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A Presentation of Lie Tori of Type By

By

Malihe YOUSOFZADEH*

Abstract

We give a finite presentation of the universal covering algebra of a Lie torus of
type By, £ > 3.

80. Introduction

For a complex finite dimensional simple Lie algebra G and a field K, one
can define a Lie algebra G(K) := G ®7 K over K where Gy is the Chevalley Z-
form of G with respect to a given Chewvalley basis of G [Ch]. In the case that the
rank of G is greater than 1 and ch(K) # 2, 3, Stienberg [St] proves that G(K) is
centrally closed and gives a presentation of G(K) by generators and relations.
Kassel [K] generalizes this concept by considering a unital commutative algebra
A over a commutative ring R in place of the field K and defines the Lie algebra
G(A) := Gz ®y A over R. He proves that the universal covering algebra of G(A)
is G(A) := G(A) @ C where C is linearly isomorphic to Q}/dA, the module of
Kahler differentials of A modulo exact forms. He also gives a presentation of
G(A) by generators and relations. When R = C and A is the algebra of Laurent
polynomials in n—variables, the algebra G(A) is called, by Moody, Rao and
Yokonuma [MRY], an n—toroidal Lie algebra. They give an abstract infinite
presentation of a 2—toroidal Lie algebra in terms of generators and relations
involving the extended Cartan matrix of G. They use their presentation to
construct a great number of representations of G(C[tT!, t3]) for a simply laced
algebra G. Saito and Yoshii [SaY] introduce a class of Lie algebras whose
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cores are 2—toroidal Lie algebras. They call their class elliptic Lie algebras
as they are used in the study of elliptic singularities. They give a Serre-type
presentation of a simply laced elliptic Lie algebra in term of the elliptic Dynkin
diagram (R, G) attached to its elliptic root system R (an extended affine root
system of nullity 2) with marking G which is a rank 1 subspace of the radical of
the semi-positive symmetric bilinear form defining R. Yamane [Ya] extends the
presentation given by Saito and Yoshii to elliptic Lie algebras in general. More
precisely, he gives a Serre-type theorem for the elliptic Lie algebras associated
to the (reduced marked) elliptic root systems with rank greater than 2. A
toroidal Lie algebra is centrally isogenous to the centerless core of an extended
affine Lie algebra [AABGP, Chapter III] which is in turn a Lie torus [Yo2]. Now
the question is whether one could find a (finite) presentation of the universal
covering algebra of a Lie torus for a given nullity and type. In this work we
give an affirmative answer to this question for Lie tori of type B, (¢ > 3). The
nature of our presentation highly depends on generalized Tits construction from
which the Lie algebras graded by root systems of type By (¢ > 3), Fy and G»
arise [BZ, Section 3].

81. Preparation

Throughout this work all vector spaces are considered over the field of
complex numbers C and all tensor products are taken over C. We denote the
dual space of a vector space V by V*. If a finite dimensional vector space V is
equipped with a non-degenerate symmetric bilinear form, then for a € V*, we
take t, to be the unique element in V' representing o through the form. Also for
an algebra A, Z(A) denotes the center of A. All modules over a unital algebra
are considered to be unital. For elements z1,...,z, in a Lie algebra (G, [-,]),
we set [y, ..., 1] to be [y, ..., [x3, [22,21]]...]. Also for a finite dimensional
Lie algebra G, define (-, -) to be the Killing form on G. We denote by M,, ,,
the set of all linear transformations from an n—dimensional vector space to an
m—dimensional vector space or equivalently the set of all m x n matrices over
C. For X € M, , let X' be the transposition of X. For / € Nand 1 <r,s </,
by e, s, we mean an element of M, having 1 in (r, s) position and 0 elsewhere.
We refer to a finite root system as a subset A of a vector space so that 0 € A
and A\ {0} is a finite root system in the sense of [Bo]. For a finite root system
A, we set A* = A\ {0}.

Let £ € Z=% and V be a (2¢ + 1)—dimensional vector space over the field
C, also let I be the identity matrix of rank ¢. Take u to be the non-degenerate
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070

symmetric bilinear form on V whose matrix is s = | 100 | . Then there exists
001

a basis {v1,...,v9p41} for V such that

(1.1)

w(vs, vpgq) = 1for 1 <4 < 2 u(vopsr, vaes1) = 1 and u(v;, v;) = 0 otherwise.

The algebra G, consisting of all endomorphisms X of V which are skew-
symmetric with respect to u i.e. u(X(v),w) = —u(v, X(w)) for v,w € V,
is a finite dimensional simple Lie algebra of type B, [J, Theorem IV.6.7]. Set
H;:=¢€;;—epr;py;for1 <i </l Then H = @le(CHi is a Cartan subalgebra of
G [J, §IV.6]. For 1 <i < ¢, define ¢; € H* such that ¢;(H;) = 0, ; for 1 < j < (.
Up to isomorphism G is the unique finite dimensional irreducible G—module of
highest weight €1 + &5 (see [H] for the definition of a highest weight) and V is
the unique finite dimensional irreducible G—module of highest weight ;. We
refer to V as the short highest weight module of G.

One can see that V and G are H—modules admitting weight space decom-
positions as follows:

V=Vy® Y, Vi, and

(2) G=H&Y 1 Gie, ® Y 1cisjcy Gi(eitey With Go = H
where

(1.3) Vo = Cugpgr, Ve, =Cuy, Vo, =Cupyy; 1 <0 <Y,
and

Ge, = Clearq1,04i — €i2041), G—c, = Cleaet1,i — €r4i2041),
(1.4) g€i+5j = (C(ei,éJrj - €j,z+i)a gfsifaj = (C(eéJri,j - 6£+j,i>7
Gei—e; = Cleij — erpjori)i 1 <i#j< L.

So @ := {0} U{=%e;,+(e; £¢5) | 1 < i # j < £} is the root system of G and
{0} U @y, = {0} U {&e;}_, is the set of weights of V. Now set oy := &, and
;= ¢&; — i1 for 1 <i < ¢ —1. One can easily check that {a;}¢_, is a base
of ®. Now let 1 <14,j </, then x(H;, H;) = 46, so t., = H; /4. For a € &%,
set hy := 2ty /K(ta,ta). Then we have

(1.5)  he,=2H;, 1<i<{l and hesc,=H;+Hj, 1<i#j<Cl
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Now set

e, 1= €204 1,041 — €i 2041, fe, = 2(€ryier1 — €2041,), 1< <L,

Ceite; 1= Cibtj — €jltis Seire; = Cltji T Ctvigy <i<j<Ud,
(1.6) Cei—e; ‘= €ij — Clqj l4is qu‘,—Ej =€ T Gttty

hi = h‘Ei—Ei+1vei = eEi—Ei+17 fZ = fEi—EH,l) 1 S Z S g - 17

hf = h‘Ega eé = eEea ff = fEl'

By an easy computation we have the following lemma:

Lemma 1.1. For a € {g}_, U{e; + githi<icj<ts (€asha, fa) is an
sl, -triple.

Now let 1 <4 < /. It is easy to check that

i jVit1 1# L, 1<j5<Y,
—20¢,5 i =0,1<j<
() Jioy = 2o =B STSh
205 4v2¢ j=20+1,
(1.7) —0it1,jeveri £+ 1 <5 <20,
fifirofor fi-v1 =0, i£0 1<j#i+1<{,

(8 fi-firofeer- fo-vaep1 =0, 1<j#i-1<40
This together with (1.3) implies that
Ve, =Cficq1-fico--fo-fi-v1, 250 <Y,
(1.8) Vo=Cfe- fo—1--fa- f1-v1,
Ve, =Cfi- fix1- foo1- fo-vaerr, 1<i <A

Lemma 1.2. If1<i<¢ then f; - fo- f1-v1=[fi,.-., f2, f1] - v1.

Proof. Using induction on ¢, we are done. O

Lemma 1.3.  Set f := [fo,..., f1] and let 2 < i < L. Then we have
fir fixrofo- fror=fi, fixr, s fo, f] - 01

Proof. Using induction on ¢ — i, we are done. O

Definition 1.1. Let B be a unital commutative associative algebra, WW
be a B—module and g : W x W — B be a symmetric B—bilinear form on W.
Then Cliff(g) := B1 & W with the multiplication

(b1 +w) - (M1 +w') =bb'1 + g(w,w )1 + bw' + b'w; w,w’ € W,b,b' € B

is a Jordan algebra called the Clifford Jordan algebra of g.
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Now consider the Clifford Jordan algebra Cliff(g) = B1 @ W for a unital
commutative associative algebra B, a B—module W and a symmetric B—
bilinear form g : W x W — B. For a,d’ € Cliff(g), define d, 4 := L,Ly —
Ly L, € Endc(Cliff(g)) where L, and L, are the (left) multiplications by a
and o on Cliff(g) respectively. Set Dy = spanc{dw. | w,w’ € W}
Since for all w,w’,v,v" € W, dy . stabilizes W and dy v/ du ' — o =
da, wuw + dwd, ,uw, we may consider Dyy )y as a Lie subalgebra of the Lie

v,

algebra of the associative algebra Endc(WV).

Now suppose u is defined as in (1.1) and consider Cliff(u) = C1 @ V. It
is easy to check that Dy = G. So one can express the elements of Dy y in
matrix forms. More precisely for 1 < ,5 < £, we have

dvi,vg+j = eeifejv dﬂi,v]‘ = e€i+6j7 dvg+i,’ug+j = _fEiJrEjv] > 7’7
(1 9) dvi,vg+j = ij*Eiv dﬂi,v]‘ = _estrEia dvg+i,vg+j = f€j+€i7 7> T
dvi,vg+j = HZ dvi,v]‘ = 07 d’l}[+i,’ug+j = 07 1= j7

_ _ 1
Avggpr,o0 = €eis Aupyivarps = 3fes

Next, let A be an irreducible finite root system and G be an abelian group.
Denote by Xa, a reduced finite root system of type A if A is reduced and of
type B, C or D otherwise. Suppose g is a finite dimensional simple Lie algebra
over C with a Cartan subalgebra h so that g has a root space decomposition

g= @#EXAQ;L with f) = go-

Definition 1.2. Let g and h be as above. A A—graded Lie algebra £
with grading pair (g,5) is a Lie algebra satisfying the following conditions:

(7) L contains g as a subalgebra,

(it) L= ®uealy, where L, = {z € L | [h,z] = p(h)z for all h € b},

(#id) Lo = X penx [Lps Lyl
A A—graded Lie algebra £ with grading pair (g, h) is called (A, G)—graded if
L = Bgecl? is a G—graded Lie algebra such that g C £° and supp(L) := {g €
G | £L9 # {0}} generates G. Since g C £°, £9 is an h—module for g € G and
so we have £ = @uen ®gec L], where L] = LINL, for g € G and p € A
[MP, Proposition 2.1]. A (A,G)—graded Lie algebra L is called a division
(A, G)—graded Lie algebra if for each u € AX, g € G and 0 # x € LY, there
exists y € LZ9 such that [z,y] = t, (mod Z(£)). A division (A, Z")—graded
Lie algebra £ with dimc(£f)) < 1 for all 0 € Z” and p € A* is called a Lie
v—torus or simply a Lie torus.

Remark 1. It follows from [Yol, Theorem 5.1] that if A is a finite root
system of type By and L = ®uen Goezv L] is a (A,Z")—graded Lie algebra,
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then there exist semilattices (see [AABGP, Chapter II] for the terminology)
S,L C Z" such that S =S, for p € Ay, and L = S, for u € Ayy where for all
peA, S, ={oceZ|L]#{0}}. Let us call (5, L) the corresponding pair of
L.

We recall that a central extension of a Lie algebra L is a pair (£~, ) con-
sisting of a Lie algebra £ and an epimorphism 7 : L — £ whose kernel lies in
the center of £. A covering of L is a central extension (£~, m) of £ with L perfect
([£,£] = £). Any perfect Lie algebra £ has a unique (up to isomorphism) uni-
versal central extension which is perfect called the universal covering algebra of
L (see [G]). Two perfect Lie algebras are said to be centrally isogenous if they
have the same universal covering algebra.

Now let G be a finite dimensional simple Lie algebra of type By, £ > 3, V
be the short highest weight module of G and u be defined as in (1.1).

Theorem 1.1 (Recognition Theorem for type By). ([BZ, Proposition
3.9 and Theorem 3.53]). Assume A is a unital commutative associative algebra
and B is an A—module having a symmetric A—bilinear form f: Bx B — A.
Then

T(Cliff(u) /C, Cliff(f)/A) := (G ®c A) & (V ®c B) ® Dp 5

s a centerless By—graded Lie algebra whose Lie bracket is an extension of the
Lie bracket on D, p satisfying

[r®a,v@b =2v®ab, [z®a,z’ ®d]=][z,2]®ad,
(1.10) [z ®a,D] =0, V@b, v QY] =dyw @ f(b,V)+ulv,v)dpp,
[D,v®b] =v® Db,

for z,2’ € G, a,a’ € A, v, €V, b € B and D,D' € Dgp. Con-
versely, Assume L is a Lie algebra which is By—graded for ¢ > 3. Then
there exist a unital commutative associative algebra A and an A—module B
having a symmetric A—bilinear form f such that L is centrally isogenous to

T(Cliff(u)/C, Cliff(f)/A).

The following theorem states how to construct the universal covering al-
gebra of a By—graded Lie algebra:

Theorem 1.2 ([ABG, Theorem 4.13]). By the same notation as in
Theorem 1.1 consider the centerless By—graded Lie algebra Q = (G ® A) @
(V® B)® Dp . Set a:= A® B, direct sum two vector spaces A and B, and
let s be the subspace of a @ a spanned by the elements

(1.11) a®f+p@a, (af®7)+ByRa)+(ya®f), a®b
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where a, 3,7 € a, a € A and b € B. Consider the quotient space

(1.12) {a,a} :=(a®a)/s

and for o, B € a, set {a, B} = (a®P) + s € {a,a}. Let 0= Geldao (Ve
B) @ {a,a} and define a multiplication on Q by

[z®a,2 ®@d]=[z,2]®ad + k(z,2'){a,a'},
[zr®a,v@b =2zv®@ab=—[v®b,z®al,

[z ®a,{a,0}] =0=—-[{a,a},x®ad],

(1.13) V@b, v QY] =d,y @ f(b,b)+u(v,v){bV},
{a, o' },v @b =v@dyob=—[v®b,{a,a'}],
[

{04 O/} {6 ﬁ}]_{daaﬂﬁl}"_{ﬂ daaﬁ}

forx, ' € G, a,a’ € A, v, €V, b,/ € B and a,a’, 3,5 € a. Then (Q,fr)
where 7 : Q — Q is given by z@a— zQa; uRb— u®b; {a,d'} — dyw
1s the universal covering algebra of Q.

Lemma 1.4. By the same notation as in Theorem 1.2, for a,a’ € A
and x,2' € G, we have the following:

(i) If o’ =1 or k(z,2’) =0, then [t @ a,2’ ® '] = [z,2'] @ ad’.

(i) If [x,2'] = 0, then [z @ a,2' @ d/,w] = [2' ® ;2 @ a,w] for all w € Q.

Proof. (i) Let o € a, by (1.11), {a, 1} = {1,a} = 0. Using this together
with (1.13), we are done.

(1) Since dgq () = 0 for all a € a, (1.13) implies that {4, A} C Z(Q).
Now using the Jacobi identity, we are done. (I

Next let v be a positive integer and take A, to be the algebra of Laurent
polynomials in the commuting variables t1,...,t,. For o = (n1,...,n,) € Z,
by t we mean t7'...t7v. Let L be a centerless v—torus over C of type By,
£ > 3. Then by [Yo2, Theorem 7.3] and [AG, Theorem 5.29] we may assume
that the corresponding pair of £ is (5,2Z") where S = bj?@zfol(QZ” + 7;) for
some m > 1 and 79, ...,Tm—1 € Z" satisfying 79 = 0 and 7,.#7, (mod 2Z") for
0 < s #r <m— 1. Furthermore

(1.14) £ = T(Cliff (u)/C, Cliff(g) /Ap))

where u is defined as in (1.1) and g is the symmetric Ap,;—bilinear form on
Agfl, m — 1 copies of A}, defined as follows:
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(1.15)
g AT X AT — AT (ST g, ST brwy) > T 0 bt ™
in which {wy,...,wm,_1} is the standard basis for A’[ﬁfl over Ap,. One can

use Theorem 1.2 to conclude that the universal covering algebra of L is U =
(GecAp) @ (Vec A[TZ]_l) ®{a,a} where a = Ay EBA’[Z]_l and {a,a} is defined
as in (1.12). So Theorem 1.1 implies that

(1.16) Q[/Z(Ql) = (g Xc A[V]) D (V Kc AELL]_I) (&) ,DA?:]—I,A?LL]—I.

It follows from (1.13) together with Lemma 1.4 that 2 is generated by

61®1, fz®1; h’l®1; h’l®tj; h’l®tj_1; U1®’UJ5,

(1.17) ) .
1<i<l,1<j<vy,1<s<m-1.

Moreover using (1.13), Lemma 1.4 and (1.9), for 1 < i,7 < ¢, 1 < j < v and
1 < s,t <m —1, the following relations are satisfied in 2 :

[a(h,)(h; ®t;ﬁ1) —a(h)(h, ® tjil),xa ®1]=0; a € ®, 24 € G,
[B(he)(h; @ t571) = B(hi) (B @ £51), 05 @ ws] = 05 B € Ban, v5 € Vg,

to which we refer as quasi-diagonal relations, also

[he @t5,hi @t 2@ 1] = a(h)a(h)z®1; 2 € Gy, a €D,
[hr @ t5, h; ®t;1,y®w5] = a(hi)a(h.)y @ ws; y € Vo, a € Pgp,

that we call cancelling relations and

[Ul @ ws,v1 ® wt] = 0; [Ul D ws, v; ® wt] = 6s,t651+5i X tTS; { > 27
[V1 ® W, Vyi @ W] = g 1€e,—c, DL 1> 3,

which we call basic short part relations.

8§2. Presentation

Throughout this section v, ¢ and m are positive integers so that £ > 3. G
and V are as in §1 and w is the form on V defined by (1.1). We find a finite
presentation of the universal covering algebra of a Lie torus of type By;. More
precisely, we consider a set {7, | 0 < r < m—1} of some representatives of cosets
of 27" in Z¥ with 19 = 0 and find a finite presentation of the universal covering
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algebra of the Lie torus of type By whose corresponding pair is (.5, 2Z") with
S = Lﬂf;}l (1-4+27"). We postpone the case that S = 27" (corresponding to m =
1) to Remark 3. So we suppose that m > 2 and fix 7. = (n],n5,...,nl) € Z",
1 <r <m-—1,such that m +27", ..., T;_1 +2Z" are disjoint nonzero cosets of
27" in 7. We represent a finite presentation of the universal covering algebra
2 of T(Cliff(u)/C, Cliff(g)/A)) where g is the symmetric Ap,;—bilinear form
on Aﬂlfl defined by (1.15). We first construct a finitely presented Lie algebra £
consisting of several generators and a bunch of relations. We decompose £ into
irreducible G—modules isomorphic to G, irreducible G—modules isomorphic to
V and trivial G—modules. Next we prove that £ is a By—graded Lie algebra
that is a central extension of 2. Then we have enough tools to prove that £ = 2.
We collect the relations which have similar natures in the same collection. To
begin, we consider the Cartan matrix C' = (c¢; ;)i ; of type B, and take L, to
be the Lie algebra generated by 3¢ + 20v + m — 1 elements

(2.1) {es, fihihE 0" [1<i<,1<j<v, 1<r<m-1},

RN R

subject to the following type of relations:

Serre’s relations:
(R1) [hi, hj] =0, [es, f;] = i jhis [hises] = cjaeg, [hi, fi] = —¢5if5,
(ade;) =it (e;) = 0, (ad fi) =1 (f;) = 0, 1 < i,j < L.

Short highest weight module relations:

(Rz) [ei,’UT] :05 [hivvr] :61,ivr7 [fj7/UT] = [flvflavr] :Oa
1<i<2<j<l1<r<m-—1.

Now let G be the subalgebra of L, generated by {e;, fi,h;}¢_,. Since
{ei, fi, hi}t_, satisfies Serre’s relations, G is a finite dimensional simple Lie
algebra of type By [H, Theorem 18.3]. So G = @®nc3Gs where & = {0} U
{:té‘i, :t(Ei:tEj) | 1 <1 75] < é} and where Ei(hj) = 52'7]' _6i,j+17 1 S] < f—l,
and ¢;(hg) = 26; 4. Moreover for each o € @, there exist e, € G, and fo € G_4
such that (eq, [€qa, fa], fa) is an sl, —triple. Without loose of generality we may
assume e, and f, (o € ®1) are defined as in (1.6). Now for 1 < j < v, define

(2.2) = hi; + Z 2,
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and set

Sg = Spa‘n([:{ei7f’ia hia hquv
Sy :=spanc{e;, fi | 1 < <L, 0 # 2},

H :=spanc{h; | 1 <i </}

v 1<i<l1<j<y, 1<r<m-—1}

Rl

::span(c{hi[j [1<i<{¢ 1<j<v}

b2 ::span(c{hi[j [1<i<{ i#2,1<j<v}

ho = span(c{k?E [1<j<v}

Zp = spanc{[hfj,hﬂfs] [1<i,r<t 1<js<v}

bt = spanc{a(hi)h;; — a(hi)hg;, a(h)hf; — a(hi)h; |1 < j <v}
acd, 1<it<Cl.

Since G is a subalgebra of Ls, Ls is a G—module. Now for 1 < r < m — 1,
define V" to be the G—submodule of L, generated by v". Using (R2), one can
see that V" is a finite dimensional irreducible G—module of highest weight &
[H, Theorem 21.4]. Contemplating (1.2), (1.3) and using (1.7)(¢) together with
Lemmas 1.2 and 1.3, we may assume V" admits a weight space decomposition
relative to H as follows:

(2.3) Vr o= Zae{isi}fZIU{O}(VT)O‘ with
(V"o = Cugyyq, (V7)e, = Cof, (V") ¢, = Cup,; where
U?{ = UT? U'qin = [fi—la' "athT] = [[fi—lw";fl]avr]; 2 < 1 < éa

v;é-i—l :_%[fla"'vfhvr] :_%[f7,v7‘] where f: [f@a"'7f1]7

= (_1)27i[fi7---7fé;11£€+1] _ (= { Lf1s [faseoos fo, fl07] i=1,

Viki = 2 i [fireoon fer fl07] 20 <L

Now let £, be the Lie algebra £, modulo the ideal generating the following
relations:

(R3) (i) [Zn,Sy) =0 (Zy is central), (it) [H,bh] = 0.

Quasi-diagonal relations:

B9 () by evpes] = 0, (i) Do Sa] = 0, (i) [§2%..,Cfo + Cea] = 0.
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Quasi-diagonal relations:

(R5) (’) [’)TU21+1] =0, ey, 1<it<l 1<r<m-—1 (see (2.3)).

Cancelling relations:
(@) [hy ;b 2] = a(h)a(hs)z, 2 € Gy, a € D,

8,37 "71,97
(”)[ ;J7hi]ay] = a(hi)a(h8>y7 y E (V?")a’ « E q)shv
1<j<y,1<4,s<,1<r<m-1

(R6)

Basic short part relations:
(1) o] =0, 1<rt<m-1,

] TN ; t .
(R7) (ii) [v",v!] = &, (aday®)I™l 3T (adaf;t)mv‘(igﬁai, 2<4 <Y,
it ; .
(ii1) [v", vh. ;] = Sre(aday)™l L (adalt)Imvle., —.,, 3 < i<,
14t + ot .
Lt npt >0 . kTnt>01#£2
where a?’t =¢37 7= " and a;-’t =<7 4 7 .
§l€jnj<0 k:jnj<01§j§1/
Now for 1 < j < v set
+ + + +
€15 = _%[fé"zafawkj  €e1ten]s I = %[fflvfﬁ’kj  €e1teal;
+ + + +
eg,j = i[f527f817€g7kj 7651+62]7 fg)j = _%[f817ff7f€27kj 7661+82]7
+ +
(24) 627_]‘ = %[fsgafsmkj aeE1+€2]7
+ + .
€ij = _%[f@i+17f527f81_5i’ kj 76€1+62]a 3<i<l— L
+ + .
i,j = _%[fsivf&‘za f€1*5i+1’k‘j 7e€1+62]a 2 <1< l— L

and define
£ =spanc{el; [1<i<( 1<j<v},

J:::spanc{ffjugigf, 1<j<v}h

Finally define £ to be the Lie algebra £, modulo the ideal generating the
following relations:

(R8) [ef),fil=hf;1<i<( 1<j<w
(R9) [,5,€,F] =0, [0, Cfi,h,E,F] = 0.

Theorem 2.1 (Main Theorem). L is the universal covering algebra of
T(Cliff(u)/C, Cliff(9) /Ay), in other words £ = 2.
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To prove this theorem, we need to know the structure of £. To begin, we
recall that 2 is generated by the elements stated in (1.17). It follows using
(1.13) that this generating set satisfies the relations (R1)—(R9). So there exists
a Lie algebra epimorphism from £ to 2 as follows:

(2.5) cp: L— 2
e e®1, firm i@l hihi®1, hif; = hi @7, 07— 0 @ wy,,
1<i<l,1<j<py,1<r<m-1

Lemma 2.1. Leta,b€ b and x € L, then [a,b,z] = [b,a, z].

Proof. By (R3)(i), we have [a,b] C Z(L). Using this together with the
Jacobi identity, we are done. 0

We know that G is a subalgebra of £. Another point about the structure
of L is that, under the adjoint action of G on £, £ decomposes into a direct
sum of

e modules isomorphic to the adjoint module G.
e modules isomorphic to V.
e one-dimensional G—modules.

We show this point in some steps. So we arrange the rest of this section as
follows. The first three subsections are respectively devoted to introducing some
irreducible G—submodules of £ isomorphic to G, irreducible G—submodules of
L isomorphic to V and trivial G—submodules. We study the properties of
the introduced G—submodules in each subsection. Subsection 4 deals with
the relations between the introduced G—submodules. In Subsection 5, we get
familiar with some central elements of £. Finally in the last subsection we get
the mentioned decomposition and use it to prove our main theorem.

§2.1. G—submodules isomorphic to G

Definition 2.1.  Let 0 = (n1,...,n,) € Z. We call |o] := 370, [ns]

the norm of 0. For o #0,if 1 < j < wvand 1+ 371 |ng| <i < 37_, |nsl,
Tif n,

define a; := Zj ;f Z; ig (see (2.2)) and set a := (a1,...,a;,). Also set

ap := (k,k]). We call a, the norm-tuple of o.
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Now let o € Z" and define

s = [3a1,...,3a,¢€9) where (a1,...,a;) is the norm-tuple of o
(2.6) and ey = e, ye, is a maximal vector of highest weight 0 = &1 + €3
in G—module G. Using (R6)(7), we have eg = eg.

Set
(2.7) G, := G—submodule of £ generated by e,; o € Z".

Proposition 2.1. §G,, 0 € Z”, is an irreducible finite dimensional G—
module of highest weight 8. In fact as G—modules, G, ~ G.

Proof. Contemplating (2.5), one can see that ¥(e,) = eg®t° # 0. There-
fore e, # 0. Thus by [H, Theorem 21.4], it is enough to show

m;+1

—_—~
(2.8) [hiseq] = O(hi)es, [eies] =0, [fisfis- -, firea) =0
where 1 <1i</{¢ and m; = 0(h;).

Fix 1 <14 < ¢. We first mention that the equalities in (2.8) hold for o = 0 as eg is
a maximal vector in G—module G. Now let 0 # o € Z¥ and e, = [aq, . .., as, €g]
for some s € N. Then (R3)(i¢) implies that [h;,e,] = [a1,...,as, hi,e9] =
O(h;)es. Also if i # 2, then by (R4)(ii) we have

[fiafia"'?fhea'} = [ala"'7a87fi7fi7"'7fi769] = [aly"'aasao] =0.
N—— ——
m;+1 m;+1
Next we use induction on |o| to prove [e;,e,] = 0 and [fa, f2,e,] = 0. Let
0,7 € Z¥ such that e, = [ay,...,as,¢€9], e = [ag,a1,...,as,€q], [€ies] =0

and [fa2, fo,e,] = 0. If i # 2, then by (R4)(i¢) and the induction hypothesis, we
have [e;, e;] = [ao, €i,€5] =0. Now let i = 2 and ag = %k]i for some 1 < j <.
It follows using (R4)(4i) that

(2.9) Bk} } [h3; + 2h3 ;. eq).
This together with Lemma 2.1 implies that

er = lag,a1,...,as,e9] = [a,... as,hgij +2h3j, eg] = [hgij +2h3j, ol
Using this together with (R4)(¢i¢) and the induction hypothesis, we have

[ea,er] = [62,h2j+2h3J, ey] = [h§j+2h§j,eg,eg}:0
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and

[f27f2;e7'] [f27f2ah§t]+2h3j7 ] [h2i]+2h ]af27f2aeo']:

This completes the proof. O

Now let o0 € Z". Using Proposition 2.1, one concludes that there exists a
G—module isomorphism ¢, : G — G, mapping eg to e,. So
if ,y,z,w € G such that [z,y] = [z, w]

(2.10) then ¢, ([2,9]) = [, 00 (4)] = [z 0o (w)].

Also G, admits a weight space decomposition G, = > c4(Go)a Where (Go)o =
©05(Ga), o € ®. Consider the base {a;}¢_, of ® defined in §1, then we have

L

4
(211) (ga)O — Soo' gO Z(CSDJ z Z‘pd([fzﬁ gai]) = Z[fl) (ga)ozi]~
=1

i=1
Next let 1 <4 < ¢ and set

€io ‘= Sao(ei)v fi,cr = QDU(fi), hi,a‘ = Sao(hi)a
(212) ~ s

H; o = ¢s(H;) where H; =3 —.h.+ (1/2)hs.
Then (2.10) implies that

(2.13)

(i) leireio] = [flafzd]: )
(@) leis fi.o] = —=[fjr€i0] = dijhio,

io) = —[ei, hio) = 2e;, and [h, fio] = —[fi; hio) = —2fi 0,
(iv) [ej, hio] = (o (hi)/2)[ej. hjo] and  [fj, hio] = (a;(hi)/2)[f5, R0

where 1 < 4,5 </ and o € Z”. Now set

(2.14) ot = (0,...,0,3/1/,0,...,0), o = Por; 1<j<v.
Jth
One knows that e_+ = [(1/2)kjt, ep), so using (2.4) together with (2.13)(4) and
(R8), for 1 <i <l and 1< j <v, we have
. + _ 4/ .. R
(4) €i; =¥ (e:) (44) ij — ¥ (fi)

(2.15)
(#14) hii’j = goji(hi) (iv) k]i = npf (hg) (see (2.2)).
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Now (2.15)(i4i) together with (R6) implies that

[p (R), o (W), 2] = a(h)a(h)z, € Ga, a €@,
(2.16) [o; (h),0f (W), 9] = a(h)(h)y, y € (V)a, @ € Pap,
1<j<v,hheH 1<r<m-1.

To figure out some more relations holding in £, we need to introduce some new
notation as follows:

b h: = spanc{a(h)ey (') —a(l)ey (h) |1 < j < v}
b == spanc{a(h)gs (1) — a(h)ps(h) | o € 2V},

Since for a € ®, x € G, and h,h’ € H, we have [a(h)h' — a(h’)h, 2] = 0, (2.10)
implies that

'a€ ®, h,h' € H.

(2.17) [Ga, B ] = 0 = [Ga, b21); @€ ®, h b € H.

In particular for 1 < i < ¢, we have

(2.18)

(Z) [(CeQ + (Cf27 hgzl)lle%] =0, (“) [Ceﬁlﬂ:ﬁe + (Cfﬂ:tEw hgf;ﬁgg] =0,
(iid) [Ce; + Cf;, bH™ 1 = 0,i £ ¢, (iv) [Ce; + Cfs, b1 = 0,i # 1,
(V) [ecy4ey, BI04 210 1= 0, (v) [Ceir1+C firr, haili )= 0,4 # ¢,

(vid) [Clestr, ] + Clfirn, £, ot ] = 0, i £ £,
(viii) [Cle;—1, e;] + C[fi—1, fil, a,l 11-71-% ]=0,i#1,
(Zl‘) [(Cel + Cfi, f)gz’hl} =0.
Also considering (2.14), it follows using (2.15)(i#i) and (R5) (i) that
(2.19) [bau,(VT)]—O; a€dy, 1<r<m-1, hyh' € H,

in particular, contemplating (2.3), we have

(2.20)
(i) [p2r)e, 0] =0, (i) [h’;,f;f“*H" [ee, f],v"] =0,
(idi) [h2e )1, 0] = 0, (i) [ [ fo, f1,07] = 0,

(0) 0200 (s for ooy fes [l =0, 17 <m— 1.
Next let h € H and o € ® such that a(h) = 0. We know that there
exists b’ € H such that a(h’) # 0. One can see that bgzﬁ/ =3 (C<pji(h) and
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bt = spanc{ps(h) | o € Z"}. Using these together with (2.19) and (2.17),
we have the following:

If h € H, a € &, and § € ® such that a(h) = 0 = G(h),
(2.21) then for 1 < j < vand 1 < r < m — 1, we have
[gaj-t(h), (V")a] =0 and for o € Z¥, we have [p,(h),Gg] = 0.

In particular for2 < ¢ </{,1<j<v, H; = Zf;zl hit+sheand f=[fe, ..., f1] €
G_.,, we have

(i) o} (Hi),v"] =0, (it) [hi;,0"] =0,

oz ) [ (.0l =0, (iv) [k [for 1, 07] = 0,
( ) [ ;t(Hl) v2l+1} =0, (vl) [k;t’ [ebﬁ’ur} =0,
(vii) [hi i lfimtse oo fils 0] =0, 4 #£ 2, (vidd) [hij,fl,vr] =0, i #£2.

[k, v") = [sof(Hl) - @f(Hz)’v’"] and
(2.23) [k:ji, V'] = [goji(Hl) + L,O]-i(Hz), V"]
where 1 <j<p,2<i</l 1<r<m-1

Alsoif 1 <i,t,s <{and o € Z", (2.21) implies that

(Z) [QOG(HZ')’(CJCQ + CeSt] =0, i#1,
(2.24) (1) [po(H; £ He),Cfe,5e, + Cecyge,] =0, i<,
(140) [0 (H;), Cfe e, + Cecohe,] =0, s<t, s#14, i F#t.

To reduce the amount of computation, we introduce some new notations.
Consider (2.14) and define

Hlj:,j = gpj ( Z) where H Z ht + 1hé?

2.25
(2.25) 1<i</(,1<j<w

One can correspond to o € ZY with norm-tuple (aq,...,a,) and 1 < i < ¢,
two n—tuples (mi,...,m}) and (m;1,...,m;,) where for 1 < s < n, m’ and

m; s are defined as follows:

(2.26) mi = Hzij and my s = h;; if a, = k]i for some 1 < j <.
Proposition 2.2. Let o € ® and o € Z¥ with norm-tuple (ay,...,a,).

If {z1,...,2n} C H is such that for all 1 < i <n, a(z;) # 0. Then ¢, (Gy) =
(Go)a =1y, cn,Ga) where ¢; (1 <i < n) is defined to be cp;t(xl) if a; = k]i
for some 1 < j<w.
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Proof. Tt follows using Lemma 2.1 together with (2.18)(v) and (2.24)(ii4)
that

.27 (i) eo = [ml,...,mL, eq], (i1) e, = [m3,...,m2, eq]
i) eq =[mt4+mi,....mL +mi eg]; 3<i <L
1 1 n n

Using (2.10) together with (2.27)(i4) and (2.24)(),(4¢), we have and

1 1 1
Vol(eey) = —§[f81,eg] = —i[fgl,mf,...,mi,eg] :—E[m%,...,mi,f&,eg]
=[m3,...,m2, e,
and
1 1 2 2
@U(fﬁl) = Z[faz’féufswetf] = Z[fszvfﬁafﬁumlv'"7mnve9]

1

= Z[fszvm%a"'7miaf€1af61769]
1

= Z[f827_m%a' "a_m}u.famff:‘laeQ]
1

= Z[_mi "7_m;?f627f817f61569]

=[=ml,...,—mb, f..].

Also for 2 <14 < ¢, (2.10) together with (2.27)(i) and (2.24)(7), (i) gives that

1 1
QOU(fEi) = _Z[fEMwaszveU} = _Z[fﬂﬂféwfswm%ﬂ"'ﬂm:wee]
1 1

= _Z[fmamlv"'szl’fgi’f”’ee]
_ _%[fgl,—mi,...,—m;7faiaf52a69]
- _i[_mg,...,—m;,fsl,fai,f@ee]
=[-mt,...,—mi, f-]
and
olee) = glfewseol = plfesmb o mhco) = bl o
= [m%,...,m;,esl].

Similarly for 3 <4 < ¢, (2.10) together with (2.27)(ii%) and (2.24)(i%),(¢) implies
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that

1 . )
300(681) [fayfal 51760] = E[fszvfalfaiam% + mi, <. 7m111 + m;,eg]

= %[m% +mi, . omE A ml feyy fer e, €0]
=[mi+mi, ... ,ml+mi e.]
=[mi,...,mt e.].

Up to now, we have proved that

(2.28)

Poles;) = [mi,...,my, ec.] and o (fe,) = [-mi,....,—mj, fo. s 1<i <L

Now let 1 < # j < ¢. Using (2.10), (2.28) and (2.24)(%), we have

Yo [faJa@a] [fsj7900 €e,; ] [mp--- mf’b’faj’efi]’
[fsjafs ]) [fs,w‘Pa fsl ] [ ml""’im:‘L?ij?qu‘,]’

( (e<:)

o (f=)

vollee, ec]) = lec;, polec)] = [mi, ... omi e e ],
( (f=)

(2.29)

Po [esjafs )= [esjvcpa fe)l=1- mla"'v*mfzvesjvfsq‘,]'

Using this and (2.28), we get

(go)iejiai = [mi7"'7m:”z7gifji6i] a’nd (go')i&; = [m1177m:fugﬂ:6@}’
1<i#j<Ut,
which together with (2.17) and Lemma 2.1 completes the proof. O

Corollary 2.1. [hvzaeéx Zaezv (Go)a) C Zae«bx Zoezv (Go)a-

Proof. Fixl <i</{and1l < j < v Let a € ®* and o € Z" with
norm-tuple (ay,...,a,). Then by Proposition 2.2 there is {c% | 1 <r< n} Ch
such that (Gy)o = [cF, ..., %, Ga]. Consider (2.14) and define 77] =0+ 0 CIf

a(h;) # 0, then by Lemma 2.1, (2.16) and Proposition 2.2, we have (gnj:)a =
[ g, ... ¢, Gyol, but if a(h ) = 0, Lemma 2.1 together with (2.21) implies

K
that [hE., (Go)a] =[S, . .. Go] = 0. This completes the proof. O

2,77 7na 1]7

Remark 2. Let 1 < i < ¢ and o € ZY with norm-tuple (aq,...,a,).
Using (2.29) and (2.28), we have
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(i) eio = [m},...,mi,e;] = (if i #£) [-miT . —mitl e,

(it) fio=[-mi,....—mj, fi] = Gf i #0) [mi*, .. omiH, fi].

It follows using the first equality stated in (¢) together with (2.13)(é4), the
Jacobi identity, (2.17) and Lemma 2.1 that

(ii1) o (h)[p (W), hio) = ai(W)[¢7 (h), hio) where 1 < j < w, h, I € H
and {a; | 1 <t < ¢} is the base of ®.

82.2. G—submodules isomorphic to V

For 1 <r<m-—1and o € Z", define
vl = la,...,a,v"] where (a1,...,a:) is the norm-tuple of
(2.30) o and set V! to be the G—submodule of £ generated by v?.
Note that by (R6)(ii), v = v" and so Vj = V" (see (2.3)).
Proposition 2.3. Let1 < r < m —1. Then for o € Z", V] is an
irreducible finite dimensional G—module of highest weight €.

Proof. Considering o € Z¥ and contemplating (2.5), we have ¢(vl) =
v1 ®@ t°w, # 0 and so v], # 0. Therefore by [H, Theorem 21.4], it is enough to
show

[eiavg] =0, [h Vg 81(hi)1}g’ [ftvvg] = [f1,f1,vf;} =0,

]:
2.31
(2:31) 1<i<e,2<t<l.

Let (ai,...,a,) be the norm-tuple of o. Then by (R3)(i¢) and (R2), we have

[hi,vi] = [a1, -y an, hiy "] = a1, ..., an,e1(h)v"] = e1(hy)vl; 1 <i < L.

o

Also by (R4)(ii) and (R2), we have

[fivv;] = [fiaala"-aa/n7v7‘] = [ala'-wanafivvr] :Ov 3 SZSEa and
[flaflavg-] = [fhflaala"'?anavr] = [alaﬂwanaflaflavr] =0.

Thus it remains to prove [fa,v]] = 0 = [e;,v7] for 1 < i < ¢. We show this,
using induction on |o|. Fix 1 < ¢ < £. Since V§ = V", (R2) implies that the
equalities hold for ¢ = 0. Next let 0,7 € Z, v = [a1,...,an,v"] for some
n € N and ol = [k:ji,vg] for some 1 < j < v such that [fa,v7] = 0 = [e;,v]].
We prove [f2,vl] = 0 = [e;,vZ]. By Lemma 2.1, (2.20)(:) and (2.15)(iv), we
have

vy = [k:f,al,...,an,vT] = —[al,...,an,2k;~t,vr]

NN =

1
+ + r + + r
:*[al,...,&n,kj +h17j7’U }:i[kj +h17j7va]'
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This together with (2.18)(i), (2.15)(¢v) and the induction hypothesis implies
that

[f2, 0] = S fo k5 + iy, 0p) = Sk + By, fa,v5] =0,
e2,07] = e, ki + i v5] = 3[ki + by ea,05] = 0.

Now let ¢ # 2. Using (R4)(i7) together with the induction hypothesis, we have
le:, vI] = [es, kji, o] = [ki e;, 5] = 0. This completes the proof. O

Nowlet 1 <r < m—1and o € Z". Proposition 2.3 guarantees the existence
of an isomorphism

(2.32) Yy ¥V — V. such that vy — v.
Set 1, := 4. Since 1. (v1) = 0", (2.3) and (1.7)(¢) imply that
(2.33) v, =¢r(v;); 1<i<20+1.

Also since V! is isomorphic to V, (1.8) and (1.7)(¢) together with Lemmas 1.2
and 1.3 imply that V] admits a weight space decomposition relative to H as
follows:
(2.34)

Vs = (V5)o ® Yoy (Vi)+-, with

(Vo = C(0))aes1, (Ve = Cog)is (VI) e, = C(u5)ess where
for 1 <i<20+1, (vh);:=10(v;) satisfies the following
(U;’)l = ’Ug., (U;’)i = [fifla .. '7flvv;] = [[fi*h .. '7f1}7 o’] 2 < i < E
(02)25—',-1 = _%[fea .. 'af17vg-] = _%[fa /Ug-} where f = [f@v .. '7f1}7
r _ (=D r
(Vg )eti = T[fn ey fo, (vg)2041]
{ [flv[f?v"'?ff;f]avg} Z:]-,

,_.

_ ==

4 [[fl7"'7f£af]7vz;] 2SZ§€
Next let x,21,...,2, € G. Since ¢} is a G—module isomorphism map-
ping vy to vl (see (2.32)), we have Y (x1 - Tp - v1) = [T1,...,Tn, Y0 (v1)] =
[€1,...,2Zn,v]]. Therefore [z1,...,2,,v7] = 0 if and only if 2y - -z, - v1 = 0.

Also 1f 1 <,j < 20+1 such that z-v; = v, then [z, (v},);] = (v});. In particular
for f=1[fe,..., f1] € G_c, and 1 < i < ¢, considering (1.7), we have
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3,5 (V5 )i+1 i A0 1<j<Y,
N re ey ) —200(Vn)2er i=0, 1< <Y,
(@) Ui ()il = 26¢,i(vy)2e j=20+1,
i1 jme(Vh)eri L+1 <5 <20
2.35 . o
( ) (ZZ) [fj7fi7fi7]7'..7f27f1’ O’]: Z#ﬁ 1<]7é2+1 <£’
[fj7fivfi+1,...7fz 17f£ (U2)2z+1]—0 1<]7é2_1<£

(”l) [f7 [(Cfﬁ + Ce@v.ﬂ? ] 0, (ZU) [Ce‘fi + Cfsivvz;] =0,1 7é 1,

(v) [e1, (vy)2e41] = 0.

Now we are interested in finding expressions for the weight spaces of V.
relative to the weight spaces of V". Fix 2 < i < ¢ and let (ay,...,a,) be the
norm-tuple of . Using (2.34) together with (2.23), Lemma 2.1, (2.24)(i4), (2.3)
and (2.22)(ii7), we have

(Vg)ei = (C[[fi,l, -

Ap, V"]

7f1]7a17"’7

=Cl[fi—1,.--, fil,m} +mi, ... omL +mi v
=Clmi+mi,....mL+mi, [fic1,..., f1],v"]
=[ml+mi,....mL +ml, (V)]

= [mi,...,my, (V)]

and
V) e, =Cllfis- -y fos flyar, .oy an, v"]
=Cl[fi,--, fo, fl,mi —mi, ... omL —mi, v"]
:C[m% _mi""7m’}7, _m;;w[fiv"wflafLUT]
- [m% - mia .- "m’}L - miw (VT)—Eq‘,]

My, (V) —e.]-

=[mi,...,

Also using (2.34) and the second equality of the above expression together
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with Lemma 2.1, (2.20)(v), (R4)(#¢) and (2.3), we have

Vo)=er = [f1, (Vg) =] =Clfi,mi —mi, ... omg, —mi, [fo, -, fo, f1,07]
=Clfi,m11,---, M1, [f2,---, fe, [], V"]
=C(—=1)"[f1,01,---san, [f2,---, fe, f],0"]
=Clat, .-, an, f1,[f2,--, fe, [1,0"]

=la1,. . an, (V" )—e]-
Summarizing our information, we have
(2.36)
Vi) ter = lat, s an, (V) xey], (V5)ae, = [mi, o omiy, (V) xe); 2 <0 <L
More generally, we have the following proposition:

Proposition 2.4. Letl1 <r<m-—1, a € &y and o € Z" with norm-
tuple (a1,...,ay,). If {z1,...,2,} C H is such that a(x;) # 0, 1 < i < n.
Then (VD)o = [c1, .-+, ¢n, (V)a] where ¢; (1 < i< n) is defined to be (p;t(xz) if
ai:kzjj»[ for some 1 < j <w.

Proof.  Using (2.36) together with Lemma 2.1 and (2.19), we are done. [J

82.3. One-dimensional G—submodules

Up to now, we have introduced some irreducible G—submodules of £ whose
highest weight is either a short root or a long root. Now we would like to
introduce a trivial G—submodule of £. We recall that f = [fs,..., fi] € G_¢,
and define

(237) D= spanc{Dys = ([f, vl [f o)l [1 < ros <m—1, 0,7 € Z°).

We claim that this subspace is a trivial G—submodule. To prove, we need some
lemmas.

Lemma 2.2. Letl <r <m-—1 ando € Z" with norm-tuple (ay, ..., an).
Then we have

(Z) [[ffyf]vvg] = Hflyf]valv"'vanavr] = (__)n[m@,h'"?m@,na [fg,f],’l)r].

(”) [[eg,f],vg] ~7mf,n7[e£7f]7vr]'

Il
=
o
=

S
S

=
3

S
3

I
—
[ I
~— N

3
E
—
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Proof. (i) Using the first part of (2.23) together with (2.24)(i4), (2.20)(iv)
and Lemma 2.1, we have

Hfévf]avg] = Hféaf]vala-'wamvr] = [[ffaf]’mi —m{,...,mi _mf;a'UT]

:[m% fmﬁ,...,mi fmfl,[fg,f],vT]

:(_71) e o L 7]

(#4) Using the second part of (2.23) together with (2.24)(éi), (2.20)(éi) and
Lemma 2.1, we have

Hebf]avg] = Hebf]vah S 7anavr] = [[efaf}vm% + mlL s 7m711 + mfmvr]
=[mi+mi, ... mL +ml, e, f],07]
1\ "
= <§> [mf,la"'amf,na[eéaf]7vr]'
This completes the proof. ([

Lemma 2.3. Foro,7€Z” and1<r,s <m —1, we have
(Z) [Uf'a [ff;f]avg-} - [Uz;'v [f[af]avf-]v

(”) [’Uiv [e£7f]7vg] = [UZ-;» [el7f]7vf—}'

Proof. Let v’ = [a;,,...,a;,,v"] for somet € N. One knows that [[fe, f], v"]
€ (V") _e, and [[eg, f],v"] € (V")e,. So considering (2.3) and using (R7), Lemma
2.1 and (2.18)(4i), we have

(@) [k, 0% [fe, 1, 07) = S, 0%, [fes f1,07),
(2.38) 1<j<w

(b) [kjivvsv [Wvﬂvvr] = %[hzt,jﬁvsﬁ [eéaf]’vr]’ o

(¢) Let (ajy,...,a;,) be the norm-tuple of 7. We first use induction on |7|
to prove
(2.39)
[Uf—a [ffv f]a 'UZ;] = (_1/2)t+n[mf,j1a sy Mg g s TGy s e 7m€7iﬁvsv [f€7 f]vvr]'
Let || = 0, then the norm-tuple of 7 is (aj,,a;,) = (ki ki) and v: =

laj,,aj,,v°] = v®. We drew the attention of the reader to the point that by
(R7) and (R6), we have

2
<71) [m&jwmé,jzﬁvsv [ffaf],'UT] = [Us, [fg,f],vr].
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This together with Lemma 2.2(4), (2.22)(4¢) and Lemma 2.1 implies that

[vZ, [fe; 1, v5] = [v°, [fe, f1, vg]
= (71/2)t[m£,i1" e 7mf,it’vsa [ff, f]a UT]

= (_1/2)t+2[m€,j1 5 mf,jg; mMygqyy--- 7mf,it7vs7 [f(a f]7 UT]'
So we have the first step of the induction. Next suppose v? = [a;,, ..., a;, ,v°]
and v, = [kji, vE] for some 1 < j < v such that (2.39) holds. Then by the

Jacobi identity, Lemmas 2.2(i) and 2.1, (2.22)(iv), the induction hypothesis
and (2.38)(a), we have

[‘r’a[ff’ ] }:H [flv } ]avi] []a ‘ra[fb.ﬂ ]

:<_7) m€217...,mf7it7kj‘z7[f(;f],’U'rL'Uf_] [], 03, [fe, f], 0%
:0+[kj7 T?[flaf]v ;]

) m@,j1a'~-7m€,jn7m€,ila" mfzta J7 [f@va }

t+n+1
= (7) [h?iw mf,jp CIE 7mf,jn7m@,i17 CIE 7m£,it7v87 [ffv f]avr]'

This completes the induction. Now considering Lemma 2.1, we are done as by
(R7) we have [v°,[fo, f],v"] = 0 for r # s.

(74) Using Lemma 2.2(i7), (2.22)(vi) and (2.38)(b) in place of Lemma 2.2(i),
(2.22)(iv) and (2.38)(a) respectively in the proof of part (¢), one concludes that

[’Uiv [efa f]v Uo] (1/2)t+n[m€,]1 yee s TG s TGy e TV v, [eg, f]v UT]'
Now we are done, using (R7). O

Proposition 2.5. D is a trivial G—submodule of L.

Proof. Fixo,7 € Z" and 1 < r,s < m—1. Since G is generated by {e;, f; |
1 <i < £}, it is enough to show [z, D3:5] = 0 for all » € {e;, fi | 1 < i < £},
One knows that

[fofeo1] =[fis f] =0,1<i<l—2 and [f,e]=0,2<i<l-1.

Therefore for v € Z¥ and 1 < t < m — 1, the Jacobi identity together with
(2.35)(4), (2.34), (2.35)(v),(i7) and (2.31) implies that

[ff—lvavfy] = [fa f@—lvvfy] = Oa [elafa V};] - [elv (V'ty)O} = 0,
[fia[f?vfy” = [fi7f€a"'7f17vfy] = [ffafivf@—la"'vflavfy] :07 1 S 1 S 6_27
[ei,fmf/] = [f,ei,vi] =0,2<i</l-1.
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This together with the Jacobi identity implies that

[z, Dg3) =[x, [f, vgl, [f, w3l = [Ifs vgl, [, [, w2 )] = (If, 03], [, [, vz ]]] = 0,
.’L'E{ez,fz‘lglgf—l}

Now it remains to show [z, Dp5] = 0 for = € {ey, fr}. Let o € {ey, fo}. Using
the Jacobi identity together with (2.31) and (2.35)(4),(#4), we have

[z, Dcrr),ﬂ = [z, [fovo ) [fs 02l = ([, oo, [, [fs o7 )] = [[fs 07)s [, [, oo ]]]
= [/, 05], [z, £l 070) = [1fs 7], ([, f1, 05 ]
- [fa vg-v [CE, f]a ”Uf.] - [fa vf-a [ﬂ?, f]vvg]'
Now we are done, using Lemma 2.3. (|

§2.4. The relations between introduced G—submodules of £

As we promised we want to decompose L into a direct sum of irreducible
G—modules isomorphic to G, irreducible G—modules isomorphic to V and one
dimensional G—modules. For this, we need to know the relations between D
and the irreducible G—modules introduced in (2.7) and (2.30). We start with
the following proposition:

Proposition 2.6. Let 1 < r <m-—1, 0 € Z"V and o« € ®. Then
[v",(Gs)a) € (VD)ate, where if a+e1 & ®gp U{0}, (VD )ate, is defined to be

ZEro.

Proof. Let (ai,...,a,) be the norm-tuple of 0. We first assume that o €
® \ {*ey,0}, then there exists h € H such that €1(h) = 0 and «(h) # 0. Then
Proposition 2.2 implies that (Gs)a = [c1,-..,Cn,Ga] Where ¢; (1 < i < n)is
defined to be cp;t(h) ifa; = kji for some 1 < j < w.So by (2.21) and Propositions
2.3 and 2.4, we have

(2.40)

[’UT, (ga)a]:[cla UL ga] - [Ch <. Cpy (Vr)oz+61]:(v;)a+sl; « 7é 0, £&;.

Now let o = ¢;. Using (2.40), we have [v", (Gs)e,+e,] = 0. This together
with (2.10) and (2.35)(4v) implies that

[”r» (ga)al] = (C[Urafaz»ea] = (C[fm,vr,eg] = [faz,vr, (gg)51+52] = 0.
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Next let @ = —e1. One knows from (2.40) that [v", (Gs)ey—e,] € (V5)e, which
together with (2.10), (2.35)(iv) and Proposition 2.3 implies that

[0, (Go)—er] =V, fers (Go)er—er] = [fers 073 (Go)er—er] Clfery Vo)ea] € (Vi)o-

Finally let @« = 0. For 2 < ¢ < ¢, (R2) implies that [f;,v"] = 0 and (2.40)
implies that [v7, (Gs)ey—es] = [V, (Go)a,;] = 0 where {a; | 1 < i < ¢} is the base
of ® introduced in §1. Therefore we have

[Urv (g0)51*€2] =0 and [UT, fi7 (ga)ai] = [fi’vra (go')ai} =0, 2<i</.

Using (2.11) together with the above equalities, the Jacobi identity, Remark
2(4), (2.35)(%), (2.22)(¢it) and Propositions 2.3 and 2.4, we have

14
[Urv(gU)O} —[ fla ga 61 €2 +Z fza ga al
= [Urv fla (g0)€1—62] +

[[ fl] [mla""miuel“+[flavrv(g0)€1—€2]
=C[mi,...,mL, [f1,v"],e1] +0 C C[m1,...,mL,v"] = (VI).,.
This completes the proof. O
Now consider the set {r, = (n7,...,n7) | 1 <r < m — 1} of some repre-

sentatives of nonzero cosets of 2Z" in 7" stated at the beginning of the section.
We have the following proposition:

Proposition 2.7. Letoc € Z" and 1 <r,s <m—1. Then [v%, (V)] =
Clv*,vg] = 0 and [v°, (V7)a] € (Gosr,)er+a for a € {0} U Qg \ {e1}.

Proof. We first prove that for o € {0,&; | 2 <t < £}, we have [v°, (V])a] C
(Gotr.)er1+a- Let 2 <t <l and (ay,...,a,) be the norm-tuple of o. Set

kit nf >0 o {kjifn;zo 1<j<v

= d D =
“ {%kjifn§<0 R VR RO )

Using (2.36) and (2.3), we have (V])., = [m!,...,ml,v]]. Therefore (2.22)(7)
together with (R7), (2.16) (if necessary) and Proposition 2.2 implies that

= Co, [mt,...,mt, (ada}") M. (adal?) " le, 2]
- (g0+7r)51+5t'

a0
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Next using (2.34) and (R2) together with (2.41) and Proposition 2.1, we have

[,Us’ (V;)O] (C[,Us’ flv ceey f2a fla U?;] - (C[ffv SERE) fz,’l}s, fl’ UT;}
[f@v ERER) f2a US? (V;)E2]
[for s 2, (Gotr, )ertes]

(g<7+7'r)61'

Finally for 2 <t < ¢, by (2.34), (R2), (2.42) and Proposition 2.1, we have

(2.42)

NN

[v°, (VD) _e,] = C®, fo, ..., fe, f,v5] = Clft, ..., fe,v°, f,v]]
= [feso s fo, 0%, (Vo)
C feseoos fos (Gotr)en]
= (Gotr,)er—e,-
Now considering (2.34) and using Proposition 2.3, we have [ec,, (v])2e4+1] =

—uvl. This together with (2.31) implies that [v®,0v]] = —[v°, ey, (V) )2041] =
—lee,, 0%, (V7)2p41]. Therefore thanks to (2.42) and Proposition 2.1, we have

[v®,v5] = —[ec,, v°, (vg)2e41] € —[ecys (Gotr,)ey] = 0.
This completes the proof. O

Lemma 2.4. Letoe€eZ” and1 <r,s<m—1. Then for 1 <i</{¢—1,
we have

Hf%fif'h - '7f1avs]a [fi+17' . '7flaf7 Ug”
= Zﬁ;(lz—i_l)_(*l)jJrl[fi—i-jv <. '7flavsvfi+j+1a 'af@va UZ;]
+ (_1)2_24_1[]0@7 . .,fl,’l/s,f, ’UZ;] + (_1)2_2[[f7 Us]’ [f’ Ug']]

where fOT’ i ={— ]-7 Zﬁ;(li+1)(71)j+1[fi+jv <. '7flavsvfi+j+1a .. 'af@vavz;] is
defined to be zero.

Proof. The proof will be carried out in steps:

(1) If1 < .] < 0 — 17 then [[fj?"'?flvvs]a[f7vg” = [.fja"'aflavsafavg] :
We show this, using induction on j. Let 5 = 1, then by the Jacobi identity,
(2.34) and (2.35)(4), we have

Hflvvs]v [fa UZ;” = [flvvsa [fv ’UZ;]] - [’Usvflv [fa UZ;]]
= [flvvsa [f7 U;]] + 2[,03’ flv (U;)Qerl]] = [flavs7f7 U;].
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Now let the equality hold for 1 < j < ¢ — 2. Using (2.34) and (2.35)(i%), we
have [fj11, [f, v}]] = 0. This together with the Jacobi identity and the induction
hypothesis implies that

[[fjJrlv"'vfl’Us]’ [f,’U;]] = [fj+1’ [fj""vflavs]’ [f’U;]]
:[fj+1afja"'afl,vsafav;]'

This completes the induction.

(2) If1 S j S ) S { — 2, then [[fja . .,fl,vs], [fH_Q, N .,f@,f,’UZ;]] =
[fir s J1,0°, fixas .o, fe, f,vL] © We use induction on j. Let j =1 and 1 <
i < ¢ —2. We first mention that by (2.34) and (2.35)(2%), [f1, fi+2s-- -, fe, f, V0]
€ C[f1, fit2s-- s fo, (V2)2041] = 0 which together with the Jacobi identity im-
plies that

[[fla’us]v [fi+27 .- -7f€a f7’UZ;]] = [flvvsa fi+2a .. 'affvf7v¢7;] -0
= [fl,vsa fi+23 .. ~af£,f,U;]-
Next suppose that £ > 4 and 1 < j < £—3 is such that the equality holds for 7 <
1 < £—2. We show that the equality holds for j+1 < i </—2. Let j+1<i <
£—2. Since j+1 <4, (2.34) and (2.35)(i¢) imply that [fj+1, fixe,. .., fe, f,v0] €
Clfj+1, fix2,- -+, fe, (v} )2041] = 0. This together with the Jacobi identity and
the induction hypothesis implies that

([fj+1s fis oo fr,0%) [figas - oo frvg]]
= [fi+: [fyo - f1ov®) [fiva, oo fo frog]] = 0
= [fi+1: fis oo f1,0°, fias oo, fos frvg]
This completes the induction.
(3) Tt follows, using induction on n = ¢ — 4 by considering steps (1) and

(2), that the equality stated in the lemma holds. |

Proposition 2.8. Leto € Z" and1 <r,s < m—1. Then [v°,(V})_.,] C
Goir. + D (see (2.37)).

Proof. By (2.34), we get (V1) _., = Clf1, fay---, fe, f,v5]. Now using the
Jacobi identity and Lemma 2.4, we have

[1)57f17f2,...7fg7f,1);]:[fl,’l)s,fg,...,fg,f,’l}g]— Hfl,’l)s],fg,...7fg7f,v;]

-1

= : (_l)i—‘rl[fiyfifly .. -aflavs7fi+17 e '7f@7f7 v;]
+ (_l)é(_[ffa o ~7f17Usvf7 U;] + [[fﬂ USL [f7 1);”)
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which together with Propositions 2.7 and 2.1 completes the proof as by (2.34),
we have [f,vl] € (V2)o and [fiz1, ..., fo, fyvl] € (VD) —ey,, for 1 <i<¢—1.0

Proposition 2.9. (i) Leto € Z" and 1<s<m—1. Then [bh, (V5)o]=0.
(i) [0, 305 Ypen Vil € S0 Y e Vs

Proof. (i) By (2.34), it is enough to show [hi[j, fivi]=0forall 1 <i<{
and 1 <j<v. Fix1<i</¢ 1<j<wvandlet (a,...,a,) be the norm-tuple
of 0. If i # 1, then by the Jacobi identity, (2.15)(44), (2.21), Lemma 2.1 and
(2.22)(ii), we have

[l]?f’ vg| = [f7 Q.5 vg] + [[hzigaf]’vg]:[fvalv"'vamhzig’ v*]4+0=0.

Now let ¢ = 1. Then (2.34) together with (2.21), (2.36), (2.3), (2.22)(iii),
Lemma 2.1 and (2.22)(vii) implies that

[hli,]a fv ’U;} = [hfgv f[7 (’Ug')e]
= [ffa hi‘:)jv (Ug—)l]
€ (C[fg,hfj,m% +mb, . mb+mE )]

=Clfe,mi +mi,...,m; +my, b [foor,. ., fi], 0] =0

(i) By part (i), it is enough to show [h,> ", ZUGZ“ Z,@eqml( )s] C
Zm IZUGZVV Fix1<i</l,1<j<v, 1<r<m 1, 7€ Z” and B € ®gy,.
Let (aq,...,a,) be the norm-tuple of 7, then by Proposition 2.4, there exists a
subset {c,}'_; C h so that (VI)g = [c1,...,¢n, (V")g]- So Proposition 2.4 to-
gether with (possibly)(2.16) implies that [hzij, VD)l = [hfj, c1,.-,¢,(V)g] C
> ! > oczv Vs This completes the proof. O

Lemma 2.5.  Consider (2.37), we have the following:
(i) [, D] € Y0 Y peg VE for 1<t <m—1.
(ii) [b,D] = 0.

Proof. (i) Let 1 < r,s < m —1and 0,7 € Z". We show [v', D}5] C
Zl;ll >, ez VE. Note that by (2.11) and Proposition 2.2, Gy, is generated
by {e;, fi | 1 < i < £} Ubh. Now using the Jacobi identity, (2.34), Propositions
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2.7, 2.1, 2.9(i7) and 2.3, we have

[vt,DZ’f]— [Lf,v7] 0", [, 5] + [[F, vg], o [ o))
—[f, 0508 [ vg]l + o7, £ 0" [ 7]
+Hf,vg, v [ o2l) = (v, £ [ 07]]

€ [0, (Gotr, )en] + [07, (ga+n)o}

A

+[fa vy, (g7+n) [ VUos (gTJrn) ]
m—1 m—1
IDDDIR: +Z DV D Vs
k=1 ocez” k=1 oc€Z¥ k=1 oc€Z¥

(ii) Let 1 < 7,8 <m —1and 0,7 € Z". We need to prove [h, D3] = 0.
Using the Jacobi identity together with (2.34) and Proposition 2.9(i), we get

Hf’ 1}2}, hv [fa Uf—” - [[f7 U'zs']v hv [fa ’Ug]]
€ [If,v5), 0, (V2)ol = [[f, 07], B, (V5)ol = 0.

(b, D%

This completes the proof.

§2.5. Some central elements

In this subsection, we are interested to know about the center of L. Set
(2.43) Z :=spanc{|hic,hi| | o, 7T €LY, 1 <i</(}

We claim that Z is contained in the center of £. To prove, we need some

lemmas:

Lemma 2.6.  Consider (2.12) and (2.15). For 1 <i</{¢,1<j<v
and o € 7V, we have

(4) [€§1,jvhi,o] = [ei+17ovhiﬂ and [fz+1,gahwf] [fit1,0, z]]’ i # ¢,
(i) [ez’—1,jahi,a] = [eifl,tﬂhi,j] and [fz 1]7hz,0] [fi-1,05 z]] i # 1.

Proof. Let (ai,...,a,) be the norm-tuple of o.
(i) Using Remark 2(7), (2.24)(#4),(4), Lemma 2.1, (2.18)(vii) and (2.21),

we have

+ i i
[hit1,j> €it1s €] = M, omip, By i, €]
{[mﬁ,.. ymiy, Hi ey, e] 1 <i<0—2

0 i=0-1.
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Also Remark 2(i) together with Lemma 2.1, (2.18)(4i7) and (2.24)(4i7),(4) im-
plies that

+ i +
[ei+17hi+1,jaei,o]:[eiJrlalev'- m h1+1]a ]
B —leip1,mt, ..., mé Hzij, i) 1<i<0 -2
= i1 .
—lee,my ... [ 12H£ 1;765—1} 1=0-1
_ ) —mi o mi, H”aez+1,6¢] 1<i<i-2
- Z*l -
—m{ o mit 2H£ U,eg,eg,ﬂ 1=0—1.

Now the second equality in (2.13)(i4), the Jacobi identity and (2.13)(#) to-
gether with the above equalities, Lemma 2.1, (2.24)(4i7),(i),(i¢), (2.18)(vi) and
Remark 2(7) imply

[ez‘i+1,ja hiol==[fi, evzlt+1,j’ €io) — He;t—&-l,j’ fil, €i ol
= (1/2)[fi [eis1, hify ) €io) = O
= (1/2)[fi, eit1, f+1 gr€iol = (12)[fi iy jreitas €io)
—[fi,mi, ..., m: H”,eiﬂ,ei]
=—[fi,m} +miT o oml 4 mitt Hi +H+1j,el+1,ez]
= mi 4 mith L mE mit Hi +HZ+1j,fl,ez+1,el]

1 1ot
=[mi +mit o oml 4 mit H;> +H+1j,el+1]

_ i+1 i+1 +
—[ ,...,mn 7Hi+1,j7€i+1]
i+1 i+1 3+
—[mi, ..., mb s hi s €it1)
+ 7,+1 i+1 _ +
[hzjv 7"'7mn ;6i+1] - [ei+170'7hi,j]'

For the second statement use the same argument as above by replacing the first
equality stated in (2.13)(i7) by the second one and Remark 2(ii) by Remark
2(7).

(#4) Using Remark 2(7), (2.24)(#4),(4),(47), Lemma 2.1 and (2.18)(viii), we
have

+ i i
hiZqj€im1,my, ... My, €]

+ i—1 i i—1
=[hi_y ;i Lmb +miTh o mE mit e
1—1

i—1 p+
mi +miTh o ml +m vhizy js€im1, €]

[h?il)ja €i—1, ei,o] =

_ i—1 i—1 +
=[mi,...omy L HD e, 6]

Also Remark 2(i) together with Lemma 2.1, (2.18)(iv) and (2.24)(44i),(4), (i)
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implies that

[ei—lah?—l,jaei,a}:[ei—lvmiv" mnahitlg’ ]
—lei_1,mi,...,m} szcj7 i
—lei—t,mi +mi™ o ml +mi Hi 4—Hi1j7 i
—[m} —i—mzl L ml 4 mit Hi +HE 1 €im1, 6]
[’ITL m}n lvHii—Lj?ei—l?ei]'

Now the second equality in (2.13)(i), the Jacobi identity and (2.13)(éi%) to-
gether with the above equalities, (2.24)(#i1),(7), (2.18)(44) and Remark 2(3)

imply
[ez{l,ja hiol = =i, eil,ja €io) — [[eiua fil,€io

= (1/2)[fis [ei-1, b ), €i0] = 0
= (1/2)[fz; €i—1, h;‘tﬁl’j; ei,a‘} - (1/2)[fz, h;“ilﬂ‘, €i—1, 61’,0]

‘71 i— +
__[f’u 4 a"'7m1zq, 15Hi_17j7ei717ei]
i1 i1 o _
[ml yeee s My, iflj;fuez—lvez]
1 .
— [m?[ yeees 7, ! HZ 1j7€i71] Z#e
2[mtt . m f 1 Hz 1jpee—1]i=1L
— i i B e
+ 1 i — +
= [h1]7 l a"'amzlz 1’67;71] = [eifl,oahi’j]-

For the last statement, use Remark 2(i7) and the first equality in (2.13)(i4) in
place of Remark 2(i¢) and the second equality in (2.13)(44) respectively and
repeat the same argument as above. (|

Lemma 2.7. Forr,0 € Z” and 1 <i </{, we have
[ei,o; eiaT] =0= [fi,tfa fi,T]-

Proof. 'We use induction on |o|. If |o| = 0, then by (2.13)(¢), we have
[€io,€ir] = 0 for all 7 € Z". Next assume [e; »,€;,] = 0 for all 0,7 € Z
with |o] = t. We show [e; 0/, €; -] = 0 for all ¢/,7 € Z" with |0'| = ¢ + 1. Fix
o' € Z¥ with |o’| =t + 1. Then there exists 1 < j < v such that ¢/ =0 + U?[
(see (2.14)) for some o € Z” with |o| = t. So by Lemma 2.1, e, = [Zk]i,eg].
Now let 7 € Z¥ with norm-tuple (a1, ..., ay), then by Lemma 2.1 and (2.16),

we have [H”,H”,ei] = e;. So using Remark 2(7) and Lemma 2.1, we have
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€iol = [Hfj,ez -] and [H, H,ez -] = eir where 7/ = 7+ cr . Now the Jacobi
identity together with the induction hypothesis implies that

[€i,00s€ir) = [[Hfj,ei,a],ei;] = [Hfj,ez‘,mei,f] — [eioreir] = 0.
The second equality is similarly proved. O
Lemma 2.8. Forrt,0 €Z” and1 <1 </{, we have
(©) [€i,00 hiir] = —[hiso, €ir], (4) [firo, Rie] = =[hisos fir]-
Proof. (i) Using (2.13)(ii), the Jacobi identity and Lemma 2.7, we get
[€ios hir] = —[€io; [fis€ir]] = [fis €irs €i0) = [€ir, fis €i0] = —[hio, €ir]-
The second statement is similarly proved. (I

Lemma 2.9. ForTteZ,1<j<vandl <i</{, wehave [fiﬁ,efj] =
+ + +
—[H s hiz] = hi = where 75 =7 + 05 (see (2.12)).
Proof. Using Remark 2(4), the Jacobi identity, (2.13)(i7), Remark 2(i7)
and possibly Lemma 2.1 and (2.16), we have

[fi,Tv 6?7:]'] = [Hzﬂf]v fi,‘rv ei] - [[ 0,50 fl ‘r] 61] - 7[Hi:|,:j’ hi,‘r} + [fi,ri ) ei]
_ * o 1},
= _[Hi’jvhz,T} hl,ri-
This completes the proof. (I

Proposition 2.10. Z = spanc{|hic,hi-| | o,7 € Z",1 < i < {} C
Z(L). In particular Z is a trivial G—submodule of L.

Proof. We first prove that [hfcj, hisl€Z(L)for1<i<{ 1<j<wvand

o € Z¥. Since L is generated by (2.1), 1t is enough to show that this generating

set is contained in the centrahzer of [h [ his] in L. We start by proving that

0,77

+ _ + _ :
[, (055 hioll = Ui, [0, hiol] = [erv[h?:jvhi,ﬂﬂ = 0 for 1 <7 < £ Since
h, = [er,fr] it is enough to prove [fr, [h;;, hiol]l = ler, [hzi],h +]] = 0. Also

since the proofs of these equalities are similar, we just prove the first equality.
By the Jacobi identity, (2.13)(iv),(ié¢) and (2.15)(i), we have

[ervhzjah ] - [h;t],ervhi,d} + [[erahi:j]ahi,a]
+ ar(hi) ar(hi)
= |hij, 5 er,hro| + 5 [er,hfj],hi,a

= —a, (h) (R, er0] + (€55, o).
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Now we are done, using Lemmas 2.8 and 2.6 together with the fact that
ar(hi)=0forr#4d,i—1,i+1.
Next we want to prove that [hfa,hfj,hiyg] =0forall<a<vand

1 < r < ¢. By Lemma 2.1, Remark 2(4i), (2.13)(i¢) and the first part of the
proof, we have

(hE. hE hig] = [hE, hE,, his] € ClhE hE, i)

r,ar'vg,50 0,0 1,70 ''r,ar 't,0 1,77 'i,a0

=C[hiy, hij hio)

i,a° 'Yi,50 7,0

=Cle, [f5,, hi, hiol] = CUfE, [ea, i, hio]]

i,a?'Y,50 i,a°

=Cles, [fE,hE his]] =0

iar i

:C[eiv[ S H b ]]7

i,a 1,50 10,0

so it is enough to show [fZ  HE h;,] = 0. Set 7% := o + a;-i. Using Lemma

a1, 0

2.9, the Jacobi identity, Lemmas 2.8(¢) and 2.7, Remark 2(ii), Lemma 2.1,
(2.18)(iz) and (2.16) (if necessary), we have

[fzfa’Hi%j’ hi#"] = _[ i,icu [fi,o‘aei:j” - [fz%a’ hiﬂ'i]

= Hfzfaaequhfi,a] - [eii,j7f’i,0'a i)ia] + [hiiﬂafi,‘ri]

(2.44)
= ([fias €y fio) + 0+ 2[HZ,, fi ]
= Hfi:f:a’ e;‘,:jL fi7o-] - Q[Hi:t:a’ H’L:f:]’ fivg]'
Now let (a1,...,a,) be the norm-tuple of o. It follows using induction on n

together with (R9) that
Hfi:,tav 6?7:]-], 7mzi’ ERRR) *miw fl} - [7mzi’ ) 77)’1%, [fi:,ta’ egl,:j]v fz]

This together with Remark 2(i7), the Jacobi identity, (2.13)(¢),(4¢), Lemma 2.1,
(2.15)(¢4¢) and (2.18)(iz) implies that
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[f el fiol = [=mi, .o, [fm e)], il
:[—mﬁ,...,—m s G fil = [mis e e f ]
=[-m},...,—m!, Zia, Zi]}
= [=mi,. o, = [FH fi] B
=[-mi,...,—mi, b, HE,, fi
=[-mi,...,—ml, H},, hi;, fi]
:2[—m§ ,—mi,, H, H,, fi]
ZQ[Hfaa i,j’fi;U}

which together with (2.44) gives [ffa,Hfj, his] = 0.

Finally, we prove that [v" hE. h; o] =0for1 <r < m-—1. We first suppose

s 104,90

i = 1. Using (2.13)(74), Remark 2(i), (2.35)(7), (2.22)(v) and (2.35)(v), we have

(2.45) [vge"‘l’ 1ol = _[Uge-i-p f1, m%, co.,mbe] =0,

+
[UgéJrl?hl,j] [U2Z+1’f17 1ga ] =0.

One knows that 1, (see (2.32)) is a G—module isomorphism mapping vy to v"
and vay1 to vh,, . Since ec, vz 41 = —v1, we have v" = —[e.,,v5,, ;]. Now the
Jacobi identity together with (2.45) and the first part of the proof implies that

[v", hligahlﬂ] = _[6617U5€+17h1 ]7h1 o]+ [U£€+176615h1 gvhl o] =

Next let i # 1. Using the Jacobi identity together with (2.13)(i¢), Remark
2(4), (2.31) and (2.22)(%), we have

[07, hijs o] = [[v,hfﬁ]}h o] + [hi 0" hio]
—[v", [fise U]] ol — [hzijﬂf fisseiol
[[ 7[f17 1]7 Hh } [h?:y ‘afiamzia"wm;aei]
—[0,hi 6] —0 = 0.

So up to now, we have proved [h;, hi,] € Z(L). This together with Remark

0,77
2(44i) implies that

(246)  [hE. hios] € ClhE hin) CZ(L); 1<i,t<l 1<j<wv, o€Z’

t,g° %,57

Next let 1 < i < ¢ and 0,7 € Z”. Using the same argument as in Lemma
2.6 by replacing Lemma 2.1 by (2.46), one gets
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(2.47)

[ei-i-l,‘ra hi,a] = [ei-l—l,oa hi,‘r] and [fi+1,T7 hi,o] [.fz—i—l oyl T] 7& é
[€i—1,7 hio) = [€i—1,0,hir] and  [fi1 .+, hio) = [fim1,00hi], @ # 1.

Now we are ready to prove [h; o, hi | € Z(L) for o,7 € Z” and 1 < i < L.
As before it is enough to show that the generating set (2.1) is contained in the
centralizer of [h; o, h; -] in £. Use the same argument as above by replacing
(2.47) and (2.46) by Lemmas 2.6 and 2.1 respectively to conclude

[h’ﬁ [hi,ovhi,r]] = [era [hi,(n QT H [fra[ 3,09 g ‘r]] = [,Us’ [hi,ovhi,r]] =0
1<r</{,1<s<m-—1.

So it remains to show [hfj, [hio,hir]] =0for 1 <t </{and 1< j<w. Using
(2

the Jacobi identity together with (2.46), we have
[hztga [hi,m hi,‘r“ = [hi,ov [htij7h ]] Hhti]’ hi ] h; ] = 0.
This completes the proof. O

§2.6. The proof of the main theorem

Using the information in the previous subsections, we can decompose L
into irreducible G—modules. In fact we have the following theorem:

Theorem 2.2.  Considering (2.37) and (2.43), we have

m—1
L= G, +> > Vi+D+Z.

led<Y/d r=1 oceZ”

Proof. Since L is generated by (2.1), it is enough to show that the right
hand side of the equality in the statement is an ideal of £ consisting of the
generators. Using (2.15)(i4i), we have hzi] €G,+ C> s Go for 1 <i <
and1<j<y Alsoweknow{ez,fz,h \1<i<é}CQandf0rl<s<m—1
v eV C Y, ZUEZV V7. Therefore we need to show that the right hand
side of the equahty is preserved under (left) multiplication by the generators.
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Let 0 € Z¥, 1 <i < {¢and 1 < j < v. Using (2.11) together with (2.46) and
Corollary 2.1, we have

[hii’jv ga’] = [hizja (go)O] +

Y <go>a]

acdXx

hz%j? Z (go)a‘|

aedX

=C

14

+ 2 :
h@jv huo

t=1

CZ+ 3 G-

TELY

Using this together with Lemma 2.5 and Propositions 2.1, 2.3, 2.5, 2.10, 2.6,
2.7, 2.8 and 2.9, we are done. O

Proposition 2.11. L is a By—graded Lie algebra.

Proof. We know that the finite dimensional simple Lie algebra G is a
subalgebra of L. Also Theorem 2.2 shows that £ admits a weight space decom-
position £ = P4 Lo relative to H as follows:

(2.48)

Lo=pem(Go)o+ St S (VD)o + D+ 2 (see (2.37) and (2.43)),
Lic, = Yoere(Go)e, + 100 Toene Vi)ae, 10 <L

Litcire) = pezr(Go)t(eire,), 1 <i<j< L

So it remains to prove Ly = Z Loy L_0] Fix1 <@t <l,1<rs<m-1

acdX
and 0,7 € Z". Using (2.48) together with (2.11) and (2.34), we have

(gG)O - Zf:1[g—am (go)m} - Zf=1[£—am£at] - Zaeéx [Eo“ E—a]a
(V;)o = (C[fa 'UZ;] = [g*?"—"l’ (Vg)tn] - [‘67617/“‘61] - Za@x [‘COH ‘C*Ot]-

Alsosince f € L_., and v, v € L., we have [f,vE] € Lo, [f, f,vi] € L_,
and [v7, [f,vZ]] € L.,. Therefore the Jacobi identity implies that

Dps = [f,05, [f 0] = Wb, £ [ f 0] € (Lo, £6] € D [Lan £l
aedx

Finally by (2.48), we have e; € Go, C La;, hir € (Gr)o C Lo and f;, €
(Go)—a; C L_;,80 [fio,hir] € L_q, and [e;, hi+] € Lq,. Therefore the Jacobi
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identity together with (2.13)(4¢) implies that

(hisos hir) = [[€is fi,o)s Pir) = €3, fi,or Pir) — [fisos €05 P 7]
€ [Lais Loa] © D [LarLoal.

acdX

This completes the proof. O

Lemma 2.10.  The center of L is contained in Z + D.

Proof. Let 2 € Y e Goy y € Som' S csw Vi, d € D and z € Z such
that x + y+d+ z € Z(L). Then for a € G, Propositions 2.5 and 2.10 together
with Propositions 2.1 and 2.3 imply that

m—1
O=la,z+y+d+2z]=[a,z]+][a,y] € Z Go + Z Z V.
A</ r=1 oc€Z”
Therefore [a,z] = [a,y] = 0 for all a € G and so = y = 0. This completes the
proof. O

Theorem 2.2 together with Lemma 2.10 allows us to identify

m—1
L/Z(L)=> Go+ > > Vi+D where D' = (2 +D)/Z(L).
ocz” r=1 ceZ¥
It follows from Proposition 2.11 that £/Z(L£) with induced Lie bracket [, -] is
a centerless By—graded Lie algebra. So £/Z(L) admits an induced weight space
decomposition relative to H as L/Z(L) = @ c(L/Z(L))a- We shall keep the
same notation for the images of e;, f;, hs, hX; and v" in £/Z(L). Using (1.16)

0]
together with (2.5), we have an epimorphism

VL) Z(L) — A/Z(A) = (G AE';]*) ® Ve A{gfl) B D gt ants

such that for 1 <i </, 1 <j<wvand1l<7r<m—1we have

e;—e; 1, fz'_)fz®1a hzl—>hz®1, hli’jb—>h1®tji1, V1 = V1 Q@ Wy

Now let o, B,a+ B € ®*, yya+y € Dy, o7 €ZY and 1 <r<m-—1. 1t
follows using Propositions 2.2, 2.4, (2.3) and (1.10) that ¢'((Gs)a) = Ga @ t°
and (V1)) = Vy ® t°w,. Therefore by (1.10), we have

U (((G0)ar (G:)517) = [0/((G0)a)s ¥/ (G:)9)] = Garg © %7 and
WG VI17) = (G0 W ((V)3)] = Vi @74,
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This implies that

[(go)aa (gr)ﬂ]_ #0 and [(ga)ou (V:)v]_ #0

2.49
( ) if a,B,a+pB€ @, yya+y€ by, o,7€ZY, 1 <r<m-—1.

Next we want to define a Z”—grading on £. We recall that {7, = (n],...,n}) |
1 <r < m—1} is a set of some representatives of nonzero cosets of 2Z" in
Z¥. We now define a Z"—grading on the free Lie algebra generated by (2.1) as

follows:

deg(e;) = des(f;) = deg(hs) = 0, degv” = 7., deg(hi;) = 207,

2.50 ’
( ) 1<i<l,1<j<v,1<r<m-—1.

Since relations (R1)—(R9) are generated by homogenous elements, (2.50) de-
fines a ZY—grading on £ and so £/Z(L) has a natural Z"—grading £/ Z(L) =
D,z (L/Z(L))7. Now set

(L/Z2(£))% = (L]Z(L)a N (L] Z(L))7; ae®, ol

One can use Propositions 2.2 and 2.4 to conclude that V7 C (L£/Z(L))%°+7
and G, C (L£/Z(L))?° for o0 € Z" and 1 < r < m — 1. Therefore (2.48) together

with Lemma 2.10 implies that
(£/Z(£))27 = (Go)a and (L/Z(L)FT = (Vy)s

(2.51)

aed*, fed,y,0ceZ, 1<r<m-—1,
and so
(2.52) (L/Z(L)a =Y (L/Z(L)5; o™

O-EZI/

Since £/Z(L) is a centerless B;—graded Lie algebra, Theorem 1.1 guaran-
tees the existence of a unital commutative associative algebra A, an A—module
B and a symmetric A—bilinear form ¢’ : B x B — A such that

(2.53)  L£/Z(L) = T(Cliff(u)/C, Cliff(g') JA) = (G® A) & (V& B) ® Dp.p

in which G = G®1 and the Lie bracket on £/Z(L) is given by (1.10). It is easy
to check that

ga®A OlecI)lg

(2.54) (L/Z(L))a = { (Ga @A)+ (Vo @ B)a € Og.

Now let o € ®;5 and o € Z¥. We know that dim(G,)o = dim(G,) = 1. So by
(2.51) and (2.54), we can find a one-dimensional subspace A2 of A such that
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(L/Z(L£)2 = (Go)a = Ga ® A27. Next let «, 8 € &y, be such that o — 3 € &,
then since ¢, : G — G,; is a G—module isomorphism, (1.10) and Lemma 2.10
imply that

Go @ AY = 05([Ga-p,G8]) = [Ga—p: 05 (G8)] = [Ga—3, (G ) 5]

=[Ga-p,(Gs)p]~
= [ga*ﬁv gﬁ ® A%a}i
—Go® A,

so A%7 = A% . Using [AG, (5.11)], we get A%7 = A% for all a,3 € ®;y and
o €Z”. Set

A% := A% for o € Z¥ and any choice of a € ®y,.
Then we have
(2.55) (L) Z(L)2 = (Go)o = Go ® A%; 0 €T, a € B,

Now let o € @y, and consider 5 € ®;, such that o — § € ®*, then for all
o € Z¥, by (2.51), Lemma 2.10, (2.55) and (1.10), we have

(L/Z(L)Z = ¢o([Ga—p:Gp]) = [Ga—p: 0o (G5)] = [Ga—s, (G )5]
=[Ga-5:(9o)s]”
=[Ga—p,Gs ® A*°]~
— ga ® AQO'.

This together with (2.51) and (2.55) implies that
(2.56) (L)Z(L)% = (Go)a =Ga ® A%7; 0 € 7", a € D*.

Nextlet 1 <r<m-—1, a € &4, and o € Z”. Since dimV,, = dim(V}), =
1, (2.51) and (2.54) imply that there exists a one-dimensional subspace B27+
of B such that (£/Z(L£))27F™ = (V1)q = Va®@B2°+™ . If 0 € Z¥ and a, 3 € Dy,
such that « — 3 € ®*, then considering (2.32), (2.34), Lemma 2.10 and (1.10),
we have

Va ® BZJJFTT = ¢g(ga—ﬁ ’ VB) = [ga—ﬁa ¢;(V6)] = [Qa—ﬁva(Vﬁ)]*
— G, Vo ® B
Gy Vp @ B
=V, ® By,
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which implies that B37™ = BZJJFTT. Use [AG, (5.11)] to conclude B2°+7 =
B§”+TT for all a, 3 € ®gp and define

B2t .= Bi“*” for 1 <r<m-—1, 0 € Z" and any choice of a € ®,.

Therefore by (2.51), we have

(2.57)
(L)Z(L)2HT = (V) =Va @B ™ 0 €7V, 1 <r<m—1, a € dy,.

Since G ® A =@, cz0 Go and V& B =P, ®aezv ", (2.54) together with
(2.52), (2.56) and (2.57) implies that

m— 1 o+,
AZ@erV 7and B=@, .5 D, — B2t

(2.58)
with one-dimensional summands.

Now let 0,7 € Z¥ and 1 <r < m—1, then for a, 8 € &> such that o+ 3 € &%,
(2.49), (2.56) and (1.10) imply that

0# (22 (2e)F) C (Zle)a5 = Garp ® AZH27,
()2 () F )™ = G0 ® A7, G5 @ APT|™ = Gy © A2 - A7

and for o € ®;, and § € ®,p, such that a + § € gp, (2.49), (2.57) and (1.10)
imply that

0 # [(%)30’ (%)%‘F-‘r‘f%]— C (ZLE))ESF-ZZT—FTT — VaJrﬁ ® BZ<7+27—+7'¢~7

[(Z(L,C) )iﬂ ( )27'+7'r} [ A2a7 Vﬁ ® B2T+T,,.]7:Va+ﬁ ® A20 . B2747r
Therefore the one-dimensionality of the summands in (2.58) gives that

(Z) A20' 3 AQT — A20+27-; o,T € ZV,
(2.59)
(ii) A% . B¥™+7r = B2otn)4m 5 rezr 1 <r<m-— 1.

Using [BGKN, Lemma 1.8] together with (2.58) and (2.59)(¢), we conclude
that A is graded isomorphic to Ap,j. So A is a unital commutative assoaatlve
algebra generated by a generatlng set {xjil | 1 <j < v} satisfying a;x j =1
Let 1 < j < v and consider (2.14), then by (2.56) and Proposition 2.1, we have
@ (o) € 91 (Go) = (G, )0 = Go © A%7 and ¢ (fp) € G—g © A*5 . Therefore
there exist nj, m; € C such that ap;r(eg) =njeg®@x; and @; (fo) =m;fo ®x;1~
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Using (1.10) together with (2.10), the Jacobi identity, (2.16), (2.15)(iv), (2.2)
and (R3)(¢), we have

nymjihe = [njes @ zj,m;fo @ 217 = [pF (e9), 05 (fo)l™

Lo (o), e, 5 (F0)] ™ — Sleorso (o), 05 (o))

T2
1 _ _ 1 - _
= 5[@;(%)7% (ho)l™ + Z[GQaQD;_(hG)aSDj (ho), fol
=0+ [eg, fo] = ho.
Therefore njm; = 1 and so we may identify A with A, via tfl = n;tlxjﬂ.

Thus it follows using (2.15)(iv) and (1.10) that kj” = hg@t; " Now let 1 < i < ¢
and 1 < j < v. Using (2.56), we have npji(ei) € (oni)ai =Ga, ® (Ctjﬂ, so there
exists s; € C such that @?ﬁ (e;) = sie; ®tji1. Therefore by (2.15)(4i¢) and (2.10),
we have

hiy = @5 (h) = oy (e:), fil = sihi @ 7.
Thus by (2.2), we have

-1 -1
<h1 +Z2ht+he> @t =hg @t =k =hi; + ) his+hi
t=1

t=1

-1
= <51h1 + ZQStht + Sghg) ® tjd,

t=1

which implies that s; = 1 for 1 <t < {. Therefore we have
(2.60) hi=h®t:h1<i<( 1<j<w
This together with (R7), (1.10) and Lemma 2.10 implies that
(2.61) [0, 03] = 0rs€eiqe, @t 1 <1, s <m—1.

Now let 1 <7 <m — 1. Use (2.57) and fix a choice of 0 # (3, € B™ such that
T =010, € (V])e,- Then (2.58) and (2.59) imply that B is a free A—module
with basis {f1,...,8m—1}. Therefore we may assume B = A?Z]_l and identify
i with w; for 1 <i <m — 1 where {w; | 1 <i<m — 1} is the standard basis
for AEZ]_I over Ap,). Thus (2.3) together with Lemma 2.10 and (1.10) implies
that

U;:Uj®w7'; 1§T§m—17lgj§2€+1.

Also by (2.53), we have

£/Z(L) = T(Clifi(w) /C, Clifi(g') /Ay)).
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Therefore (2.61) together with (1.10) and (1.9) gives that

5r,seal+52 ®t = [UT,US]_ = ['Ul Q Wy, V2 & ws}_ = dvl,vg & g/(wmws)

= €ei+eo ® g,(wm ws)7
for 1 <r,s<m—1,s0 ¢ (wy,ws) = st™, i.e. ¢ =g (see (1.15)), therefore
(2.62) L/Z(L) = T(Cliff(u)/C, Cliff(g)/Ap).

Now we are ready to prove our main theorem which states that £ is the
universal covering algebra of T'(Cliff(u)/C, Cliff(g)/Ap).

Proof of Theorem 2.1. Let m : L — L/Z(L) and 73 : A — A/Z ()
be the natural canonical maps. Considering (2.5), (2.60) and using Lemma
2.10, we have mo1) = 7. Therefore ¢ : £ — 2A is an epimorphism whose kernel
is a subset of Z(L). So L is a central extension of 2. But 2 is the universal
covering algebra of T'(Cliff(u)/C, Cliff(g)/A,;) and L is perfect (Proposition
2.11), therefore by [MP, Proposition 1.9.3], £ = 2. O

Remark 3. In what we did, we constructed a finite presentation of the
universal covering algebra of a Lie torus of type B, whose corresponding pair
is (5,2Z") with S # 2Z". The same proofs as in the text shows that the
finitely presented Lie algebra generated by {e;, fi, h, hfj |1 <i<1<j<
v} subject to the relations (R1), (R3), (R4), (R6)(:), (R8) and (R9) is the
universal covering algebra of a Lie torus of type B, whose corresponding pair

is (22" ,27").
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