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(another proof of Nekrasov’s conjecture based on random
partitions)

e Braverman : math.AG/0401409
(affine) Whittaker modules

e Braverman + Etingof :math.AG/0409441
(yet another proof)

e Takuro Mochizuki : math.AG/0210211
(wall crossing formula for general walls)
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History

~1994 Many important works on Donaldson invariants

1994 Seiberg-Witten computed the prepotential of N = 2
SUSY YM theory (physical counterpart of Donaldson
Invariants) via periods of Riemann surfaces (SW curve).

1997 Moore-Witten computed Donaldson invariants (blowup
formulas, wall-crossing formulas...) via the SW curve.

2002 Nekrasov introduced a partition function ~
‘equivariant’ Donaldon invariants for R*

2003 Seiberg-Witten prepotential from Nekrasov’s partition
function (Nekrasov-Okounkov, N-Yoshioka)

Aim of talks

1. Nekrasov’s partition function Z(e1, 9, a; A)

2. Relation between
Z (g1, &9, a; \) (‘equivariant Donaldson invariant for R*")
«—— Donaldson invariants for a cpt 4-mfd (proj. surf.) X

where
€1, €9 - basis of Lie T? (acting on R* = C?)
a=(ay,...,a.)With> a, =0
: basis of Lie 77! (max. torus of the gauge group SU(r).
A : formal variable for the instanton numbers

Alg. Geom. is very powerful for the calculation of
invariant ...........



Physics vs Math.

(X,tg)

Donaldson inv. ——— Seiberg-Witten inv. + local contrib.

t—00

[GNY]+[Mochizuki]

fixed point formula
+ cobordism argument

Nekrasov part. func. Z wall-crossing formula

Z=exp(-20 Jr”_)J([NY],[NO] vanishing on alTregularization of

f1e2 chamber the integral

[Moore-Witten]
—_—

u-plane integral

Seiberg-Witten prep. Fy Donaldson inv. for b, = 1

[GNY]+[Mochizuki] : More precisely,

1.

2.
3.

Describe wall-crossing formula as an integral over Hilbert
schemes.

Show the integral is “universal’.

Compute the integral for toric surfaces via fixed point
formula
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Quick Review of Donaldson invariants

(X, g) : cpt, oriented, simply-conn., Riem. 4-mfd
P — X : U(2)- (or SO(3)-)principal bundle
c1 = c1(P), co2 = c2(P) : Chern classes

My™ = M (c1, ca) - moduli of instantons

MO = Mg’()(Cl,CQ) = UM;?Og(Cl,CQ — k) X SkX
(Uhlenbeck cptfication)

M;*® is a C* mfd. of expected dimension

2d = 8cy — 2¢2 — 3(1 + by ) for a generic metric g

the fundamental class [ M, can be defined if ¢; # 0 or
exp. dim. 2d > 4cy = dimg({0} x S“X) (stable range)
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Review of Donaldson invariants — cont’d.

E — X x M) : universal bundle

p(e) = (c2(E) — je1(6)?) o1 Hi(X) — H*(My™)
(o) (o € Ho( X)) extends to M,

w(p) (p € Hy(X)) extends to M, \ {0} x S2X

Let
def.
8¢  (explaz +pa)) @ / (el 4= ()
M

a € Hy(X),p e Hy(X)
We first define this in the stable range (i.e. u(«) appears >

?’b+4+5 times, and then extend it by the blow-up formula.

Instanton Counting and Donaldson invariants — p.7/54

Algebro-geometric approach

X : (simply conn.) projective surface
H : ample line bundle

w(E) = ——= [y ca(E)UH : slope
pe(n) = ——=x(E(nH)) : normalized Hilbert polynom.

E is p-(semi)stable &Ly p(F) < (S)u(F)forVE C E
with 0 < rank F' < rank F

Eis H-(semi)stable <5 pr(n) < (<)pp(n) (n > 0) for

VF C Ewith0 < rank F < rank &/
u-stable = H-stable = H-semistable = u-semistable
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Algebro-geometric approach - cont’d

My (e1, c2) - moduli space of y-stable rank 2 holo. vect.
bundles £ with ¢, (E) = ¢1, co(E) = ¢

M = My (cq, c2) - moduli space of H-semistable sheaves
Mpyo(e1,¢2) C Mp(cr, c2) (Gieseker-Maruyama
cptfication)

My (c1, o) is of expected dimension if ¢o > 0

Let ¢ = Hodge metric with class H
M;"fog(cl, c2) (uncpt’d moduli sp.) = M}”j%(cl, C)
(Donaldson) (Hitchin-Kobayashi corr.)

m: My(c1,ca) — Myo(c1, c2) @ cont. map (J.Li)

Algebro-geometric approach — cont’d.

Then (Morgan, J. Li)

3¢  (explaz +po)) = / e (enlo) + uly)
Mg (cy,c2

a € Hy(X),p € Hy(X)
Two approaches to define inv. for arb. ¢
Use blowup formula
Virtual fundamental class (Mochizuki)

Question 1. Do two approaches give the same answer ?



Metric dependence

Return to a C*° 4-mfd.
by > 1 = independent of ¢

by = 1 = depend on g, but only on
w(g) € H*(X)"/Rso = {w € H*(X) | w® > 0}/Rso = H U (—H)

where w(g) : self-dual harmonic form with ||w(g)|| = 1
unique up to sign («— orientation of M)

Calculation of ®J . was difficult........

,C

1994 Donaldson invariants are determined by Seiberg-Witten
Invariants, which are much easier to calculate !

Wall-crossing formula

W ={we H*(X)"|£-w=0}: wall defined by
€ HX(X,Z)st.c; =& mod 2

w(g) € W&
— Jareducible instanton L, & L_ with ¢; (L) = %5

(L] + > m;p; may occur M.
£ =c; mod 2
4oy — 2 > —€2 >0
—> # of walls are locally finite
@9 ., is constant when w(g) moves in a chamber C., ., : a

C1,C

connected component of H2(X)* \ [JW¢

This happens only when {



Kotschick-Morgan conjecture

Fact (Kotschick-Morgan '94). 35§2 s.t.

P — P92 — 102/8 Z 5 C/2) Cé‘f

C1,C2 C1,C2

Kotschick-Morgan conjecture : 502\SymH2(X) IS

a polynomial in & and the intersection form () x
with coeff’s depend only on &, ¢y, homotopy type of X

Remark. If ¢; # 0 (2), 3 chamber Cs.t. ¢ = 0.
If c; = 0, 3 a similar result (Gottsche-Zagier)
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Gottsche’s computation

1995 Gottsche computed 6* = Y 65 explicitly in terms of
modular forms, assuming KM conj

1997 Moore-Witten : Derive Gottsche’s formula from the
u-plane integral

Our goal today :
&< can be expressed via Nekrasov’s partition function

There are several peoples (Feehan-Leness, Chen) announc-
ing/proving KM conjecture. Their approach is differential ge-
ometric which ours is algebro-geomtric. | do not check their
approach in detail. Their approach only yields KM conj., not
Gottsche’s formula.
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Framed moduli spaces of instantons on R*

n € Lo, r € Z~g. (r = 2 later)

M;*(n,r) : framed moduli space of SU(r)-instantons on

R* with ¢, = n, where the framing is the trivialization of
the bundle at co.

This space is noncompact:
bubbling
3 parallel translation symmetry

Two partial compactifications

We kill the first “source’ of noncompactness (bubbling) in
two ways:

My(n,r) : Uhlenbeck (partial) compactification

My(n,r) = | | Mge(k,r) x S"*R*,
k=0

M (n,r) : Gieseker (partial) compactification, i.e., the
framed moduli space of rank r torsion-free sheaves £ on
P2 =R*U/,

— E : atorsion-free sheaf on P> withtk =7, co = n

- ¢: By, = O;" (framing)



Morphism from Gieseker to Uhlenbeck

M (n,r) : nonsingular hyperKahler manifold of dim. 4nr
(a holomorphic symplectic manifold)

My(n,r) : affine algebraic variety

w: M(n,r) — My(n,r) : projective morphism
(resolution of singularities) defined by

(E.¢) = (E", ), Supp(E"/E)).
(cf. J. Li, Morgan)

Quiver varieties for the Jordan quiver

V, W :cpx vector sp’swithdimV =n, dimW =r
M(n,r) = EndV & End V & Hom(W, V) @ Hom(V, W)
w: M(n,r) — End(V); u(B1, Be,a,b) = [By, Bo] + ab

"y

allb

w

My(n,r) = u=(0) ) GL(V) (affine GIT quotient)
M(n, ) = p (0 GL(V)

stable €& AS C V with B,(S) ¢ S, Ima C S



Example » = 1 : Hilbert scheme of points

Theorem. M(n,1) = (A2)",  My(n,1) = S"(A?)

(A?)I") : Hilbert scheme of n points in the affine plane A?
S™(A?) : symmetric product (unordered n points with mult.)

Sketch of Proof

(A2)" = {I C Cl[z,y] ideal | dim C[z,y]/I = n}

SetV = Clx,y|/1
By, By = xx,xy,a(l)=1 mod I,b=0

o S™"(A?%) — My(n,1) is induced by A*" — M(n, 1):
(Bla BQ; a, b) — (diag(xla s 73771)7 diag(yb s 7y7”b>7 07 O)

Torus action and equivariant homology group

T = T"1: maximal torus in SL(T¥)

T =C* x C*x T ~ M(n,r), My(n,r) : torus action
— C* x C* ~ C? and T acts by the change of the framing
— (B1, By, a,b) — (t,By,taBy, ae™ !, t1teb)

(t1,t2) e C* x C*,eeT
Hf(M(fr, n)), Hf(Mo(r, n)) : equivariant (Borel-Moore)
homology groups
modules over S : symmetric power of

~

Lie(T)" = Cler, £2, a0] = HZ(pt) (- aa = 0)
(M (r,n)], [Moy(r,n)] : fundamental classes
S : quotient field of S



Instanton part of Nekrasov’s partition function

Fact (Localization). Let o be the inclusion of the fixed point set
My(n, )1 in Mo(n,r). Then

HT (My(n, 7)) ®s & <= HI (My(n,r)T) @5 6.

The same holds for c: M (n,r)t — M(n,r).

Observation. My(n, T)f = {0},so RHS = &.
Define

©.0)

Zinst(517 £, 6, A) _ ZAQnT(LO*)_l[MO(’n, T)]

n=0

= Z AZnT(L()*)_l’ﬂ'* [M(TL, T)]
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Fixed point set M(n, r)f

(E,p) € M(n,r) is fixed by the first factor 7' = 771
<= adirect sum of M (n,,1) O n. =n)
(.- W decomposes into 1-dim rep’s of T')

M (ng, 1) = Hilb™ (A?) > I, is fixed by C* x C*
<= [, is generated by monomials in z, y
<= [, corresponds to a Young diagram Y/,

y5




M(n,r)T 2 {Y = (Vi,..., %) | S|Vl = n}
the tangent space
Ty = Ext!(B, E(~lx)) = @, Ext' (I, I5(~{x))

Its equivariant Euler class

Euler (T H H —ly,(s) 1+ ay,(s))e2 +ag — aa)
o, s€Yy
< [T (14 1y, (t)e1 — ay, (t)es + ag — aq)
tGYg
where _ay, (s)
KNERO

Combinatorial expression

v: M(n,r)l — M(n,r) : inclusion

[M(n,r)] € HE (M (n,r)) ®s S (L—?_1> Dy S

| |57

(Mo(n, )] € HI (Mo(n.r) 858 ——

As M (n,r) is smooth, we have an explicit formula:

()01 = D ey

where Euler (7}) : equivariant Euler class of T € H*({Y})



Combinatorial expression — cont’d.

A2 Y Yol

= Euler (T ?)

ZinSt(gb €92, 57 A) —

_ Z AQTZ Ya|
Y

1
XHH lyﬁ €1+(1+CLY())62+&5_&O‘)

a, s€Y,

1
89 VS o e v

tEYg

This is purely combinatorial expression !

Example r = 1, Hilbert scheme

Letr = 1. Pute; = —ey9. We have X .
(t00) [Mo(n, 1)] = Y (=) 2
Yien 1 ey (s)

The hook length formula says

h(s) — n!
s€Y

where Ry Is the irreducible representation of S,, associated

with Y. Note .9
Z dim Ry = n!
Y|=n

Therefore 1 1

(t0<) " [Mo(n, 1)] = n,(—g—%)”-

This can be proven directly by Bott’s formula for orblfolds
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Perturbation Part

def. d

Vei,e2 (z;A) = ds

As /oo @ts e—ta:
o L(s) Jo t (eo"=1)(e>" —1)

o def.
ZPM(ey, 0,0 M) S exp | = ) vz, (a0 — ag; A)
B
Define the full partition function by

Z(gla €2, 67 A) dgf. Zpert(gh €2, 67 A)ZinSt(gb €2, 67 A)
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Nekrasov Conjecture (2002) - Part 1

Conjecture. Suppose > 2.
e189log Z(e1,e9,d; N) = Fy + O(e, &9),

where Fj is the Seiberg-Witten prepotential, given by the period
integral of certain curves.
Remark. (r = 1)
o
_ A2n A2
7" (e1,e9; ) = Z ———— =exp(—).

|
0 TL.(81€2)” £1&9

Therefore |
e16910g 2™ (e, e9; N) = A?.
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Seiberg-Witten geometry

A family of curves (Seiberg-Witten curves) parametrized by
U= (UQ,...,UT):

Ci:y? =P(2)? —4A*", P(2) =2 +uz" 2+ - +u,.

Cz 3 (y,2) — z € P! gives a structure of hyperelliptic
curves. The hyperelliptic involution ¢ is given by

L(y,.Z) — (_y7 Z) ]
Define the Seiberg-Witten differential (multivalued) by

1 zP'(2)dz
2r oy

S = —
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Seiberg-Witten geometry — cntd.

Find branched points 2= near z, (roots of P(z) = 0) (A
small). Choose cycles A, B, (¢ =2,...,r)as

Put

Then (Seiberg-Witten prepotential)
F
dF : ag = —27‘(’\/—1@
aag
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Analogy with mirror symmetry

Mirror symmetry
A-model Gromov-Witten invariants

B-model periods

Nekrasov’s conjecture

A-model Partition function Z(s1, g9, a; A)
B-model Seiberg-Witten prepotential £

Nekrasov Conjecture - Part 2

Put e; = —e9 = ig,. (g, : string coupling constant)
Conjecture. Expand as
log Z(igs, —igs, @ A) = Fog; 2+ Figy++ -+ Fpgs? 2+ -
Then Fg is (a limit of) the genus g Gromov-Witten invariant for
certain noncompact Calabi-Yau 3-fold.

e.g., r = 2, Calabi-Yau = canonical bundle of P! x P!

based on geometric engineering by Katz-Klemm-Vafa
(1996)

Example of topological vertex

Physical proof by Igbal+Kashani-Poor : hep-th/0212279,
hep-th/0306032, Eguchi-Kanno : hep-th/0310235.
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mathematical proof
— r = 2 by Zhou, math.AG/0311237

— general r by Li-Liu-Liu-Zhou math.AG/0408426 +
recent work by Maulik-Okounkov-Pandharipande.

Then Fy = (SW prepotential) is a consequence of the “local
mirror symmetry’ (at least for » = 2).

Remark. We can expand as

e169log Z(e1, €9, a; )

e + &3
3

H, A, B also play roles in Donaldson invariants. (But no higher
terms.)

= Fy+ (61 + e9)H + 1690A +

B+ ...
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Main Result 1

Theorem. (1) [NY],[NO]J,[BE] Nekrasov's conjecture (part 1) is true.
(2) [NY] (r = 2)

v—1
H = mv—1a, Azllog —d—u :
2 A da

1 4(u? — 4A%)
B = 3 log ( Al )

where
E1€9 log Z(gla €2, 67 A)

2 + &3

= Fo+ (61 +e2)H + 1624 + -

B+ ...



Blowup equation

The main result is a consequence of the following equation:

t(r—1)(e1 + €2)
D, oxp [_ 12

keZr:>" ka=0
X Z(e1,60 — €1, + 511%’; Aeglt/%)
X Z(e1 — €3, €2, @ + £ak; Ae®2H?T)
= Z(e1,€9,a; A) + O(t*)

Take coeff’s of t4 (0 < d < 2r — 1) in LHS.
— nontrivial constraints on ~.

They determine the coeff’s of A in Z recursively starting from
the perturbation part.
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Contact term equation

Taking €1, 9 — 0, we get
d\° V-1 &9 %, %, d
(435) 7= 3 (45) s (Va7)

X

log ©(0|7),
Tap
where

1 PR
Oéﬂ o 271'\/—1 80/(348@,8

O : theta function with the characteristic £

This equation determines the coeff. of A in F{ recursively
starting from the perturbation part.

The SW prepotential satisfies the same equation.
—> They must be the same !

. period of SW curve

Instanton Counting and Donaldson invariants — p.36/54



blowup

Consider the blowup at the origin

C? = {(z1, 20,2 : w]) | iw = 202} & C2

C =1{(0,0,[z:w]) | [z:w] € P'} (except. div.)

(z/w,z2)

(z1,w/z)

r1 |
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Moduli space on blowup

—

M (k,n,r) ={(FE, )} framed moduli space on blowup

E : torsion free sheaf on P2, rank E = r, (c1(F),C) = —k,
e(E) — ei(E)P? =n

¢: Elp, = O, (framing)
ldea : Compare ]\/Z(k, n,r)and M(n,r) !

Proposition. Normalize k sothat 0 < k < r.
3 projective morphism 7w: M (k,n,r) — My(r,n — k(r—k))

2r
given by
(E, ) — (p.E", ,Supp(p,EYY /p. E) + Supp(R'p.E)) .

e.g. k = 0, 7 is birational and an isom. on p~! (M, (r, n)).
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Torus action on blowup

Tm]/w\(r,k,n)

Proposition. ]\7(7“, k,n)! is parametrized by

- — — — — 1
1 2 _ 1 2 2 __
((BYL72) |3 ko= I [P+ P2 4 = 3 (k= h)? =}

a<pf

Proof. (E,p) = (I1(k1C), 1) ® -+ ® (I (k.C),p,) and I, is
an T2-equivariant ideal.

—> Og. /1, is supported at {p1,pa} = (C2)7 and corresponds
to a pair of r-tuples of Young diagrams. ]
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Tangent space

The tangent space of the moduli space is given by the
extension

Ext!(E, @Ext (kaC), I5(ksC — lo)).

We have I, = I} N 1% (Supp(O/I%) = {p,} witha = 1, 2).
Then

Ext' (B, E(—lx)) = H'(O((kg — ka)C — 1))
+ O((ks — ka)O)1,, ® Ext' (1}, 13(—lx))
kg — ko)C)|  ®@Ext'(12,13(—lx))

These are the same as tangent-space of M (r, n) with shifts of
variables ¢; — g1 — g9, 69 — g9 — &7 resp.
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p-class

E-P2x M (r, k,m) : (equivariant) universal sheaf
H(C) = (ca(€) = rer(€)?)/ [C) € HA(M(r, k,m))

2r
(equivariant) p-class

Proposition.

N(C)|(/§,?1,?2)
= |Ytep + [Y?)eo

=+ %Z 2(ka — kg)(aq — ag) + (ko — k5)2(€1 + €9)

a<(

The blowup formula

Combining all these, we get

0

L /A )(eXp(w(C))m[ﬁ(r,O,n)])

n—0 M(r,0,n

— Zexp [t <217‘ Z(E’ a) + (kék) (e1 + 52)>

X
[ Buler(e®s=« HY(O((ks — ka)C — L))
a?ﬁ
X 7™ (1,69 —€1,d + e k: Aeter/2n)
X 7" (e — €9,69,d + EQE; Aet”/”).
where fﬂ(r,o,n) = 1,/ 7, = sum over the fixed points.
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Dimension Gap

—

Proposition. 7, (u(C)N[M(r,0,n)]) = 0for1 < d < 2r—1.

Proof. Note

—

T (1(CY N [M(r,0,1)]) € Hypn—sg(Mo(r,n)).

Let S = {0} x My*(r,n —1)).
codim¢c S = 2r
= Hyrn—2a(Mo(r,n)) = Hapn—0a(Mo(r,n) \ S).
p(C) is trivial on 71 (My(r,n) \ S).
O

Combining this vanishing with the blowup formula, we get
the blowup equation !
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Wall-crossing term via Hilbert schemes

X : projective surface with b, =1, m(X) =1
We use the alg-geometric definition of Donaldson invariants.

H e W, H. and H_ are separated by V.
g, g+, g_ - corr. Kéhler metrics

composition of flips

Then MH, (61,02) .— e — MH+(61,62)

l l

Mg_ o(c1,c2) My, o(c1,c2)
Mg o(c1,c2)
c1+¢& c1 —¢& 1]
0= 15 () = E— 152 —0 (2550
Rcﬁged <—Izl(cl+§)<—E/<—fzz(61_€




Wall-crossing term via Hilbert schemes — cont’d.

Suppose W is good Lty |Kx + &'| = for V¢’ s.t.
W =w¢,
— moduli sp’s are smooth near the above £, £’

Fact (Friedman-Qin,Ellingsrud-Gaottsche).
6¢(exp(az + px)) |jz A3

n>0

exp (— {ch(L)e% + Ch(Ig)e%} , [(az + px))
: /(XuX) ct(Exty, (T1, To(—€) ) e H(Exty, (T3, Ty (€)) ]t ;

where
71, T universal sheaf for (X U X)W = | |, XU X{m
A(E)=> c(E)t"‘forr = rank E
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Universality of the formula

Let 6¢ be the inside of [e], , in the formula.

Theorem (GNY). 3 A; € Q((t71))[[A]] ¢ = 1, ... 8) indep. of
X, € st

(—1)X(Ox)+E(E=Kx)/24=6=2x(Ox) A& +3x(O0x) 58 (exp (a2 + pa))

= exXp 52141 -+ 501 (X)A2 -+ C1 (X)2A3 + CQ(X)A4

+ 2o - EAs + 2o c1(X) Ag + 2°0® Ay + 2 Ag

To determine A;, it is enough to compute 5§ for toric
surfaces X.
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Proof of the universality

The proof is similar to
Fact (Ellingsrud-Géttsche-Lehn). The complex cobor-

dism class of X" depends only on the cpx cob. class
of X.

The essential point is to consider (X, = X U X, a = 1,2)
X Po XZ[n,n—f—l] Yo Xz[n—i—l]
|-
X[”]
where ?

zcZz
X[n,n+1] _ 7 7! X[n] X[n+1]
2,0 (2,7') € X357 x X, Z'\ Zisin o"™-factor

Intersection on X" ~ Intersection on X" x X
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Main Result 2

X : projective toric surface with fixed points py, . .., p,
(x;,y;) : toric coord. around p; with weights w(z;), w(y;)

¢, o, x © take equivariant lifts 6% : the equivariant lift of 56

Theorem (GNY).
5t (exp(az + px))  disapper in non-equivariant limit

1

© [ (% Todds (X)(az + px))

t— 1k

X
X H Z(w(z;), w(y:), sz; Ae'»s (O‘Z+p$)/4)]
1=1

2
m‘ﬂ{e fixed point set

Instanton Counting and Donaldson invariants — p.48/54



About proof

It is easy to show

ins t—l,;;iﬁ.  (atpi
% (exp(avz + pr)) = [1, Z (w(@:), w(y;), —2=; Aetes @ HP)/4)
t (EXP p A€2+3c—t(H1(X7 L))Ct(Hl(X, LV))

Then we show that the denominator can be absorbed into the
perturabation term.
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Recover Gottsche’s formula ....

Recall e1eglog Z(ey,e9,a;N) = Fy + (61 +e2)H + e160A + #B + ..

TN 20 (i), (), — Lfi(é);AeXp(w))

Z;<F _ OFy 1, (§) . OFy v (a+px) N O?Fy 1, (€)?
wzHwy) V'’ da 2 dlog A 4 (0a)? 8

R 5Ot | BB et )
og A)? 16

w(; (:)°
+ w(x;)w(y;) A+ 3 B+...>] _
OFy m§Fo 52\8%@

dlogA [y 4  0a? Jx 8 Dadlog

N 0 Fy / (az+px)* OH [ ci(X)E
(OlogA)? Jx 16 da Jx 8

= exp

+ Ax T Bo+ -
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Substituting Main Result 1(2), we get Gottsche’s formula:

8% (exp(az + px)) =

q=0 da X
(\/ du 00._|_ @
A da q
where
A — 2
g= VT 0002+2010A2, du _ 2v 1A, T:i(d—u> By — 2
02,02, da 800011 24 \ da 6
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Generalizations & Problems # 1

Higher terms of Nekrasov partition function do not contribute
to Donaldson invariants.

But .....

GNY’s approach naturally defines

local wall-crossing density s.t.

— expressed in terms of the curvature
— Its integral over X gives the wall-crossing formula

(toric case)

cf. local Atiyah-Singer index theorem via the heat equation
approach

Problem. Justify the ‘local density’ via Donaldson invariants for
families.
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Generalizations & Problems # 2

Let 7 = (7, 7, - - ) be a vector of formal variables.
We consider the partition function with the higher Chern
classes:

ZinSt(é“l, £, J; A, 7—_») _ Z A2rn/ exp (Z Tp Chp+1 (5)/[CQ]>
(rn)

n=0 M p=1
The case » = 1, this = the full GW invariants for P!.
Forr > 2

J(e189 log Z™")

Theorem (NY). 5
Tp—1

(p=2,...,r)are es-
e1=e2=0
7=0

sentially u,, in the SW curve.

Problem. (1) Justify Chp(é') with p > r + 1 in a diff. geom. way.
(2) Study this for r > 2.
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Generalizations & Problems # 3

4 K -theoretic generalization of the instanton counting and
alg-geom. def. of Donaldson invariants (holo. Euler
characteristic).

In Nekrasov’s conjecture - part 2, F), is the GW inv. for a
local toric CY, not its limit.

Problem. Define K -theoretic Donaldson inv. in a diff. geom. way.
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