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Abstract

We study the blow-up of a certain system of ODEs which are coupled in such a
way that the “total mass” is preserved. The system of ODEs is a model proposed
by the second author and J. Zhu in order to demonstrate the importance of the
convection term in the Proudman-Johnson equation, which describes the motion
of incompressible fluid. In the present paper, we derive a necessary and sufficient
condition for blow-up of solutions, and we provide long time or near blow-up time
asymptotic behavior.

Mathematics Subject Classification: 35Q35, 76B03

1 Introduction

We study the blow-up phenomena of the following problem, for u = u(z, 1),

{ o= f(u)— [} flu(y,t)dy, xe€l0,1], >0,

1
u(z,0) = up(x), z € [0,1] @

where ~ = %, and f: R — [0,00) and ug : [0,1] — R satisfy the following:
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(F) f(-)is continuously differentiable, even, and strictly convex; Further, 0 = f(0) < f(s)
for s # 0, sup,-, f((s) < 00, and [/~ f‘fi) < 00.

(U) wup(z) is defined everywhere in [0, 1], bounded and measurable, and fol uo(z)dz = 0.

Problem (1) arises from what is called the Proudman—Johnson equation, which is
written as

where v is the viscosity of the fluid. This equation is derived from the Navier-Stokes
equations for incompressible viscous fluid, and its solution represents an exact ( but
unbounded ) solution of the Navier-Stokes equations. The well-posedness of the equation
is known only partly, see [1, 2, 3, 4] and the references therein. By some reason stated
in [4], the convection term ff,,, does not seem to play an important role in the well-
posedness. So, an equation where the convection term is neglected were considered in [4]
and compared with (2). The equation then becomes: fipr — fofoe = Vfzzwe, Which can be
integrated once and we obtain

2
Ut = Vlgg + Uu° — 7.

Here v = % fr and v depends only on . Boundary conditions can be associated in
many ways but we assume here the periodic boundary condition, by which we have
fo (t,z)dr = 0. This constraint on u determines the integral constant . We then
have

1
Up = Vilgy +u” — /0 u(t, r)*dz. (3)

Some properties of the equation were studied in [4] but the case where v = 0, which is
nothing but (1) with f(u) = u?, were examined only in special cases.
The following proposition was proved in [4]:

Proposition 1 Assume that f(u) = u* and that ug is a piecewise constant function with
zero mean. Let Q := {x € [0,1] | uo(x) = max wuo} and Q¢ =[0,1]\ Q. Then the following
(i) and (ii) hold true:

(i) If 19| < 3, the solution to (1) blows up in finite time;

(ii) If |Q| > 3, the solution to (1) exists globally in time and the solution satisfies

0 if 19 >1/2,
Jim, u(z, £) = {Q{In(ﬂﬁ)—fnc(:v)} i 19]=1/2, 4)

where | | denotes the Lebesque measure, Q) is a positive constant, and I4 stands for
the characteristic function of the set A.



They were unable to determine asymptotic behavior when general initial data, not neces-
sarily piecewise constant, were assumed. Also, there was uncertainty in the case (i). In
fact, based on numerical experiments, the second author and J. Zhu made the following
speculation [4]: a solution to (1) with piecewise constant initial data blows up in such a
way that the maximum of u(-,t) tends to infinity while all non—-maximum values of u(-,t)
becomes negative eventually.

The purpose of this paper is to prove the speculation under some assumption, and to
extend Proposition 1 to general initial data vy and nonlinear f.

Remark 1.1 As for the set of the initial data, we take L*°(0,1). It should, however,
be noted that we henceforth do not employ the usual convention that two functions dif-
fering only on the set of zero measure are regarded as identical. FEven two initial data
differing only at a point give different solutions for (1). We therefore consider all the
bounded measurable function defined everywhere in [0,1] and the norm is defined || f|lsc =
SUPg<y<1 | f ()], where sup, not esssup, is used. Even though we follow this unusual rule,
the following remark is important: it is enough to consider one initial datum among those
wnitial functions which differ from one another on a set of measure zero. In fact, for two
functions uy and vy differing only on a set of measure zero, it holds that {x ; u(x,t) #
v(z,t)} = {x; uo(x) # vo(z)} for all t, where u and v denote solutions corresponding to
the initial data ug and vy, respectively. Accordingly, once the solution

u=f@%:£f@@ﬂﬂt& u(y,0) = w(y)

is known, we can compute v(x,t) since fol flu(z,t))dz = fol fv(z,t))dz.

Because of the fact stated in Remark 1.1, we assume without losing generality that
supug = esssupug and infug = essinfug. Since the right hand side of (1) is Lipschitz
continuous mapping in L*, (1) admits a local (in time) solution for any bounded initial
data ug. The solution can be extended as long as it is bounded.

We now prepare the following symbols. We denote by [0,7*) the maximal existence
interval of (1). We define

mo = inf{ug(-)}, Mo =sup{uo(-)},
Q= {we 0,1 ule) = Mo}, 2 =[0,1\0, u =2,
m(t) = inf{u(-,t)}, M(t) =sup{u(-,t)} Vtel[0,T*),
a(t) = Jy f(uly,1)) dy.

Our result is summarized as follows:

Theorem A Assume (F) and (U). Then

T* =00+ Q| > 1.
In addition, the following hold:

- u(z,t)
t,T* M(t)

= Iﬂ(x) - M*Iﬂc(x) Vo € [Oa 1]? (9)



1 [ ds

lim — - = Q¢ if 1Ol > L
BLT o Fors) ) 1 (10
Jm M(t)=Q  ifIQ =3, (11)

. 1 o ds e _ .
A, - /M(t) Tors) —f(s) Q] Q< i, (12)

where Q is a non-negative constant, and Q =0 < [,.log(My — ug(z)) dz = —oc0.
Theorem B If |2 =0, (9) can be strengthened as follows:

i) If K (AP 00, there exist a finite m* and a function v* : Q¢ — [m*, o00) such
thot m(t)]
a

1
tl/l‘I%l*m(t) =m", tl/lglU(:E t) =u"(x) Vz € Q°, /0 u*(z)dzx = 0.

(ii) If fo Q(t) dt = oo, then limy 7~ m(t) = —o0 and the following holds:

m

(iia) f fOT Im) gt = 0o, then limg s« (u(z,t) —m(t)) =0 Va e Q°

[l

(iib) if fOT %dt < 00, then there ezists v* : Q¢ — [0,00), such that

tl}r%l*(u(x,t) —m(t)) =v"(z) >0 Vze{yel0,1]|my<uy) < M}

When f = u?, (10)-(12) can be written as

it Q] >3, lim tM(t) = e ;
if |Qf=3, tligloM(t) = S exp {2 e Jog(Mo — uo(y ))dy} ;
if Q<3 Jim (- TOM() = o

Also, when f = u? and |©2] = 0, we have

fo ‘m|dt o0 <— fo o uo(w) = 00,
fOT |—TJ:L|dt =00 — fo log(My — ug(x)) = —o0,

w'(@) = { seogy = Jo gy b exp 2.y log(Mo — wo(y))dy) .

v¥(z) = {MO_IUO(I) — Moimo} exp (2 fol log( M,y — uo(y))dy>.

We thus obtained a rather complete description of asymptotic behavior of the solutions
when (F) is assumed. However, for general f, we have only partial results (not presented
here) which are not enough to provide necessary and sufficient conditions (in terms of
initial data wug) relating conclusions (i), (iia), and (iib).



2 Preliminary
For each a € (—o0, My|, we define w(a,t) as the solution to the initial value problem
w = f(w) —q(t) for te€[0,T7), w(a,0) = a. (13)
The properties of the solution are summarized as follows:
Lemma 2.1 Let My, mg, M, m, u*, and q be defined as in (5)—(8). We then have
(a) For allt € [0,T%), m(t) = w(my,t), M(t) = w(My,t), and fol u(y,t) dy = 0.

(b) If a1 < ag < My, then w(ay,t) < w(wg,t) for all t € [0,T*). In addition, if u Z 0,
then that w(a,t) < 0 for some t € [0,T*) implies w(a,t) < 0 for all t € (,T%).

(c) If ug = My[Iq — p* Iqe] for some My > 0, then u(z,t) = M(t)[Iq — p* Igc|, where

1 ifpr =1, ie, |Q =3, then M(t) = My,
2. if wr>1, de., |Q > 3, then M(t) < My and

/MO B o vie [0, 00)
M(t) furs) — f(s) ’ T

3o af pr <1, de, |Q < %, then M (t) blows up in finite time and

M(t) ds o y O
/MO m—l 1t, Vte0,00).

The proof is straightforward and is omitted. Note that the case (c) is known in [4] and
that p* < 1 implies f(s) — f(u*s) > (1 — p*) f(s).

Suppose now that the initial data is different from the one in the case (c) of the lemma
above. In view of Remark 1.1, we may then assume that the set {z € [0,1] |mo < uo(z) <
My} has positive measure.

Lemma 2.2 Let

O(z,t) = Soaed () = B (14)
Then p = folf(i_az)dm and for all z € [0,1] and t € [0,T),
0 XL
b = = {05m)+ (L= 0)f(M) = f(om+(1—-0)M) } . (15)

Consequently, the following holds:

(i) O(z,)=0ifz € Q, O(z,)) =1 if ug(x) = my, and 6(z,-) € (0,1) and 6(z,-) > 0 if
uo(z) € (Mo, Mp);



(ii) there exists 0* : [0,1] — [0,1] such that ast / T*,

O(z,t)  0"(x) Ve {y|mo<ugly) < My},

1- o 0*(y) dy o o«
MO N T 2 e = M

1
Proof. The identity p = fof(:z)dz follows from v = @ m+ (1 — @) M and fo y,t)dy = 0.
0 X

The differential equation (15) follows by a direct differentiation.

Since f is strictly convex and f(0) = 0 is the global minimum, one sees that 6f(m) +
(1-6)f(M)— f(dm+ (1 —0)M) >0if § € (0,1). The assertion (i) and (ii) thus follows
from (15).

|

Lemma 2.3 Let 0 and p be defined as in (14). Then
0 =06(1—0)x, (16)
minlt) 100 4 L0 < g5 < f(M) + | /(). (17)

Proof. Since u =0m+ (1 — )M, we have k = f(”;)__ri(”) + f(]\ﬁ:i(“) < |f'(m)| + f'(M)
since f is convex and f(0) = 0 is the global minimum of f.

To find the lower bound for k, we notice that f(u)/u < f(M)/M for u € (0, M] and
f(w)/|u] < f(m)/|m| when u € [m,0). Replacing f(u) by uf(M)/M when u > 0 and
by uf(m)/m when v < 0 we then find that x > mlir min{bi} (£(M)/M + f(m)/|m|). This
completes the proof.

|
Lemma 2.4 OT* %—W dt =
Proof. Integratmg :log(M —m) = M gives
M) + (o) = (U + o exp { [ L0000 47 13
If the assertion of the lemma is not true, then both [ T A;Sm‘ and |, r ]V’;ELW' are finite,

whence, by (18), there exist positive constants ¢; and ¢y such that ¢; < M + |m| < ¢, for

allt € [0,7*). In particular, 7% = oo. Since ﬂ%jfrg‘m) > i/ (M +|m[)/2) is bounded

from below by a positive constant, the integral for %W cannot be convergent. This
is a contradiction and we are done.




Lemma 2.5 Let 6* be as in Lemma 2.2(ii). Then 0* = Igc and hence p(t) \, p* as
t /' T*. In addition, when |Q| # 3,

li M

im

B FO0) = F—w D)
Proof.  Obviously 0*(xz) = 0 if z € . Suppose now that z € Q°. If §*(z) < 1, then
0*(z) < 0*(z) < 1for all z € {y € [0,1] | up(y) > uo(x)}. It then follows that u(0) >
wu(t) > (1 — 0*(z)) x measure{y € [0,1]|ug(y) > uo(x)} > 0. (Here esssupug = supuy is
used.) Hence from Lemmas 2.3 and 2.4 we see that fo K dt = 0o. Since

0(x,t) d6 t
= K dt,
/H(w,O) (1 —0) /o
we have 0*(x) = 1. Thus, 6*(z) =1 for all z € Q°.
Once we know 6%, we obtain u(t) \, [} (1—6*)dz/ [} 6*dz = |Q|/|Q¢] = p* ast / T*.

Asu=0m+ (1 —-0)M = M[1 —60— pb] and q = fo u) dz, we can write, when
e #F1,

=€, (19)

M :|Qc|— f(M[l—H—H,U,D—f(—;L*M)d
fM) = f(=p=M) e fM) = f(—pM)

The assertion of the Lemma then follows from Lebesgue’s dominated convergence theorem
and the fact that 1 —0—puf — —p* ast /~ T* for all z € Q°. Here we need the assumption

that sup,. S}{és) < 00, which implies lim,_,; sup,- ff((":)) =1.

X .

3 Proof of Theorems A and B

We consider four different cases

Q>L [Q=1 i>9/>0, |2=0.

279

3.1 The case [Q| > 3

Lemma 3.1 Assume that [Q| > 5. Then, M(t) is non-increasing, m(t) is non-decreasing,
and T* = 4o0. If [Q| > 3, then M(t) is strictly decreasing and m(t) is strictly increasing.

Proof. From 0 = fo t)ydy > M|Q| + m|Q°|, we have |m(t)| > p*M(t). As p* > 1,
q < |Q|f(M)+|Q°f(m )so that m = f(m)—q > {f(m)— f(M)}|Q| > 0for all ¢t € [0,T*).
Hence, M(t) < |m(t)| < myg for all t € (0,7*) and T* = oo.
Since f is convex, ‘5_0|ch uw)ydy > f ﬁfmudy) = f(-w*M) = f(M), so that
= |Q°|f(M) — [ f(u) <0 forall ¢ > 0.
We now have mgy < m( ) <0< M(t) < M for all t and T* = +oo follows. Statements
1

in the case of || = 7 is obvious now. Also, when |2 > 1/2, we have p* > 1, so the

previous derivation gives us m > 0 > M.



Theorem 3.1 Assume that |Q| > 3. Then T* = oo, M(t) < |m(t)| for all t > 0,
m(t) /0 ast / oo, and

Jim 7;\(;:(’5) =Io(z) — p* Ige(x) Yz €][0,1], (20)
im L [ e (21)

t=oo t [ sy f(p*s) — f(5)

Proof. By the proceeding lemma, it is sufficient to prove (20) and (21). Using Lemma
2.5, we obtain u/M =1—-0 —0p — 1 —0* —0*p* = Ig — p*Ig. as t — T*. This proves
(20). The formula (21) follows from I.’Hospital’s rule and (19).

Remark 3.1 To prove T* = oo, we only need f to be even and non—decreasing in [0, 00).

3.2 The case [Q| =3

Theorem 3.2 Assume that || = ;. Then T* = oo and

- u(z,t)
|
il M(t)

Also, there exists Q € [0, My) such that

m(t) /' —Q and M(t) \, Q as t /0. (23)

In addition,

Q =0 E— i 10g(M0 — uo(y)) dy = —0Q. (24)

In the special case that f(u) = u?, Q is explicitly given by
Q = Lexp (2 fy log[Mo — uo(y)] dy). (25)

Proof. By Lemma 3.1, we know that 7* = oo. The limit (22) is proved as in (20).
Lemma 3.1 shows that there exist a ) such that (23) holds.
We next prove (24). First of all, since |m| = pM > p*M = M,

d fim) — f(M) _ f(m]) — f(M) |m| - M

g 10s(M —m) M—m m—M M —m
As f is convex, % < f'(Im]). Also, as sup, S]’:;S) < p for some p > 0,
T > Hmd > ().




As |Q| = |Qc| = 3, we derive from [QM + [, udz =0 and u = m + (1 — )M that
"AT/”[‘*TJZ =2 [o.(1— . Hence,

d
—f (Im]) ( 0)dr < —— log(M —m) < 2’ (|m\)/ (1—-6)dz
We now use Lemma 2.3 to estimate the integral. From (17) and the fact that 1 = p* <
w(t) < u(0) = |my|/My, we see that there exists a positive constant C' depending only on
f and |mg|/Mj such that
[f'(m)| < Cr < C?|f'(m)].

Hence, integrating % log8 = k(1 — §) over Q° we obtain,
d d
— logﬁda: < ——log(M —m)<2C | —logfdz.
. dt qe dt
Integrating over [0, t] we then obtain

2 lo g(l‘at) dr MO mo 20 e(xat)

— g lg— log dz
P Joo 7 0(x,0) M(t) — m(t) oo 0(z,0)

Since as t /" oo, O(x,t) ' 1 for all z € Q°, (24) then follows by Fatou’s lemma and
Lebesgue’s dominated convergence theorem.

Finally, we consider the special case f(u) = u%. Then for z € Q°, 4 Slog(M —u) =
M + u. Hence, integrating over ¢ and = € )¢, we then obtain
M(t) — u(y, t)
lo dy=0 Vte|0,00).
/c & M() — UO(y) [ )
Note that the integral is convergent since |log zvg) uO((yy;)\ = ‘fo (1) + u(y, 7)] dr| <

2 f(f |m(7)| dr. Sending ¢t — oo, we then obtain by Fatou’s Lemma that

My — Mo —
lim log M(t) = lim | 2log — wlv) g, o / log Mo~ 0¥) 4,
t—00 =00 [qe 1-— u(y, t)/M(t) Qe 2

This proves (25).

|
3.3 The case 0 < Q| < 3
Theorem 3.3 Assume that 0 < |Q| < 5. Then T* < oo, and
u(x,t) ‘
tl}rjg M) = Io(x) — p* Ige(z) Vz €[0,1], (26)
1 o ds
lim 7/ = [Q°] . 27
t/T T — 1 M(t) f(s) = f(=urs) ] 27)



Proof. From (19), there exists £ € (0, T*) such that for all t € (£, T*), M > 19| (fF (M) —

F(eM)) = 519°/(1 = ) f (M) = (5 = Q) F(M) > 0 since f(nz) < nf(2) for all n € [0,1]
and |z| > 0. It then follows that

ot [ <o
= G=19D7G6) T

The limit (26) follows from Lemmas 2.2 and 2.5, and the relation u/M =1 — 6 — Oy,
whereas the limit (27) follows from L’ Hospital’s rule and (19).

When [Q[ = 0, (26) only give us lim; /7~ 15 = 0 in Q°. More details will be given later.

3.4 The case || =0
Theorem 3.4 Assume that |QQ] = 0. Then T* < oo and

1 < 1
lim / ds =1, 28
/T T* =t Jarqy f(5) (28)
wz,t) . c
i, M) =u =0 Vze (29)
In addition, the following holds:
i) If fOT* q(t)dt = oo, then
lim m(t) = —oco, 1 u(z,t) =1 Vze-
t/ T t,/T* m(zx,t)

(i) If fOT* q(t)dt < oo, then there exists m* € (—00,0) and u*(x) : Q¢ — [m*, 00) such
that

1
tl}r%l* m(t) = m", tl}I%l* u(z,t) =u*(z) VreQf /0 u*(z)dz = 0.
Proof. Because of Theorem 3.3, we need only prove the in addition part.

First we show that

limsup u(z,t) < oo Vxe Q°. (30)
t /T
Note that if u(z, -) is non—positive at some ¢ € [0, T*), then u is negative for all ¢t € (¢, T*).
Hence, if ug(z) > 0, there exists T'(z) € (0,7 such that u(z,-) > 0 in [0,7(z)) an
u(-,t) < 0 in (T(z),T*). For all t € [0,T(z)), we can integrate @/f(u) — M/f(M) =
q/ f(M) — q/ f(u) to obtain

Mm)ﬁ_ M(ﬁ)ﬁ_ L a(D)[f (u(z, 7)) — F(M(7)] :
/"o@ /) /Mo 7= b R e <O

10



It then follows that u(z,t) < v(x) where v(z) is defined by

@ ds * ds
/uo(w) m - M, m Va e {y € [0’ 1l | My > Uo(y) > ()},

Therefore, (30) holds.
Integrating m/f(m) =1 — q/f(m), we obtain

"0 ds R e \
/mo s) - f T Ty e T

Hence, m* := lim; /- m(t) exists, and m* € [—00,0).

Now we consider the case where fOT* q(t) = oo. In this case we must have m* =
—00, since otherwise, integrating m < f(m*) — g over [0,7*) we would have m* <
mo + f(m* fOT qdt = —oco. Integrating @ = f(u) — q gives u(z,t) = up(x) +
fot fu(s, 7)) dT — fo 7)d7. Since u(x,t) is uniformly bounded from above, we see that,
for each z € Q°, there ex1sts T(x) € [0,T*) such that u(z,T(z)) < 0. Now in [T'(z),T*),
we have 4(m —u) = f(m) — f(u) > 0, so that 0 > m —u > m(T(z)) — u(z, T(z)), ie.,
0<1- “("E t)) < M) (“)(‘” L@ for all t > T(x). Sending ¢ / T* we then conclude that
limy 7 % = 1. This proves (i). .

Next we consider the case where [ ¢(t) dt < co. In this case, we have 70 = f(m)—q >

—q, so that m* > mg — fo q(7) dT > —00. Thus, for every r Q¢ u(x,-) is bounded in

[0,T*), so that u(z,t) = ue(z +f0 dr — uo(z ~|—f0 flu(z,t))—q(t)) dt =: u*(z),
ast 7T
Finally, we prove that fo z)dz = 0. Since u is bounded from below, by Fatou’s
lemma fo )dx < limy s~ fo x t)dac = 0. Secondly, for each z € [0,1], u*(x) >
j; dT Hence, fo r)dr > —ft 7)dr. Sending t ,* T* we then
conclude that fo x)dz > 0. This completes the proof
[

Theorem 3.5 Assume that || =0 and denote m* = lim; - m(t). Then

/0 g(T)dr =00 <= m'=-0 <= /0 %dt:oo. (31)

In addition, when m* = —oo, the following holds:

(a) If f; 1 gt = oo, then lim, yp. (u(z,t) — m(t)) =0 Vz € Q.

[l

(b) If fT f(m) dt < oo, then there ezists v*(z) : Q¢ — [0, 00) such that

tl}ljl}*(u(a:,t) —m(t) =v*(x) >0 Vee{yel0,1]]my<uo(y) < M}

11



Proof.  From f " f‘fs) <t < T* we see that there is a positive constant cy such that
q

m(t) < —co. Also, integrating 2 s log|m| = L_ 4 |—7§L| yields log 7t < fot ﬁ dr. Hence,

m

T* T*
/ ||dt o0 = / gdt =00 =— m'=-o00 = / dt
0 m

which proves (31).
For any z € Q° satisfying uo(z) > mo, let —% log(u —m) = W =: K(x,t), so
that

u(z,t) — m(t) = {uo(x) — mo} exp { — /0 t K(z,7) dT}. (32)

Theorem 3.4 defines T'(z) € [0,7*) as the smallest of those ¢ such that u(z, T(x ); < 0.

Then, in (T(x),T*), u(z,t) < 0 so that, as f is even and convex and sup,., S}C(S < p,

% < K < |f'(lm)] < pf(m|). The assertions (a) and (b) then follow from (32). This
completes the proof.

Finally, we provide an example that all (i), (ii)(a), and (ii)(b) can happen.

Theorem 3.6 Assume that f(u) = u? and that || = 0. The following holds.

() Jy dt=00 <= fo o o) = %
In addition, if fo o uO(w) < o0, then for all x € Q°,

. 1
Jim ue,t) = { o — o e o (200 og(Mo — uo(w)dy) . (33)

if fo Mo Toug@ — O then limy sr- m(t) = —oo and lim; p- (zgtt)) =1 for all x € Q°.
(i) fT f(m) dt =00 <= fol log(My — ug(x))dz = —oo. More precisely,

(iia) zf fo log(My — uo(z))dx = —oo, then limy »p-(u(z,t) — m(t)) =0 for all z € Q°;

(”b) if fo 10g 0— uo(y))dy > —00, then

Jim (u(e, 1)~ m(1) = { 2k — s | P (25 1o (Mo — uo(w)dy) - (34)

Proof. Set 6 = M “ We have i 7 log 0 = u — m so that, after integration first in ¢

and then in z, we have
0(z,1t) /t
1 d — d
/Cogg(x0 Om(T)T

For any x1 and zy with ug(z1) < ug(z2), we have, denoting uz = u(z;,t) and ; =
0(z;,t), 4 Slog(ug —u1) = uy +ug = (g —m) + (ug —m) +2m = § 10g(9192) + 2m. After
integrating in ¢, we then obtain, denoting ug; = ug(z;) and 0p; = G(xz, 0),

- 0,0 0
1ogu=10g L2 —2/ log — dx.
Uo1 — Up2 001002 c o
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That is, for any z,y € QF,

0(z,1)0(y, 8(z,t)6(y, uo(z
u(z,t) —u(y,t) = {A(/Ioi)uggé;)) — A(/Io?u(()?éyt))} exp (2 Jope log (Moe( f)( ))dz> . (35)

(i) Assume that fo e ( j < oo. Then integrating (35) over y € Q° gives

u(z,t) = / C H(x,t)e(y,t){Mo_Zo(x) - MO_ZO@)}dy exp (2 Jie log Wcﬂy)-

Sending t / T* and recalling that § " 1 pointwise in Q°¢, we then obtain (33).

If fo mrdt < oo, then m* > —oo. Hence, we derive from (35) that w*(z) = m* +
{3 o s oo} exp{2 fo log(My—ug(2))dz}. Asm* < 0 and fo x)dx = 0, we must
have fo Mi() < oo. This proves the assertion (i).

(iia) Assume that fo log(My—ug(z)) dx = —oo. We see from (35) that lim, s« (u(z,t)—

m(t)) =
(iib) Assume that fo log(My — ug(x))dxz > —o0. Sending t / T™* we obtain (34) from
(35). This completes the proof.

4 Conclusion

The dynamical system (1) ( considered in L°°(0,1) ) has the following property. It has
infinite number of steady-states, which are characterized by |uo(x)| = constant. If ug € L™
is a steady-state, then, for all A € R, Aug is a steady-state, too. All the steady-states
are unstable. In fact, Theorems A and B shows that any neighborhood of a steady-state
contains blow-up solutions.
(1) can be written as
w=P(f(u)),

where P = L?(0,1) — L?(0,1)/R is the orthogonal projection. Without the projection,
all the solution except for the trivial one « = 0 blows up in finite time. We may say that an
infinite number of global solutions including steady-states are created by the projection,
although almost all solutions blow up in finite time even in the presence of the projection
— the set of all the global solutions are of first category.
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