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Nonlinear Schrodinger equation (NLS)

We consider one-dimensional periodic defocusing NLS:

. o 2p _
(NLS) uy =t H|uPu =0 e yR,
u’tzo = ug € H*(T),

where T =R/27Z and p € N
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Nonlinear Schrodinger equation (NLS)

We consider one-dimensional periodic defocusing NLS:

. o 2p _
(NLS) uy =t H|uPu =0 e yR,
u’tzo = ug € H*(T),

where T =R/27Z and p € N
@ NLS is a Hamiltonian PDE:

with Hamiltonian

1 1
H(u):§A|UX|2+ﬁA|U|2p+2

@ NLS also conserves the L2-norm and the momentum

= a priori control on the H-norm of solutions
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Bourgain '93 proved local well-posedness of NLS (in subcritical sense):

e in L%(T) for the cubic NLS (p = 1),
e in H°(T), s > 0, for the quintic NLS (p = 2),
e in HS(']I‘),5>%—%,forp23
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@ A priori upperbound on H!-norm of solution
= NLS is globally well-posed in H(T)
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Bourgain '93 proved local well-posedness of NLS (in subcritical sense):

e in L%(T) for the cubic NLS (p = 1),
e in H°(T), s > 0, for the quintic NLS (p = 2),
e in HS(']I‘),5>%—%,forp23

@ A priori upperbound on H!-norm of solution
= NLS is globally well-posed in H(T)

For s > 1, there is no a priori upperbound on H*-norm

except for cubic (p = 1) NLS <= completely integrable
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Bourgain '93 proved local well-posedness of NLS (in subcritical sense):

e in L%(T) for the cubic NLS (p = 1),
e in H*(T), s > 0, for the quintic NLS (p = 2),
e in HS(']I‘),5>%—%,forp23

@ A priori upperbound on H!-norm of solution
= NLS is globally well-posed in H(T)

For s > 1, there is no a priori upperbound on H*-norm

except for cubic (p = 1) NLS <= completely integrable

Goal: Fix s > 1. Establish upperbounds on growth of H*-norms of solutions
(without using complete integrability if p = 1)

Motivation: Growth of Sobolev norms may be interpreted as a manifestation of
low-to-high frequency cascade, and thus establishing upper- and lower-bounds is a
physically relevant study.
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@ Exponential bound
-By iterating local theory: ||u(t + 7)||ns < Cllu(t)||ns, we obtain

lu(®)re S Cre®l,

where C;, G depend on s, p, and ug
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@ Exponential bound
-By iterating local theory: ||u(t + 7)||ns < Cllu(t)||ns, we obtain

lu(t)l|re S CreMH,
where C;, G depend on s, p, and ug

@ Polynomial bound: Bourgain 96

-Suppose that there exists § = §(s, p) > 0 such that an improved iteration
bound holds:
lut + 7)1 < (@) + Cllu(e)][}°

where 7 and C depend on s, p, and wg.
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@ Exponential bound
-By iterating local theory: ||u(t + 7)||ns < Cllu(t)||ns, we obtain

lu(t)l|re S CreMH,
where C;, G depend on s, p, and ug

@ Polynomial bound: Bourgain 96

-Suppose that there exists § = §(s, p) > 0 such that an improved iteration
bound holds:
lut + 7)1 < (@) + Cllu(e)][}°

where 7 and C depend on s, p, and wg.

= This implies
1
Ju(@)llre S CL+]t])3

where C = C(s, p, ug)
Staffilani '97: (nonhomogeneous) cubic NLS with §~1 = (s — 1)+
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@ Upside-down I-method: Sohinger '10
- For (nonhomogeneous) cubic NLS (p = 1),

lu(e)lme < (1 [¢]) 7

- For p > 2,
u(t)l[ms S (1+ [t])*F
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- For (nonhomogeneous) cubic NLS (p = 1),

lu(e)lme < (1 [¢]) 7

- For p > 2,
u(t)l[ms S (1+ [t])*F

- It seems that “s” can be improved to “s — 1" if one is more careful
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@ Upside-down I-method: Sohinger '10
- For (nonhomogeneous) cubic NLS (p = 1),

()l < (1 + ]2
- For p > 2,
Ju(t)[me S (1+[e)>*
- It seems that “s” can be improved to “s — 1" if one is more careful

o Normal form reduction (NF reduction): Bourgain '04
- For quintic NLS (p = 2),

u(t)llne < (14 [t])2eD*
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@ Upside-down I-method: Sohinger '10
- For (nonhomogeneous) cubic NLS (p = 1),

()l < (1 + ]2
- For p > 2,
Ju(t)[me S (1+[e)>*
- It seems that “s” can be improved to “s — 1" if one is more careful

o Normal form reduction (NF reduction): Bourgain '04
- For quintic NLS (p = 2),

u(t)llne < (14 [t])2eD*

- This idea can be applied to other powers. Colliander-Kwon-O "10
For p > 3,
lu(®)[e < (14 [e)2e-DF

For p =1, the same as p = 2.
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Idea: Combine upside-down I-method and normal form reduction
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Idea: Combine upside-down |-method and normal form reduction

Theorem
Fix s > 1. Let ug in H*(T), and u be the global solution to NLS with initial
condition wug.

(a) For p > 3, we have
lu(®)[e < (14 2D
improvement: 2(s — 1)+ = (s — 1)+

Sep. 03,2010 6 /29
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Idea: Combine upside-down |-method and normal form reduction

Theorem
Fix s > 1. Let ug in H*(T), and u be the global solution to NLS with initial
condition wug.

(a) For p > 3, we have
()l S (14 Jel)leD*
improvement: 2(s — 1)+ = (s — 1)+
(b) For p =2, we have
lu(O)lle S (142370

No improvement

Sep. 03,2010 6 /29
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Idea: Combine upside-down |-method and normal form reduction

Theorem
Fix s > 1. Let ug in H*(T), and u be the global solution to NLS with initial
condition wug.

(a) For p > 3, we have
()l S (14 Jel)leD*
improvement: 2(s — 1)+ = (s — 1)+
(b) For p =2, we have
lu(@)llne S (L+[e))2E70%
No improvement

(c) p=1: Then, by explicitly computing the terms appearing in the first few
steps of NF reduction, we obtain

lu(e)llme S (1 +[e)3¢
improvement: 1(s— 1)+ => 4(s — 1)+

- Our argument is closely related to Bourgain '94 on “NF reduction and
I-method” for establishing GWP of (quintic) NLS in low regularity setting

Sep. 03, 2010 6 /29
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Upside-down /-method: Fix s > 1.

@ D = Fourier multiplier operator with multiplier m : Z — R, where

1, [n| <N

m(n) = _
( ) (‘Tl\q))s 17 |n| > N.

i.e. D is basically a differentiation operator of order s — 1.
Moreover, it satisfies

IDqlltn < llgllre < N[ Dql|ps-
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Upside-down /-method: Fix s > 1.

@ D = Fourier multiplier operator with multiplier m : Z — R, where
1, [n| <N
m(n) = _
( ) {(;\1))5 17 |n| > N.

i.e. D is basically a differentiation operator of order s — 1.
Moreover, it satisfies

Hs S Ns_:l ||DCI||H1

1Dgl| < |q

o Suppose that we have |2 H(Dq)(t)| < N=P* for |t| < T, assuming
. Then, we have

IDq(t)|[7: ~ H(Pq(t)) < H(Dq(0)) + CTN™7*, [t < T.
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Upside-down /-method: Fix s > 1.
@ D = Fourier multiplier operator with multiplier m : Z — R, where

m(n) = {1’n| =N

(W)S_17 |n| > N

i.e. D is basically a differentiation operator of order s — 1.
Moreover, it satisfies

Hs S Ns_:l ||DCI||H1

1Dgl|m < |q

o Suppose that we have |2 H(Dq)(t)| < N=P* for |t| < T, assuming
. Then, we have

IDq(t)[I7: ~ H(Dq(t)) < H(Dq(0)) + CTN-7*,  |t| < T.
By choosing N ~ T%Jr, we can gurantee for |t| < T.
= llg(t)lm < NHDa(t)lp S THEDE, e < T

Therefore, we conclude that

lg(e)lme S (1 + ) 7D
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Write the Hamiltonian H as

H(q) = H(q7 E]) = Z n2|qn|2 + Z Gy Gy~ - - Anopi1 Z7n2p+2

n np—mp+--—nppi2=0

: Ho(q) + N(a).
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Write the Hamiltonian H as
H(q) = H(q7 E]) = Z n2|qn|2 + Z Gy Gy~ - - Anopi1 Z7n2p+2

n np—mp+--—nppi2=0

=: Ho(q) + N(q).
Differentiating in time, we obtain
d oH oH —_
5 11(Pa) = f(Dq)-Dqﬁf_(Dq)Dqt

oq

. 8N oN
=75 mon (@ (a) — ar (@)

n

13m0, 5 (Da) - a3 (D))

n

+IZ ( gsl q)—%(q)% Dq))
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Write the Hamiltonian H as

H(q) = H(q7 E]) = Z n2|qn|2 + Z Gy Gy~ - - Anopi1 Z7n2p+2

n np—mp+--—nppi2=0

=: Ho(q) + N(q).

Differentiating in time, we obtain

d

OH OH —
5 11(Pa) = fq(Dq)-Dqﬁ?(Dq)Dqt

=iy m(n)’n (qngfv(q) qng—(l;:(q))

n

13m0, 5 (Da) - a3 (D))

i3t a9 @) - 510 5 (0))

In the following, we apply the upside-down [-method after “simplifying” H into a
new Hamiltonian of the form

same quadratic part

Tadahiro Oh (Princeton University) Normal forms and upside-down /-method Sep. 03, 2010 8/

/29



Normal form reduction

Normal form reduction is a sequence of symplectic transformations, transforming

the nonlinear part Hy(q) = an—n2+<--—n2p+2:0 G Gny ** * Qnopsr Ay OF the
Hamiltonian into expressions involving only nearly-resonant monomials for the
form

qn1 anz e qn2r,1 C_]ngr

where ny —np + -+ 4+ g1 — np, = 0 and |D(7)| < K with
D(R):=n? —n3+---+n3_, —n,

and some large K > 0, plus a (non-resonant) error.
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Normal form reduction

Normal form reduction is a sequence of symplectic transformations, transforming

the nonlinear part Hy(q) = Zn1—n2+~~—n2p+2:O G Gny ** * Qnopsr Ay OF the
Hamiltonian into expressions involving only nearly-resonant monomials for the
form

qn1 anz e qn2r,1 C_]ng,,
where ny —np + -+ 4+ g1 — np, = 0 and |D(7)| < K with

— > 2 2 2
D(n):=ni —ny+---+ny_1—ny,

and some large K > 0, plus a (non-resonant) error.

Goal: lterate this procedure so that the transformed Hamiltonian H consists of the
quadratic part Ho = Y, n?|gn|?, the (nearly) resonant part N, and the error \;:

H(q) = Ho(q) +No(q) + N:(q).

(Then, we apply the upside-down /-method to H.)
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Consider (a part of) a Hamiltonian obtained at some stage of this process:

/t/(q, q) = Z (M) Gny G+~ Aoy, Gy,

ny—np+---—ny,=0

Divide H into the resonant part F/o and non-resonant part Fll, according to

resonant: |D(R)| < K = Ho
non-resonant: |D(7)| > K = Hi.

Sep. 03,2010 10 / 29
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Consider (a part of) a Hamiltonian obtained at some stage of this process:

/t/(q, q) = Z (M) Gny G+~ Aoy, Gy,

ny—np+---—ny,=0

Divide H into the resonant part F/o and non-resonant part Fll, according to

resonant: |D(R)| < K = Ho
non-resonant: |D(7)| > K = Hi.
Now, introduce a Lie transform ' = [ to eliminate Itll. Define F ~ “D’lltll” by
_ c(n _ _
Fla.9) = Z %qnl Gny *** Qnyp 1 Gy, -
ny—np—+---—ny,=0
|D(R)|>K

Then, F satisfies the following homological equation:

where Ho(q) = >, n*|qa|> and the Poisson bracket {-,-} is defined by

-~ [0HL OHy  OHy OH,
{Hl,Hz}:/Zn: {aqn 55, ~ 95, 0, |

Note analogy with /-method & resonant decomposition by CKSTT '08
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Consider a Hamiltonian flow associated to the Hamiltonian F:

.OF
qr = /aq

Let s = T¢(F) denote the flow map generated by F at time t.
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Consider a Hamiltonian flow associated to the Hamiltonian F:
=j—.
qt 5

Let s = T¢(F) denote the flow map generated by F at time t.

Lemma: Chain rule

Let I'; be as above. Then, for a smooth function G, we have

(Goly)={G,F}orly,.

Proof
By Chain Rule, we have

3o
\
(o]

(60T = S2(a(0) - ar + 52 (a(t) -

gg %5_ % %‘;:{G(q(t)),F(q(t))}
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Let ' :=T;. Then, by the Taylor series expansion of G oI'; centered at t =0,

[e’s}

Gor=Y L {G.FY,
k=0

where {G, F}(¥) denotes the k-fold Poisson bracket of G with F, i.e.

{G7F}(k)::{"'{GvF}’F}v"'7F}? {GvF}(O):G‘
(S ———

k times
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Let ' :=T;. Then, by the Taylor series expansion of G oI'; centered at t =0,

[e’s}

Gor=Y L {G.FY,

k=0
where {G, F}(¥) denotes the k-fold Poisson bracket of G with F, i.e.
{G7F}(k)::{"'{GvF}aF}f"7F}> {G>F}(O):G‘
—_——
k times
Suppose H = Hy + H. Then, the transformed Hamiltonian H' = Ho T is given by
H =Hol=Hyol + Hyol +Hy ol
= Ho+ Ho + +{Ho, F} + {H1, F} + h.o.t.
———

=0

Hence, we have eliminated the non-resonant part Itll by the Lie transform T.
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Let ' :=T;. Then, by the Taylor series expansion of G oI'; centered at t =0,

[e’s}

Gor=Y L {G.FY,

k=0
where {G, F}(¥) denotes the k-fold Poisson bracket of G with F, i.e.
{G7F}(k)::{"'{GvF}aF}f"7F}> {G>F}(O):G‘
—_——
k times
Suppose H = Hy + H. Then, the transformed Hamiltonian H' = Ho T is given by
H =Hol=Hyol + Hyol +Hy ol
= Ho+ Ho + +{Ho, F} + {H1, F} + h.o.t.
———

=0

Hence, we have eliminated the non-resonant part Itll by the Lie transform T.
— Define the resonant part H} and the non-resonant part H, of H' by

Hp := Ho + resonant part of {Ho, F} + {Hi, F} + h.o.t.
H; := non-resonant part of {Ho, F} + {Hi, F} + h.o.t.
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Remarks:

@ At each step, the lowest degree among the monomials in the non-resonant
part increases at least by two, since deg F > 4.
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Remarks:

@ At each step, the lowest degree among the monomials in the non-resonant
part increases at least by two, since deg F > 4.

o [ acts boundedly on bounded subsets of H*(T), s > % From Sobolev
embedding,

1
S sup K™ Z|C(n)||pn1||qn2| “1Gno, 111G, |
Hs el 2=1

H oq

2r—2 2r—1
S sup lpllallgllzllally " < llall”y

i+ S e
llpll2=1
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Remarks:

@ At each step, the lowest degree among the monomials in the non-resonant
part increases at least by two, since deg F > 4.

o [ acts boundedly on bounded subsets of H*(T), s > % From Sobolev
embedding,

1
< osup KT Z|C(n)||pn1||qn2| “1Gno, 111G, |

H oq

Hs el 2=1
S sup Hp||L2HqHL2||‘7H2rlf§ \It?llz';+1
[Ipll 2=1
o I “preserves’ L2- and H-norms:
ITallcz = llallz, [Tl ~ gl
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Remarks:

@ At each step, the lowest degree among the monomials in the non-resonant
part increases at least by two, since deg F > 4.

o [ acts boundedly on bounded subsets of H*(T), s > % From Sobolev
embedding,

1
155, = 2o K S o9 bl

Hs el 2=1
S sup HPIILzl\qHLZIIQHZZf < HQI|2' '
[Ipll 2=1
o I “preserves’ L2- and H-norms:
ITallcz = llallz, [Tl ~ gl

(L2-norm preservation) By definition, we have
. [t OF ' '
ra=a() = a0)+i [ 5L (at)et’
o 09

Let M(q) = ||ql|?. = >_, |gn|*>. Then, by Chain rule, we have

th( (t)) = {M(q(t)), F(q(t))} = 0.
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Goal: By a finite sequence of Lie transforms, we transform H into H of the form

H(q) = Ho(q) +No(q) +N:(q),
—— e~

quadratic resonant error

assuming that g = {q,}nez satisfies the following L2- and H'-bounds:

(L2) lalle < G,
(H1) lallm < G.

Remark: Regard the phase space element g above as really Dg € H! for g € H".
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Goal: By a finite sequence of Lie transforms, we transform H into H of the form

H(q) = Ho(q) +No(q) +N:(q),
—— e~

quadratic resonant error

assuming that g = {q,}nez satisfies the following L2- and H'-bounds:

(L2) lallee < G,
(H1) lallm < G
Remark: Regard the phase space element g above as really Dg € H! for g € H".

We need to define the “norm”

| - || to measure a size of a Hamiltonian.
Given N(q, q)= Z"l*”2+“'*"2r:0 c(P)Gny Gny -+ * Grgy_1 Gy define the “size” of N by

V]| = supD @l 11a2] - 1a50|

where the supremum is taken over factors qU), 1 < j < 2r such that
o all factors satisfy (L2)
e all also satisfy (H1).

i.e. the supremum is taken over all the factors, allowing two exceptional ones.
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Proposition . “Algebra” property

Let H; and H, be homogeneous Hamiltonians. Then, we have

{H1, Ho} | S [ Ha || Hal-
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Proposition . “Algebra” property

Let H; and H, be homogeneous Hamiltonians. Then, we have

{H1, Ho} | S [ Ha || Hal-

Idea of proof: It suffices to prove

OH: OH>
— —|| < ||Hal||[H-]|-
|5 G G| < Il

Consider three cases, depending on the location of the two exceptional factors.
(i) both exceptional factors appear in OH;/dq,

(ii) exactly one exceptional factor appears in each of 9H;/9q, and OH,/0q,

(iii) both exceptional factors appear in OH,/0gG,

Tadahiro Oh (Princeton University) Normal forms and upside-down /-method Sep. 03, 2010 15/



For fixed N (to be chosen in terms of T in the next section), we set K = N°.
Assume that at some stage of the process, the Hamiltonian is of the form

(*) H(q) =D n?|gnl? + No(q) + Ni(q) + N (q),
where there exists small § > 0 such that
e resonant part Np: |ID(R)| < N?
@ non-resonant part Ni:
e remainder part \V;: N || < N=€ for some large C >0
@ Moreover, we have [INolls IVl S 1.

Sep. 03,2010 16 / 29
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For fixed N (to be chosen in terms of T in the next section), we set K = N°.
Assume that at some stage of the process, the Hamiltonian is of the form

(*) H(q) =D n?|gnl? + No(q) + Ni(q) + N (q),
where there exists small § > 0 such that
e resonant part Np: |ID(R)| < N?
@ non-resonant part Ni:
e remainder part \V;: N || < N=€ for some large C >0
@ Moreover, we have [INolls IVl S 1.

By Sobolev embedding along with (L2) and (H1), we have

Z Qny Gy« - Anopi1 Elnzp+2

ny—np+--—npp =0

< llallizllqlli < llalillal™, S 1.
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For fixed N (to be chosen in terms of T in the next section), we set K = N°.
Assume that at some stage of the process, the Hamiltonian is of the form

(*) H(q) =D n?|gnl? + No(q) + Ni(q) + N (q),
where there exists small § > 0 such that
e resonant part Np: |ID(R)| < N?
@ non-resonant part Ni:
e remainder part \V;: N || < N=€ for some large C >0
@ Moreover, we have [INolls IVl S 1.

By Sobolev embedding along with (L2) and (H1), we have

Z Qny Gy« - Anopi1 Elnzp+2

ny—np+--—npp =0

< llallizllqlli < llalillal™, S 1.

Hence, the initial Hamiltonian satisfies the above conditions.

= We proceed by induction with inductive hypothesis (*).
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Non-resonant part A\ is given by

Z c(R)qm G =~ Groy 1 Gy -

ny—ny+---—n,=0

|D(m)|>N°
. _ c(n _ _
As before, define F(q,g) = Z %qn1 Gy ** Gny, 1 Gy,
ny—ny+---—ny,=0
|D(@)|>N°
such that . Then, we have

H =Hol = Hy+MNo+
+ + {No, F} +{N1,F} +hot.+ N, ol
= Ho+No + {No, F} + {M1,F} + hoot. + N, oT.
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Non-resonant part A\ is given by

Z c(R)qm G =~ Groy 1 Gy -

ny—ny+---—n,=0

|D(m)|>N°
. _ c(n _ _
As before, define F(q,g) = Z %qn1 Gy ** Gny, 1 Gy,
ny—ny+---—ny,=0
|D(@)|>N°
such that . Then, we have

H =Hol = Hy+MNo+
+ + {No, F} +{N1,F} +hot.+ N, ol
= Ho+No + {No, F} + {M1,F} + hoot. + N, oT.

Since |D(R)| > N°, we have )
IFIl < NN S N2
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Non-resonant part A\ is given by

Z c(R)qm G =~ Groy 1 Gy -

ny—ny+---—n,=0

|D(m)|>N°
. _ c(n _ _
As before, define F(q,g) = Z %qn1 Gny *** Gy, 1 Gy,
nyp—np+---—np,=0
|D(@)|>N°
such that . Then, we have

H =Hol = Hy+MNo+
+ +{No, F} +{N1,F} + hot. + N, ol
= Ho+No + {No, F} + {M1,F} + hoot. + N, oT.

Since |D(R)| > N°, we have
IFIl < NINL S N2
@ By Proposition NV, o[ is “small”: [N, o[ S IV, S N-€
@ Higher order terms with sufficiently high degrees are also small

<= new error part N
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Remaing terms I

"1
;k—/\fo,F} +Zk,{/\f1,F} +Zk,{Ho,F}
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Remaing terms I
M
1
kg? -/\/67F} +Zk|{M’F} +ZkI{H07F}

Proposition and ||F|| < N7°
= [[{No, F}¥ £ NN
= 0N M
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Remaing terms I
M
1
kg? -/\/67F} +Zk|{M’F} +ZkI{H07F}

Proposition and ||F|| < N7°
= [[{No, F}) < NG|
= 9N N Ml

Divide 91 into its resonant part 91y and its non-resonant part 91y, and write the
new Hamiltonian H' as

H' = Ho +N§+ N + N/
where NV := Ny + Mo with [NV < 1 and
1= with [INVT| S V7N
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Remaing terms I
M
1
kg? -/\/67F} +Zk|{M’F} +ZkI{H07F}

Proposition and ||F|| < N7°
= [[{No, F}) < NG|
= 9N N Ml

Divide 91 into its resonant part 91y and its non-resonant part 91y, and write the
new Hamiltonian H' as

H' = Ho +N§+ N + N/
where NV := Ny + Mo with [NV < 1 and
1= with [INVT| S V7N

= By iterating the process sufficiently many times, we can hide non-resonant
part in error part
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Remaing terms I
M
1
kg? -/\/67F} +Zk|{M’F} +ZkI{H07F}

Proposition and ||F|| < N7°
= [[{No, F}) < NG|
= 9N N Ml

Divide 91 into its resonant part 91y and its non-resonant part 91y, and write the
new Hamiltonian H' as

H' = Ho +N§+ N + N/
where NV := Ny + Mo with [NV < 1 and
1= with [INVT| S V7N

= By iterating the process sufficiently many times, we can hide non-resonant

part in error part
= By a finite sequence of Lie transforms, we obtain a new Hamiltonian H:

H(q) =D n’lanl® + No(q) + N:(a),

n

where |[Ao]| S 1and [N < N
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Upside-down /-method

Apply the upside-down /-method to the transformed Hamiltonian H = Hy + .
Differentiating in time, we obtain

OH

H(Dq) = 5 (Da)-Da: + oo M pq). Da,

a5
=—i Z c(R)R(P)Gny Gny -+ * Gy,

ny—ny+-+-—np,=0

+i Y AD(ADe, Dy, -Da,

ny—ny+-e—npr=0
. ON ON ON , [ ON
+ ’; m(n)(% DC/)Tan(q) - %(q)ﬁ Dq))
— 1+,

where R(R) := m(n)?n? — m(nm)?m + - — m(n2,)?n3,
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Upside-down /-method

Apply the upside-down /-method to the transformed Hamiltonian H = Hy + .
Differentiating in time, we obtain

OH

H(Dq) = 5 (Da)-Da: + oo M pq). Da,

95 (
=—i Z C(n)R(ﬁ)qmanz e ‘_7"2r
ny—ny+-+-—np,=0
+i Y «(mD(7)D4nDa,, D,
ny—np4---—ny,=0
. ON ON ON , [ ON
+ ’; m(n)(% DC/)Tan(q) - %(q)ﬁ Dq))
— 1+,
where R(R) := m(n)?n? — m(nm)?m + - — m(n2,)?n3,
Note: 1+ 11=0and Il =0 if suppg C [-N, N]

— we can assume that
max(|ml|,...,|n2]) > N
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In the following, we assume that Dq satisfies both (L2) and (H1). Then, we have

(decay) IP>nDqlle S N7 Dgllm S N7
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In the following, we assume that Dq satisfies both (L2) and (H1). Then, we have

(decay) IP>nDqlle S N7 Dgllm S N7

e Estimate on I:
@ MNy-contribution: <= worst term
Suppose nj > N% . In this case, it turns out
[R(R)| = [m(m)*ni = m(n2)*n5 + - - — m(na,)* 3|
< m(ny)m(n2)n3 ny.
By Holder, Sobolev, and (decay), we have
s Z lc(A)| - m(n1)Gn; - m(n2)Gn, - n3 ny ns =+ Gy,

ny—np+---—np,=0

< IPznDal? s ][0 IqHL2IIqII2' !

1+

< N~ 1+HDq”2r SN 1+
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In the following, we assume that Dq satisfies both (L2) and (H1). Then, we have

(decay) IP>nDqlle S N7 Dgllm S N7

e Estimate on I:
@ MNy-contribution: <= worst term
Suppose nj > N% . In this case, it turns out
[R(R)| = [m(m)*ni = m(n2)*n5 + - - — m(na,)* 3|
< m(ny)m(n2)n3 ny.
By Holder, Sobolev, and (decay), we have
s Z lc(A)| - m(n1)Gn; - m(n2)Gn, - n3 ny ns =+ Gy,

ny—np+---—np,=0

< IPznDal? s ][0 IqHL2IIqII2' !

1+

< N~ 1+HDq”2r SN 1+

@ N, -contribution: Use |R(7)| < m(n})?(n})? and | Dqllm <1

=[S IN ] <N~€
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Proof of Theorem (a)

Given uy € H®, let Dgy = I 'Duy. Then , we have

d
MDA SN for [t < T,

assuming | Dq(t)|/ ;1 = 1. Then, we have

~

IDa(t)[fn ~ H(Dq(t)) < H(Dq(0)) + CTN™H, [t < T.
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Proof of Theorem (a)

Given uy € H®, let Dgy = I 'Duy. Then , we have

d
MDA SN for [t < T,

assuming | Dq(t)|/ ;1 = 1. Then, we have
IDa(t)[fn ~ H(Dq(t)) < H(Dq(0)) + CTN™H, [t < T.
By choosing N ~ T+, we can gurantee | Dg(t)] v = 1 for [t| < T.

= [Ju(t)]

b S VD) ~ N[ Da() [ S TEDF, e < T.
Therefore, we conclude that

lu(t)llme < (1 +[e))EDT
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Improvement for p < 2: Theorem (b)

So far, we simply used Sobolev embedding.

—> The basic idea for improvement when p < 2 is to use the space-time estimate
to obtain improved spatial estimates.
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Improvement for p < 2: Theorem (b)

So far, we simply used Sobolev embedding.

—> The basic idea for improvement when p < 2 is to use the space-time estimate
to obtain improved spatial estimates.

Recall the L%-Strichartz estimate due to Bourgain '93:

(L6) le™* 2 llusry < Cwlldllz,  suppd C [N, N,
where Cy = exp (CIOEE)QIN) < N%F. From (L6), one obtains
6 .
max| > [e(@llanllaf) | law || < (D)™ [T N8 llea
j=1

ny—na+---—ny=0
D(n)=a

by setting QU)(n;) = €™ q,(,J), j>2,and QM(n) = e_"t"”e"t"%qf,}).

Tadahiro Oh (Princeton University) Normal forms and upside-down /-method Sep. 03, 2010



Improvement for p < 2: Theorem (b)

So far, we simply used Sobolev embedding.

—> The basic idea for improvement when p < 2 is to use the space-time estimate
to obtain improved spatial estimates.

Recall the L%-Strichartz estimate due to Bourgain '93:

(L6) le™* 2 llusry < Cwlldllz,  suppd C [N, N,
where Cy = exp (CIOEE)QIN) < N%F. From (L6), one obtains
6 .
max| > [e(@llanllaf) | law || < (D)™ [T N8 llea
j=1

ny—na+---—ny=0
D(n)=a

by setting QU)(n;) = €™ q,(,f),j > 2, and QW(ny) = e_"t"”e"t"%qf,}).

Then, one inductively proves estimates for Hamiltonians with higher order
nonlinearity, which appear in the process of the normal form reduction.
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In the end, one obtains

*
O =

S Je@®llaP )] 1a]

ny—ny+---—np=0
D(R)=a

S H llan )HL2
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In the end, one obtains

2r
- 1 2 2r j
® max| Y le@lalaD a2 < (00" T e e
nl—an(—;»~—n2,:0 Jj=1
n)=a

We had | £H(Dq)(t)| S N72F for |t| < T, except for " ‘worst term”:

Np-contribution of /.

Sep. 03,2010 23/
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In the end, one obtains

S Je@®llaP a1l < Hllq ]| 2.

ny—ny+---—np=0
D(n)=a

*
O =

We had | £H(Dq)(t)| S N72F for |t| < T, except for " ‘worst term”:
Np-contribution of /.

By (*), we have

[ s max Z lc(A)| - m(n1)Gny - M(M2)8ny - 03 N3 Gy~ * Gy,
2N n—np+---—np=0
D(n)=a

< N°|PsyDqll 7o ||0x \q||Lz\|CI||2' ¢
< N Dglfin.

This provides an improvement.
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Cubic NLS: p=1

For cubic NLS, we can improve the result further by explicitly computing the first
few terms appearing in the normal form reduction
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Cubic NLS: p=1

For cubic NLS, we can improve the result further by explicitly computing the first
few terms appearing in the normal form reduction

Write the Hamiltonian H as

H@) =Y rlal*+ D anGmdndn = Ho(q) + Hi(a).

n np—no+n3—ng=0

@ First, divide H; into the resonant part R and non-resonant part A\,
depending on D;(n) = 0 or # 0, where

Di(A):=n —m+n3—ni= 2(nm — m)(ns— m).
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Cubic NLS: p=1

For cubic NLS, we can improve the result further by explicitly computing the first
few terms appearing in the normal form reduction

Write the Hamiltonian H as
H@) =Y rlal*+ D anGmdndn = Ho(q) + Hi(a).

n np—no+n3—ng=0

@ First, divide H; into the resonant part R and non-resonant part A\,
depending on D;(n) = 0 or # 0, where

Di(A):=n —m+n3—ni= 2(nm — m)(ns— m).

o We further split R into two parts:

R=" D Gnmdndn =2 Y |aul’lan* = lal* = Ri+Ra.

ny—np+n3—ng=0 ny  n3 n
Dy (7)=0

@ By the conservation of the L?-norm, Ry =2uY", |gs|?, with
p=(2m)"" [ |u]’dx. By a direct computation, one easily sees that
{R1, F} = 0 for homogeneous polynomial F
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As the first step of the normal form reduction, define F; such that

{Ho, Fl} = —N. i.e.

F1 _ Z qn; ‘_7"2 q"3 ‘_7"4

ny—np+n3—ng=0
na7#ny,n3
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As the first step of the normal form reduction, define F; such that

{Ho, Fl} = —N. i.e.

F1 _ Z qn; ‘_7"2 q"3 ‘_7"4

ny—np+n3—ng=0
na7#ny,n3

Let I'; be the Lie transform associated with F;. Then, we have

H :=Hol; = Hy+Ri+Ra+ +h.o.t.
v
=:Hp

where {R,, F1} = 2i(Zo — Ip), with Zy given by

IO _ Z dn; ‘_7"2 q"3 ‘ dn, |2an4

ny—np+n3—ng=0
naF#ny,n3

Z qn; anz q"3 am q"s (_7"6 .

ny—np+n3 —ng+ns —ng=0
no7ny,n3
ng=ns=ng
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Next, we introduce two more transformations to eliminate the “non-resonant”
part of {R,, F1} and J{\, F1}. Write

{Ra, Fu} = {Ra, F1}") + {Ra, F1}™

(N, Ry =N, RO+ (N R,

depending on |D,(A)| < N” or |Dy(A)| > N” for some 3 > 0 (to be chosen later),

where D,(n) is defined by
Dy(R) := n? — n3 +n3 —n3 + nZ — n2.
Now, define F» and F3 such that
{Ho, F2} = —3{N, Fi}™
{Ho, F3} = {Ra, F1}™

26 / 29
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Let ', and '3 be the Lie transforms associated with F» and F3. Then,

H':=Holjolol3

= Ho+Ri+ R+ {Ro, A} + LN, A} +hot.
with

{Ra, A} = 2i(Ty — Th),

LN, YO = 2i(T, - To),

where 7; is the resonant part of Zy and Z is given by

T, — Z 91 Gy Q3 Gng Gns Gne
2 = —_— 2
ny—nz+n3—ng+ns —ng=0
na##ny,n3
n5#ng,ng
|Dy(R)| <P

Tadahiro Oh (Princeton University) Normal forms and upside-down /-method Sep. 03, 2010 27/



Let ', and '3 be the Lie transforms associated with F» and F3. Then,

H":=Holiol0l3

= Ho+Ri+ R+ {Ro, A} + LN, A} +hot.
with

{Ra, A} = 2i(Ty — Th),

LWL R = 20(5 - ),

where 7; is the resonant part of Zy and Z is given by

T, = Z Gny Gy Q3 Gng Gns Ging )
ny—nz+n3—ng+ns —ng=0
na##ny,n3
n5#ng,ng
|D2(7)| <N”

After this point, we perform the (usual) normal form reductions on the higher
order terms . In particular, we use |D(A)| > N° or < N to distinguish the
resonant and non-resonant terms.
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After a finite number of iterations, we obtain

H = Ho+Ro+ {Ra, 1}V + 1N, F}O + NG + N,
———
= h.o.t.

where Ho := Hp + Ry = >0 +2u) |qa .
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After a finite number of iterations, we obtain

H = Ho+Ro+ {Ra, 1}V + 1N, F}O + NG + N,
———

= hot
where Ho := Hp + Ry = >0 +2u) |qa .
o Higher order terms have an extra factor of N=7: |c(h)| < N=/
= larger [3 is better (more decay)
o Sums {Ry, F1}) and {N, F1}() are restricted to |Dy(A)| < N?

= smaller (3 is better (fewer terms to sum)
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After a finite number of iterations, we obtain

H = Ho+Ro+ {Ra, 1}V + 1N, F}O + NG + N,
where Hy := Ho + Ry = >0 +2u) |qa .
o Higher order terms have an extra factor of N=%: |c(A)| < N7
= larger [3 is better (more decay)
o Sums {Ry, F1}) and {N, F1}() are restricted to |Dy(A)| < N?
= smaller (3 is better (fewer terms to sum)
o {Ro, F1}) and {N, F1}() have in the denominators
= either is large or sum is restricted!!

This provides an improvement with 3 = 1.
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Remarks and comments

@ For cubic NLS, further improvement can be probably achieved by computing
more terms in an explicit manner. However, the computation becomes very
cumbersome. Moreover, iterating such computation would require exploiting
fine (integrable) structure of cubic NLS. In such a case, one may as well use
uniform H*-bounds directly obtained from integrability.

@ We plan to use normal form reduction and (upside-down) /-method on gKdV
for low regularity GWP as well as upperbounds on growth of high Sobolev
norms.

@ Can we combine normal form reduction with the idea in Takaoka-Tsutsumi
'04 and Nakanishi-Takaoka-Tsutsumi '10 of reducing the nonlinear (nearly)
resonant effect to prove local well-posedness of a PDE?

@ In applying the /-method, one can add a correction term to non-resonant
part for improvement. Colliander-Keel Staffilani-Takaoka-Tao '08. This can
be viewed as the first step of normal form reduction.

@ The idea used in Germain-Masmoudi-Shatah, Babin-Ilyin-Titi, Kwon-Oh, etc.
can be regarded as a version of normal form reduction.
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