Publ. RIMS, Kyoto Univ.
44 (2008), 973-1026

The Asymptotic Behavior of Singular Solutions
of Some Nonlinear Partial Differential
Equations in the Complex Domain

By

Sunao OUCHI*

Abstract

Let u(t, z) ((t,z) € C x C%) be a solution of a nonlinear partial differential equa-
tion in a neighborhood of the origin, which is not necessarily holomorphic on {t = 0}.
We study the asymptotic behavior of u(t,z) as ¢ — 0 and give its asymptotic terms
with remainder estimate of Gevrey type.

80. Introduction

Let L(u) = 0 be a nonlinear partial differential equation in a neighborhood

of the origin of citt

and K be a complex hypersurface through the origin. We
choose a coordinate so that K = {t = 0}. Other coordinates are written by
x € C% so (t,x) = (t,x1,m2, - ,mq) € C¥L. Suppose that u(t,z) solves
L(u) = 0, which is not necessarily holomorphic on K. The aims of this paper
are to study the behavior of a singular solution u(¢,x) near K and to obtain
asymptotic expansion of u(t,z) as ¢ tends to 0 more concretely.

The behaviors of singular solutions of linear equations were studied in [5],
[6], [7] and [8]. We summarize some of results of these papers. Let L(¢,x, 0, 0y)

be a linear partial differential operator with holomorphic coefficients. Consider
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L(t,z,0¢, 0)u = f(t,x), where we assume f(t, ) is holomorphic for simplicity.
An index v > 0 is defined for L(t, x, 0, 05 ). Suppose that u(t, x) grows at most
infra exponential order ~y, that is, for any € > 0

(0.1) lu(t, )| < Ccexpl(elt|™7).

The main result in [5] is the following. If L(t,x, 0, 0,) belongs to some class
of operators, then wu(t,z) has an asymptotic expansion of power series with
remainder with Gevrey type estimate, that is,

N—-1
(0.2) u(t,z) = >ty (z)t"
n=0

N
< ABNT <7 + 1> GRS

This result was generalized in [7]. The analysis of singular solutions of linear
equations belonging to a larger class than [5] and [7] was further studied in [6]
and [8]. It is shown in [6] for some class of eqations that if a solution u(¢,z)
satisfies (0.1), then there exist constants C' and ¢ such that

(0.3) u(t, z)] < Ct[*

in a neighborhood of the origin, which means that the growth property of
singularities is improved, and its behavior near K was studied in [8].

This paper is a continuation of [8] and treats nonlinear equations and the
main aim is a generalization of the results in [8] to nonlinear case. The main
results were announced in [10] without proofs. In Section 1 notations, defi-
nitions and Mellin type integral are introduced. The conditions on nonlinear
partial differential equations to be studied are given and an index - is defined,
which depends on solutions. The main results are Theorems 1.3 and 1.5. One
of them is the following.

Suppose that u(t, z) with singularities on K solves L(u) = 0 with |u(t, z)| <
Ct|"° for a constant vy > 0. Then we find asymptotic terms of u(¢, ) as ¢ tends
to 0,

u(t, x) ~ Zun(t,x) t—0,
n=0

un(t, ) = O(|t|"+°)
0=po <p1 <+ <pn <— +00,

(0.4)

where {u,(t,x) }nen are functions represented by Mellin type integral

1 (A,
(0.5) un(t, ) = Q—M-/Ctx%dk
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We also obtain an estimate of the remainder of Gevrey type,

N-1
(0.6) u(t,z) = Y un(t,z)| < ABNT (%V + 1) jt[P o,
n=0

In Section 2 we sum up majorant functions. Majorant functions are fully
used to obtain estimates of holomorphic functions. In particular we have to
estimate functions on a sectorial region. Many Propositions and Lemmas are
stated without proofs. In Section 3 we study the Mellin transform with respect
to ¢ of a solution u(¢, z), which is denoted by (Mu)(A, ). The main purpose of
Section 3 is to show Theorem 1.3, that is, to show (Mu)(A, z) is a meromorphic
function of A in C. In Sections 4—6 we show Theorem 1.5, which is the other
main result. In Section 4 we modify the original equation L(u) = 0 for our
purpose. The coefficients of the obtained equation are not necessarily holomor-
phic on K. In Section 5 we find functions {u, (¢, 2)}5% in (0.4) and in Section
6 we show an estimate of the remainder. In Section 7 we give the proofs of
propositions and lemmas in Section 2 concerning majorant functions.

81. Notations, Definitions and Main Results

Let us introduce notations. N = {0,1,2,---} is the set of all nonnegative

integers. (t,x) = (t,x1,---,24) € C x C%, |2| = max |2;], @ = (ag,a’) =
1<i<d
(ag, 1, -+ ,aq) € N1 is a multi-index and |a] = ag + |o/| = Z?:o a;. As
0 0 /
for differentiations 9,, = , U =t— and 9*°0% = (t0;)*°0g} ---0g¢ for a

0x; ot

multi-index o € N1, In this paper we study solutions which are holomorphic
on a sectorial region. So let us introduce notations about sectorial regions.
U = Uy x U’ is a polydisk with center (¢,2) = (0,0), where Uy is an open
disk in C and U’ = {z;|z|] < R’}. Let UO/—\_{/O} be the universal covering
space of Uy — {0}. Up(0) = {t € U/:_{/O};\argﬂ < 0} is a sector and set
U(0) = Up(0) x U’, which is sectorial with respect to t.

For open sets V and W, V. € W means V is compact and V' ¢ W. However
for sectors Sy = {t;0 < |t| < to,|argt| < Op} and S = {t;0 < |t| < t1,]argt| <
01}, So € S1 means ty < t; and Oy < 61. O(W) is the set of all holomorphic
functions on a region W and &(W)[)] is the set of all polynomials in A with
coefficients in &(W). Solutions considered in this paper are in &(U(6)) for a
polydisk U and a 6 > 0.

As stated in introduction the aim of this paper is to study behaviors of
singular solutions of nonlinear partial differential equations. Let us introduce
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notations concering nonlinear equations, which are not necessarily usual. Let
A(m) = {a = (ap,a’) € Nx N4 |a| <m} and M = #A(m).

Let A = (Aa)aca(m) € NM. Then |A| = >aen(m) Aa- For A= (Aq,), B =
(Bo) € NM A < B means A, < B, for all @ € A(m). For Z = (Za)aea(m) €
CM we set Z4 = H ZA and if |A| > 0, there exist {a(i) € A(m);1 <

acA(m)
i < |Al} such that Z4 = Hl‘i‘l Zq (i), which we’ll often use in the later. Set
NM+* .= NM — {0} = {A e NM;|A| > 0}, NM* = A € NM*; | 4] = 1} and

lin
(1.1) Ny ={AeN Ay =1 for some o = (ag,0) € N x N7},
For A = (Aa)aeA(m) € NM=
(1.2) ma = max{|al|; A, # 0}.

Let U’ (resp.Up) be a polydisk in C? (resp.C) with center = = 0 (resp.
t = 0) and L(u) be a nonlinear partial differential operator with order m in the
form

(1.3) L(u) == L(t,z, 90" u; (ag,0’) € A(m)),

where L(t,z,Z) € OUy x U x Q), Z = (Za;a € A(m)) and Q being a
neighborhood of Z = 0 in C*. We can decompose L(u) as follows:

(1.4) L(u) = Pu+ Q(u) + f(t,z),

where

Pu= Z cn(t, x)0"u(t, x),
h=0

(1.5) Quy= > caltr) J[ 00 u(t,z)™,

AENM= _NMx a€A(m)

f(t,x) = L(t, z,0).

Here ¢p,(t, ), ca(t,x) and f(¢,x) are holomorphic in Uy x U’. We assume there
exists k € {0,1,--- ,m} such that

(Co) ck(0,2) #0 forz € U and c,(0,2) =0 for h > k
and

(C1) ca(0,z) =0 for AecNM*— N%{io.

lin
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Hence 22:0 cn(t,x)9" is a k-th order ordinary differential operator with reg-
ular singularity at ¢ = 0. Conditions (Cy) and (C;) restrict the linear part of
L(u). We rewrite L(u) in the slightly different form for the later calculations.
Denoting Q(u) + >y, (cn(t,z) — cp(0,2))9"u again by Q(u) and ¢, (0,z) by
cp(x), we can represent L(u) in the form:

L(u) = P(u) + Q(u) + f(t, ),

Pufzch 9"ult, ), Qu) = Y qa(u),
AeNM~®
(16) QA(U) _ CA(t,.’IJ) H (ﬂaoaa/u(tx))Aaa
Q€A (m)
f(t,z) = L(t, z,0),
where
(1.7) cr(z) #0for x € U and ca(0,2) =0 for A€ NMx.

Hereafter we assume L(u) is of the form (1.6) with (1.7).
Let S = Uy(6*) be a sector in t-space and u(t, x) € (S x U’) be a solution
of L(u) = 0 such that for a constant vy > 0

(1.8) sup |u(t, )| < C|t]*.
zelU’

Let us define an index . Let e4 € N such that ca(t,z) = t°4ba(t,z) with
ba(0,z) Z0if ca(t,z) Z0. An index ~ is defined by

N {MM;MNM*,WM} itk < m,
(1.9) = ma =k

4+ 00, if k=m,
which depends on rg. If vy is improved, then v may be also improved. From
the definition

(1.10) w >ma— k.
v

Remark 1.1. (1) Under the condition (1.8) we have from Proposition 2.5

(1.11) flta) =" fala)t

n>vo
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(2) We give a remark concerning e4. We have e4 > 1 for A € NM* Once 7 is
defined, we put e4 = 0 for A with |A| > 2 and v(|A|—1)/y > m—k, which gives
no influence on the definition of . Hence we may assume {e4 € N; A € NM*}
is bounded and ca(t,z) = t°4by(t,x) with ba(t,z) € O(Uy x U’) such that
there is a constant B

(1.12) lba(t,z)| < B for (t,z) € Uy x U'.

In order to analyze the singularities of a solution u(t, x) of L(u) = 0 with
(1.8) Mellin transform is available. Let g(¢) be a continuous function on (0, a
such that |g(t)] < C|¢[”. Then (truncated) Mellin transform (Mg)(X\) of g(¢)
denoted by (M) is defined by

a
(1.13) 30 i= (Mg = [ gty
0
The inverse Mellin transform is
L 1 c+ioco .
(1.14) M0 = [

where ¢ > —v, and g(t) = (M~1§)(t) holds for 0 < t < a. In this paper we
consider functions on sectorial region. Further let g(t) € 0(Uy(0)), Uy = {|t| <
Ry}, with |g(t)] < C|t[”. Let 0 < a < Rp and |¢| < 6. Then (truncated) Mellin
transform (M?g)(\) of g(t) denoted by §%()) is defined by

(1.15) PO =M = [ P
0
Then
G¢ = ¢ asA_l se'®)ds
(1.16) 9”(\) /0 g(se'?)d
and
(1.17) 30 =70 -3 ) = [ " g

§%()) is holomorphic on {\ € C; ReA > —v} and §%¢'()) is an entire function.
The inverse Mellin transform is

1 c+ioco
(118) (M) 1990 = o [ e an
where ¢ > —v, and g(t) = ((M?)~1§%)(¢) holds for t = |t|e’®, 0 < |t| < a. In
the following we mainly use M (¢ = 0), so we denote it simply by M. We
give a lemma used in later
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Lemma 1.2.  Let f(t) be a continuous function on [0,a] (a > 0) such
that | f(t)| < CJt|"® (ko > 0). Let

= i /C+ioo tf)‘md)\
2m J,

—ioco (_A)s
for s € N. Then 1*(t) is a solution of 9°1*(t) = f(t) such that [*(¢)] < C|t|.

(1.19) Pr(t)

(—FLO <C<0)

The proof of Lemma 1.2 is given in Section 3. Let L(u) = 0 be an equation
satisfying (1.7) (equivalently (Cp) and (C;)) and u(t, z) be a solution with (1.8).
Let us consider its Mellin transform (Mu)(A, z). The first aims are to show that
(Mu)(\, x) is extensible to the whole plane as a meromorphic function in A and
to determine the location of poles. Set

k
(1.20) Pz, ) =Y en(x)A™.
h=0

We assume for simplicity for = € U’
(Ca) P(xz,\) #0 on Rel = .

Hereafter we treat L(-) of the form (1.6) satisfying (1.7) and (C,).
Let {\;(z)}¥_, be the roots of P(z,\) =0 (z € U’) such that

(1.21) ReXi(z) > vy for 1 <i <k, Rel(z)<vy fori>Fk.

Set \o(x) = 1 and define a nonnegative lattice A(x) generated by {\i(z)}*,,
k/

(1.22) Az) =< A=— an)\z(iﬁ), (no, -+ ,np) € NFF1
i=0

and its subset A_, ()
(1.23) Ay () = Alx) N {ReX < —1p}.

Let u(t, z) be a solution of L(u) = 0 with bound (1.8) and consider the Mellin
transform of u(t, x)

(1.24) (Mu)(\,2) = /O "Lyt )t

which is holomorphic {A; ReA > —vp}. We give one of main results which is a
clue to study the singularities of u(t, x).
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Theorem 1.3.  (Mu)(A, x) is meromorphic in X on the whole plane and
its poles are contained in A_,,(x).

The same result as Theorem 1.3 holds for (M?%u)(A, z) (|¢| < 6). By the
inverse Mellin transform

c+i00
(1.25) u(t,z) i/ MM 2)dh (= < ).

27'(-7, —ioo

The singularities of (Mu)(\, z) essentially contribute to the integral (1.25).
Theorem 1.3 gives us informations about them. So by calculating the integral
(1.25), we can obtain the asymptotic terms of a singular solution u(t,z) near
{t = 0}. In order to describe asymptotic behaviors of singular solutions in
details let us introduce a class .#,(U") of holomorphic functions. .#,(U’) is

a subspace of O((C\{0}) x U’) whose elements are the image of the inverse
Mellin transform of rational functions.

Definition 1.4.  (1). Let (A, z) € (U’)[A] with nonvanishing leading
term. .#,(U’) is the set of all w(t,z) € O((C\{0}) x U’) represented in the
form

(1.26) w(t,z) = ﬁ/fk%dk’

where (A, z) € O(U’)[\] with deg 1) < degp and C is a Jordan curve enclosing
all the zeros of (A, x).

If all the zeros {a;(7)};_; of (A, ) are distinct, then there exist holomor-
phic functions {w;(z)}5_; such that

w(t,z) = Zt*af(z)wj(x).
j=1
Set Mrar(U') = Us,(U'). We show that the asymptotic terms of a singular
©

solution u(t, z) are given by functions in .#,.,+(U’) and estimate the remainder.
The following is the other main result.

Theorem 1.5. Suppose that L(u) satisfies (Cp), (C1), (C2). Let u(t, x) €
O(SxU") with bound (1.8) be a solution of L(u) = 0. Then there exist u,(t,x) €
Mp,(W') (n € N) in a neighborhood W' of x = 0 such that for any sector
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TeS

lun (t, 2)| <CoC™1 (" + 1> |t|PrTvo,
v
(1.27)

N-1
u(tax) - Z Un(t,l') S C()CNF <pN —+ ]_) ‘t|pN+l/D
Y
n=0

holds for (t,z) € T x W' and N € N, where if v < 400, p, = % for some
positive integer p and if v = +00, p, = cn for some ¢ > 0. As for the zeros of
on(A\,z) € O(W')[)] there exist a,b > 0 such that

{Non(Xz) =0} C A (x) N{Re; A > —(an +b)}.

Theorem 1.5 implies that u(¢, z) has an asymptotic expansion with asymp-
totic terms {u, (¢, ) }nen C Myar(W),

(1.28) u(t,z) ~ Yy up(t,z)
n=0

in the sense of (1.27). The remainder estimate in (1.27) is called Gevrey type.
We devote the rest of the paper to the proof of Theorems 1.3 and 1.5.

Remark 1.6. (1) The case m = k was studied in [1] and [11]. If m = k,
then v = 400 and {t = 0} is, so called, of regular singular type. Theorem
1.5 implies that u(t,z) = 3.7 u,(t.z) converges, which was shown in the
above papers. If m > k, then -y is finite and Theorem 1.5 is a generalization to
equations with an irregular singular surface {t = 0}.

(2) Mellin type integral was available to analyze singularity of solutions when
the algebraic equation P(z, ) = 0 with respect to A (see (1.20)) has multiple
roots. It was used for linear equations in [3] and [8]. In [3] the case m = k, so
called Fuchsian equations, and in [8] more general case k < m were studied and

the structure and asymptotic behaviors of singular solutions were obtained.
Let us give an example.
(1.29) t*oFu = A(t, z, (t8,)°0% u; |a| < m, ag < k—1),

where A(t,z,7), Z = (Zq;|a| < m), is holomorphic in a neighborhood Uy x
U xQof (t,z,Z) =(0,0,0). Let
0A

(130) Alm(t,x,Z): 8 @(t,%O)Za
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be the linearization of A(t,z,Z) at Z = 0. Assume

A
(1.31) 6—(0,:5,0) =0 for a with o’ # 0.
0Z ¢y
Then
_ _ [e ™)
(1.32) Pz, N)=AA—=1)---(A—k+1) QZO 82(%, (0, ,0)\

and conditions (Cp) and (C;) are satisfied, and we can apply Theorem 1.5 to
solutions of (1.29).
We give another example which is reduced to (1.29). Consider

(1.33) Ofu=A(t, 2,00 u; |a| <m, ap<k—1) (1<k<m),

where A(t, z, 9?92 u) is a partial differential operator with order m and A(t, z,
p)y, p = (Pa;lal < m), is holomorphic in a neighborhood Uy x U’ x II of
(t,x,p) = (0,0,0). Let u(t, z) be a solution of (1.33) in a sectorial region S x U’
such that |u(t,z)| < C[t|*~1*¢ for some ¢ > 0. Let v(t,z) = t " *+1u(t,z). Then
v(t, x) satisfies |v(t, z)| < C|t]°,

(1.34) tOF (tF ) = tA(t, x, 02002 th 1),

(1.35) Pz, )=A+Ek=-1)A+k—=2)---(A+1)A
and conditions (Cy), (C1) and (Cz) hold.

8§2. Majorant Functions 1

In this paper we estimate many functions. For this purpose, majorant
functions are indispensable. Let A(w) = ) Aqw® and B(w) = > Bow®
be formal power series of n variables w = (wy,...,w,). A(w)<B(w) means
|Ay| < B, for all & € N™ and A(w) > 0 means A, > 0 for all a. Let w* =
(wy,...,w}) € C". If we consider formal power series at w = w*, we use the
notation A(w—w*) < B(w—w"), which means |4,| < B, for all a.. The proofs
of Lemmas and Progositions in this section are given in Section 7.

Let m € N and set

+oo xn

where ¢ > 0 and it is fixed later. 6(X) or its modifications are used in

[2), [4], [9] and [12]. We have 00)(X) = ¢} 1% (e)lnterfntl) yn
400 (n+s)!

0 mX ™. The following properties are important.

c
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Lemma 2.1. (1) Let 0 < v’ < 1. Then there is a constant C = C(r')
such that

(2.2) 6(X) < T < COCX/r').
(2)
(2.3) (p+ 1P (X) <« 2m 2P+ (X)),

(3) Let 41,05 € N such that 0 < £y < €y < m. Then there is a constant ¢ > 0
n (2.1) such that

(2.4) 01 (X)0") (X)) < 0\ (X).

In the following we fix ¢ > 0 in (2.1) so that (2.4) holds.

Lemma 2.2. Letl; e N(1<i<r)with0</{; <mandp; e N (1<
i <r). Set ' =maxi<i<, {; andp =73 ,_, pi. Then

glritaitt)(x)  grtatt) (X))

(2.5) > H < "

{(EI1,¢12 ,qr)EN" }l 1
q1+q2+-+aqr=q

Definefor O< R < 1

) 1 & (X w (X
2. 'X = — — — p .
(2:6) 0=4(B: X) g axr’ (R qu'e R

From Lemmas 2.1 and 2.2 we have

Proposition 2.3. (1) Let 0 <r < R < 1. Then there exists a constant
C = C(r/R) such that

|
o) (R; X) « ——L- < o (r; X),

() SR
PlO(R; X) <COY (r; X).
(2) Let 1,05 € N with {4 < €y < m. Then

(2.8) o\ (Rr; )0\ (R; X) <« ™10 (R; X).
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(3) There is a constant C > 0 such that

@) (p. (P+1) (.
(2.9) (p+1)0% (R X) < CROY 7 (R; X).
In particular, for 0 < c <1 there is 0 < R < 1 such that

(2.10) (p+1)0P)(R; X) < 0P (R; X).
(4) For0< R< R

R p
(2.11) 0" (R X) < (§> o) (R; X).
(5) If | X| < &, there is a constant C such that

C2Pp!
Req!

(2.12) %) (R; X)| <

Proposition 2.4. (1) Let I be an integer with 0 <1 <m. Then
(2.13)

oy (R )0y (R X) - o (R X) _ e (R X)
Z nylng! - -n,! < RIGr—1)p
{(nl,nz -, )ENT )
nitns+-+n.=n
(2) Let ¢; e N with0 < {; <m andp; € N (1 <i<r). Set ¢ = maxi<;<,¥;
and p=3,_, pi. Then

(pitai+to) 1 (p+a+e) (.

(2.14) > H@ (R; X) < 270, (R; X).

(q1,92, ,qr)EN" }z 1

q1+92,+ar=q

et k € <l <m and s > 0. Further suppose that k > 1 if s =0, an

(3) LetkeN,0< /¢ d 0. Furth DP hat k > 1 if 0, and
R > 0 is small. Then there is a constant C' > 0 such that
(2.15)

([sn4) +kn +£) C ([sn]+kn+2)
Z H@ —kn; (R X) R(r—1) e [sn]—kn (R X)
{(nl,ng <,y )ENT } =

ni+ng+--+n,.=n

> H@‘_Z’Z; D (R X) € ey OO ()

Rt(r—1)
{(nhnz wn,)eNT} =
ni+ngs+-+n.=n



ASYMPTOTIC BEHAVIOR OF SOLUTIONS 985

(4) Let 0 < r < R and 0 < § < R —r. Then there is a constant C = C(d,r)
such that
(2.16) S 50N (R X) < 0 (r; X).

1=s

Next let us proceed to introduce another majorant method to estimate
functions on sectorial regions. Let S = {t € C;0 < [t| < T*,|argt| < 0*}. Let
O<Ty<Ty <T™* and0<90<91<0*With91790<7r/6. For0<r7<1
define

ST={teCo<t| <1 —-7)To+ 7T, |argt] < (1 —7)0p + 701 }.
Then S° Cc ST C S' C S.

Proposition 2.5.  Let f(t) € 0(S).
(1) Suppose that for any 0 < 7 < 1
Mt]*
(I—7)e

(2.17) 1F(6)] < (g>0) fortes

Then there exist constants ¢ and C' which are independent of T such that

C(g+1)exp-=
a _>7_)q+1q+1 M|t]* forte S™.

(2.18) [Wf(H)] <

(2) Let 0 < tg < t; < Tp. Suppose that for any 0 < 7 < 1

Mt
(1—71)1

(2.19) 1£(t)] < (¢>0) forteSTN{{t| <t}

Then there exist constants ¢ and C' which are independent of tg,t1 and T such
that

oo it |49 n n
(2.20) |tnf(n)(t)|gwmax{<q+l> 7( to ) }

(1—-71)4 1—7 t1 —to

fort e STN{|t| <to}.

Corollary 2.6.  Let f(t) € O(S). Suppose that estimate (2.17) holds for
any 0 < 17 < 1. Then there exist constants ¢ and C which are independent of T
such that

(2.21) 9" F(t)] < C™ [Ti=: (g +14) exp

ZERYE .
< A= MJt|® forte S7.
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By using the above majorant functions we have an estimate of products of
holomorphic functions on a sectorial region.

Proposition 2.7.  Letz* = (z7,--- ,25) € U and X —X* = ijl(xi—
z}). Suppose u;(t,x) € O(S x U') (1 <i <L) with u;(t,2) < Colt[*O(r; X —
X*) (5 > 0) and bt, z) € (S x U") with b(t, z) < BO(r'; X — X*) (1 > 1),
Let a(i) € A(m) (1 < i < ¥). Then for any subszector T € S there exists a
constant C' = C(T) > 0 such that fort € T

4
(2.22) b(t, ) [0 @0 Duy(t, 2) < BC*|t[* 0™ (r; X — X*),
<

i=1

¢
where s =Y .| s;.

83.  Mellin Transform of Singular Solutions

Let L(-) be an operator in the form (1.6) and satistying (1.7) and (C,).
Consider a solution u(t,z) € €(S x U’) with bound (1.8). The purpose of this
section is to show Theorem 1.3, that is, to prolong (Mu)(\, z) as a meromorphic
function in A to the whole plane.

First we give lemmas concerning .#,(U’) for this purpose. Let p;(t,x) €
O(U"N[A (i = 1,2) whose leading term is a;(z) # 0 in U’. By factorizing,
pi(t,x) = a;(x) ?;1()\ — al(z)), where each of {af(x)}ﬁ-’;l is not necessarily
holomorphic. Define

pP1 D2

(3.1) (pr#e) (A7) = ar (2)Pas (@)™ T TT A — a3 (@)).
Ji=1j2=1
Then (p1#p2) = az(x ’“H% —al(z),7) = a(z sz@z — al(x),z).

Lemma 3.1.  Let w;(t,x) € #,,(U') (i = 1,2). Then w(t,xz) = wi(t,
$)U}2(t,$) € '/%901#&92([])'

Lemma 3.2.  Let w(t,z) € M,(U') with w(t,z) = 5= [.t~ ’\w(i g d.
Then
YA, )

(Muw)(A, z) = o0 2)

+ an entire function.
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The proofs of Lemmas 3.1 and 3.2 are given in the final part of this section.
Let us return to (1.6) and (1.7). Recall P(z,A) = >, cp(z)A\" with the roots
{\i(x)}F_, such that

(3.2) ReXi(z) > vy for 1 <i <k, Rel(z)<wyy fori>Fk.

Set
y

(3.3) B\, z) = E(HMM

Then

(3.4) P(z,=)) = (=1)*®(\, z) g/@ + Xi(2)).

Set

(3.5) v. = minfea +vo(|4] - 1)}

and for n € N

(3.6) Dy = Vo + Ny

From (1.7) v, > min{1,v} > 0 holds. A(x) is a nonnegative lattice generated
by {\i(z)}r,, where Ao(z) =1,

kl
(3.7) A@) =A== nAi(x); (no,- - ,np) € NFH
1=0

and A_,,(z) = A(z) N {ReX < —1p}.

Lemma 3.3. Let g(t,z) € O(S x U’) with |g(t,x)] < KJt|"0. Then
(Mg)(A, ) is holomorphic in {\; ReX > —ko} and
(1)
(3.8) (MO"g)(\ ) = (=N)"(Mg)(A\, ) + a*Hi (A, 2),
where Hy(\, ) is a polynomial in \ with degree < h — 1.
(2) Further assume g(t,x) € MyH(U'), where {X; (N, z) = 0,z € U'} C

A_yy(z). Let Q(-) be that in (1.6). Then (Mg)(\,z) and (MQ(g))(A\, z) are
meromorphic on the whole plane and their poles are in A_, ().
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Proof. (1) By integrations by parts

/ A9 g(t, 2)d\ = a* (9" 1g)(a, z) — )\/ A9ty (t, x)d A
0 0

h a
=a* (Z(—/\)Z_l(ﬂh_gg)(aw)) + (—A)h/ g (t, x)dA,

(=1 0
hence we have (3.8).

(2). The assertion about (Mg)(A, z) follows from Lemma 3.2. By Lemma 3.1
P

, ,_/%
HaEA(m) (ﬂaoaa g(t7x))Aa € MAPA (U/)a where YA = 90# T #@a p <
Yaeamlla| + 1) Aq, and {pa(A,z) = 0} C A_y(x). ca(t,z) is holomor-
phic at ¢t = 0, hence (Mca)(A, x) has at most single poles at A =0,—1,--- . So
the Mellin transform of ca(t,z) [],ca
the whole plane except on A_,, () and that of Q(g) is so. O

(m) (9909 g(t, )= is meromorphic on

Now let u(t,x) € (S x U’) solve L(u) = 0 with bound (1.8). Let us
extend (Mu)(A, z) to the left half plane {ReX < —up}. For this purpose some
lemmas are given.

Lemma 3.4. (1) (Mf)(\ x) is meromorphic in A on the whole plane
and its poles are in {\ € —N;ReX < —1p}.
(2) (MQ(u))(A, z) is holomorphic in {A € C;ReA > —in} and

[(MQ(w)) (X, z)| < Cra”/(ReX + i),

where Cy is locally uniform in x.

Proof. (1) The Mellin transforms of holomorphic functions at t = 0 are

meromorphic in A on the whole plane and its poles are in {\ € —N}. By Remark
1.1-(1) (Mf)(A, z) is holomorphic {A;ReA > —up}. Hence the assertion (1)
holds.
(2) Let o* = (z7,--- ,2}) € U’. Then there exist C, r > 0 depending on z*
such that u(t,z) < Clt[*O(r; X — X*), X — X* = Z?=1(xi —z¥). It follows
from (1.12) and Pgi*oposition 2.7 that for any T' € S there is a constant Cj such
that for t € T’

t4ba(t, 2) H (ﬁfo@g'u(tx))Aa < O(I)AlmeAJruo\AI@(m)(r;X —X%).
a€A(m) *

From (3.5) there is a small ¢y > 0 such that if ¢ € T" with |¢| < to,

ZC(\)A\|t|eA+Vo|A| _ |t‘y0 ZC(\)A\|t|eA+Vo(|A|71) < Cl|t|y*+1/o
A A
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and Q(u) < Cy|t| 0™ (r; X — X*). Therefore (MQ(u))(\, ) is holomor-
phic in A in {ReX > —in} (21 = vi + 1) and the estimate holds. O

Lemma 3.5. (1) (Mu)(\, z) is meromorphic in {\ € C;Re\ > —i},
whose poles are contained in A_,,(x).
(2) Let v < 1 and L > 0 be a large constant such that {\; ReX > —0D, |\ >
LYNA_,,(z) =0 for x € U'. Then there exists a constant C which is locally
uniform in x and depends on U such that for A € {\; ReX > —p,|\| > L}

(3.9) |((Mu)(\, x)| < Ca’®/Re.

Proof. From Lemma 3.3

0= MPu)(A z) + (MQ(w) (A, z) + (M)A, z)
=P(z, -\ (Mu)(\,z) + a* H(\, z) + (MQ(u))(\, z) + (M) (A, z).

Hence

a’ T U T T
310) (M) = - IR  CANG,

whose numerator is meromorphic in {\ € C;Re\ > —i1}, and its poles are
those of (M f)(A, ) by Lemma 3.4. Therefore (Mu)(A,x) is meromorphic in
{ReXA > —in}. However it is holomorphic in {ReA > —ugy}, so its poles in
{ReX > —i1} are in ({X; Pz, —A) = 0} U {—N}) N {ReX < —vp} C Ay, (2).
We have (3.9) from (3.10) and Lemma 3.4. O

Let us show that (Mu)(A,x) is meromorphically extensible to {A € C;
Re\ > —in}. Let o* € U’ and v/ be arbitray with vy < v/ < ;. Then there
exist a neighborhood U’(z*) of z*, a v with v/ < v < 7 and a small € > 0
such that (Mu)(A, x) is holomorphic in (A, z) € {|A+v| < e} x U’(z*). Set for
x e U'(z)

(3.11) (N2 = [ O+x@) [ a+n.

vo<Re\;(z)<v vo<n<v

It follows from (3.10) that ®1 (A, z)(Mu)(A, ) is holomorphic in {\ € C;ReA >
—v — €}. Hence there exists G1(\,z) € O(U'(x*))[\] with degGi(\,z) <

deg @4 (\, z) such that

(3.12) Vi @) = (Mu)(X o) — 2775
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is holomorphic in {\;ReA > —v — e} x U'(z*). Let 0 <t < a <1 and define

_ 1ot (Mu)(\ z)
at,z) = —/ AU T g,

27TZ oo AZ
1 —v—+ioco )\
’LNJl (t,i) = 2—/ tiAVl(Ag fﬂ) d/\7
(3.13) 71” *V*iooG o)
~ _ -\ 1 71‘
witz) =55 /Ct D, )
]. 7/\ Gl(}\,l’)
t =— |t dA
wi(t, ) 27m'/c Oy (\,z)

where —i1 < —v < —1yg < ¢ < 0 and C is a Jordan curve in {Re\ < 0}
enclosing all the zeros of ®1(\, ) and A = 0 is outside of C. Then by estimating
u(t,x), v1(t,x) and w1 (¢, ), Lemma 1.2 and

]. —V—'rOO ti}\ G1(>\,CE)

——————d)\ = f t<1
328, (\, 7) 0 for O0<t<l1,

2_7‘-2. —v—i00
we have
w(t,x) = v1(t, ) + Wi (t, x),
(3.14) P2a(t,x) = u(t,x), 9*wi(t,z) = wi(t,z),
a(t, z)| < O, [ou(t, z)] < Clt), |wi(t,2)| < CJ™.
Put vy (t,2) = 920, (t, 2) = 9?u(t, x) — 9w (¢, x) = u(t, ) — wi(t,z). Then
¢ t
. dt ! dt
01 (t, x) :/ —1/ (u(to, z) — wl(to,x))—o.
o t1Jo to
Since u(t,x) € O(S x U’) and wy(t,x) € Mo, (U'(z%)), 01(t,z),v1(t,x) €
O(S x U'(z*)). By applying Mellin transform M? (|¢| < %) to u(t,z) =
v1(t, z) +wi (t, ), we can obtain the similar resuls, in particular, (M%v;)(\, z)
is holomorphic in {ReA > —v —¢}. Hence for any T' € S there exists a constant
C such that |01 (¢t,z)| < C|¢|¥ for t € T and = € U(z*). Consequently there
exist 7(z*) > 0 and a constant Cy = Cy(z*,T) such that

vy (t, 2) =0%0, (t, x) < Colt]"O(r : X — X7)
3.15 !
(3.15) wi(t,x) <Ci|t["°O(r: X —X*) forteT,
where X — X* = Z?Il(xi — 7). From u(t,z) = v1(¢,x) + w1 (¢, ) we have
P(ﬂf, ’19)1)1 (t, Z) + Ql(vl) + f1 (t, CE) = 0,
(3.16) Q1(v1) = Q(v1 +w1) — Q(wr),
filt,z) = Pz, )wi(t,x) + Q(wr) + f(¢, x).
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Lemma 3.6. (Mfi)(\,z) (x € U'(z*)) is meromorphic in A on the
whole plane C and its poles are in A_,, (z).

Proof. By Lemma 3.2 (Mw;)(), ) is meromorphic and its poles are in
{®1(\, z) = 0}. Hence (MP(z,9)wr)(A, z) and by Lemma 3.3 (MQ(w1))(A, x)
are meromorphic on the whole plane with poles in A_, (x), hence (M f1)(\, x)
is so. 1

Lemma 3.7. (MQ@Q1(v1))(A\,z) (x € U'(x*)) is holomorphic in {\ €
C;ReX > —v — v} and |[(MQ1(v1))(\, z)| < Caf*** /(ReA + v + v,) holds.

Proof. Let T be a sector such that T' € S and ¢ € T. Then it follows from
(3.15) and Proposition 2.7 that there exists a constant C; such that

qa(vi +w1) — qa(wr)

A / ’
—bata) () TT@wa wy et e
(sa)eNM* «
0<sa<Aq

<<|t‘eA+l/0(|A\—1)+1/ClA\@(m)(r;X _ X*)
:|t\V+V*+(6A+Vo(\z4|*1)*v*)C|1A|@(m) (r; X — X*).
If t € T with [t| < to for a small tg > 0, by ea +vo(JA| — 1) — v > 0 (see (3.5))
Q1(v1) = Z(QA('UI +wi) — qa(wr)) < Colt] ™0™ (r; X — X7).
A
Hence (MQ1(v1))(A, x) is holomorphic in {\ € C;ReA > —v—w,}. This implies

the assertions. O

Lemma 3.8. (1) (Mu)(X,x) is meromorphic in X on {ReX > —i»} and
its poles are contained in A_,,(x).
(2) Let v < 9 and L > 0 be a large constant such that {\; ReX > —0,|A| >
LYNA_,,(x) =0 forx € U'(x*). Then there exists a constant C' depending on
U such that for X € {\; ReA > —v, |A\| > L}

(3.17) |((Mu)(\, x)| < Ca’™/Re.

Proof. 'We have from (3.16)

0= (MP(z,0)vr)(x, A) + (MQr(01)) (2, A) + (M fr)(x, A)
= P(z, =A)(Muv1)(z,X) + a* Hi(z, X) + (MQ1(v1)) (2, A) + (Mf1) (@, A).
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Hence

aH, (,)) + (MQ1(v1))(z, A) + (Mf1) (@, A)

(3.18)  (Muy)(z, ) = — P(z,—)\)

and by Lemmas 3.6 and 3.7 (Mwvq)(z,\) (z € U'(z*)) is meromorphic in
{ReA > —v—v,} and its poles are in A_,, (z). By (Mu)(A, z) = (Muv1)(\, z) +
(Muw1) (A, z), (Mu)(A,x) is meromorphic in A in {ReA > —v — v} and its
poles are in A_,, (x) for x € U’'(x*). Since v/ < v and z* € U’ is arbitrary, this
implies that (Mu)(X, z) (z € U’) is meromorphic in A on {ReX > —v/—v, } and
its poles are in A_,,, (). Since v/ is an arbitrary constant with v/ < vy = vy+v.,
(Mu) (A, x) is meromorphic in A in V/gyl{ReA > —v — v} = {ReX > —in}.
We have (3.17) from (3.18) and the estimate of (MQ1(v1))(z,A) in Lemma
3.7. o

Thus (Mu)(A, z) can be meromorphically extensible to {Re\ > —»} and
its poles are contained in A_,,(x). Assume that (Mu)(X, x) is meromorphic in
{Re\ > —,,} and its poles are contained in A_,,(z). We repeat the same way
as above. Let z* € U’ and v/ be an arbitrary number with —v,, < —v/ < —v,,_1.
Then there exist a neighborhood U’(2*) of z* and v with —v, < —v < =/
such that (Mu)(A, z) is holomorphic in U'(z*) x {|ReX + v| < €} for a small
e > 0. Hence there exist G, (A, z), D,,(\, z) € O(U'(2*))[A] with deg G,,(\, z) <
deg ®,,(\, z) such that the zeros of ®, (A, z) are in {ReX > —v+ e} NA_,, (2)
and

(3.19) Va(A, z) 1= (Mu)(A, 2) — ——

is holomorphic in {ReX > —v —€}. Let 0 < ¢t < a < 1 and define

1 eioo A (M’U,)()\,I)

U(t,$) = % i t 2 d)\,
1 —v+ioco o )\
f)n(tvx) = 2_ t7>\V ()\27 x) d)‘v
(3.20) 71” *H‘OOG .
W (t, @) = > Gnho) dx,

o2mi Joo A2®, (N, x)

1 2Gn(\ )
wn(t,) = 271 /Ct D,,(\ z) @k,

where —1, < —v < -V < -1 < —19p < ¢ < 0 and C is a Jordan curve in
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{Re\ < 0} enclosing all the zeros of ®,,(\, z). Then

fL(t,l’) - ﬁn(tax) + ﬁ)n(t,x)a
(3.21) D20t x) = u(t,x), 9*W,(t,z) = wy(t, z),
|a(t, z)| < Clt]°, [on(t, )| < CJt", |wn(t, )| < CJE[™.

Define vy, (t, z) := 929, (t, x) = V%a(t, x) — 9%, (t, ) = u(t,r) — w,(t, z). Then
wp(t,x) € Mo, (U'(x*)) and v, (t,z) € O(S x U'(z*)). We can show that for
any T € S there exists a constant C' such that |0, (¢,2)] < C|¢|” for t € T and
x € U(z*). Consequently there exist r = r(z*) > 0 and Cy = Co(z*,v,T) such
that

n(t, @) =070, (t, ) < Colt]"O(r: X — X*)
(3.22) o
wy(t,7) <Colt]O(r: X — X*) forteT,

where X — X* = Zle(xi —z¥). Set

(323) { Qn(vn) ::Q(Un + wn) - Q(wn)a
fu(t,z) :=P(z,Nw, + Q(wy,) + f(t, ).

Then

(3.24) Pz, %)y, + Qn(vy) + fn(t,z) =0.

By repeating the preceding arguments in Lemmas 3.6 and 3.7, it follows from
(3.22) and (3.23) that

1. (Mf)(\, ) (z € U(x*)) is meromorphic in A on the whole plane C and
its poles are in A_,,(x)

and
2. for any T € S there exists a constant C' = C'(z*, v, T) such that

(3.25) Qu(vn) < Clt|"*-0"™ (r; X — X*) forz e U'(z*) and t € T,

hence (MQ,,(v,)) (A, x) is holomorphic in {ReA > —v — v, }.
By applying Mellin transform to (3.24),

a’ n\ZT, n(Un))(T, n)(x,
(326)  (Muy)(w, \) = — 0l /\)+(MQP(($ )_);) N + (Mfa)@ )
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where H,(z, ) is a polynomial. It follows from (3.26) that (Muv,)(x,\) (z €
U’(x*)) is meromorphically extensible to {Re\ > —v — v, } and its poles are
in A_,, (x), hence by (Mu)(A,z) = (Muv,) (A, z) + (Muwy,)(\, ), (Mu)(A, z) is
meromorphic in {ReA > —v — v, } and its poles are in A_,, () for z € U’ (x*).
Consequently (Mu)(A, z) is meromorphic in {ReA > —v' — v, } and its poles
arein A_,, (z) for x € U’. We can take v/ < v, as close to #,, as possible, hence
(Mu) (A, x) is meromorphic in {ReX > —uv;,1}. Thus by induction we concude
that (Mu)(A, z) is meromorphic on the whole plane and its poles are contained
in A_,,(x) and have Theorem 1.3.

Lemmas 3.1, 3.2 and 1.2 remain unproven, so we prove them.

Proof of Lemma 3.1. Let

w;(t,x) = 1 /t A%, x)d)\,
C;

2mi wi(A, )
where ; (A, x) = a;(z) ?i:l()\ —al(x)) € OU)[N (i =1,2) and a;(z) # 0 in
U’. We may assume a;(x) = az(z) = 1. We have

Ai(A z) —n¥2(p 7)
wi(t, 2wt ) = e i L e L

>\+M)¢1 )\ $)¢2(M, )d>\d
(2mi)? /cl /CQ D))

t P®(p, x)dp,

271'2

where

i 1/11 (P — M, 33)1/)2(% x) d
2mi Je, p1(p — p, ) p2(p, )

and C is a Jordan curve such that the interior of C contains the disk {|p| < r}

(p(pv l‘) =

for a large r. Put

DT (1 el pa)
o(p, p, ) E(l (plp_a%(x)’x)»

(
V(p, p, ) =1 — B(p, p, ).

Then we have

Y1(p — p, )b, )P(p, 1, ) d
2mi o1(p — ) p2(p, x)
L %(P — M, 1)1/12([% fﬂ)l/f(Pa M, "T)d
. 1
2mi Je,  p1lp = @)p2(p, )

=0 (p,x) + Pa(p, x).

O(p,x) =
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o(p, p1, ) "

It follows from ¢(P,N7$)‘ w2 (1, )
2 )

j()zOforalllSjgpgthat
p=ay(z

holomorphic in u, so ®1(p,z) = 0. We have

(pr#e2) (p, 2)Y(p, 1y )

P2

=TT eito - a@).a) =] (w10 = ad@)) = 1(p — )
j=1

j=1
and it is divisible by ¢1(p — u, z) and

17[}1 (p — 33)((,01#(,02)(0, $)¢(p’ Hy x)
p1(p — p, )

is a polynomial in p with degree < p; — 1+ p1ps — p1 = p1p2 — 1. Thus

Ua(p, ) « = (pr#2)(p, ) P2(p, )
_ L [ = wa)eiten) o 2)ile p2) Y2l ) )
2mi Jo, p1(p — p, ) P21, )

is a polynomial in p with deg ¥o(p,x) < p1pa — 1 and we have

_ z) = \112(p7 1‘)
P 7) = Bofp,7) = (p1#p2)(p, )

Proof of Lemma 3.2. Let
1
wit,z) = —— / )
2mi Joo o(p, @)
Then for A with large real part

(Mw)(A, ) = /a A hw(t, x)dt = QL /a t/\ldt/t“wdp

0 ™ Jo [ 90(%30
_ 1 [ dr ()
2mi Jo (A —p) o(p, )

Let Cy be a small circle with center A and C be a Jordan curve such that
{; (= N)p(p,z) =0} is in its interior. Then

A ) 1 [ @ ()

M)A @) =53 /c D e T i Jo, ) o)
W) 1 [ @ gwn), e
“ono) 2 /c O el ™ o)

+ oA x),
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where ¢(A, x) is an entire function in . O
Proof of Lemma 1.2. Let t(t) be a solution of 9°¢(t) = f(¢) such that
[4(t)] < C|t|F0, which is given by

/ dt,_ 1/* Vdty o /tz dt, tlf )dto
0

We have from lemma 3.3
(=) (MP)(A) = (MF)(A) +a*H(N),

where H()) is a polynomial with degree < s. By the inverse Mellin transform
for0<t<a

c+iN

W(t) = Jim —— M MY)(N)A  (—ko < ¢ < 0)

N—oo 27T’L c—iN

3.27 )
320 1Y (MAN) + @ H)
= lim — t dA.
N—oo 2T Jo N (=A)®
Let us show
c+iN by
. _ H())
2 lim — Ae —0.
(3.28) Aim o )y t =) d\=20

t— Aa)‘

In order to do so we show limy_ o chN d\ =0 for £ > 1. We have

(3.29)
cHiN 4=X A rane [N (a/t)i® g (aNE N (/)i
/H.N tTdA:Z(E) /,N (i—l{tz’)x)@dxl Z(%) /,N (iitzc)éd‘”

Since ¢ < 0, by Cauchy’s integral theorem

(3.30) /+Nde+/ ((/id =0 (z=z+1y),
— CN

N (z—1ic)t z —ic)t

where Cy is a path defined by z = Ne? (0 < 6 < 7). From

iz zNe 1,
/ (a/t) /)" 4, N/ (a/t) (/)7 e g
en (z—ic)t Ne — qc)t

iz t —Nsin6
/ (a/t) ~U g N/ {700 )
cn (z—ic)t |Nei — ic)|¢

If $>1and /> 1, we have limy .o fc @/ 3, = 0. Tt follows from (3.29)

(z—ic)t

and (3.30) that limy o fC—HN 2% g\ = 0. Hence we have (3.28) and

c+iN
(3.31) q,y(t):Nnﬁmm%/_N t= (/24_};))( )d>\ (0<t<a).

we have
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Thus ¢(t) = ¥*(t) and 9°¢9*(¢) = f(t). O

84. Nonlinear Equations with Singular Coefficients

In order to show Theorem 1.5 we transform the original equation L(u) =0
to one with coefficients singular at ¢ = 0 and study it instead of the original
L(u) = 0. Let L(u) be a nonlinear partial differential operator with (1.6) that
satisfies (1.7) and u(t,x) € €(S x U’) be a solution of L(u) = 0 with bound
(1.8). In the following a polydisk U’ = {z € C%; |z| < R’} is small, if necessary.
Let

(4.1) A= = max zsgg Re Ai(x).
Choose v > vy such that v > max{A\*,1} and {ReA = —v} N A(z) = § for
zelU.

First we decompose u(t,x). As in Section 3 we can find w(t, z) € A,(W'),
where W’ C U’ is a polydisk centered at = 0 and {X; (A, x) =0} C A_,, ()N
{\;ReX > —v} for © € W', such that

d
w(t,z) < Clt]"°Oe(r; X), X = in,
i=1

v(t,z) = u(t,x) —w(t,z) < ClE"O(r; X).

(4.2)

By substituting u(t, z) = v(t, z) + w(t, z) for L(u) = 0, we have a new equation
L¥(v) := L(v 4+ w) = 0 with unknown v. By setting

{ QY (v) = Qv+ w) — Q(w),
fw(t,l') = P(l‘,’ﬁ)ﬂ)(t, CE) + Q(w) + f(tvx)a

we have
(4.3) LY (v) = P(x,0)v(t,z) + Q" (v) + f“(t,x) =0,
where

Q)= Y enltoa)

BeNM*
(% (O)Twraroramaran)
S S
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We represent Q" (v) in another form

(4.4) QU(v)= > ch(t.a) [0 v(t, x))*,
AENM* A
where
B /
(4.5) ch(t,x) = Z <A>03(t,x) H(ﬂ%@o‘ w(t, x))Be=Aa,
BeNM* a
B>A
Set
(4.6) ey = {B%lgA}{eB + vo(|B] — 4]}

Then e < ey and we have

Lemma 4.1. (1) % > min{1,1} for A € NM* with |A| = 1.
(2) There exists a constant C such that

(4.7) fe@t,z) < Clt"e(r; X), sz

(3)
et + vo|A] - 1)

(4.8) ;

> (ma — k).

Proof. (1) Let |A| = 1. Then e = mingp.p>ay{es+ro(|B|—1)}.If |B] =
1l,ep >1andif |B| > 2, eg + 1vo(|B] — 1) > vp. So we have e > min{1,vp}.
(2) We have f*(t,xz) = P(z,9)w(t,z) + Q(w) + f(t,x) = —P(z,9:)v(t,x) —
(Q(v+w) —Q(w)). It follows from (4.2) and Propositin 2.5 that P(x, 9;)v(t, x),
Qv+ w) — Qw) < C1]t]"O(r; X), hence we have (4.7).

(3) There exists B € NM* with B > A such that e% = ep + vo(|B| — |A[), and
obviously mp > ma. Hence €4 +19(|A| —1) = ep+wo(|B|—1) > v(mp —k) >
v(ma — k) by the definition of the index ~. O

Let us decompose coefficients ¢4 (¢, z) of Q“(v) and f“(t,z) to the
sum of functions in .#,q:(U’). Before doing so, let us introduce a subspace

'//{A—Vo (x)}(UI) of %Tat(U/).

Definition 4.2. ///{A_uo(z)}(U/) is the totality of f(t,x) € #,(U’)
such that {A; (A, 2) =0} C {A_,,(2)}.
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By Taylor expansion of ¢p(t, z), we have

cA(t,x) = Z (i) Z e o(x)th H(ﬁ“oaalw(t,x))Ba_A"‘

BeNM=* l=cp
(4.9) B>A

oo
= Z Clﬁ,n (t,z),
n=0

where
(4.10)

Cz)n(t,x) = Z (A) ez tZ H 1904)804 ) —Aa7

{eeN ,BENM*: p>ep B>A
[vo(|B]— | A+~ ejl=n

which is in s, )3 (U"). Next we decompose f"“(t,z) = P(zx,0)w(t,z) +
Q(w) + f(t,x). We have

Q)= > calt,x) [J(w02 w)

AeNJ\l* «

Z Z CAg t[H 19“08“

AENM* l=ez

—( 3 ca(x)t! Hwaoag'w)f‘a)

{eeN,AeNM*; EZeA} ¢
U0|A‘+e—l/<1

+ i ( 3 cac@)t’ TJwo0oz w))

n=1 {ZEN,AENM*; ZZGA}
[vo|Al+€—v]=n

and f(t,2) =3 enisu, fe(2)t. Define {f¥(t,2)}nen C Ma_,, @3 (U) by

fgv(t,x);z( 3 cala #Hﬁaoaa a)

LEN,AcNM~*; ZZGA}

I/o‘A|+Z7V<1
+P(z, 9)w(t,x) + > fulx
(411) (<1+v
f(t,x) ::< Z cax H (900 w )
{zeN AGNM* z>eA} a
[vol|Al+e—v]

+ fn, (),



1000 SuNA0 OUCHI

where n, € Nwithn+v <n, <n-+ 1+ v. Thus we have

(4.12) fUta) =S fe ()
n=0

Proposition 4.3. (1) Let ro, " > 0 be small constants and ' > 0. Then
there exist Cy and Cy such that

(4.13) sup 17" e o (1 )| < R OpTe
|arg t|<0’,0<|t|<ro,|z|<r’

and

(4.14) sup [t~ fe (8, 2)| < CoCT

|arg t|<6’,0<|t|<ro,|x|<r’

(2) The poles of (Mcj )N\ x) are in {—7=(n+1+¢€}) < Red < —n —
ext N Ay (x) and those of (MfY)(A,z) are in {—7-(n+1+4v) < ReX <
—n—v}NA_,(z).

Proof. (1) It follows from |cp ¢(x)| SC(l)B‘Cf and [, |9200% w(t, z)|Pe—Aa
< CélB‘_|A|)|t|”0(‘BHAD in a small neighborhood of x = 0 that there exists a
constnat Cy such that

[t A ]cd (¢, o)

B w /
< > ( A) op @t~ T 000 w(t. )] P4

{ZEN ,BENM* . p>ep, B>A}
[vo(|B|—|Al)+E€—ey

B B .
<o < T (A> C§|B|Cf|t|uo<3|—A>+e—eA>

{éeN ,BENM*.p>ep B>A
[vo(IB|=|AD+E—ef]=n

1A e B e
<Cy lAlOlA ( Z (A) Cng‘Cf A> It

LeN,BeENM* y>ep B> A
[vo(|B|=|AD+E€—eR]=n

SCO—|A|CIGXC;L+\A\+1|t|n'
By choosing other Cy and C1, (4.13) holds. We also have (4.14) by the similar

method.
(2) From the definition of w(t, z), the poles of (Mt [T (970 w)Ba—Ax)(\, x)
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arein {—¢—v(|B|—|A]) < ReA < —£—vy(|B|—|A|)}. Let n+eY < {+vo(|B|—
|A|) <n+1+ €Y. Then we have (|B| — |A|) < (n+ 1+ €Y%)/vo and

—0 = o(|B = A) > (0 = )(Bl = 4D — (1 +¢) > —Z (a4 1+ €)
Hence from the definition of ¢} , (¢, ) and (4.13) we have the location of poles
of (/\/lc%)n)()\,x).

From the definition of f2(t,z), the poles of M(t’ ], (9200 w)™=)(\, )
are in {—¢ — v|A| < ReA < =0 — 1p|A|}. By n <L+ py|A| —v < n+ 1 we have
C+vo|Al <n+1+vand [A] < (n+14v)/ve. Hence —0—v[A] > == (n+1+v)
and by (4.14) we have the location of poles of (M f¥)(A, x). O

Set L*(-) = P(z,9) + Q“(-) + f“(t,z). The coefficients of the opera-
tor L*(-) belong to ﬁ((UO/:TO}) x U’), by replacing another small disk Uy
and another small polydisk U’. From now on we treat L*(v) = 0 and study
the behavior of v(t,z) in detail instead of wu(t,x)(= v(t,x) + w(t,x)) satis-
fying L(u) = 0. For the simplicity, by omitting w, we denote L™ (:) (resp.
QY("),c4(t,x), f¥(t,x) ete.) by L(-) (resp. Q(-),ca(t,x), f(t,x) etc.) The con-
stant v > 0 is that defined by (1.9) for the original equation.

Let us sum up the conditions of the equation L(v) = 0 studied in the
following sections:

L(v) =P(z,9)v(t,z) + Q(v) + f(t,x) =0
k
(4.15) P(z,9) = Z cn(z)o",
h=0
Q)= > calt,z) [[ *°0*v(t,x))*,
AENM* a€EA(m)
where
(4.16) cn(@) € OU"), ealt,), f(t,x) € O((Uy—1{0}) x U")
with
cr(r) #0,

+oo
(4.17) ca(t,z) :;O ca;(t, @),

“+oo
f(t.z) = Z fu(t, ).
n=0
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{CA,j(tvx)}(A,j)eNM* N {fn(t, I)}neN C M{A—uo(w)}(U/) and for any 9 >0

sup |t‘_j_CA|CA,j(t7.'I;)‘ < C(I)A\C{-i-e/q7
(4.18) | arg t]<0",0<[t]<ro|a] <r”
sup [t fu(t, 2)| < CoCF.

|arg t|<0’,0<|t|<ro,|z|<r’

As for the distribution of poles of Mellin transform of ca (¢, z) and f, (¢, )
we refer to Proposition 4.3-(2). We assume that v(t,z) € 0(S x U’) solves
L(v) = 0 and has a bound

(4.19) sup  |u(t,x)| < C|t)¥
(t,x)eSxU’

with v > max{\*, 1}, where A* = max sup Re \;(z).
1<i<k geyr
Finally we give some remarks and inequalities for the later sections.

Remark 4.4. (1) From v > vy and (4.8)
(4.20) ea+v(A —1) > y(ma — k).

We may assume that {e4; A € N¥*} is bounded (see also Remark 1.1-(2)).
(2) We note that e4 > min{l,19} > 0 for |A] = 1 by Lemma 4.1-(1). Hence
from v > vy we have

ea+ V(A —1) > min{l, v} >0

for all A € NM*,
(3) Suppose v < +o00. Take p € N such that v/p < min{1, vy }. Define

¢y =7/p

(4.21) jreatv(A -]
NA,] =

Cy

We have 0 < ¢y <1 and

jt+ea+v(Al-1) o min{1, vy}

>j+1,
C,y 67

Jjteat+v(A[-1)
Cy

j+eA+mML4J> LM+

Zj_'_p(mA - k)a

for |A] > 3.

Cy
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Thus we have
(4.22) Na,; ZJ:+1, Naj >j+p(ma—k),
Naj > j+14A|/2,

which will be often used.
Suppose v = 400, that is, k = m. Take co, > 0 such that coo < min{l,vp}.
Then
(Gtea+v(A —1)/coo > j+min{l,vp}/coo > 5+ 1.
Thus, by defining
jteat+v(Al-1)

(4.23) NAJ = ,
Coo

we have

(4.24) Naj>j+1, Naj;>j+|A4]/2,

which is similar to (4.22).

85.  Asymptotic Terms of Singular Solutions

In order to show Theorem 1.5 we have to construct asymptotic terms of
singular solutions. Let L(-) be the nonlinear operator (4.15) with (4.16), (4.17),
(4.18) and (4.20). Let
S={teC;0<|t|<T", |argt| < 0"},

U ={zeC%|z|] <R} (0<R <1).
Let v(t,x) € O(S x U’) be a solution of L(v) = 0 with (4.19). Now let us
try to find functions {v,(t,z)},en describing the asymptotic behavior of a

(5.1)

singular solution v(¢,z) near {t = 0}, that is, v(t,x) ~ Y 0" jv.(t,x) as t —
0. The meaning of this expansion is clarified later. Define {v,(t,2)}nen C
M _,, ()3 (U') as follows:

P(z, 9ot x)+ Y fe(t,z) =0,

0<t<cy
P(z,9)v,(t, z) + Z fe(t,z) + Z ca,j(t,x)
cyn<l<cy (n+1) AeNM* pn! jeN

n'+Naj=n
| A o
* ( Z H ﬂaO(z)aa (’L)'Unq, (t7 x)) - 0
(”17“2,"',n‘A‘)eN\A\; i=1
Eiig n;=n’

forn=1,2,...,
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where Ny ; = [(j+ea+v(|A|—1))/c,y] (see Remark 4.4). In order to determine
{vn(t, ) }nen we need the solvability of P(x,). A* is that defined by (4.1).

Proposition 5.1.  Let g(t,z) € O0(SxU’) such that g(t,z) < G|t|'O(R
X) with I > X*, where X = Zle x;. Consider

(5.3) P(z,9)v(t,z) = g(t, x).

Then there exists a unique solution v(t,x) € O(S x U') such that

(5.4) v(t,z) < CGItI'O(R; X) /(1 — Ak

Moreover if g(t,x) € #,(U") (p(X,x) € OU')[N]), then v(t,z) € M, (U’).

Proof. 'We note that P(z,9) is an ordinary differential operator with re-
spect to t and ¢ = 0 is regular singular. First we give a comment about the
uniqueness of a solution. Suppose that v(t,x) with |v(t,z)| < CJt|' solves
P(xz,9)v(t,z) = 0. Since t = 0 is regular singular and [ > A\*, v(¢,z) = 0.

Now set

Glt.rx) = / (k0
Co

(5.5) 2mi Pz, \)

_ b / W/

27 Jey ex(2) [Ty (A = Xi(@)
where Cy is a contour enclosing all the zeroes of P(z,A). Then P(z,9)G(t,T,
z) = 0, 9"G(t,7,2)|4=r = 0 for 0 < h < k —2 and I 'G(t,7,2)|1=r =
1/(ck(x)t). It also holds that for any € > 0 there are C(¢) > 0 and ¢ such that
for 0 < |7| < |¢]

[t/ log t/F
]

(5.6) |G(t, 7, x)| < C(e)e 28/

Set v(t, ) fo (t,7,2)g(T, x)d7. Then 9" v( fo I"G(t,1,2)g(T, z)dr for
0<h<k-1 and

Fo(t, x) =t G (t, t, x)g(t, x) / IRG(t, T, x)g(T)dr.

/19’C (t,,z)g(T)dT.

Hence P(z,9)v(t,z) = g(t,x). If 0 < |7] < |t|, we have from (5.6)

argt/7| |t/7-|(l+)\*)/2‘ log t/T|k71
|7

G(t,7,z) < Coecl O(R; X)
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and
. It .
) <CLGIHT)/? ( | >/2-1<1ogt/7|>k—1d|r|> O(F: X)
0

1
=C1GJt|! (/ |s|(-=AT/2=1 10gs|k1ds) O(R; X)
0

CaGJt|!
— " _O(R; X).
ST Regr O X)

Further suppose that g(t,z) € #,(U’),
_ 1 —A ¢()‘7ZE)
9(t, ) = 2mi /Ct go()\,x)a»\’

where p(A,z) € O(U')[NA] such that {); o\, z) = 0} C {}\; Reh < —A\*},
PY(A,x) € OU')[A] and C is a contour enclosing all the zeroes of p(A,x). We
may assume that the points {\; P(z, —\) = 0} are outside of C. Then v(¢, x) is

represented in another form

1 _ V(A )
v(t,x) = Q_M/Ct /\—P(x,—)\)cp()\,a:)d)\

and there is a (A, z) € O(U’)[A] with deg (), z) < deg (A, ) such that

L[ (e
v(t,x) = 27rz/t A SOn $)d)\.

We give how to construct ¥(\,z). We may assume deg@(\,z) = p and the
coefficient of AP is 1. (A, z) = Zf;é be(x)AP~1=¢ is dertermined so that

1 MY\, x) D\ — 1 N\, )
2mi Jo P(x,—N)p(\, z) 2mi Jo p(\ )

for 0 < s < p—1. Since

~1
1 p—1—{+s
1 NN, ) Z / A I\
27t Jo (N x) — c o\ x)
s—1 \P—1—t+s

1
=5 Zbg(x)/c Wd)\ + by (),

£=0

dX

P(\, ) is determined. Hence v(t,z) € 4, (U’). O

Thus by Proposition 5.1 {v,(t, %) }nen C A (a_,, (x)}(U’) are successively
determined. More precisely we have
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Lemma 5.2.  There exist positive constants a and b such that the poles
of (Muy)(A\, x) are contained in {\; ReA > —an — b} N A_,, (x).

Proof. We give the proof by induction on n. For n = 0 the assertion
holds for a large b. v, is defined by (5.2). Assume the assertion holds for any
n’ with n’ < n. Then it follows from Lemma 3.1 that the Mellin transform
of H‘Z’i‘l ﬁao(i)ﬁa'vm is meromorphic and its poles are contained in {\; ReA >
—an’ — b|A|} N A_,,(z), where n’ = Zy:‘ll n;. Hence, by Proposition 4.3 the
poles of the Mellin transform of c4 ;(t, ) HLi'l 909y, are contained in
{A Red > —an' —b|A| = = (j+14+ea)}NA_, (2). Since Ny j =n—n'>1and
v>1,wehave j+es+|A|—1<n—n"+1hence j+es+|A <n—n"4+2<
3(n —n’). Thus we have, by choosing b > v /vy and a > 30,

an’ +b|Al + (v/vo)(j+1+ea) <an' +b(|A|+j+ea)+D
<an' +3b(n —n') +b < an + b.

This implies that the poles of the Mellin transform of ¢4 ;(t, x)l_[ﬁllﬁ“‘)(i)ﬁa/vm
in (5.2) are contained in {\; ReA > —an — b} N A_,, (z). The same holds for
> n<t<e,(nt1) Je(t, @) by Proposition 4.3-(2), hence the poles of Muvy(t,z)
are in {\; ReA > —an — b} N A_,, (z) by Proposition 5.1. O

Let us return to (5.1). Let 0 < Top < Ty < T*, 0 < 6y < 01 < 0* with
01 — 6y < w/6 and 0 < R < R'. R is small, if necessary. As defined in Section
2,set for 0 <7 <1

(65.7) ST={teCo<|t|<(Q—-7)To+ 71T, |argt| < (1 — 1)y + 701 }.

Then S° C ST C S' € S. We note ¢, = /p for some positive integer p with
p > 7, if v < +0o. Let us estimate {v, (¢, ) }nen.

Proposition 5.3.  Suppose v < oo. Then there exist constants K and
L such that fort € ST (0 <7< 1)

([2]+nk)

KLt % d
L@ink (R;X), X= Z‘%
=1

(58) Un(t7x) < (1 _ 7.)2mn

form=0,1,2,---.
Proof. Let us show (5.8) by induction. It follows from |f,(¢,z)| <

CoCf|t|" (see (4.18)) and Proposition 5.1 that vy (t, x) < K|t|*©(R; X) holds
for some K. Let n > 1 and assume that (5.8) holds for n replaced by n' with
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0 < n/ < n. Then it follows from Corollary 2.6 that there exist constants C’
and Cp such that for n; < n and |a| <m

o KC'L™ (n; + 1) (1 ik’ (5)])
(i) g’ (4) v P .
9We> Wy, (1) < i T)an-+a0(i) Ok (R; X)
KC, L™ |t‘ gy ([%]JrnlkJr\oz(z)\) .
(1 _ 7—)2mn i+ao () @*nik (R’ X)’
hence
4| Al Al JAL ,
a0 (i) Ao (1) (KC)MWM L™ |t » (%) nik+la@)) ,
Hﬁ o9 Wy, (tx) K (1 — 7 yzmmomlA H@ﬂuk (R; X),
i=1 i=1
where n’ = Zﬁ‘l n; and |A] = ZLill |ae(2)|. Thus we have
|Al o
ca,;(t, ) Hﬂ"‘o(”a"‘ . (t, )
(5.9) :l "
K|A\Ln C +J |t| +V‘A‘+€A+J (%) 4niktma)
< (1 — r)2mn/+mlA] 1_[1 O _ ik (R X)
1=

for a constant Cy. It follows from n = n' + Naj; > n' +j + p(ma — k) and
Proposition 2.4-(3) that n’/p < n/p+k —my4 and

nik+m C 2 ki
Z HG—” ]:r " A)(R;X)<<Wj‘_l)@ﬂ:/}€+ * A)(R;X)
{(”1,”2,"'%\14\) }
nitng+-+na=n’
C3 ([%H‘("‘l)k'ﬁ'mA) . Cs ([2]4+nk) )
< Rm(lA]-1) @f(nfl)k (RvX) < ng(nfl)k (R,X)

By n'+ N4; =nand WN% < j+ea+v(A —1), we have |t| 7 porvlAl+eats <
|t|> ™ for || < 1 and from Remark 4.4 we have 2mn/ +m|A| = 2m(n—Na;+
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|A]/2) < 2mn. Thus

I, := E ca,j(t,x)
AENNI*,TLI,]'EN
n/+NA‘j:n

|Al
% fieew
{("1,”27'~~,n‘A‘)eN\A\;} i=1

S ni=n’
=1 """

KL 1C K\A\flc\AHj
<20 Y T
(1_7)2mn Rm(\A| 1)LNA‘J 1
{AGNM*,jEN
1<N4 ;<n
< el T (R ).

By choosing L so large, there is a constant C4 which is independent of n such
that

|A|—1 ] Al+]
> e <
RMUA|-) [Na;—1 = 7%
{AENM*,jEN
1<Na,<n

hence

KCgC4Ln71 |t‘ Tty @([%]-i-nk)

I, < (1 _ T)Zmn —(n—1)k

(R; X).
By the estimate of fy(t,z) (see (4.18)), we have

P(z,9)vn(t,z) = — (I, + > folt,x))

cyn<tl<ey (n+1)
KC5L" e[ (t214nk)
(1= r)2mn 6—(n—1)k~(R;X)

and it follows from proposition 5.1 that (5.8) holds for v, (¢, x) , by taking a
large L. O

By the similar way we have

Proposition 5.4.  Suppose v = oo (k =m). Then there exist constants
K and L such that fort € ST (0 <7 < 1)

KIL"¢t cn+v nm d
(5.10) on(t, ) < R o (RX), X=u
=1

(]_ _ 7—)2mn —nm

form=0,1,2,---, where ¢ = ¢ 1is that defined in Remark 4.4.
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Set
(5.11) to(t,x) = v(t, ) — > ve(t, ).

Our main purpose is to show v,(t,z) — 0 as t — 0 with estimate, which
is done in the following sections. Consequently we’ll conclude that v(t,x) ~
> oo ve(t, ©) asymptotically as ¢ — 0, hence the asymptotic behavior of v(t, )
is characterized by {ve(t, x) }ren.

8§6. Remainder Estimate

In this section we estimate the remainder v, (¢, z) == v(t,x) — Y ,_, ve(t, x)
and complete the proof of the main result (Theorem 1.5). Before estimating
to(t, z), we first note S = {t € C;0 < |t| < T*,|argt| < 6*} is a sector in
t-space and the sector S™ (0 < 7 < 1) is defined (see (5.7)) as in Section 5.
U' = {x € C%|z| < R'} is a polydisk in z-space and 0 < r < R < R’ < 1 and
they are small, if necessaery. From the assumption on v(¢,z) we may choose
sector S so that

(6.1) 9209 v(t,z) < K|t|'O(R, X) forte S and |a| < m,

where X = Z?:l Z;.

In the following we assume 0 < v < +o00. If v = +00, lim,,—, 4 o0 0y, (¢, 2) =
S50 ve(t, ) converges and we can show that lim, ;. t,(t,#) = 0 by the
similar but less difficult way. It follows from Proposition 5.3 that for ¢t € S7

KLl 855 (2] 4nk+]al)

(6.2) 9209 v, (t, ) < Lyt Ok (R; X)
forn=20,1,2,--- . We set
(6.3) ga,j(v) =ca itz H (9909 v)Aa
A
N(n) ={(4,j) € NM* x N; N4 ; < n},
(6.4) N, = [p(j +ea +A/1/(|A| - 1))] e =p,
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where Ny ; > j+1and Naj; > j+p(ma — k) (see Remark 4.4), and
Q)= S auslo),

(AJ)EN(n)

Q. (v) = Q(v) — Qn(v),

x) = Z ve(t, x),
£=0

to(t, x) = v(t, x) — v, (¢, z).

(6.5)

We have from (6.2) the following estimates of v, (¢, ) and t, (¢, x).

Proposition 6.1. Let 0 < r < R and 0 < 7 < 1. Then there is a
8o = 0o(7,7) > 0 such that for t € ST with |t| < (67 /(n +1))Y/7 (0 < & < &)

<« Bl gy, 5y
(1 —7)lel
hold for n=0,1,2,--- , where Ky depends on 9.

(6.6) 909 b, (t, x), 900 v, (t, 1) <

Proof. Suppose [t| < (67/(n + 1))/ for a small § > 0. It follows from
(6.2) that there is a constant Cy such that

KLY S LAYP (L] 42kt o)

92090, (t,7) < a7 (1_7)%@9-“ (R; X)
£=0
KL|a| v N Lf 0 4 +£k | a
- It] 6] ([,] )! @([p£]+£k+\ D(R;X)
(1— T)\a| e (1—7)2me(n + 1)e/p (0k)! [5]—¢k

KLl & ofls)f @([;;]+Ek+|a|>
_ «@ _ 2mi
(L= 7)ol 2= (1= )2t (1

(B; X).

By Proposition 2.4-(4) there is a pg = p(r) > 0 such that if 0 < p < po.
- L]tek+|o
(6.7) pr@“[ﬁ]j V(R X) < KON (r; X).
=0
Define dg by po = %. Then (6.6) holds for v, (¢, z). We have the estimate
about t,(t,z) from (6.1) and t,(t,z) = v(t,z) — v,(¢,2), by taking another
L. o

Proposition 6.2. Let 0 < r < R and 0 < 7 < 1. Then there is a
61 = 61(7,7) > 0 such that for t € ST with |t| > (6?/(n +1))Y/7 (0 < § < &),
9209 v, (t, ), 9200 ¢, (¢, x)

(6.8) KoCp(n 4 1)(t0/p Llol |y () /ptv

(o) (-
< )l 1 (r; X)
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hold for n=20,1,2,---, where Ko and Cy depend on 9.

Proof. Suppose |t| > (67/(n +1))'/7. By (6.2)

90 v, (t, z)

KLlol|g[y(n+1)/ptv 2 L* @([£]+£k+|a|)(R,X)
(1— )kl (1= )zt =n/p ==t |
£=0

KLlgpndD/prv E0 L + 1) H=0/P (L1 4054 |a))

R; X)
— (e _ 2ml Sn+1—¢ —Lk ( )
(1 —7)lal — (1 —7)2me§

KLl (n+ 1)(n+1)/p|t‘w(n+1)/p+v

(1= melat
Lfs|* ([£]+£k+|al)
XZ (1 — 7)2mt n+1)z/p@—£k (R; X)

KL D e 2 g R

< (1 — T)Ia\§n+1 Z 1 _ 7- 2m£ [ﬁ]fgk (R;X)-

Z:O

By (6.7) and the same way as the proof of Proposition 6.1, we have (6.8) about
0, (t,2). From (6.1), 1 < [t(n+0/p @D o 14 > (5 /(n + 1))1/7 and
to(t, x) = v(t,x) — v, (¢, ) we have the estimate about t, (¢, z). O

Now let us proceed to obtain another estimate of t,(¢,z). By relations
v(t,x) = v, (t, z) + vo(t, ), we have

Qn(v) = Z 44,5 (On-Na; + N, ;)

(AJ)EN (n)

and P(x,9)v(t,x) = P(z,9)(0n(t, ) + vy (t, z)), hence

= P(z,9)(on(t, ) + ta(t, 1)) = @n(v) + @ (v) + f(t,2)

= Z (qaj(On—na, +Tn-na,) — 44 (0n-nN4,))
(6.9) (A,j)EN(n)

Y aay(oaswa) +QL(0) + f(t ).

(A,J)EN (n)
Set
I, = Z qa,j(on_n, ;) + Pz, 0)o,(t, x) + f(t, 2),
(6 10) (A,5)EN(n)
IIn = Z (qA,j(UanA,j + tanA,j) - qA,j(UanA,j))~

(A,J)EN (n)
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Thus
(6.11) Pz, e, (t,z) + Q5 (v) + I, + IT, =0,

which is an equation v, (¢, x) satisfies. We obtain an estimate of v, (¢, z) from
(6.11). For this purpose let us estimate Q¢ (v), I, and II,,.

Proposition 6.3.  There exists a tg > 0 such that fort € S with |t| < to

A(n+1)

(6.12) QG (v) < KoCplt| ™5™+ 0(R: X)

holds for some constants Ky and Cy.

Proof. Tt follows from (6.1) and (6.3) that there is a constant C; > 0 such
that }
gaj(v) < CYAH gleatitridig(R; X).

By Naj; >n—+1for (A,7) € N(n), we have
S qay(o) < CPPHTET RS (ot (Naa T DIP)e(R; X)
(A,5)EN(n) (A,5)EN(n)

and there exist constants Cy and ¢ such that Z{(A’j);NA =1 < Cy(1 + £)e.
Hence there is a tg such that if [¢] < to,

Z (Cl|t|)7(NA,j*n71)/P < i ((Clm)v/p)éfnfl Z 1

(AJ)EN (n) t=n+1 {(A,§);Na =L}
<Cy Y (L+O((Calto)/P) =71 < C5(1 + )"
l=n+1
Thus (6.12) holds for some Ky and Cp. O

Next let us estimate

(6.13) L= Y qaj(dn-ns,)+ Pz, 0, + f(t, ).
(A,j)EN (n)

We have

|[A] [n—Na;
(]A,j(UanA,j) =ca, (t’ x) H Z ﬁao(z)aa (Z)Uni (t, x)
=1 n;=0
[A| o
= CAJ(t,:C)( Z Hﬂao(z)aa (l)vni (t,$))
(n1,mya)ENIAL =1

0<n1, ,na<n—Na,;
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and by the way to determine {v, (¢, z)}nen (see (5.2))

P(z,0) (ng(t,:c)>+ S fultyw)
=0

0<t<cy (n+1)

n*NA,j IA‘
= — Z CA,j (t, ,]3) Z ( Z Hﬁao(i)aa'(i)vm (t7 1-)) .
(A,)eN(n) 7'=0 \(ny,ng, na)ENAl i=1
ni+ngt,4n 4 =n'

Thus we have

In = Z qA,j(nanA,j) + (f(t,.’II) - Z fl(ta I))

(AJ)EN (n) 0<t<cy (n+1)

n—Na,; |A|
- Z CAJ‘(t,CC)( Z ( Z Hﬂa"(i)ao"(i)vni(t,x)>>.

(AJ)EN (n) n'=0 (na,++mpa)ENIAL =L
Z‘.A‘ n;=n’
i=1"

Set
(6.14)

|A|
I.(A, j,n") = ca(t,x) ( > [[vec® o @, (. x)) :
{(nl,-“ npa))ENAL }i_l
0<ni, ,njaSn—Ng ;
YA ni=n’
Then I,,(A, j,n’) =0 for n’ > |A|(n — N4 ;) and

L=(f(tte)— > folt.x)+10,

0<t<c, (n+1)

D=3 (> ILAjn).

(AJ)EN(n) n/>n—Na;

(6.15)

Lemma 6.4. Lett€ S™ (0 <7 < 1) with |t| < (6?/(n — Naj +1))/7.
Then there are constants Cy and Ly such that

. y(n+1)
| Al+j Lg/(snlfnJrNA,jfl |t‘ — TV

IH(A,ja ’Il/) << 0

(6.16) (1 = 7yt

% (n— Naj + 1)@ Nastn/og(s Hrkema) oy

—[Z]-n'k



1014 SuNA0 OUCHI

Proof.  From (6.2) there is a constant Cy such that

|Al
n\A\ ._ CA,] t z Hﬁao z)aoz i 'Unl(t 1,)

=1

ny
HA,J

. " .
KA L +ml Al lA | 5 ireatvial AL gy
P
A= [I6%
=1

<

(R; X),

where n’ —Z 1n Let [t| < (67/(n — Naj +1))'/7. Then

2(n+1) F(Najtn —n)
TV X ‘t| P

o5 HireatrAl <

y(n+1)
P

SM +u5n'7n+NA,j71(n o NA,j + 1)(n7NA,jfn/+1)/p'

Hence we have

7(n+1)
AL KAl +m|A‘C|AI+J5" TrANa L] v
Aj (]_ _ 7—)2mn +m|A|
A ]+n k+ma)
x (n—Na;+ 1)(7’1*NA,j+1)/p H(n —Na,;+1)" m/p@ i A (R: X).
i=1
Since n; <n — Na j,
A ]+n k+m
[Tn — N+ 7l (e x)
i=1
A ]+n k+ma) A Sl nik+ma)
< JJmi+1)" ni/rgly (R X) < HO"‘ e (B X).
i=1
Thus there exist constants C3 and L such that
Lu(4,j,n') = > Hyy
{(nlf"7n|A|)€N|A|; }
0<ni, - ,na<n—Na,;
E‘.A‘ n;=n’

’Y(W+1) Ju

ClAH]L" g —n+Na, a1

_ . (n—=Na,;+1)/p
(1 _ 7—)2mn +m|A| (n NAJ + 1) ’

|A
Rilymk+m
(0w ety
(n1,-,nja))ENAL i=1
0<ni,,nja<n—Na,;
il ni=n’

and (6.16) follows from Proposition 2.4-(3). O
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Proposition 6.5. (1) Lett € S™ (0 < 7 < 1). Then there is a 62 =
So(7,7) > 0 such that if |t| < (07/(n +1))"/7 with 0 < § < &,

y(n+1)

(6.17) 19 < CoOp e ™5 e/ P i) (1 )

holds for some constants Cy and C1 depending on 7 and 7.
(2) There are constants Cy and Cy such that for small t

(6.18) fay— 3 fultox) < GOl ™5 TP O(R; X).
0<l<cy(n+1)

Proof. (1). Let 0 < r < R. We note [t| < (67/(n + 1))"/7 < (6?/(n —
Na,j +1))/7. We have from lemma 6.4, by setting Lo(7) = Lo/(1 — 7)™ and
Co(r) =Co/(L = 7)™,

Ig = Z ( Z In(A,j7n/)>

(AJ)EN (n) n'>n—Na,;
(nt1) i
< G N 1)
(AJ)EN (n)

X ( Z LO(T)n/67L/_n+NA’j_16([%]4_” k‘+mA)

—[%]-n'k

(R; X)).

n'>n—Na ;

It follows from Propsition 2.4 that for small § = §(7,7) > 0 there exists a
constant C7 such that,

n en'—n o ([%]+n’k+m )
( ZN Lo(r)" o TN Tte T Y (R )
n'>n—Na,;
%]Jrn'kerA)

S Lo() Mg ST (Lefr)e) TN I

n'>n—Na ;

(R; X))

n Ny (=N /Bl (n—NaJhtma)
K CuLo(r)" O N Yl —(n-Nag e ).

Hence, by Proposition 2.3 and choosing L1 > Lo (7), we have

y(nt1)

<G = S0 G () Lo(r)m M
(A,J)eEN (n)

= N R )

(n+1) . n— . n— X n— . m
<<Cl\t|7 4y Z C(|)A\+J(7_)L1 NA’]@g((vL—]JYfZ'z))Zp]+( Na;)k+ A)(r;X)
(A,)EN (n)

(nt1) j — i n n
<Ot YD e ny N e R (s x).
(AJ)EN(n)
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If Cy/L} < 1/2, then by |A| + j < 2N, ; there exists a constant Cy which is
independent of n such that

Z Li—NA,j C(l)A|+j < icglLiff Z 1< 027

(A,j)EN (n) =1 {(A,5);Na ;j=£}

hence (6.17) holds.
(2) As for f(t,z) — ZO§£<cw(n+1) fe(t, z), we have from (4.18)

- > fltw)y= D fultz) < CJ” Z CUltl'O(R; X)

£<cy(n+1) £>c~(n+1) £>cy(n+1)

R CrO(R; X).

< Oolt|

Since I,, = I + (f(t,z) — > 0<t<c, (nt1) Je(t; @), we have

Corollary 6.6. Lett € S™ (0 <7 <1). Then there is a d3 = d2(7,7) >
0 such that if [t| < (67 /(n 4 1)) with 0 < 6 < &,

(n +1)

(6.19) L, < CoCplt| ™5 el /Pime(r: X)

holds.

Now let us proceed to give another estimate of v, (t,z). Fix 7 = 79 (0 <
7o < 1) and let 4, = min{do(r, 70), d1(r, 70), d2(r, 70) }, where do(r,70), d1(r, T0)
and d2(r, ) are those defined in Propostions 6.1 and 6.2 and Corollary 6.6
respectively. Let T' = {0 < [t] < T, |argt\ < 9} be a sector such that
T € S™. Bytak1ng0<90<91 <6and 0 < Ty < Ty < T we can define T™
such as S7. We have

Proposition 6.7. Lett € T7 (0 < 7 < 1). Then if [t| < (67 /(n+1))}/7
with 0 < 0 < 4y,

w(+)+u

K.CrHl o([B1+nk)
—nk

(6.20) t(t, ) < (1= )

(r; X)
holds, where K, and C, depends on § and T.

Proposition 6.7 follows from Lemmas 6.8, 6.9 and 6.10 given in the follow-
ing, where induction on n is used. Before its proof we complete the proof of
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Theorem 1.5, by obtaining an estimate of v, (¢, z) of Gevrey type, which follows
from Propositions 6.2 and 6.7.

Proof of Theorem 1.5. Fix § with 0 < ¢ <, and 7 =7 (0 <7 <1). Let
t € T™. It follows from Propositions 6.2 and 6.7 that there are constants Ky
and Cy such that for t € T™

ta(t, ) <KoCl(n + 1)<n+1>/p| P50 X)) for [t > (67 (n + 1))/,
S XY for [¢] < (67/(n + 1))

w(+)

v, (t, x) <KoCJt| gl

Hence if Zle |x;| < r/2, by Propositon 2.3-(5) there are constants C; and C’

such that

1
+Vr(% +1).

y(n+1)
p

e (t, )] < C'CTt]

Recall u(t,z) = v(t,z) + w(t,x) and let ug(t,z) = vo(t,z) + w(t,x) and
Un(t, ) = v, (t,z) for n > 1. Then

N-1
— Z un(t, ) = v(t, )
n=0

and there are other constants Cy and C such that

n(t, ) =tn_1(t, x)

||F12

¥ N
fex-alt0)] < G F T (S ) < oo reor (22 40),

where py = vN/p. The locations of poles of (Muy,)(X, x) follows from Lemma
5.2. |

We have estimates of Q5 and I,,. In odrer to show Proposition 6.7 we
estimate I, (see (6.11)) by induction on n. First let us consider g4 ; (v, n, ; +

thNa,) —qa,; (00N, ;). We have

qAj(On-Na; FnoNa ;) —qai (00N, ;)

A , , ,
—=ca (t,2) Z (S) H(moaa Ono g, )5 (0200 ¢y, ) e
{siia)eNM*} @

For s = (s,) € NM* there is an & = (&g, @’) € N1 such that s5 > 1. Hence

QA,j(Un—NA,j + tn—NA,j) - LIA,j(Un—NA,j) = Z dA,j(n; 5),
{S:(SO‘)ENJM*}

s<A
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where
~ ~ ~ ~t
Gaj(n;s) =% ;(n; $)9%°0% ta_n,

Ao A ap o’ —s ag ga’ s
i n:s) cA,j<t,x>(s)<H<ﬂ 0 by ) (09700 rn_NA‘w)

a#d&

« (19&0 ao”/ VN4, )Aa—s& (ﬂdoad/tn—Nij )s&_l.

Lemma 6.8. Lette S™ and 0 < § < .. Then there exist constants K
and C such that for t with |t| < (67 /(n + 1))/

YN 4
P

(6.21) & (n:5) < KCHARI | 75 00ma) (. X),

Proof. From Proposition 6.1, for |a| < mx

KoL™malt|”

900 0, (t,x), 90 v, (t, z) < TEESE

0ma)(r; X).

Hence there exist constants C7, K and C such that

KoL™At]Y

|[Al-1
(1 —7p)ma om(r, X)>

5 (n;s) < CL AT |t|ea i Q(R; X) (

INA,;

< KCHHI | ema) (r; X).

|

Lemma 6.9.  Suppose that (6.20) holds for n replaced by n—N4 ;. Then
fort € TT (0 <7 < 1) with |t| < (6?/(n+1))7 (0 < § < 6,) there exists a
constant Cy such that

Z qa,j(n;s)
s=(s4)ENM*
(6.22) tacid ’

Al+q 1—Ng ;,  2nt1)
K*C(l) |+]Cl7«+ A“]‘t| otV

@([n/P]+"k) (7" X)

< (1 _ T)mn —(n—1)k

Proof. It follows from the assumption (see (6.20)) that there is a constant
(' such that

ol
0 tn—NA,j

nt1—Na o, 20 =Nag) .
K. 0y L (=N )) /Pl (n=Na k+la)

< (1 — 7)m(n=Na;) —(n=Na,;)k

(r; X).
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Put to = (6?/(n+ 1))Y/7 and t; = (67/(n — Na; + 1))¥/7 in Proposition 2.5.
Then it follows from

1
m S C” rnax{:vil, 1} forz >0

that there exists a constant C’ such that

to ]. ]- !
ti—to (R -1 (14 ) -1 !

Therefore, it follows from Proposition 2.5 that there are constants Cy and Cjs
such that for t € T7 with |t| < (67/(n +1))/7

A "
909% tanA ;

(n+1—N )
+1—-N ”7AJ
K.CyCY At v

< (1 — 7)m(n=Na;)+ol (n = Nag +1)%
n—Na ; n—Na )k &
x QU Na = Na et 41D
n+1—N y(n+1— NAJ) v
P eter e — " QU)o (= Na gk HAD (. xy
(1 — r)m(n NA,]>+|a\ —(n—Na;)k rd)

Since Na; > j +p(ma — k) and |&| < ma, we have [(n — Na;)/p] < [(n —
7)/pl +k —my and

[(n = Na;j)/pl+ (n— Naj)k +|a]

<[(n—=35)/pl +k —ma+ (n—Naj)k+|d
<[(n—j)/pl + (n = Na; + 1)k,
hence
@( (Z ]1\\7,?;))219]-0-(" Na g)k'HOé\( L X)
@([”ép]j\}in )QIA _]+1)k)( X) < @( n/ZD ;;Zk)(r’ X).

It follows from Lemma 6.8 and m(n— N4 j)+ma < mn that there is a constant
Cy such that

Z 4aj (n,s) = Z qul,j (n, 3)0é08a/tanA,j

=(5a M s=(5a M
{SS_<(A )EN } { s<(A )EN }
C\A\Jrj On+1 Na,j | ‘ ’Y(7L+1) (n/ol4nk)
< A= 6—(n111)k- (r; X).
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Lemma 6.10.  Suppose that (6.20) holds for n replaced by n' with 0 <
n' <n—1. If the constant C, in (6.20) is large, then there exists a constant C’
such that for t € T7 (0 < 1 < 1) with |t| < (67 /(n+1))Y/7 (0 < § < 6,)

F(n+1)
K.C'Crt|» 1 (12]4nk)
(6.23) II, < oy O [ 1y (r: X).

Proof. From Lemma 6.9 there exists a constant C; such that

IIn = Z (qA,j(Uanij + tanA,j) - qA,j(UanA,j))
(AJ)EN (n)

= Z Z 4a,j(n;s)

(A,5)EN (n) {s:(sa)ENM*}
s<A

yntl) L,

K.t~ Altj qnt1=Na; | o([2]4+nk)
STy |2 Gt el )
(Ad)EN (n)
(nt1)
K.Crlt| "7+ Sl - Na | o (E]+0k)
ST a—om > GeTT ) OTg T X).
(Ad)EN ()

By taking C, so large, there exists a constant C’ such that
S apmerte sy et Y ase
(AJ)EN (n) =1 {(A,5)iNa =}
from which (6.23) follows. O

Proof of Proposition 6.7. Let 0 < § < d,. Then it follows from Proposition
6.3, Corollary 6.6 and Lemma 6.10 that there are constants K, C, and C’ such
that

At 4,

KOO ™5+ (g1ab)
(1 _ T)mn (?’L—l)k

Qi)+ I, + 11, < (r; X)

for t € T with |t| < (67/(n+1))'/7, hence it follows from Proposition 5.1 that

(n+1)
K.C'CMt| ™7 (2] 4nk)
t(t,z) < (1= 7)mn e_r, (rX).

We take C* with C* > C” and have (6.20). O
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87. Majorant Functions 2

In this section we give the proofs of Lemmas and Propositions in Section
2 concering majorant functions.
Proof of Lemma 2.1. (1) Let 0 < 7/ < 1 and C(r’) = sup (1 +n)" 2",
n>0
Then (1+n)"™"2<1<C()(1+n)"™ 2", from which (2.2) follows.

oo n n w(n n n m+3
(2) By 60+1(X) = ¢33, SRR X" and (TG > 0+

1)(ZE2ELym 2 > PEL we have (p+ 1)) (X) < 274200+ (X),

(3) Let O S 51 S 52 S m. Then

9(51)()()9(@2)()()

+oo X +0oo X N2
2
< (Z (nl + 51 + 1)m£1+2> (Z (’IlQ + 62 + 1)m£2+2>

n1:O ’nz:O

“+o0
xn
2
<e nz::o ( Z (Tl1 + 41 + l)m—£1+2(n2 + by + 1)m_52+2) '

ni+n2=n

The inequality

1
(nlgl;_n (n1 + 61+ 1)m=4a+2(ny + £y + 1)7”_42"’2)
< c’ <C(n—|—€2)(n+€2—1)~-~(n+1)
T (n4ly+1)m—tet2 — (n+ Ly + 1)m+2

means that 6(1)(X)0(2)(X) <« cCO")(X). Hence choose ¢ > 0 such that
cC <1. O
In the following we fix ¢ > 0 in 6(X) so that 8¢1) (X)) (X) < §(2)(X)
holds for 0 < ¢ < £y < 'm (see (2.4)).
Proof of Lemma 2.2. By (2.4) [[/_, ) (X) < 6%)(X) holds. Differeti-
ating it p-times, we have [[_, 0®+%)(X) < 9+)(X). By differentiating it
again g-times

| r ,
Z — |q ‘ H 9(?i+gi+éi)(X) < 9(P+q+€ )(X),
(fh,lpw' 7QT)6NT'} q1-qz: qr: =1
q1+q2+-+qr=q
which implies (2.5). .

We have defined for 0 < R < 1 (see (2.6))

® gy (AN (X2 Lo (X
e—q(R’X)_q! <dX) 9<R _qula R)’
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Proof of Proposition. 2.3 (1) Let 0 < r < R and take ' = r/R. Then by
Lemma 2.1-(1)

) cp! Cr) oy (X
0p(X)<<(1—X)p+1<< /P o r )’

hence

1 X 1 cp! C(r) X C(r) X
— o) [ = il () [ 2 ) = X\ gl [ 22
o’ (R) Cma—xpa <wrp’ &)= T\

and the first inequality in (2.7) holds. It also holds that

cp! cp! C(r) X
plo(X) < (1-X) < (1= x)pit <5 2 Bk

Hence

p' X C(’I"/) (p) N C('f’/) (p)
and we have the second inequality.
(2) It follows from (2.4)

Oy (R; X)O4? (R, X) = R~ )9t (E) o) (X)

X
< Rt (te) (E) < R™"0(" (R; X).

(3) Tt follows from Lemma 2.1 that (p+1)0®)(X/R)/RP < CRI®P+Y(X/R)/
RP+! which implies (p + 1)0%)(R; X) < CROY™ (R; X) and (2.9) follows.
(4) Let 0 < R < R'. Then O (R’; X) = R P0®)(X/R') < R 70 (X/R) <
(R/R)PR—76®) (X/R) = (R/R')POP (R; X).

(5) Estimate ©(X/R) < ¢(1— %)~" holds. Differentiating it p-times, we have

Oy (X/R) < g %ymmr 1007 (X/R)| < C27pl/RP and (2.12), if |X| <
R/2. O

r

Proof of Proposition 2.4. (1) From (2.8) we have @(()Z)(R; X)--- @él)(R; X)
< @(()l)(R; X)/R("=V! and differentiate n-times, we have (2.13).
(2) By Lemma 2.2

T gitaitl) (X /R) 9(p+q+€/)(X/R)
Z H Rp7,+q7,+£iqi! Rr+a+Xi, b q! ’

{(qhqz,-“,qr)eNr }izl
q1t+q2+-+qr=q
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Hence

b+ 1 (p+a+t') (.
Z H@P q RX) W@_q (R,X)
(91,92, ,qr)EN" } =

q1+q2+-+qr=q

By R~(Zimi i) < R=U'0r=1) for 0 < R < 1 we have (2.14).

(3) By Proposition 2.3-(3) we choose R > 0 so small that @épH)(R;X) <
@(p+l+1)(R X)/2(p+1). Since s > 0or k > 1, {n E N;p = [sn] + kn} C
{Fn <n< pii}, hence #{n € N| p = [sn] + kn} < + 1, which is used in
the following. We have

s+k

Z @(()[sn1]+kn1+€)(R; X) o @é[sn,-]+knr+f) (R, X)

([sn1] + kni)!- - ([sng] + kn,)!
ni,na- ,n.EN }
ni+nz+t--Fn.=n

, @éprﬂ) (R, X)@észrf)(R; X) . .@(PT Jrf)(R7 X)
< C E
pilpa!- - prl

p1,p2- ,prEN }
p1+pa+-+pr<[sn]+kn
C [sn]+kn eép+[) (R, X)

< Ré(r—l) =0 p|

c [sn]+kn

(1> [sn]+kn—p eé[sn]JrknJré) (R,X)

2 ([sn] + kn)!

p=0

20" @([sn]JrknJrZ)(R. X)
< 0 pna—
RUr=1) ([sn] + kn)!

hence

B km L C sn]+kn+~L
Z H@ [[sn T )(R X) < RZ(T—l)G [[sr]zr k: )(R X).
{(nhng - ,ny)ENT } =

ni+ngs+-+n.=n

We also have

Z @é[sn1]+kn1+f) (R7 X) o @((J[snr]+kn7v+f)(R; X)

([sn] + kn)! ([sma] + k)t ([sne] + kny)!

ni,ng- €N }
nitnz+-+n,=n

< e([sn]+kn+€) (R X)

R€(7 1)

(kn)! < ([sn] 4 En)!

(kna)t-- - (kng)! = ([sna] + kna)l-- - ([sne] + kn, )l
inequality in (2.15).

Since we have the second
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(4) Tt follows from (2.7) that there is a constant C' = C(r/(R — §)) such that

+oo §i—s

1—S8 l) 1
Za 0")(R; X) <<CZ T
e 1 *2”5;’ 1 e 1 1

BQ-F)p o RA-5) RB-F) (R-0)01- 55)

c 1 (s)

< < COY.(r; X).

R—0)y (1_ X )t )

Next let us give the proof of Propositions 2.5 and 2.7 and Corollary 2.6
concering estimates of functions on sectorial regions. Let us remember nota-
tions. Let S = {t € C;0 < [|t| < T*, |argt| < 0*},0 < Tp < Th < T* and
0<by<b <O With91—6‘0<ﬂ'/6. Foro<r<1

ST={teCo<|t|<(A—7)To+ 7Ty, |argt| < (1 —7)0g + 761 }.

Proof of Proposition 2.5. (1) Let 7/ =74+ (1 —71)/(q + 1), €0 = min{6; —
6o, MT"} and € = (7' — 7)eg. Suppose t € S™ and |¢ —t| < (sine)|t|. Then we
have |arg( —argt| < e < (61 —6) (7' —7) and [ —t| < |tle < (T — To) (7' — 7).
Hence |arg¢| < |argt| + |arg( —argt| < (1 —7)0p + 701 + (61 — Oo) (7' — 7) =
(1—=7"0p+ 701 and [C| < |t|+|¢—t| <A —7)To+ 7T+ (T1 — To) (7' —7) =
(1 — 7Ty + 7'Ty. Thus {¢ € C;|¢ —t| < (sine)|t|} € 87 for t € S7. Suppose
g > 0. Then 7 < 7/ < 1 and we have

1 tf (Ol CiM((1+e)[t])*
e g < T
T Jic—t)=(sin o)t 1€ — ] (1—7")e
ClMEES‘ﬂS - O1M€c (r'=7)s ‘ |s
(1—7)2%  (1-7)97" —T)eo
Since
c(r'—7)s cs/(q+1) a es/(q+1)
€ < (g+1)e 1) < (g+1e N
(1=7"a(r" —71) (1 —7)att (1 —7)att
we have (2.18). Suppose ¢ = 0. Then 7/ =1 and |f(t)| < M|t|* for t € S* and
e e 1 t0)
t
tf'(t)] < 5= |dd]|
27 Jic—t)=(sine)jt) [C — t[?
1 ES
<! “) Cr el omep < —S— oMyt

(1—7)
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(2) Let 7/ = 74+(1—7)/(q+1),e = (7'—7)(01—00) and p = min{(sine)|¢|,t1 —to}.
Let t € ST with |t| < tg and | —t| < p. Then we have |arg (| < (1—7")0g+ 761
and [¢| < [t{+]¢—t] <to+p < t1. Thus {¢ € C;[¢—t < p} € 7 N{|¢] <t}
Suppose ¢ > 0. Then 7 < 7/ < 1 and we have by p < (sin¢)|t| < ¢[¢| and the
assumption on f(t),

n! " f (Ol Mnlt|"((1 +¢)[t])®

7 ()] <

ld¢| <

=21 Jie_i=p 1€ =t (1—7")apm
Mnlea+t [¢|s+n
- (A =7)pn
If p = (sine)|t|, then
ol (Gular el
Ty ST = = (-
If p = t1 — tg, then for [¢] < tg
g+ el + e [t \"
< < ,
(I—=7)2pm = (1 =7)4(t1 —to)” ~ (1 —=7)7 \t1 — 1o

and we have the estimate. Suppose ¢ = 0. Then 7/ =1 and |f(¢)| < M]|¢|® for
t € S' and we have

n! " f (O Mnljt["

" f ()] < o= |d¢| < ((L+e)t])?
21 Jjc—t=p € — 2" 8
Mnlecs|t|stm
< —
pn
and the estimate (2.20) by the same way as g > 0. O

Corollary 2.6 easily follows from Proposition 2.5.
Proof of Proposition 2.7. Take 0 < 19 < 1 such that T' € S™. Then it
follows from Corollary 2.6 that there is a constant Cy such that
N CoCsitt »
ao (i) o' (i), _201 ysiUe’ @D (. x  x*
YU g¥ Wy, (¢, x) < 1= )o@ [t]*:© (r; X — X™).
Since |a(i)| < m, there is a constant C such that
£ ) L CZ+S
[T920@0 Ous(t, ) < ——2——|t[? 0™ (r; X — X™).
x* (]_ - To)me

Hence from the assumption on b(¢, x)

i=1

Y4

) . B l+s
b(t,x) HﬂaO(Z)ﬁa Oui(t, ) < CsCy

22 ppem (r; X — X
1T SO )

and we have (2.22) for some constant C' depending on 7.
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