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Abstract

We consider a model equation for 3D vorticity dynamics of incompressible vis-
cous fluid proposed by K. Ohkitani and the second author of the present paper. We
prove that a solution blows up in finite time if the L'-norm of the initial vorticity
is greater than the viscosity.
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1 Introduction

An evolution equation which was derived from the Navier-Stokes equations in [18] is
considered. It is written as follows:

we = [|w(®t)]|oo (rwr +2w) + I/% (rwy), (0<r<oo0,0<t), (1)
w(0,7) = wo(r), (2)

where v > 0 is the kinematic viscosity, w is a function of (¢,r), w(t) denotes r-function
w(t,-), and || ||oc denotes the L>-norm. This is derived from the vorticity dynamics in a
linear strain field with the assumption that the strain-rate is proportional to the L>°-norm
of the vorticity. Actually the velocity field u of incompressible viscous fluid in question is
given by

u= (—C(t)l’ + u(tv Z, y)7 _C<t)y + U(t7 Z, y)? QC(t)Z) ) (3)

where (z,y, z) denotes a point in three dimensional space R3, ((t) = ||w(#)||c, and

u(t,z,y) = —! /R (y—n) w (t, VEL+ 772> d&dn,

21 Jga (x = €)* + (y —n)?

v(t,xz,y) = L/R (z=¢) (t, \/W) dédn.

27 Jeo (@ =€)+ (y — )2

( Note that curlu = (0,0,w(t,r)) with r = /22 +y2. )  Although the assumption
that the strain-rate ((t) is proportional to |w(t)|ls is somewhat artificial, the solutions
of (1) still are exact solutions of the three-dimensional Navier-Stokes equations ([18]).
Hence it may be interesting to supply a mathematical proof of blow-up in finite time.
Note however that our solutions are unbounded in R?, whence the energy is infinite. In
particular, blow-up proved in the present paper do not have relevance to the famous
problem of the regularity of the solutions of the Navier-Stokes equations ( [5, 12, 14] ).
Nevertheless, our results remind us that the energy inequality or something to specify the
largeness of the velocity at infinity is necessary for the regularity of solutions of the 3D
Navier-Stokes equations. For other aspects and related topics, see [7, 16, 18].

It was proved in [18] that, if ||w(t)|« is replaced in (1) by the LP-norm |w(t)||, with
finite p, the solutions exist globally in time. The paper could not clarify the dynamics
when L*-norm was employed as in (1), although it found a self-similar blow-up solution
of (1) and strongly suggested the blow-up for general data. The purpose of the present
paper is to prove this ( Theorem 2 below ).

Numerical evidence exists for blow-up of certain exact unbounded solutions of the
Navier-Stokes equations ( [8, 9, 17, 19] ), while global existence of some exact solutions
are proved in [3, 18, 21]. Also, there exist mathematical proofs of blow-up for solutions of
the 3D Euler equations with infinite energy ( [4, 15, 21] ). However, it seems to be worthy
of notice that the following two things hold true simultaneously in the Navier-Stokes
equations ( as is implied by Theorems 1 and 2 below ):

1. there exists a class of functions in which the unique existence local-in-time of the
solution is guaranteed:



2. there exists a proof that some solution blows up in finite time.

Remark 1. A few words on the claim 1 above would be helpful. We prove the uniqueness
of the solution of the vorticity equation, which in our case is (1). The velocity vector fields
is constructed by (3), which may well be called a generalized Biot-Savart law, since its
right hand side is a sum of the usual Biot-Savart term and an unbounded, irrotational flow.
Therefore we cannot specify explicitly a uniqueness class in terms of u. The uniqueness
class is a thin, linear manifold of the space of bounded vorticity fields.

The present paper consists of four sections and an appendix. We give in section 2 a
remark about non-existence of comparison theorem. The blow-up theorem is stated and
proved in section 3. Section 4 is devoted to comments on remaining cases. Finally a proof
of the unique existence of the solution local-in-time is given in Appendix.

2 Non-existence of comparison theorem

Before entering details of the result, we would like to show that the equation (1) does
not admit a comparison theorem. We recall that self-similar blow-up solutions, which are

written as - )
+ dav ar
t = — _ 4

where T > 0 and « > 0 are parameters, were found in [18]. If a comparison theorem
were valid, then the existence of a self-similar blow-up solution and comparison theorem
would imply that any initial function which was larger at ¢ = 0 than a self-similar blow-up
solution also blowed up in finite time. Although there is a possibility that this argument
is correct, this way of proof would be very difficult, since there exists an example which
shows that comparison between two general solutions is not guaranteed. Accordingly we
are forced to look for a different approach to the proof of blow-up.

In order to see the invalidity of the comparison theorem, we consider two smooth
functions fi(r) and fo(r) satisfying the following conditions:

e fi(r) > fa(r) > 0 for all r € [0, 00),

o [l fille > llf2lloo;

e there exists an 79 > 0 such that, fi(ro) = fa(ro), fi(ro) = fi(ro), and rofi(ro) +
2f1(7’0) = ’f‘ofé(?"o) + 2f2(7"0) < 0.

Then w = wy(t,7) — wa(t,r), where w; denotes the solution of (1) with f; as its initial
data ( j = 1,2 ), satisfies

wi(0,70) = (Ifilloe = [1f2lloe) (2rofi(ro) + 2f1(r0)) + v(f1 = f2)"(ro).

( This equation is valid because both w; and wy are continuous at ¢t = 0, see Theorem
1 below. )  The right hand side is negative if v is small enough. Since w(0,7y) = 0,
w(t, o) is negative for small ¢t > 0, while w is nonnegative everywhere at t = 0.
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3 Finite time blow-up

We now prove that large initial data lead to blow-up in finite time. Before doing so, we
present some facts, which hold for any solutions without an assumption of the largeness
of the initial data.

Let || ||y be defined by

1l = / F()lrdr < oo,

and let X; be the set of all bounded, uniformly continuous functions defined in [0, c0)
such that [|f||; < co. With || f]|1 + || f]le as its norm, X is clearly a Banach space. Let
X5 be the set of all the function f : [0,00) — R such that f is continuous and bounded
in [0, 00) and satisfies

Ifll= sup rf(r)] <oo.

<r<oo

Equipped with || f]le + [|f]|, X2 is a Banach space. Note that any function in X, is
uniformly continuous in [0, 00). We then have the following

Theorem 1 For all wy € X1 N Xy, there exists Ty > 0 depending only on ||wo|1 +
lwolloo + llwol|« such that the solution of (1) and (2) ezists and unique in C°([0, T1]; X1) N
L2(0,T3; Xs).

We postpone the proof until we outline it in Appendix, since the local existence is not a
central issue and its proof is carried out by standard arguments. The reader, however,
may wonder if the function space X; N X, is the largest one for the unique existence.
In particular, one may wonder if the somewhat artificial condition supr|f(r)| < oo can
be weakened. We do not know the answer. Since this function space suits our physical
motivation in which the vortices are localized near the z-axis ( [18] ), we would not try
to find an optimal result.

Throughout the remaining part of the present paper, we consider those solutions with
wo(r) > 0 everywhere. Despite the failure of the comparison theorem, we can still prove
that w(t,r) > 0 for all ¢t and r. We can also prove easily that the L'-norm of w(t) is
conserved by the evolution equation (1). Accordingly, we have [|w(t)[|1 = [, w(t,r)rdr =
|lwollx for all ¢ > 0. Therefore, the global existence is guaranteed if the a priori estimate
SUPg<ter ||[W(t) |0 < 00 and supge e [|w(t)||« < 0o hold for any T" > 0.

Let [0,7T") be the maximum interval of the existence of the solution w(t). (1T = oo is
included. ) We define two functions a and b of t € [0,T) by

£) = exp ( / t ||w<s)||oods) o= afs)ds. (5)

They are increasing functions and satisfy a(t) > 1 and b(t) > tin 0 < ¢ < T. We next
define u = u(7, &) by

10 ou
or = UEG_S <§8_§) ) u(0,&) = wo(§), (6)
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or we may write as

_ 1 € —yP
u(t,§) = T /R? exp <—? wo(|y])dy.dys,
where & = (£,0) and y = (y1,¥2). Then it holds that

w(t,r) = a(t)*u (b(t),a(t)r). (7)

( This nice trick is due to Lundgren [13]. )
Defining h as h(7) = 27]|u(7)||, We can easily see that lim, o h(7) = 0, that h is a
monotone increasing function, and that we have

lim h(1) = M. (8)
T—00 vV

In view of this, we define v = ||wp||1/v. Note also that we have the following differential
equations

. h(b) s
@ = —ca (9)
b = d° (10)

with initial data a(0) = 1 and b(0) = 0. From these equations, we have

' b
% = Shib)3. (11)

Now take any ¢, € (0,7) and fix it. Define ¥ = h(b(ty)). Then (11) and the mono-
tonicity of h yield

<-< (to <t <T).

DO |-
o o
Q|2
DO [ 2
o o

By integration we obtain

b(t) \"” _ alt) _ (b(t) "
() = e = Gi) -
These inequalities imply that
lim a(t) = lim b(t) = oo, (13)

t—T t—T

in either case of T < oo or T' = oo: in fact, if T < oo, then we must have either
lim; 7 [|w(t)]|so = 00 or limy 7 ||w(t)||« = oo because of the local existence of the solution
in X; N X5 and the invariance of the L'-norm. Note that

) = 1 [ p(—w> (€~ yn)enlll)dydys

drvT AuT
(5 - y1)2 + y%
drvT /exp ( AvT yiwo(|y|)dy1dys

IN

e [lwolloe + llwoll-,
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so we have
u(7)]ls < e ||wollos + llwolls, (14)

where ¢ is a constant. Hereafter we follow the usual convention that ¢ denotes a positive
constant which may differ in different contexts. Note also that ||u(7)]|oc < [|wo||co- Since

lw(®)lloe = a)*lud)lle,  lw®)ls = al®)llu(b®))l-,

either @ or b must be unbounded, hence both are unbounded because of (12). If T = oo,
then b(t) > t, as is noted above, shows the unboundedness of b, and (12) implies (13).
We finally define d by d(t) = a(t)~2b(t). It satisfies

d=1-h(b) (0<t<T). (15)
The following lemma, which will play a crucial role later, is easily verified:

Lemma 1 d(t) is positive for all t € (0,T). d is monotone decreasing. It satisfies

ol = g0 (10

We are now ready to prove the following theorem:

Theorem 2 Let wy € X1 N Xy be non-negative in [0,00). Then the solution blows up in
finite time if ||wol|l1 > v. Further, we have

~

2(y - 1) (17)

lim (T = 1) e8| =

where T is the blow-up time and v = ||wol|1/v.

Proof. Suppose that the solution exists for all ¢ € [0,00). Then, since the right hand
side of (15) tends to 1 —~ < 0, d(t) becomes negative for sufficiently large ¢. This is an
obvious contradiction because d is positive. d(t) therefore exists only for finite time.

In order to prove (17), we take ¢, such that 4 = h(b(to)) > 1. This is possible if ¢, is
sufficiently close to T' ( see (8) ). Then (12) and (13) imply that lim; . d(t) = 0. This,
together with (15), yields that

ity 1
T—t T-—t

T

/ h(b(s))ds —1— h(b(T —0)) —1=~v—-1
t

as t — T. Consequently, by Lemma 1, we have

_ IOk
= OOl =570 = 2 -1

and we are done. O

Remark 2. It is interesting to note the self-similar blow-up solutions (4) satisfy

1
||w(0)||1 =v+ E > V.



Remark 3. The blow-up rate (17) complies with the famous criterion by Beale, Kato
and Majda[l], although their theorem gives a blow-up criterion for the Euler equations,
not for the Navier-Stokes equations. It also complies with Kozono and Taniuchi’s blow-up
criterion on the Navier-Stokes equations in [11].

Remark 4. Also important is to note that blow-up occurs only at » = 0 if the initial
function is monotone decreasing in r and decays sufficiently rapidly as r — oo. Since the
numerical solutions discovered by [8, 9, 17| seem to blow up on the whole interval of space
variable, not on a single point, the model (1) may be said to be potentially more relevant
( to real flow dynamics ) than those equations in [8, 9, 17] are. However, the fact that the
set of singular points is exactly the z-axis does not comply with the existence of a weak
solution such that the one-dimensional Hausdorff measure of the ( possible ) singular set
is zero ( [2] ). This discrepancy is caused, of course, by the non-existence of the energy
inequality.

4 The case where ||wy|; < v

We here prove

Theorem 3 Assume that wy € X1 N Xy is non-negative. If ||woll1 < v, the solution of (1)
and (2) ezists for all 0 <t < co. Further, supg;coo [|w(t)|lo < 00. If ||woll1 < v, then

T
2(1 —»)

In particular ||w(t)||e tends to zero. If ||wo|1 = v, we have

Tim () o =

lim inf [ (t) oo > 0,

provided that there exists a positive constant § such that

o0
/ wo(r)r'Tdr < oo,
0

Proof. By (12) we have
b=a®< a(t0)2
= b(ty)”
for all 0 < ty < t. Accordingly, we have
1—7 1—v
b(t) < b(to)
11—y & 1—v

b(t)” = Mb(t)"

+ M (t —tg) (for v < 1)

b(t) < b(to) exp (M(t — to)) (for v = 1),

which implies that b is locally bounded. The boundedness of a follows from this and
(12). Since [|w(t)|leo = a(t)?||u(b(t))]loo < a(t)?||wollso, the local boundedness of [|w(t)]|so
follows. Also (14) implies that

[rw(t,r) = a(®)*rlu(b(t), a(t)r)] < a(t) |ub®))]l, < ca(t) (b(t)"||lwolloc + llwoll.) -
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Therefore w(t) is bounded in X3 locally in time, and the possibility of 7" < oo is excluded.
By Lemma 1, d(t) > 1 —~ > 0, whence d(t) > d(ty) > 0 for all £ > t,. We therefore

have the following upper bound:

lw(®)lloe =

If v < 1, then Lemma 1 implies

d(t)

m = mndn =1
Accordingly
R 0 —
2 dt)  2(1—7)
as t — oo.

Finally, we note that, if v =1,

i) < 1= 5 [ e (<5 culyanan,
=3 - (i) | e
< e,

On the other hand, (10) and (12) give us
b>kb  (tg<t)
with a positive constant k& and 4 = h(b(ty)). Hence

b(t) > {blte)"7 + k(1 —7)(t — to) } /47

for t > ty. Note that 4 = h(b(ty)) can be chosen as closely to unity as we wish.

1 —4 < §/2, then
> ds
d(t)gd(to)—l—c/ b(5)5/2:K<OO'

to

This implies
lw(t)lloo = >

Remark 5. There exist ( [18] ) the following steady-states:
Oé'l"2

wo(r) = 2ave™ ",

where a € (0,00) is a parameter. Whatever a may be, we have |wp||; = v.

8
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Appendix

Proof of Theorem 1: Suppose that wy € X; N X5 is given. In this section, its sign does
not matter. We now define

Y ={A4€C0,T]); 0 < At) < 2llwolle  (t€[0,T]) }.

Given any A € Y we define w by

wp = At (rw, + 2w) + V% (rws), (0<r<oo,0<t),
w(0,7) = wo(r).

We then define ®(A)(t) = ||w(t)]|« for 0 <t < T. Our goal is then to prove the existence
of a fixed point of the mapping ®. We begin with the proof of the fact that there exists
a T > 0 such that ® maps Y into itself.

For a given A, we define a and b by

alt) = exp ( /0 tA(s)ds), b(t) = /0 Ca(s)%ds

Defining u = u(7,&) by (6), we have w(t,r) = a(t)*u(b(t),a(t)r). Since wy is uniformly
continuous, ||u(7)|| is continuous on [0, T, which implies that ||w(#)]|ec = a(t)?||u(b())]s
is continuous on [0, 7]. Further, we obtain

lw(®)lle = a(t)?[[u(b(t))]loo < a(t)]|wp|loc-

Therefore ®(A) € Y, if exp (47||wo||l) < 2, which is satisfied for a sufficiently small 7.
We fix such a T'.

We next show that ® is a contraction mapping if 7' is small. Suppose that two
functions A; and A, are given and define a;, b; by

(/A ) bi(t):/otai(s)st (i=1,2).

We then define w;(t,r) = a;(t)?u(b;(t), a;(t)r) (i =1,2). Let

wi(t) —wa(t) = (af — a3) u(by,arr) + a3 [u(by, a1r) — u(b, arr)]
+-a3 [u(ba, arr) — u(bs, asr)]
= Il—i‘IQ—FIg. (18)

The right hand side is estimated as follows. Note first that
lay(t) — as(t)| < c/ |A1(s) 2(s)|ds < ct nax, ]Al( ) — As(t)]

and
2

[b1(t) = bo(2)] < C/o (t = 5)[Ar(s) — Aa(s)|ds < % max | A, (t) — Aa(t)].

0<t<T



We now have
|I1] < et max |A;1(t) — Aa(t)].
0<t<T

Since b;(t) > t implies that

1
d
sup |u(by,air) — u(be, arr)| = sup / —u(by + s(by — b)), ayr)ds
0<r<oo 0<r<co [JO ds
1 u Clbl - b2|
< —(b by — b dslby — by| <
< [, [ s =] <

<t b (t) — ba(t)],

we have

|12| < ct max [A(t) — Az(¢)].

The term I3 is estimated as follows:
u(bg, arr) — u(by, agr) = / u(be, agr + sr(a; — ag))ds

= / ¢(be, agr + sr(a; — az))(a1 — ag)rds.

Since 1 < min(ay, az) < as + s(a; — ay), we obtain

sup |u(bg, arr) — u(by, agr)| < sup |Eue (b, &)| |ar — aql.
0<r<oo 0<g<

By a standard argument we have

Ou ey = 1 (=) + 43 &€ —u)
63—5(7’5) B 47w7-/eXp (_ Aot o7 wo(|y[)dy:dy:
_ 1 E—y)’+u3) E—w)
- 47r1/7'/eXp< Ayt o wo(|y[)dy:dys
—1 E—v)+u3) vl —w)
- dy, d
+47w7_/exp< Ayt T wo(lyl)dy:dys
1 — 2 492 _ 2
< Honoo—/exp —(5 y1)"+ys ) (€= w) dy dys
AmvT dvt QUT
1 — )’ +
+||W0||*—/exp _(g yl) y2 5 o dyy dys
AmvT Ayt
< cfjwolleo + 7 3]|wol |-

This then yields

|I3] < e(1+1712) |ai(t) — as(t)] < et +172) mmax | A (f) — As(1)].
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Combining (19)-(21) with (18), we obtain

w1 () — wa(t)] < et + t1/?) Max, | A1 (t) — Aa(t)].

Namely,
max |®(A;)(t) — ®(A) ()| < (T + TY?) max |A;(t) — Ay(1)].

0<t<T 0<t<T

Accordingly @ is a contraction mapping for sufficiently small 7', and it has a unique fixed
point in Y.

The w(t, r) constructed by the fixed point is what we are looking for. Using the fact
that —A generates an analytic semigroup in L' and in the space of bounded uniformly
continuous functions, it is not difficult to verify that w € C°([0,T]; X1) N L>((0,T); X»)
( cf. [10, 20] ).

As for uniqueness, we recall that any continuous and bounded solution w can be
represented as (7). Then, for sufficiently small 7' > 0, ||w(-)||s belongs to Y. The
uniqueness in 0 < ¢ < T'is then a consequence of the contraction mapping theorem. Since
this argument can be repeated, we get to the uniqueness.
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