AN INVITATION TO THE SIMILARITY PROBLEMS
(AFTER PISIER)

NARUTAKA OZAWA

ABSTRACT. This note is intended as a handout for the minicourse given in RIMS
workshop “Operator Space Theory and its Applications” on January 31, 2006.

1. THE SIMILARITY PROBLEMS

1.1. The similarity problem for continuous homomorphisms. In this note,
we mainly consider unital C*-algebras and wunital (not necessarily *-preserving)
homomorphisms for the sake of simplicity. Let A be a unital C*-algebra and
m: A — B(H) be a unital homomorphism with ||7|| < oco. We say that 7 is
similar to a x-homomorphism if there exists S € GL(H) such that Ad(S) o7 is
a *-homomorphism. Here, GL(H) is the set of invertible element in B(H) and
Ad(S)(z) = SzS™.

Similarity Problem A (Kadison 1955). Is every continuous homomorphism
similar to a x-homomorphism?

We note that a homomorphism 7 is a *-homomorphism iff ||7|| = 1, since an
element x € B(H) is unitary iff ||z|| = ||z} = 1. We say A has the similarity
property (abbreviated as (SP)) if every unital continuous homomorphism from A
into B(H) is similar to a x-homomorphism. Do we really need the assumption
that 7 is continuous? That is another problem. Indeed, the subject of automatic
continuity is extensively studied in Banach algebra theory, and it is known that the
existence of a discontinuous homomorphism from a C*-algebra into some Banach
algebra is independent of (ZFC). As far as the author knows, it is not known
whether or not the automatic continuity of a homomorphism between C*-algebras
(say, with a dense image) is provable within (ZFC).

Similarity Problem A is equivalent to several long-standing problems in C*, von
Neumann and operator theories. Among them is the Derivation Problem:;

Derivation Problem. Is every derivation §: A — B(H) inner?

Let A C B(H) be a (unital) C*-algebra. A derivation §: A — B(H) is a linear
map which satisfies the derivative identity d(ab) = d(a)b + ad(b). The celebrated
theorem of Kadison and Sakai is that every derivation into A” is inner. We recall
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that 0: A — B(H) is said to be inner if there exists T € B(H) such that
Vae A 6(a) =0r(a):=Ta—aT.

It is known that every derivation is automatically continuous (Ringrose). We say
A has the (DP) if any derivation 6: A — B(H), for any faithful x-representation
A C B(H), is inner.

Theorem 1.1 (Kirchberg 1996). Let A be a unital C*-algebra. Then A has the
(SP) iff A has the (DP).

The easier implication (SP) = (DP) (which precedes Kirchberg) follows from
the following lemma.

Lemma 1.2. Let A C B(H) be a unital C*-algebra and §: A — B(H) be a deriva-
tion. Then the homomorphism m: A — My(B(H)) defined by

r(a) = ( a ola) )

s similar to a x-homomorphism iff § is inner.

Proof. We first observe that 7 is indeed a homomorphism since ¢ is a derivation.
If 9 = o7, then we have

@=(o1)(5a)(0 )

and 7 is similar to a *-homomorphism id4 @ id4. We now suppose that o(a) =
Sm(a)S™! is a x-homomorphism. Let D = S*S. Since

IS7HI*(Dg, &) = IS~ IPIISEN* = g1,
we have D > [|S71||72. Since o is x-preserving, we have
Drn(a) = S*o(a)S = (S*o(a*)S)* = m(a™)*D

for every a € A. Developing the equation, we get

Dy Dy, a 5(&) _ a 0 Dy Das
D21 D22 O a (5(&*)* a Dgl DQQ

Looking at the (1, 1)-entry, we have Dy1a = aDy; for every a € A. Combined with
Dy; > ||S7Y|72, this implies that D' € A’ with || D;!|| < [|S7Y|>. Looking at the
(2, 1)-entry, we have

D115(a) + D12a = CI,D12.

It follows that § = 07 for T' = —D7! Dyy with ||| < ||S|?(|S~1||%. O
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1.2. Known cases and open cases. The important result of Haagerup (1983)
is that a continuous homomorphism 7: A — B(H) admitting a finite cyclic subset
(i.e., there exists a finite subset F C H such that span{m(a)€ :a € A, £ € F}is
dense in H), is inner. This does not finish the similarity problem since we cannot
decompose a general (non *-preserving) representation into a direct sum of cyclic
representations.

Theorem 1.3. The following C*-algebras have the (SP).

(1) Nuclear C*-algebras.
(2) C*-algebras without tracial states (Haagerup).
(3) Type 11y factors with the property (I') (Christensen).

We note that one may reduce Similarity problem A (or derivation problem) for
C*-algebras to that for type II; factors by considering the second dual, then con-
sidering the type decomposition and direct integration. We do not know whether
or not the von Neumann algebras LFs and [[ 2, M, have the (SP). We suspect
that [[)~, M, should be a counterexample.

1.3. The similarity problem for group representations. We only consider
discrete groups. Let I' be a discrete group and C*I" be the full group C*-algebra.
We regard I' as the corresponding subgroup of unitary elements in C*I". Every
continuous homomorphism 7: C*I" — B(H) gives rise to a uniformly bounded
(abbreviated as u.b.) representation of I' on H; 7: I' — GL(H) is a group homo-
morphism such that ||7]| := sup,r ||7(s)|| < oo’. Obviously, the homomorphism
7: C*T' — B(H) is similar to a *-homomorphism iff the representation mr is uni-
tarizable (i.e., 3S € GL(H) such that Ad(S) o mp is a unitary representation).

Theorem 1.4 (Diximier 1950). Let I' be an amenable group. Then, every u.b.
representation of T' is unitarizable. More precisely, if m: I' — GL(H) is a u.b.
representation, then there exists S € GL(H) N vN(x(T)) with ||S|[||S7] < ||«||?
such that Ad(S) o is unitary.

Proof. Let I' be amenable and 7: I' — GL(H) be a u.b. representation. Let F,, C T
be a Folner net. Since 7 is w.b., the set |F,|7' 3> 5 7w(s)*n(s) € vN(7(I')) has a
weak*-accumulation point. Since the accumulation point is positive, we let S be
the the square root of it. Then, we have

ISel? = tim = 3 (e,

| TL| San

and hence ||7||7! < S < ||« and [|S7(s)¢|| = ||S€]| for every s € T and £ € H. It
follows that || Ad(S) o || = 1 and hence Ad(S) o 7 is unitary. O

I This notation may cause confusion since the value ||7|| is not same as ||7: C*T' — B(H)].
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If one employ the fact that a nuclear C*-algebra is amenable as a Banach algebra
(Haagerup 1983), then we can adopt the above proof to the case of nuclear C*-
algebras. We say I is unitarizable if every u.b. representation of I' is unitarizable.
Pisier (2004, 2005) proved that if I' is unitarizable and in addition that the similar-
ity S can be chosen so that (i) S € GL(H) N vN(n(T)), or (ii) [|S| [|S7H| < ||« ||%,
then I' is amenable. However, the following is still open.

Similarity Problem B. Is every unitarizable group amenable?

Theorem 1.5. The free group Fo, on countably many generators is not unitariz-

able.

Proof. We denote by |t| the word length of t € F,, by CF, the space of all finitely
supported C-valued functions on F.,, and by A(s) the left translation operator by
s on £, I' (and its subspaces). Let B: CF,, — (F be the linear map defined by

Bo =Y {6y [t7| =1, |t'| =|t| + 1},

i.e., Bd; is the characteristic function of those points which are just one-step ahead
of t (looking from e). Then, for every s € F,, we have

0 if [s| # |st| + [t
BX(s) — A(s)B)d;, = i 11
( ( ) ( ) ) t { 58(|5t|+1) — (53(|5t|_1) lf |S’ = |St| + |t 1|

where s(k) is the unique element such that |s(k)| = k and |s| = [s(k)| + |s(k) " ts].
Hopefully, the figures below explain the above equation. It follows that we may

S
S
t
st
st
(& (&
FIGURE 1. |s| # |st| + [t 7| FIGURE 2. |s| = |st| + [t 7|

view D(s) = BA(s) — A(s)B as an element in B({;F ) with ||D(s)|| = 2. Thus,
D:Fo — B(lF) is a u.b. derivation; D(st) = D(s)A(t) + A(s)D(t). It is not
hard to show that D is not inner, i.e., there is no By € B({;F,) such that B — By
commutes with every A(s) (in L(CFu, locF)). We define a u.b. representation
7 Foo = My(B(4Fy)) by

0= (")

We conclude the proof by using the fact, which is proved in the same way to
Lemma 1.2, that 7 is similar to *-homomorphism only if D is inner. 0
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We observe that a subgroup of a unitarizable group is again unitarizable thanks
to the fact that the induction of a u.b. representation is again u.b. (and a little
more effort). Hence a counterexample (if any) to Similarity Problem B has to be a
non-amenable group which does not contain Fy as a subgroup. Do you think this
might be a good time to stop chasing the problem?

2. IsOMORPHIC CHARACTERIZATION OF INJECTIVITY

2.1. A free Khinchine inequality. Let I be a discrete group and LI' be its
group von Neumann algebra. By definition, the map

LTS M f)— f=X[f)oe € 6T

is contractive. For which operator space structure on />I', does the above map
completely bounded? We briefly review the column and row Hilbert space struc-
tures. Let H be a Hilbert space. When it is viewed as a column vector space, we
say it is a column Hilbert space and denote it by Hc, i.e., He = B(C, H) as an
operator space. For any finite sequence® (z;); in B(H) and orthonormal vectors

&1,...,&, € H, we have

X

@ille = 1) 2 ® &llsanene = I | @2 | II1= 11 af V2.

Likewise, we define the row Hilbert space as Hr = B(H,C), where H is the
conjugate Hilbert space of H. For any finite sequence (z;) in B(H) and orthonormal
vectors &1, ...,&, € H, we have

[(@)illr = || sz ® &illpnens = || ( Ty Tz e ) =l Zﬂfixfﬂm-

We regard the following lemma trivial and use it without referring it.

Lemma 2.1. For any finite sequences (a;); and (b;); in B(H), we have

I Z aibil| < Jl(ai)i]| vl (0i)illc-

In particular, || 32 a; @ bi|| < mind [[(a:)sl| r[|(b:)sllc, [[(ai)sllc]] (i)l r -
We define Henr = {{ @& € He @ Hr: € € H}.
Proposition 2.2. The map
LTSN f)— f € (lD)enr

18 completely contractive.

2A finite sequence is a sequence of vectors such that all but finitely many are zero
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Proof. We view 6, € B(C, (,I') and 6* € B(¢,T',C). Since f = A(f)oe € B(g ),

r
the above map is a complete contraction into He. Since f = 0XA(f) € B(4I', C),
the above map is a complete contraction into Hg as well. O

We simply write C' N R for (¢3)cnr and {6;} for a fixed orthonormal basis for
C N R. For instance, we can take 0; = e;; ® e;; € B(ly) @ B(fz). For a finite
sequence (z;); in B(H), we set

I(zi)illenr = |l Zl’ ® Oillsroeicnry = max{][|(z:)illc, [I(z:)illr}-

The following is the rudlment of free Khinchine inequalities.

Theorem 2.3 (Haagerup and Pisier 1993). Let F, be the free group on countable
generators, S = {s;} C Fy be the standard set of free generators and

E, =span{s;} C LF
be an operator subspace. Then, the map
¢: CNR20;— As;) € LF

is completely bounded with ||®||cp < 2. In particular, the projection @ from LF
onto Ey, defined by

Q:EJFOOB)\(s)H{())\(S) ii;g ,

is completely bounded with ||Q|en < 2.

Proof. For each i, let Qf C F be the subsets of all reduced words which begins
with respectively sj-tl, and PijE € B(/,F) be the orthogonal projection onto EQQZ:-E.
Then, for each 7, we have

A(si) = A(si) P+ Asi) (1= P) = Msi) Py + PA(s:).
Therefore for any finite sequence (x;); C B(H), we have

||Z$z®)\ )P [Brenr.) < (@)l rl[(AMs) P )ille < [[(xi)illr

since ||[(A(s:) P )ille = || 2, P ||Y? = 1. Likewise, we have

1D 2 ® PFA(s) Iseer. < l(@illel(PFAG)illz < (@il

It follows that
| ch ® M(si)arsnrg < 2ll(@)illcnr =21z @ 6.

A

This means that ||®||¢, < 2. The second assertion follows from Proposition 2.2. [
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Remark 2.4. The above property of LF, is related to the fact that LF . is not
injective. We simply write E, for (¢5)cng. Thus

E, =span{e;; @ ey :i=1,...,n} C M, & M,,.

It is known that FE), is far from injective, i.e., any projection from M, &M, onto FE,
has cb-norm > %(\/ﬁ+1) It follows that if M is an injective von Neumann algebra,
then any maps «: F,, — M and 3: M — E, with foa = idg, satisty ||a||w|| 3]l >
2(v/n+1). It is conjectured(?) by Pisier that for any non-injective von Neumann
algebra M, there exist sequences of maps «,,: F,, — M and 3,: M — FE, such
that (3, oy, = idg, and sup ||y ||eb || Bnlles < 00. An affirmative answer would solve
several problems around operator spaces (e.g., whether existence of a bounded
linear projection from B(H) onto M implies injectivity of M.) A negative answer
would lead to a non-injective type II; factor which does not contain LIFs.

2.2. Isomorphic characterization of injective von Neumann algebras. For
a finite sequence (z;); in B(H), we set

[(@:)illcrr = 12: CN RS 6; = x; € B(H)][eb-

We say that a von Neumann algebra M has the property (P)* if there exists a
constant Cp; > 0 with the following property; For any finite sequence (z;); in M
with ||(x;)i]|c+r < 1, there exist finite sequences (a;); and (b;); in M such that

I(a:)ille < Cuy [(0:)illr < Cy and z; = a; + b; for every .

Theorem 2.5 (Pisier 1994). A von Neumann algebra M is injective iff it has the
property (P).

The “if” part requires several lemmas, and we first prove the “only if” part.
Let M be an injective von Neumann algebra and consider a complete contraction
¢: CNR>0; — x € M. Since M is injective, this map extends to a complete
contraction ®: C' & R — M, where C' = span{e;;} and R = span{ey;}. Then
a; = <i>(0 @ ey;) and b; = Cf)(eﬂ @ 0) satisfies the required condition with Cj; = 1.
We note that [|(¢(a;))ille < |l¢llew]l(a:)i]|c for any cb-map ¢ and any finite sequence
(a;);. Hence the following is trivial.

Lemma 2.6. The property (P) inherits to a von Neumann subalgebra which is the
range of a completely bounded projection.

As a corollary to Theorem 2.5, we see that a von Neumann subalgebra M C B(H)
which is the range of a completely bounded projection is in fact injective. We
observe that by the type decomposition and the Takesaki duality, it suffices to
show Theorem 2.5 for a von Neumann algebra of type II;.

Let M C B(H) be a von Neumann algebra. An M-central state is a state ¢
on B(H) such that p(uzu*) = p(z) for u € M and = € B(H) (or equivalently

3This nomenclature is nonstandard.
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vlax) = p(za) for a € M and x € B(H)). Recall that the celebrated theorem of
Connes states that a finite von Neumann algebra M is injective iff there exists an
M-central state ¢ such that ¢y is a faithful normal tracial state.

Lemma 2.7. Let M C B(H). Then, there exists an M -central state if

| Zul R Uilprem) =

i=1
for every n and unitary elements uy, ..., u, € M.

Proof. We first recall that H is the complex conjugate Hilbert space of H and
7 € B(H) means the element associated with z € B(H). We have the canonical
identification between the Hilbert space H®H and the space Sy(H) of the Hilbert-
Schmidt class operators on H, given by { @ 7 < (-, n)¢ € Sy(H). Under this
identification, >~ a; ® b; acts on Sy(H) as So(H) 3 h — 3. ahb} € Sy(H).

Let ug,...,u, € M be unitary elements such that u; = 1. If | .7 | w; @ W || = n,
then there exists a unit vector h € Sy(H) such that || > 7, whul|ls =~ n. By
uniform convexity, we must have ||u;hu; — h|]s = 0 for every 4. This implies that
|lu;h*hu; — h*hl|; = 0 for every i. It follows that ¢(z) = Tr(h*hx) defines a state on
B(H) such that [[¢poAd(u;)—¢||s), = 0 for every i. Therefore, taking appropriate
limit, we can obtain an M-central state. O

Lemma 2.8 (Haagerup 1985). Let M be a von Neumann algebra. Assume that
there exists a constant ¢ > 0 with the following property; For every m, unitary
elements uy,...,u, € M and every non-zero central projection p € M, we have

1S pus @ Pl sy = cn.

i=1
Then, M 1s injective.

Proof. Let uy,...,u, € M be unitary elements and p € M be a non-zero central
projection. By assumption, we have

n
||(Z PU; ®W>k||m(pH®ﬁ) > en”
i=1

for every positive integer k. Therefore, we actually have that

n
—_ . k?
|| 2]9%‘ ®pui||E(pH®p*H) > ]}LIIOIO Mep = n.
1=

By Lemma 2.7, there exists a pM-central state ¢, on B(pM) for every non-zero
central projection p € M. Fix a normal faithful tracial state 7 on M. For any finite
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partition P = {p;}; of unity by central projections in M, we define the M-central
state op on B(H) by

pp() =Y 7(0i)ep (Pizp:).

Taking appropriate limit of ¢p, we obtain an M-central state ¢ on B(H) such that
@i = 7. We conclude that M is injective by Connes’s theorem. 0

For a finite sequence (x;); in B(H), we set
1/2
I(za)illon = HZ%@%” B(H&H)"

We note that ||(x;):llog < |[(x:); ||1/2||( i) ||1/2 < |[(x;):]|cnr- Besides those appear-
ing in Lemma 2.1, we have the following mysterious inequality (which manifests
the self-dual property of the operator Hilbert spaces).

Lemma 2.9. For every finite sequences (a;); in B(H) and (b;); in B(K), we have
1Y a4 @ billseex) < ll(@)illonll®)illon

Proof. We may assume that I = 7 and use b; in the place of b;. Identifying H®H
with Sy(H) as in the proof of Lemma 2.7, we see

I Z a; ® b_iHIB(H@ﬁ) = sup{| ZTr(haikbfﬂ : h,k € So(H) with norm 1}.

Let h, k € So(H) with norm 1 be given. Then, we can find decompositions h = hyhs
and k = kyky such that h;, k; € S4(H) with norm 1. It follows that

| ZTr(haikbj)] = | ZTr((hQG,-kl)(kzb:hl))\

<Tr Zhgaiklk*a*h* 2y Zh*bk*ka’.‘hl)l/Z

1/2 1/2
< Zal ® @il /H®H | Zb ® bi HIB/(H@)H

This proves the assertion. 0
Lemma 2.10. For every finite sequence (z;); in B(H), we have
[(@i)illo+r < [|(z:)illos-

Proof. Let ®: CNR 3 60; — x; € B(H) and take z = >, a4, ®0; € B(H) @ (CNR).
We note that ||z]| = ||(@:)illcnr > ||(a:)il]lon. Hence, by Lemma 2.9, we have

1(d®@)(2)| = 1 ) ai @ @ill < ll(aillorll(@)illon < I@)illorl=].
This implies that [[(:)illc+r = [|Pllen < [|(2:)illon- U
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We have prepared enough lemmas for the proof of Theorem 2.5.

Proof of Theorem 2.5. 1t is left to show that a finite von Neumann algebra M
with the property (P) is injective. To verify the assumption of Lemma 2.8, we give
ourselves unitary elements uq,...,u, € M, a non-zero central projection p € M
and a constant ¢ > 0 such that

|(pwi)illpm < cn.

Then, by Lemma 2.10 and the property (P), there exist (a;); and (b;); in M such
that ||(a:)illc < Cuv/en, [[(bi)illr < Cuv/en and pu; = a; + b; for every i. We fix
a tracial state on pM and denote by || - ||z the corresponding 2-norm. It follows
that

n=Y lpuwls <2y (a3 + [16:l13) < 2(1(@)llE + 1(Ba)ill) < 2CFpen.
Therefore, we have ¢ > (20%,)™! and we are done. O

2.3. A characterization of nuclearity. Let A be a (unital) C*-algebra. We
say A has the strong similarity property (abbreviated as (SSP)) if for every unital
continuous homomorphism 7: A — B(H), there exists S € GL(H) N vN(w(A))
such that Ad(S) o 7 is a *-homomorphism.

Theorem 2.11 (Pisier 2005). A C*-algebra A is nuclear iff it has the (SSP).

Proof. As we remarked, the “only if” part follows from Diximier’s proof 4 the
amenability of nuclear C*-algebra. To prove the “if” part, let A be a C*-algebra
with the (SSP). By a standard direct sum argument, it is not hard to see that
there exists a constant C' > 0 with the following property; Every unital continuous
homomorphism 7: A — B(H) with ||7|] < 5* there exists S € GL(H) NvN(w(A))
with ||S]| ||S7!|| < C such that Ad(S) o is a *-homomorphism. Let A C B(H) be
a universal x-representation. It suffices to show that A’ is injective. Let (x;); be a
finite sequence in A" with ||(z;);||c+r < 1. Since B(H) is injective, there exist (¢;);
and (d;); in B(H) such that ||(¢;):]lc < 1, |[(di)illr < 1 and z; = ¢; + d; for every
i. We define a derivation 0: A — B(H)®LF., by

3(a) = b5 corn (@ 2561 @ A(s;) € B(H) ® E\ C B(H)®LF,,

We recall from the proof of Theorem 2.3 that A(s;) = w; +v; with ||(w;)]|¢ < 1 and
l(v:)||lr < 1. Since d., = 0_4, on A, we have 0 = g, where B = > (¢; @ v; — d; @ u;)

4We can choose any other number that is strictly greater than 1 by scaling the & later.
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with || BI| < [|(co)illell(v:)[[ & + [[(di)il| all (wi) o < 2. Hence, we have [|d]|c, < 4. We
define a homomorphism 7: A — My (B(H)RLF,) by

[ a®1l 6(a)
m(a) = ( 0 a®l ) '
By the assumption on the (SSP), there exists an invertible element S € vN(7(A))
with ||S||[|S7!|| < C such that Ad(S) o 7 is a *-homomorphism. By the proof
of Lemma 1.2, there exists T € B(H)®LF,, with ||T]| < C? such that d(a) =
dr(a®1). Let Q: LF,, — E) be the projection appearing in Theorem 2.3. Since
J(A) C B(H) ® E) and id ® @ is A-linear, we have
6(a) = (Id ® Q)(6(a)) = diasq)r)(a® 1)

for every a € A. We write (id ® Q)(T) = >_ z; ® A(s;). Then, by Lemma 2.1 and
Theorem 2.3, we have

1(zi)illenr < |(1d @ Q)T)|| < [|1Qleb || T|| < 2C2.

Since A(s;)’s are linearly independent, we have J., = d,,, or equivalently ¢;—z; € A'.
Therefore, we have a; = ¢; — z; € A’ with

[(ai)ille < ll(cille + [I(zille <1+ 202,
and likewise b; = x; — a; = d; + z; € A’ with ||(b;)||r < 1+ 2C?. We conclude the
injectivity of A’ by Theorem 2.5. O

We say a group I' has the (SSP) if for every u.b. representation 7: I' — GL(H),
there exists S € GL(H)NvN(x(I")) such that Ad(S)om is a unitary representation.

Corollary 2.12. A discrete group I is amenable iff it has the (SSP).
Proof. This follows from the fact that I' is amenable iff C*I" is nuclear. O

3. SIMILARITY LENGTH OF C*-ALGEBRAS

The following is the fundamental characterization of a homomorphism which is
similar to a *-homomorphism. This has several applications to dilation theory.

Theorem 3.1 (Haagerup, Paulsen). Let A be a unital C*-algebra (or just a unital
operator algebra), m: A — B(H) be a unital homomorphism and C' > 0 be a
constant. Then, ||7||a, < C iff there exists S € GL(H) with ||S]| |S7!] < C such
that || Ad(S) o 7l|en = 1.

Proof. The “if” part is obvious. To prove the “only if” part, let A C B(H) and
m: A — B(H) be a homomorphism with ||7]|ss < C. By a Stinespring type

theorem, there exist a Hilbert space H, a x-homomorphism o: B(H) — B(H), and
operators V € B(H, H), W € B(H, H) with |V [|[W]] < ||7||eb such that

Vae A w(a)=Vo(a)W.
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Let K1 = span(c(A)WH). The subspace K; is o(A)-invariant and we may assume
that V = V Px,. Since

Vo(a)(o(z)WE) = m(ax)é = w(a)Vo(z)WE,
we have Vo(a)Pg, = m(a)V for every a € A. It follows that Iy = ker V' C K is
also o(A)-invariant. Hence £ = IC; © Ky is “semi-invariant” under o(A), i.e.,

Va e A P[;O’(CL) = PﬁU(CZ)PE.

Consequently, we have

Vae A w(a) =VPro(a)W =VPeo(a)P,W.

Since V P, is injective on £ and VP, W = w(1) = 1, the operator S = VP, is a
linear isomorphism from £ onto H with S~ = P,W. We have 7 = Ad(S) oo with
IS 1S~|] < C and, since £ = H, we are done. O

Corollary 3.2. A derivation 6 is inner iff it is completely bounded.
By a standard direct sum argument, we obtain the following.

Corollary 3.3. Let A be a unital C*-algebra with the (SP). Then, there exists a
function f on [1,00) such that

I7lleb < f(lI7l])

for every unital continuous homomorphism m: A — B(H).

Definition 3.4. Let A be a unital C*-algebra (or a unital operator algebra). The
similarity length of A, denoted by [(A), is the smallest integer [ with the following
property; There exists a constant C' > 0 such that for any = € M (A), there exist
ag, ay, ... € M (C) and Dy, ..., D, € Diag, (A) satisfying

= apDiag - - Diy

and
! !

[T lewmll TT 1Pmll < €]
m=0 m=1

Here, Moo(A) = U,—, M, (A) and Diag, (A) C My(A) is the set of diagonal
matrices with entries in A. If there is no [ satisfying the above condition, then we
set [(A) = oo by convention.

Theorem 3.5 (Pisier 1999). Let A be a unital C*-algebra (or a unital operator
algebra) with dim(A) > 1. The following are equivalent.
(1) A has the (SP).
(2) There exist d > 0 and C > 0 such that ||| < Cln||¢ for every unital
continuous homomorphism m: A — B(H).

(3) I(4) < d.
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The constant d appearing in the conditions (2) and (3) are taken to be same
and are possibly non-integer. It follows that the “optimal” function f appearing
in Corollary 3.3 is a polynomial of degree [(A). The implication (2) = (1) follows
from Theorem 3.1. We do not prove the hard implication (1) = (3), but explain
(3) = (2)

l l
(@)l = laon(Dy)as - - w(Do)eu]| < [lwl" T Nlewnll TT I1Pmll < Clir |l
m=0 m=1

for © = agDiay -+ - Dy € Mo (A).
For a unital C*-algebra A with dim(A) > 1, it is known that

(
(

1) I(A) =1 < dim(A) < oo (Exercise),

2) [(A) =2 & A is nuclear with dim(A) = oo (Pisier 2004),

(3) 1(A) < 3 if A has no tracial state,

(4) 1(M) = 3if M is a type II; factor with the property (I') (Christensen 2002),
(5) 1(A) = max{l(]),l(A/I)} for every closed 2-sided ideal I < A (Exercise).

It is not known whether there exists a unital C*-algebra with [(A) > 3. We
note that an affirmative answer to Similarity Problem A would imply that there
exists [y such that [(A) < [ for every C*-algebra A. We close this note by showing
[(A) < 3 for any C*-algebra A which contains a unital copy of the Cuntz algebra
Os- (The case where A has no tracial state is then dealt by passing to the second
dual.)

Let z € M, (A) be given. We choose unitary matrices Wy, Wy € M,,(C) with
Wili, )] = [Wali, )] = n=2 for all i, j (e.g., Wi(i, ) = n=2 exp(2my/~Tij/n)).
Let Dy(i) = S} and Ds(j) = S; for every i, j, where S;’s are isometries satisfying
S;S; = 0; ;1. For every k, we set

l
l
l
l

Dy(k) =n Z Wi (i, k) Sizi jS;Wal(k, )
4,

{23'171 e xl,n Wg(k’, ]_)Si<

Ip1l " Tnn Wg(k’, n)S:

From the latter expression, we see that ||Dy(k)|| < ||z||. We obtained Wy, Wy €
M,,(C) and Dy, Ds, D5 € Diag,,(A) C M,,(A) such that

Dy [HWAI Do Wl Dsl < [l

and

r = D1W1D2W2D3.
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Indeed, we have

[1]

(DyW1DaWaDys)ij = > SiWi(i, k) Day(k)Wa(k, §)S;
k=1

=n) Wi, k)P IWalk, j)Peiy = iy
k=1
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