V is the trivial
representation. Then X (v) is a single point corresponding to the maximal ideal at the origin.
There is also a proof which reduce the assertion to Gabriel’s theorem (see e.g., [8].)
Here we give another argument which shows that X (v) is a single point, provided X (v) is
nonempty, due to Mukai [34]. Let I, I’ be points in X (v), and let Z, Z’ be the corresponding
0-dimensional subschemes. Then we have

dim Hom(Oz, 02)" = dim Ext*(0z, 0z)" =1, dimExt'(Oz, Oz)" = dim X(v) = 0.

By the equivariant version of the Riemman-Roch theorem (Lefschetz theorem), the Euler
characteristic }_;(—1)* dim Ext’(Oz, Oz)F is independent of Z, Z’, so is equal to 2. Therefore,
either Hom (O, O) or Ext*(Oy, Oy) = Hom(Oy, O)* is nonzero. In either case, a nonzero
homomorphism Oy — Oy or Oz — Oy is easily seen to be an isomorphism.

Probably it should be possible to write down the ideal in X (v) ezplicitly as in [IN], and
prove the assertion in a different way. But so far, I do not know..... ]

Theorem 4.6 implies an existence of an isomorphism of vector spaces:

@ Hmid<X(V>>C) =ho @ Ja = 6,

vivpg=1 « is a root

where mid means the middle degree, i.e., mid = dim¢ X (v) =0 or 2.

We will give a Lie algebra structure on the left hand side in §6. In fact, we drop unnatural
condition vy = 1 and embed it to the basic representation of the corresponding untwisted affine
Lie algebra.

4.7. Some cohomology groups. Let [ € X(v). We will study several cohomology groups
later. In this subsection, we describe them in terms of the matrix data (B,v).
Let us introduce the following notation.
Ax = C[z,y] (the coordinate ring of X = C?),
Ay =C (the coordinate ring of the origin),
AX_>AO; f(xay>_>f(070)>
m = Ker(Ax — Ap) (the maximal ideal corresponding to 0).

For (B,v) € X(v), we introduce two complexes:

(4.7) VZQaVap SNQeV 2V,
(4.8) VZ5Qeav L AQeV 2V,
where
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Let us rewrite the first complex in terms of the ideal I:

Cle,yl/I =  Q&Czyl/Idp -  Clz,yl/I

(2 f mod
f — yf mod [
0

[ f1 mod I
f> mod I —  (2fr—yfi +a) mod T,
a

where a € py is considered as a scalar. The second complex also has a similar description.

Lemma 4.9. Let I € X" and let Ay be the corresponding quotient. We have

Kero = Hom g, (Ao, Az), Ker7/Imo = I/ml,
Kero' = Homy, (Ao, Az), Ker7'/Imo' = Exth(Ao, Ay), Coker 7’ = Extj%‘x (Ag, Az).

Proof. Since Ker 0 = Ker o/, the first equation follows from the third equation.
Let us prove the second equation. We define a map Ker7 — I/ml by

f1 mod [
fomod I'| — (xfy — yf1 + a) mod mI.
a

dr
Since x fo — y fi1 + a is contained in [ if ﬁﬁﬁd 1] is in Ker 7, the right hand side makes a sense.
a

Moreover, if we take another representative, i.e., if we replace fi, fo by fi + g1, fo + g2 with
g1, 92 € I, the right hand side is unchanged since

Tg2 — yg1 € ml.

It is also clear that Im o is mapped to 0. Therefore we have an induced map Ker7/Imo —

I/mlI.
Suppose that [}Zﬁiiﬂ € Ker7 is mapped to 0 in I/mI, ie., xfs —yfi + a € mI. We

have xfs —yfi + a - xg1 + ygo for some g1, g2 € I. Therefore, a must be 0. Let us write
z(fo —g1) = y(g2 + f1) = zyf. Then we have
fi=xf - g2, fo=yf+ g

mod /]
Therefore [gmodl} € Ker7 is contained in Imo. Therefore the map Ker7/Imo — I/ml is

injective.
Let us show the map is surjective. Suppose g € [ is given. We can write it
g=zfo—yfita

mod/
for some a € C, f1, fo € Clz,y]. Then H;modz] is mapped to gmod I = 0 by 7, i.e., it is
a

contained in Ker .
Next we turn to equation in the second row. We have the Koszul resolution

0> Ax - Q®c Ax — Ax — Ay — 0.
Therefore ExtiAX(AO, Ayz) is the ith cohomology group of
Homa, (Ax, Az) — Homa, (Q ®c Ax, Az) — Homa, (Ax, Az).
This is nothing but the complex (4.8). O
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Corollary 4.10. We have the following equality in the representation ring of I':
(4.11) I/ml —Homy, (Ag, Az) =Q RV — V& 4 pg.
Proof. By the above lemma, the left hand side is equal to

Ker7/Imo — Kero.
The cyclic vector condition (3.3.2) implies 7 is surjective. Now the result follows. O
Remark 4.12. Let us rewrite the left hand side of (4.11). From the exact sequence 0 — [ —
Ax — Az — 0, we have

0 —— Homyu, (Ao, I) —— Homyu, (Ao, Ax) —— Homy, (Ay, Az)
—— Exty (Ao, ]) —— Bxtl (A, Ax) —— Extl (Ao, Az)
— ExtiX(AO,I) E— ExtiX(AO,AX) — ExtiX(AO,AZ) — 0.

It is easy to show Ext’y (Ag,Ax) = 0 for i = 0,1 and Ext% (Ao, Ax) = po by using the
argument in the proof of Lemma 4.9. Therefore

EXtiX (A(), ]) = EthléxX (A(), Az> — EXtiX (Ao, Az) + p[)
in the representation ring of I'. Again by the argument in the proof of Lemma 4.9, we have
Ext% (Ao, I) = I/ml.

Therefore we have
2

I/mI — Homy, (Ao, Az) = — Y (—1)'Ext!y (Ao, Az) + po.
=0
FEzxercise 4.13. Probably it is possible to give a direct proof of this corollary by using Lefschetz
fixed point theorem.

4.8. Tautological bundles. Each point I in X(v) defines a I'-module C|z,y|/I. When I is
moved, we get a vector bundle with a fiberwise I'-module structure. By abuse of notation, we
denote this vector bundle by V' and decompose it as V = @D, V; ® p;. The homomorphisms B
and v on C[z,y]/I can be considered as vector bundle homomorphisms:

B:V-Q®V, ’UZOX(V)—>V.

We call them tautological sections.
The complexes (4.7, 4.8) above can be considered as complexes of vector bundles, when we
move point [(B,v)] € X(v).

4.9. Bases in K-theory and correspondences in derived categories. The rest of this
section will be needed only for the explanation of McKay correspondence. So readers who only
have interest in representations of affine Lie algbras can safely skip them. Moreover, we use
K-groups and derived categories of coherent sheaves, which we will not review.

We decompose the complex (4.8) according to the I'-module decomposition:

Vi = PayV; — Vi
J
We denote this complex by S;.

We consider the special case v =r = 4. Let K(X(r)) (resp. K.(X(r))) is the Grothendieck
group of the abelian category of coherent sheaves (resp. coherent sheaves with supports con-
tained in the exceptional set) on X (r). Since X (r) is nonsingular, K (X (r)) (resp. K.(X(r)))
is isomorphic to the Grothendieck group of the abelian category of algebraic vector bundles
(resp. the derived category of bounded complexes of vector bundles whose cohomology groups
have supports in the exceptional set ) on X (r). It is easy to see the complex S; has support
in the exceptional set, and defines an element in K.(X(r)).
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Theorem 4.14 ([17, 20]). {V;}i=0o... n form bases of K(X(r)) and K.(X(r))

respectively. Moreover, they are dual to each other with respect to the natural pairing

() Ke(X(r)) © K(X(r)) — Z

=U,...,

2
— Z ) dim H'(S @ E*) = Z(—l)idimEthbX(r)(E, S),
=0
where E* is the dual vector bundle of .

(In [20] the pairing was defined without taking dual, and S; was replaced by its transpose.)

Corollary 4.15. Let 0: K.(X(r)) — K(X(r)) be the natural homomorphism, forgetting the
support condition. Then we have

<HSZ, S]> = 25” — CLU

This is a consequence of 05; = > j(2(5l-j —a;;)V;. This corollary gives a geometric explanation
of McKay correspondence. The identification of the intersection product with the tensor
product multiplicities is manifest | Moreover, we will identify .S; with a sheaf on the exceptional
divisor, and recover the original form of McKay correspondence. (See Example 6.3.)

In stead of reproducing the original proof of Theorem 4.14, let us reformulate the result in
terms of derived categories following [24, 5].

Let Z C X(r) x C? be the universal subscheme for X (r). We have two projections

X(r) & X(r) x C* 2 2

Then the bundle R is nothing but the direct image sheaf p;.Oz. Since the restriction of p;
to Z is flat and finite, it follows that p;,Oz is locally free, i.e., gives a vector bundle. The
tautological section B comes from the multiplication z, y: Oz — Oz, and v comes from the
natural homomorphism Oxyxc2 — Oz.

These define a convolution operator between derived categories. Let D(X (r)) be the derived
category of coherent sheaves on X(r) and DT (C?) be the derived category of T-equivariant
coherent sheaves on C2. We define a convolution operator ¥: D'(C?) — D(X(r)) by

V(o) = [Rpl* (Oz B w2 p§(°))} -

(In [5], O% (see below) was used in stead of Oz.) We have V; = U(Oc2®p;). The same formula
also defines an operator between derived categories with compact supports ¥: DI (C?) —
D.(X(r)). We have S; = ¥(Oy ® p;). This follows from the Koszul resolution of Oy:

0= ANQ ®0c = Q @0 — Ocz — Oy =0,
giving by the interior product by (z,%). Note that Q* = Q and A\’Q = po.

Theorem 4.16 ([24, 5]). V is an equivalence of categories (for both arbitary support and com-
pact support).

Since an equivalence of derived categories induces an isomorphism of the Grothendieck
groups, this theorem implies the previous theorem together with the following statements:

=U,...,

.....

Note also that a similar map gives a description of a framed moduli space of vector bundles
over X (r) in terms of representations of the corresponding affine quiver [29]. This result was
obtained much earlier.

We consider the right adjoint ®: D,(X(r)) — DY (C?) of ¥. A standard calculcation shows

@(e) = Rps. (0L @5 pilecp)) (2],

X (r)xC2
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where Oz = RHomo, , .(Oz,Oxxc2). Since U is an equivalence, we should have W o @
is identity. By a standard calculation for convolution, we have

Vo d(e) = RP. (K@% P;(e)),

where
X(r)xC? 22— X(r)x C? x X(r) 225 C?x X(r)
p13l
Xr) <~ X@)xX@E) = X(),
and

* * r

In fact, we can give an explicit description of K. We denote the tautological bundle of the first
(resp. second) factor by V! (resp. V?). Tautological sections are denoted by B!, v, B? v
Then K is equal to the following complex of vector bundles over X (r) x X (r):

(4.17) Hom(V!, A’Q* @ V3T — Hom(V!, Q* @ V3T — Hom(V?, V)T,

where differentials are given by n — B2 An —n A B'. (Note that Q* = Q and A’Q = po.)
Now, it is not difficult to show that this gives a locally free resolution of the diagonal Ox [29,
§3] or [20, §4]. Here the map

Hom(V, VHY — Oa

is given by n +— tr(n|a).

In [20], we only use the complex (4.17) to deduce the isomorphism of K-groups. In [N2], we
prove a further weaker statement. Using (4.17), we calculate the intersection product in the
cohomology group.

Note that we do not have similar description of derived categories or K-groups for general
quiver varieties X (v). When v = nr for some n € Z-, the derived category D(X (nr)) should
be equivalent to isomorphic to D' (X™), where I',, is the nth wreath product of I' by the result
of Haiman [18].

At the end of this section, let us remark a similarlity between above isomorphism of D(X (r))
and the description of framed anti-self-dual connections on X(r) in [29]. A description of
holomorphic vector bundles on P? in terms of ‘monads’ was given by Barth. This description
can be also applied to framed vector bundles, where the framing means an isomorphism between
E|y. to a trivial vector bundle on /,, where £, is a line in P2. (See [Lecture, Chapter 2].)
The description turns out to be the same as the ADHM description of framed anti-self-dual
connections on S* as noticed by Donaldson [10], where the framing means a trivialization of
E., where oo is a point in §*. The identification of two descriptions can be naturally explained
if one works over noncompact space P? \ £, = C? = R* = §*\ {o0}, as noticed by Donaldson
[11]. (See also Nahm [35] and Corrigan-Goddard [7] for the earlier approach for the ADHM
desciption over R%.)

The ADHM description of framed anti-self-dual connections or monad description of framed
holomorphic vector bundles can be easily adapted to I'-equivariant connections/vector bundles.
Then the descriptions [29] of framed anti-self-dual connections and framed holomorphic vector
bundles on X (r) is obtained as ‘deformations’ of descriptions of I'-equivariant ones. Here
the ‘deformation’ means the stability condition imposed there is changed. (Or the value of
the moment map is changed under the correspondence of symplectic quotients and geometric
invariant theory quotients.) Therefore, two framed moduli spaces, one for holomorphic vector
bundles over X (r) and one for I'-equivariant holomorphic vector bundles over X are very
similar. (In fact, they are birational under a mild condition.) This is, of course, similar to the
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statement D'(C?) = D(X(r)). However, logically, the equivalence of derived category does
not imply the result of [29] and [29] does not imply the equivalence.
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5. AFFINE LIE ALGEBRA

We briefly recall the theory of untwisted affine Lie algebras in this section. See [22] for more
detail.

5.1. Definition. The untwisted affine Lie algebra g associated with a complex simple Lie
algebra g is
g=9®Clz,z'|oCK o Cd
with the Lie algebra structure given by
[ﬁ? K] = 07
(X ®2™Y ®2"=[X,Y]® 2" + mbyino(X,Y)K,
d, X ® 2" =mX ® 2",

where (X,Y) is the Killing form of g. Note that g contains g as a Lie subalgebra by g 3 X +—
X®leg.

We use an alternative description of g, as an example of a Kac-Moody Lie algebra. g has
generators e;, f;, h; (i =0,1,... ,rankg), d and defining relations

(5.1) [hi, hj] =0, [hi,d] =0

(5.2) [hise] = ciie, [l fi] = —cifj,

(5'3) [d, €i] = doic, [d, fi] = —00ifi

(5.4) lei, fi] = dijhi,

(5.5) (ade;) e, =0,  (adfy)' ™ f;=0  fori#j.

Here ¢;; is the affine Cartan matrix. A subalgebra generated by e;, fi, h; (i # 0) is isomorphic
to g. The isomorphism between this description and the above description is given by

e — F;®1, fi— F;®1, h;, — H;, ® 1, for 7 #£ 0,
eo — Fy ® z, foe— Fp@z, ho «— [Ey, Fy] ® 1 + (Ep, Ip) K,

where 6 is the highest root of g, and Ej, Fy are suitably normalized elements in the root
spaces g_g, g respectively. Moreover, we denote the elements e;, fi, h; (i # 0) by E;, F;, H;
respectively when they are considered as elements of g.

Remark 5.6. The element d is called the degree operator. The subalgebra generated by e;, f;,
h; is also called an affine Lie algebra in some literature. It is denoted by g'(A) in [22, §1.5].

Let h = @ Ch; & Cd C g. It is an abelian subalgebra, called the Cartan subalgebra of g.
We define «; € h* by

(i, hy) = cji, (i, d) = do;.
The «; are called simple roots.

5.2. Integrable representations. A g-module V is called a weight module if it admits a
weight space decomposition: V = @/\Eh* V\, where

Vi={v eV |hv=(\h)forall h € h}.

A weight module V is called a highest weight module of highest weight A € h* if there exists
a nonzero vector vy € V', called a highest weight vector such that
e;un = 0 for all 4,
hvy = (A, h)vy  for all h € b,
V =U(g)v,.
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For each A € bh*, there exists a unique (up to isomorphism) irreducible highest weight
module, denoteed by L(A).

A weight module V' is called integrable if all e; and f; are locally nilpotent on V. Integrable
modules are counterparts of finite dimensional modules of g. We have the following result.

Theorem 5.7. (1) The irreducible highest weight module L(A) is integrable if and only if A
satisfies (A, h;) € Z>qy. (A weight A satisfying this condition is called dominant.)
(2) An integrable highest weight module V' is automatically irreducbile.

For the proof, see [22, §10].
Remark 5.8. A integrable highest weight module L(A) is not finite dimensional unless A = 0.

In the next section, we give a construction of an integrable highest weight module using
quiver varieties.
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6. QUIVER VARIETIES AND AFFINE LIE ALGEBRAS

6.1. Hecke correspondences and Nested Hilbert schemes. A subvariety
x4y e X X S 1)

of X" x X"t is called a nested Hilbert scheme. A remarkable feature of the nested Hilbert
scheme is that it is nonsingular of dimension 2n + 2. If we define a similar subvariety in
X X[+H g singular for k> 1 [6, 39).

We want to consider similar subvarieties for fixed point sets with respect to the action of a
finite subgroup I' C SLy(C) as in the previous section. For nested Hilbert schemes, I3, 5 are
[-invariant. For Hecke correspondences, V' and S are I'-modules. The condition dim I; /15 = 1
is not natural in this setting, we suppose I/l is irreducible I'-modules. Therefore we can
define subvarieties for each p;:

Ti(v) L (L, L) € X(v—e) x X(v) |, D LY,

where e; is the ith coordinate vector of Z"*!. Note that I/ is trivial as a module of C[z, 1],
i.e., z, y act by 0. For z, y act by m(I;) — m(l3), but this must be 0 since it is fixed by I". We
call this variety a Hecke correspondence. Let us denote two projections by py, po:

X(v—e) &= Pi(v) = X(v).
The following result was proved in [N3, §5].

Theorem 6.1. P;(v) is a nonsingular complex manifold. Moreover, it is lagrangian in X (v —
e;) x X(v) if I' # {1}.

Sketch of Proof. Let us consider Clz,y|/I; and C[z,y]/I5 as vector bundles over X (v —e;) and
X (v) respectively. We denote them by V! V2 We define a complex of vector bundles over
X(v—e€;) x X(v) by

Hom(V?,Q @ V)T

&) Hom(V?2 VHF
Hom(V2, V1) —— vy —= e
D OX(v—ei)XX(v)
V&)
where
Blé‘ _ 532
a)=| —€0?) |,
0
3 ¢ _[BEPAC+CAB +0v' @b
ol (b, v?)

Here BY, B2, v!, v? are tautologial homomorphisms
VP25 Qev, v2EQevy 05V, 05V

Then one can show that « is injective and [ is surjective on each fiber (as linear maps between
vector spaces). Therefore Ker 3/ Im « is a vector bundle over X (v —e;) x X(v). Let us define
a section s by
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Then s vanishes exactly on 3;(v). In fact, if s vanishes, there exists &, A such that
B¢ —¢B =0, &(v?) =0

From these equations, ¢ is surjective. Returning back to the definition V! = Clz,y]/I1,
V? = Clxz,y]/I5, we find that I} D I, i.e., (I, I5) € B;(v). So it is enough to show that the
derivative of s is surjective on J;(v). O

Proposition 6.2. (1) Let I, € X(v) and let Az, be the corresponding quotient. Then we have
p;1(12> = P(HOIHAX (AO ® pis AZ2>F>7
where the right hand side is the projective space of one-dimensional subspaces of Homy, (Ag ®

Pis AZ2)F'
(2) Let I} € X(v —e;) and let Az, be the corresponding quotient. Then we have

pfl(Il) = P(HomC<Il/mll7 pi)F)7
where the right hand side is the projective space of one-dimensional subspace of Home (I, /mIy, p;)F.

Proof. We first give a proof using algebraic geometry, and then give a proof which uses only
linear algebra.
(1) If (11, 1) € Pi(v), we have an exact sequence

0—-Ay®@p; — Az, = Az, — 0.

The first homomorphism gives an element of P(Hom(Ag ® p;, Az,)"). Conversely suppose that
a nonzero homomorphism Ay ® p; — Ay, is given. Then it must be injective, since Ag is
generated by 1. Therefore we can define I; so that we get the above exact sequence, i.e.,
Az = Az, /Ao ® p;. Therefore we get a point (I, I5) € PB;(v).

(2) First note that there exists a natural isomorphism Homg([;/ml;,C) = Homu (11, Ay).
If (I3, I5) € Pi(v), then we have an exact sequence

0—>IQ—>[1HA0®pZHO

Therefore the last homomorphism gives an element of P(Homge (I3 /mIy, p;)'). Conversely sup-
pose that a nonzero I'-equivariant homomorphism I; — Ay ® p; is given. It must be surjective
since there is no nontrivial submodule in p;. Therefore we can define /5 so that we have the
above exact sequence, i.e., I = Ker(I; — Ay ® p;).

Now we give a down-to-earth proof. (For general quiver varieties, we do not have the first
proof.)

Let

Homy, (Ao ® pi, Az,) = Kero = @(Kera)i ® iy
Ii/mly =Ker7/Imo = @(KerT/ Imo); @ p;
be the decomposition of Ker o and Ker7/Im ¢ into irreducible I'-modules.
Let (11, I5) € Pi(v) and let V! = Clx,y]/I1, V? = Clx,y]/I>. From the definition, we have
a commutative diagram of I'-modules

pi —— Q®p; — i

| | |

V2L QaVigp —— V2

l l |

Vi == Qe Viep —— V1
where the vertical arrows are natural projections.
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(1) Let us apply Hom(p;, )' to each term. Since Hom(p;, Q®@p;)" = 0, we have Hom(p;, Ker(V? —
V1)) C K; from the left end row of the diagram:

C 0 C

| |

V2 2, Qe V2 e p) —2— V2

)

| 5 |

Vi 2 (Qe Ve p) —— Vi

7

Therefore, we have a one-dimensional subspace in K;, corresponding to (I3, I5).
Conversely if a one-dimensional subspace L in K; is given, then we define /; so that

V) VE i #
V' - 2 . . .
/ V2/L if j=i.
(2) We study the right end column of the commutative diagram. Then we have
Ker(V? — V1), 2 (Ker7y);/ (Ker 75);.
Therefore we have a surjection (Ker7;); — Ker(V? — V1); which factors through as
(Ker 71/ Imoy), - Ker(V? — V1),
Conversely if a codimension one subspace S of (Ker7;/Imoy), is given, we define I, so that
’ QaVI®p)/S if j=i.

The above proposition implies
Pi(v) = {(L2,9) | I € X(v), S € P(Hom, (A ® pi, Az,)") }
={(I,,9")| L € X(v—e),5 € P(Homg(I;/mIy, p;)")} .
This shows that 3;(v) is an analogue of a moduli space of coherent system [30].

Example 6.3. This example was first appeared in [N2, Theorem 5.10] (in a slightly different
terminology) and was rediscovered independently in [IN].

Consider B;(r) when r is (the isomorphism class of) the regular representation as in Exam-
ple 4.1. By Theorem 4.6, X (r — e;) is a single point if ¢ # 0. It is obvious that X (r — e;) is
empty if i = 0. So we assume i # 0 from now. We consider 9;(r) as a subvariety in X(r). By
Proposition 6.2, PB;(r) is isomorphic to a projective space. Moreover, it is a projective line,
since B;(r) is an lagrangian subvariety in X (r). Since it is compact, it must be contained in
£(r). By Proposition 6.2, we have

I € Pi(r) <= dimHomy, (A ® p;, Az)" # 0,
where Ay = Clz,y]/I. Furthermore, from (4.11), we have
dim Hom 4, (Ag ® p;, Az)" # 0 <= dim Home(p;, I/mI)" # 0
<= I/mlI contains a direct summand p;.

If [ is contained in 7=!(0) C X(r), then multiplication by x, y on C[x,y]/I are nilpotent,
so Homa, (Ag, Az) # 0. Therefore dim Homa, (Ag ® p;, Az)' # 0 for some i. It means that
7 1(0) = UL, Pi(r). By [N3, Lemma 9.8], P;(r) and PB,(r) intersect transversely if i # j
and PB;(r) NP, (r) # 0. In particular, P;(r) # P;(r) for i # j. Therefore {P;(r)}iz1, . are

irreducible components of 771(0).
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Let us show that the following formula of the intersection matrix

(6.4) ([Bi ()], [B;(r)]) = —cijy
which gives a geometric proof of the McKay correspondence, i.e., the identification of the

intersection matrix and the tensor product multiplicities. Let I € X(r) and V = C[z,y|/I.
Recall that we have defined a complex S;, the p;-component of (4.7):

v, v v
J
where o;, 7; is the p;-component of o, 7. Since 7 is surjective, we have a homomorphism
between vector bundles:

V; 2 Ker .
The above discussion shows that
I € PB,(r) <= 0; is not an isomorphism

<= deto; = 0.

Therefore we have
ca1(S;) = a(Kerry) — (V) = — Z ciic1(V;) = m;(the Poincaré dual of [;(r)])
J

for some m; € Z-o. By Theorem 4.14 (more precisely, we apply the Chern character ho-
momorphism ch: K(X(r)) — H*(X(r),Q) and the local Chern character homomorphism

ch: K.(X(r)) — H}(X(r),Q) to deduce the corresponding result for cohomology groups), we
have

(c1(V}), c1(S5)) = 04
In particular, we have

1
‘/; ; i =

(e (V) BB (e = -
Since the left hand side is an integer, we have m; = 1. Using the above formula again, we get
(6.4) as

(i) [B; (0)]) = = Y carler (Vi) [Br(@)]) = —cis.

k
Since B;(r) and P;(r) intersect transversely if they intersect, we have

([Bi(x)], [B; (r)]) # 0 = Pi(r) N P;(x) # 0
<= 31 € X(r) such that I/ml D p; ® p;

for ¢ # j. (An explicit form of such an I was given in [IN].)

NB. The original argument in [N2] was slightly different. We use the fact that the vector
bundle V; extends to the 1-point compactification X (r) of X(r), which is a differentiable
orbifold (see [29]). Therefore the Chern classes of V; makes a sense as a class in H*(X (r), R).

Then the locally free resolution of O, mentioned in §4.9, implies
ZCU/ c1(Vy) A er(Vi) = i
i X(r)

Then we can define B;(r) as a zero locus of deto;. From the above formula, we have
([Bi(r)], [B;(r)]) = —cij- (There is a small gap in [N2]. We defined ;(r) by the zero locus of
det 0; and claimed that it is isomorphic to P! by the adjunction formula and [;(r)] - [B:(r)] =
—2. But we need to show the irreducibility and the smoothness of ;(r). These statements
followed from [N3] as above.)
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6.2. Convolution. Let
Z(vL v (1 17) € X(vY) x X(v3) | (1Y) = =(1%)}.

We need an explanation for the equality m(I') = 7(I?). The left hand side is an element of
(S9m VI XL while the right hand side is of (S¥™V*X)T. For m < n, we have an inclusion
(S X)) — (S"X)T defined by C +— C + (n — m)0. We denote by (S*°X)I' the direct limit
lim,, o (S™X)''. The notation 7 in the above equality is the composition of the previous 7
and the inclusion (S V' X)) — (§°X)T, (§9mV2X)I' — (§°X)I. So both hand sides are
elements of (S*°X), and the equality makes sense.
Let p;j: X(v') x X (v?) x X(v?) — X (v') x X(v?) be the projection. We define the convo-
lution
x: Ho (Z(v',v?) @ H(Z(v*,v?) — H.(Z(v,v?))
by
) def. * * 1 .2 / 2,3
¢ x =" pige (Plac N p3sc) c€ H(Z(v,v%)), ¢ € H(Z(v",v")).
Let us check that this is well-defined. We have
Piac € Hi(py (Z(v'.v?),  pip (Z(v',v?) = {(11, I2, I5) | w(I1) = 7(I2)},
Pisc € Hipys (Z(V, V7)), a5 (Z(v?, V%)) = {11, I, I) | 7(L2) = 7 (I3)}.
Therefore
Piac N P3¢ € Huppy (Z(v',v?) Ny (Z(v2,v9))),
pi2 (Z(v', V) Ny (Z(vP, V7)) = {11, I, I) | w(1h) = w(I>) = 7(I3)}.
Finally the restriction of py3 to pi5 (Z(v',v?)) N pys (Z(v?,v?)) is proper, and the image is

contained in Z(v',v3). Thus the convolution is well-defined.
We will be intereseted in the case when degree is middle:

Hd1+d2(Z(V A% )) & Hd2+d3(Z(V2,V3)) — Hd1+d3(Z(V1,V3)),

where d' = dim X (v*). For abuse of notation, we denote these degrees by ‘top’, although they
are different for different components.
Let

Hiop(2) S ] Hiop(Z(v', 7)),

vl v2
(v!, v? run all pairs of isomorphism classes of I-modules) be the subspace of the direct product
[T 2 Hoyaz(Z(v,v?)) consisting elements (cy1y2) such that

e for fixed v!, ¢y1 2 = 0 for all but finitely many choices of v?,
e for fixed v?, cy1 2 = 0 for all but finitely many choices of v'.

Then the convolution is well-defined on Hi,,(Z), which becomes an associative algebra. The
unit is the product of diagonals.
Note also that the convolution defines

Hd1+d2(Z(V v )) & Hd2<£< )) — Hdl (2(V1)>
We also denote these degrees by ‘top’. The direct sum

is a representation of Hy.p(Z).
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In this subsection, we define an algebra homomorphism U(g) — Hi,p(Z). We define the
image of generators and check the defining relations. We set

d— [J(=v0) [Axw)]
hi— H(50z‘ - Z cijv;) [Axw))
e [, fim (C) O] wBiv)]

where Ay (v is the diagonal in X (v) x X(v), w: X(v—e;) x X(v) — X(v) x X(v —¢;) is the
interchange of the factors, and 7(v) = 3(dim X (v — e;) — dim X (v)).

Theorem 6.5. The above assignment extends (uniquely) to an algebra homomorphism U(g) —

Hiop(2).

It is clear that d and h;’s make a commuting family. Thus we have the relation (5.1).
Since

[Axv—en] * [Bi(v)] = [Bi(v)] * [Axw] -

the relations (5.2, 5.3) follow.
Thus the relations (5.4, 5.5) are remained to be checked.

Lemma 6.6. For a fived V, e [AX(V)] and fN [AX(V)} are 0 for sufficiently large N. In
particular, the operators e;, f; are locally nilpotent on Hiyp(L).

Proof. The first case is obvious since
¢’ [Axw)] € Hip(Z(v = Ney,v))
and X (v — Ne;) =) if N is greater than v;.
The second case follows from the assertion that if
(51'0 — Zcijvj + v, = 51'0 — Z CijVj — V; <0
J Jij#e
then X (v) = (). This assertion follows from the surjectivity of 7, as its p;-component
o0 & PV = ;
Jig#
must be surjective. [

It is known that the relation (5.5) follows the rest of relations and the property in Lemma 6.6
(see e.g., §3.3 of [22]). Thus the only remaining relation is (5.4). We explain only the key point
in the proof. See the original paper [N3] for the complete proof. We consider [A X(vl)j| e; f; and
[A X(vl):| fjei. Let us consider two triple products

XV x X(v?) x X(v?), XY x X(v?) x X(v?),
where
vi=vite =vite, Vi=vi-e =vi-e,.
Note that these equations are compatible since
vi="v’+e; +e;.

Let p;; be the projection as usual. Then we have

[Axn] eifi = £ (P12 [Bi(v?)] N p35 [wPB,(v)])

[Axen] fiei = £pise (P1o [WB; (V)] N p3s [Ba(vD)]) -
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Let us consider the set theoretical interesections:

Pz (Bi(v?) Npag (WB;(v*) = {10, I, I5) | [ O I C L},

i (WP (v1) N pps(PBi(v?)) = (11, 15, ) | [ € I D I}

The crusial observation is the following: if Iy # I3, Is and I} are determined by I, I3 as
Igzllﬂjg, Iézll—i—jg

Moreover, I; N I3 € X (v?) if and only if I; + I3 € X("v?). Let U be the open subset given by

X(v1) x X(v3) given by I # I3. If i # j, then U = (). The above means that on the open set

pi3 (U), the intersections (6.7) and their images under the projection pi3 are all isomorphic.

Let us draw a picture when I' = {1} and all I; are ideals of functions vanishing at distinct
points, although the case I' = {1} is excluded from our discussion:

. : : :
]1 @ ]3
I

FIGURE 2. Correspondence between I} D I, C I3 and I} C I}, D I3

(6.7)

One can check the transversality of the intersections on py3 (U) (see [N3, Appendix]). This
result was mentioned in Example 6.3. If j: U — X (v!) x X (v?) denotes the inclusion, we get
" [Axen] efy = 77 [Axen] fen

Thus we have checked the relation (5.4) for i # j.
Consider the case i = j. By the above and the long exact sequence in the homology groups,
we know that [AX(vﬂ eif; — [AX(VI)] fje: is contained in the image of

Hiop(Ax(v1y) = Hiop(Z).
Since X (v!) is connected and has dimension equal to ‘top’, we have
eif; — fiei = cv [Axw))

for some constant ¢, € Z. The last step in the proof is the calculation of a self-intersection
product to compute the constant ¢,. For this, see [N3, §9].
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7. LAGRANGIAN SUBVARIETIES AND A CRYSTAL STRUCTURE

7.1. Crystal. Let us review the notion of Kashiwara’s crystals briefly. See [25, KS] for detail.
Let

I {0,1,...,n} (the index set of simple roots),

P Y Zhe- eZh, ®Zd, PL{xep | (\PY) e}
Definition 7.1. A crystal B associated with the affine Lie algebra g is a set together with
maps wt: B — P, g;,0;: B— ZU{—00}, ¢, fi: B— BU{0} (i € I) satisfying the following
properties

(7.2a) @i(b) = &i(b) + (hi, wt(D)),

(7.2b) Wh(E:0) = wt(b) + i, ;(€:b) = &:(b) — 1, @;(€:b) = i(b) + 1, if &b € B,
(7.2¢) wt(fib) = wt(b) — @i, &:(fib) = &(b) + 1, @i(fib) = ¢i(b) =1, if fib € B,
(7.2d) V=fbesb=clt forb b ebh,

(7.2¢) if ;(b) = —o0 for b € B, then &b = fib =0

We set wt;(b) = (h;, wt(D)).

The crystal can be defined for finite dimensional Lie algebras g (in fact, for any Kac-Moody
Lie algebra). We give an example corresponding to the irreducible (n 4 1)-dimensional repre-
sentation of sly (see §1.3).

Example 7.3. Let g = sly, I = {1}, PV = Zh, P = ZA, where (h,A) = 1. Let B &

{6(0),b(1),...,b(n)}. We define
wt(b(k)) = (n — 2k)A,

e(b(k)) =k, @(b(k)) =n—k,
o=
b= {0 L

where we omit the suffix 7.

We give simple examples, which does not come from representations.

Example 7.4. (1) For all ¢ € I, we define the crystal B; as follows:

B; = {bi(n) | n € Z},
wt(b;(n)) = nay,  @i(bi(n)) =n, ¢e;(bi(n)) =—n,
pj(bi(n)) = €;(bi(n)) = —o0 (i # j),
Ei(bi(n) =bi(n+1),  fi(bi(n)) =bi(n— 1),
&(i(n) = fi(bi(n)) =0 (i # 3).

(2) For A € P*, we define the crystal Ty by
Ty = {tr},
wt(ty) = A, @i(ty) = ei(ty) = —o0,
Gi(t) = filta) = 0.
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A crystal B is called normal if

ei(b) = max{n | €'b £ 0}, ;(b) = max{n | f7b+#0}.

For given two crystals By, By, a morphism 1) of crystal from B; to By is a map B; U {0} —
By L {0} satisfying ¥(0) = 0 and the following conditions for all b € By, i € I:

(7.53) wi(w(b)) = wt(b), (b)) = &(b), @i((b) = pi(b) if (D) € Bo,
(T.5b)  @b(b) = $@b) i b(b) € By, @b € By,
(

(7.5¢) Fab(b) = (fib) if $(b) € Ba, fib € By

A morphism 1 is called strict if ¢ commutes with €;, ﬁ for all © € I without any restriction.
A morphism v is called an embedding if ¢ is an injective map from B; U {0} to By LI {0}.

Definition 7.6. The tensor product B; ® By of crystals B; and B, is defined to be the set
By x By with maps defined by

(7.7a) wt (b ® by) = wt(by) + wt(bs),
(7.7b) 5i(b1 & b2) = maX(Si(bl), 5z’(52) - Wti(bl))>
(7.7¢) ©i(b1 ® by) = max(p;(ba), wi(b1) + wt;(be)),

€ib1 @by if i(b1) > €i(ba),
b1 ® e;by  otherwise,

(7.7d) &by ® by) = {

~ fibi @by if i(by) > &4(by),
7.7 (by @ by) = -
(7.7¢) Jilbr @ by) {bl ® fiby otherwise.

Here (by, bs) is denoted by b; ® bs and 0 ® by, by ® 0 are identified with 0.

It is easy to check that these satisfy the axioms in Definition 7.1. It is also easy to check
that the tensor product of two normal crystals is again normal.

It is easy to check (B ® Bs) ® By = B ® (By ® B3). We denote it by B; ® By ® Bs. Similarly
we can define By ® - - ® B,,.

The crystal was introduced by abstracting the notion of crystal bases constructed by Kashi-
wara [25]. Thus we have the following examples of crystals.

Example 7.8. (1) The lower half U,(g)~ of the quantized universal enveloping algebra has a
base which has a structure of the crystal. Let B(co) denote this crystal. Let by be the vector
corresponding to 1 € U,(g)~.

(2) Similarly the simple U,(g)-module L(A) with highest weight A\ has a base which has a
structure of the crystal. Let B(A) denote this crystal. Let by denote the highest weight vector
considered as an element of B(A). It is known that B(A) is normal. It is also known that the
map

V[ B(OO) &® TA > fil . fznbO X tA [ — fil e flnbA € B(A) L {O}
is well-defined and is a strict morphism. Furthermore, L(A;) ® L(Ay) has a base which has a
structure of crystal isomorphic to B(A;) ® B(Ag).

Remark that the character of L(A) is given by
ch L(A) o Zdim L(A)ye* = Z et
A beB(A)

We also have the tensor product decomposition (generalized Littlewood-Rechiardson rule):

L(A) @ L(Az) = @D L(wt(by) + wt(bs)),
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where the summation runs over all b; ® by € B(A1) ® B(Az) such that g;(b; ® by) = 0 for all
1€ 1.

7.2. A crystal structure on the set of irreducible components of the Lagrangian
subvarieties. In §6.1 we have studied the Hecke correspondences, pairs Iy D Iy of ideals
such that I;/Iy = p;. In this subsection we study the following generalization of the Hecke
correspondence:

P (v) L {1, L) € X(v—re;) x X(v) | I; D L}

7

The quotient [, /15 is isomorphic to p". Let us denote two projections by py, pa:
X(v = re;) = P (v) 2 X(v).
We have the following as in Proposition 6.2:
Proposition 7.9. (1) Let I, € X(v) and let Az, be the corresponding quotient. Then we have
py (L) = Gr,(Homoa, (Ag © pi, Az,)"),

where the right hand side is the Grassmann manifold of r-dimensional subspaces of Hom 4, (Ao®
Pis AZz)F'
(2) Let I, € X(v —re;) and let Ay, be the corresponding quotient. Then we have

py (L) = Gr,(Home (11 /mly, pi)"),
where the right hand side is the Grassmann manifold of r-dimensional subspace of Homg (11 /mlIy, p;)b.
Let
Xir(v) . {I € X(v) | dimHom, (Ao ® p;, Az)" =7}

It is a locally closed subvariety since | J
map

sis<r Xizs(V) is an open subset of X (v). Let us define a
p: Xip(v) = Xio(v —1e;)
as follows. We consider the natural homomorphism
Homu, (Ag ® pi, AZ)' @ (Ao @ p;) — Ay
@y = &(9)

This is obviously injective. Then I’ = p(I) is given by so that the corresponding quotient Ay /I’
is the cokernel of this homomorphism. By the construction, we have (p(I), ) € ‘BET) (v).

Lemma 7.10. When we move I, € X;o(v —re;), Home(Iy/mIy, p;) forms a vector bundle of
rank
S0 = ) ci(dim V; — 7dy;) = (ei, €0 — C(v — rey)).

J

The first statement follows from (4.11).
It is clear that 7(p(l)) = w(I) —r[0], where [0] is the O-dimensional cycle given by the origin.
Therefore, the restriction of the Grassmann bundle to £(v — re;) gives us

p: Xy (V) N E(V) = Xip(v —re;) N L(V —re;),

which is still isomorphic to a Grassmann bundle. Let £;,(v) o Xir(v) N L(V).

Lemma 7.11. (1) We have £(v) =, <o Lir (V).

i,T>0 ur

(2) We have 3 dim X (v — re;) + dim(fiber of p) = £ dim X (v).
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Proof. (1) The assertion means dim Hom 4, (4o ® p;, Az)" > 0 for I € £(v). This is equivalent
to dim Hom, (Ao, Az) # 0. Multiplications by =,y on Az (operators By, By) are nilpotent
since I € £(v). Therefore the statement is clear.

(2) The left hand side is

(vo — 16;0) — %(V —re;, C(v —re;)) +1r{(e;,eg — C(v —re;)) — 1}

1 1
= vy — T80 — §(V’ Cv)+r(e;,Cv) — §r2(ei, Ce;) + 160 — r(e;, Cv) +1*(e;, Ce;) — 12

1
=y — i(v, Cv),
which is equal to the right hand side. O]

The second statement means that the dimension of the fiber is just half of the difference of
dimensions of total space. This remarkable observation is due to Lusztig.

Let us show that dim £;,(v) is equal to the half of dim X (v) by induction, by using this
observation. A little bit more effort shows that £;.,.(v) is a lagrangian subvariety. We omit the
proof of this part.

When V' = 0, then £(0) = X(0) is a point. So the assertion is obvious. Assume that we
have dim £;,(v') = 3 dim X (v') if dim V' < dim V. If V # 0, then (Kero); # 0 for some i for
any point in £(v). That is

)= U 2
i€l,r#0
By the induction hypothesis and the above observation, £;,,.(v) is a half-dimensional subvariety.
Since the above is a finite union, the total set £(v) is also half-dimensional. Since £;¢(v) is

an open subset of £(v), it is also half-dimensional. This completes the induction.
By Lemma 7.10 we have the following sequence of Grassmann bundles over £;(v):

Liov) Liilv4e) - L (vHre) o Lo (VA rmaxe;)
(712) I H
Solv)  Lwlv) o Swlv) e Swv),

where rp.x = rank(Ker7/Imo); = (e;,e9 — Cv).

We consider this as the (rp.x + 1)-dimensional irreducible representations of sly and defines
a crystal structure on the set | |, Irr £(v) of irreducible components of | |, £(v). (Compare
§1.3 and Example 7.3.)

Let Y be an irreducible component of £(v). We define wt(Y’) by

J

We define £;(Y") so that
g;(Y) = dim(Kero); for a generic point [ in Y,

= min dim(Ker o);.
IeY

As we remarked above, €;,(Y) > 0 for some i if V' # 0. We set ¢;(Y) = £;(Y) + (wt(Y), h;).
Let r £i(Y). A nonempty open subset of Y is contained in £;.,.(v + re;) in (7.12) for

some i,7,v. We define an irreducible component Y’ of £(v) by

y et p(Y NEL,(v+re)),



46 HIRAKU NAKAJIMA

where p is the projection of the Grassmann bundle above. We have
(Y =0
Conversely, we can recover Y from Y’ as
Y =p 1 (Y'NELioV)).

Therefore we have a bijection
{Yehrf(v+re)|eY)=r}—{Y ehrf(v)|e&l') =0}

Using above observation, we want to define maps

e fi: |_|Irr £(v) — |_|Irr £(v) U {0}.
If £;(Y) = 0, then we define ¢;Y = 0. Otherwise, we define ¢€;Y as the image of Y under the
composition of bijections
{Yehrl(v+re) |eY)=r}«— {Y elrL(v)|eY') =0}
—{Y"ehr&(v+(r—1)e)|eY)=r—1}
where the latter bijection is again given by the Grassmann bundle.
Similarly we define f;Y as the image of Y under the composition of bijections

{Yehrl(v+re)|eY)=r}—{Y ehrf(v)|&Y') =0}
—{Y"elrl(v+ (r+1)e) | eY’)=r+1}
If 7 = rpax, then the latter bijection does not exist. So we set ﬁY = 0 in this case.
Theorem 7.13. The above &;, ;, €;, ﬁ on ||, Irr £(v) is a crystal.

Using the exact sequence in homology groups, it is not difficult to show that
FYl=c|fY|+ Y e
Y’:Ei(Y)>€i(Y)+l
for some constants ¢, cyr. (Use the open set |, (y)Xis(v).) In order to determine the
constant ¢, we pullback both hand sides to Us:sge(y)Jrl Xis(V,W). In the right hand side, only

c [}:Y] survives. Then it is not difficult to determine ¢ by using the self-intersection formula.
It is given by +(¢(Y) + 1).

Using the above formula, we prove that Hi.,(£) is a highest weight module by induction
on dimV and ¢;. If v.=0, £(0) = X(0) is a point. We have nothing to prove. Let Y be an
irreducible component of £(v). There exists i such that £;(Y) > 0. Suppose that we already
know that

(1) if dim V' < dim V/, then H,,(£(v')) is contained in U(g) - [X(0)].

(2) if Y’ € Irr £(v) satisfies €;(Y') > &;(Y), then [Y] is contained in U(g) - [X(0)].

Since the value of ¢; on Irr £(v) is bounded from above, we may assume the second condition
by the descending induction. By the above formula, we have

filEY]l=xa(MY]+ ). o[V
Y’ZEZ'(Y)>€7;(Y)
By (1), the left hand side is contained in U(g) - [X(0)]. By (2), terms in the right hand side,

except +¢;(Y)[Y] are contained in U(g)-[X (0)]. Therefore [Y] is also contained in U(g)-[X (0)].
This completes the proof.

Remark 7.14. It is known that the crystal defined above (the definition is due to Lusztig) is
isomorphic to the crystal of the highest weight module of the quantum affine algebra. See
[KS, 31, 38] for the proof.
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7.3. Sheaves on K3 surfaces. The Grassmann bundle structures between stratifications of
moduli spaces of sheaves on K3 surfaces have been studied by Yoshioka [42], Markman [32]
and Kawai-Yoshioka [27]. Let us briefly review their results.

Let X be a K3 surface. Let (H*(X,Z),(, )) be the Mukai lattice. Namely, it is the integral
cohomology group with the pairing

<37,3/>_—/ To Uy —x1 Uy + x2 Uy,
X

where © = zo+x1 + T2, Yy = yo+y1 +yo with z;,y; € H*(X,Z). We also set " = xg— 1 + 3.
If E is a coherent sheaf on X (more generally, an object of the derived category of coherent
sheaves on X)), we define its Mukai vector v(E) by

v(E) € ch(E)/idx = ch(E)(1 +w),

where w € H*(X,Z) is the fundamental class. Since (, ) is even, v(F) has a value in H*(X,Z).
The Riemann-Roch formula says

> dimExt(E, F) = —(v(E),v(F))

=0

for coherent sheaves E, F' on X. Moreover, the Serre duality says the natural pairing (Yoneda
product)

Ext'(E, F) @ Ext> (F,E) — C;a® 8 — tr(a A ) € H*(X,0x) 2 C

is non-degenerate, where we have used Ky = Ox.

Let us take and fix an ample line bundle H over X. Let 9t(v) be the moduli space of
H-stable sheaves E with v(F) = v. (We omit the notation H.) By the fundamental result of
Mukai, 9t(v) is a nonsingular symplectic manifold of dimension 2 4 (v, v). This is an analog
of our X (v). The analog of the sheaf Oy ® p; is a rigid vector bundle Ey on K3, i.e., a stable
vector bundle Ey with Ext'(Ep, Fy) = 0. This has dim 9(v(Ep)) = 0. In fact, Mukai shows a
stronger result: MM (v(Ey)) = {Ep}. Yoshioka defined a stratification on moduli of sheaves by

Me,.r(v) ={E € M(v) | dim Hom(Ey, E) = r}.

(This is an analog of the Brill-Noether locus.) In [loc. cit.] it was shown that under certain
conditions on v and the polarization H, there exists a natural homomorphism

b: i):nEo;T(V) - mEo;()(V/)v

which is a Grassmann bundle. Here v/ = v — rv(Ey) and v(Ej) is the Mukai vector of Ej.
When the rank of v’ is negative, the right hand side must be understood properly. This will
be explained later. So first consider the case the rank of v’ is nonnegative. The map is defined
by assigning E’ to E with

0 — Hom(Ey, F)® Fy — E — E' — 0.
Taking the long exact sequence for Hom(Ey, e), we get Hom(Fy, E') = 0. Therefore E' €

Mp,.0(v'). (For the study of the stability condition, see the original papers.) The corresponding
extension class is an element e of

Ext'(E', Hom(FEy, E) ® Ey) = Hom(Hom(Ey, E)*, Ext'(E', Ey)).
The corresponding homomorphism Hom(Ey, E)* — Ext!(E’, Ey) is injective and defines a

r-dimensional subspace in Ext'(E’, Ey). This gives us a Grassmann bundle structure on
p: Mpgr (V) — Mpgo(V').
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Next consider the case v’ is negative. Since the ranks of coherent sheaves are always non-
negative, we must interpret 9t(v’) suitably. It turns out that the reasonable choice is

M(v') = M(—v"),
def
Mg (V') = My i v(E)vy (=)

where V is the involution on H*(X,Z) given above and Ej is the dual vector bundle of Ej.
Under the assumption (which is not mentioned here), we have Ext*(Ey, E') = 0, therefore
Riemann-Roch says

dim Hom(Ey, E') — dim Ext'(EY, E') = —(v(Ep)", —v"") = (v(Ep), V')
for E € M(v'). Hence
Mp,ir (V') = {E' € M(—v") | dim Ext' (E), E') =r} .
Now the map is defined by assigning E' to E with
0 — EY — Hom(Ey, E)* ® E] — E' — 0.

Here EV is the dual vector bundle of E. (If F is not locally free, we need a slight modification.)
Taking the long exact sequence for Hom(Ey, ), we get Ext'(EY, E') = 0. The above short
exact sequence defines a homomorphism

Hom(Ey, E)* = Hom(Ey, E)" ® Hom(Ey, E) — Hom(E, E').

This is injective and defines an r-dimensional subspace in Hom(Ey, E’). This gives us the
Grassmann bundle on p.

As an application of the Grassmann bundle, we can construct sly-actions on the cohomology
group of moduli spaces corresponding to rigid sheaves on K3 (paper in preparation).
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