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The p-Schrodinger Equations on
Finite Networks

By

Jea-Hyun PARK* Jong-Ho KiM** and Soon-Yeong CHUNG***

Abstract

We introduce the discrete p-Schrodinger operator £, . and solve the following
p-Schrodinger equation:

Lpott = —Dpou+qlu)’u=f

on networks. To show the uniqueness of solutions of the p-Schrédinger equation, we
first solve the eigenvalue problem for the p-Schrodinger operator and obtain some
properties of the smallest eigenvalue and its corresponding eigenfunction of the p-
Schrédinger operator.

§1. Introduction

Many fields of our life can be expressed by using network structures, for ex-
ample, nervous systems, organizations, global economies, food webs, molecules,
internet webs and so on, which phenomena are represented by mathematical
equations containing a discrete Laplacian on networks. So studying these phe-
nomena has attracted great attention from many researchers in various fields.
Especially, a number of authors ([1], [2], [3], [4] and [6]) have studied the direct
problems such as Dirichlet and Neunann boundary value problems.

In the paper [5], the authors introduced another approach on studying
the direct problems with a linear operator, called by the Laplacian A, on
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networks. To prove the solvability of direct problems on networks, they first
adapted discrete analogues of some notions on vector calculus such as inte-
gration, directional derivative, gradient and Laplacian, and they showed some
fundamental properties, for example maximum principle, Green’s theorem on
graphs.

But most of phenomena on networks are not expressed by linear equations
because they usually have various and complicated interconnections governed
by their intrinsic characteristics. To make up for these point, in [7], the second
and third author defined a nonlinear p-Laplacian A, ,,, which generalizes the
Laplacian A, on networks, and showed the existence of solution of the Poisson
equation and the Dirichlet and Neumann boundary value problems containing
of the form

_Ap,wu(x) = f(.’L')

Moreover, they introduced the typical eigenvalue problem for the p-Laplacian.
In this paper, we discuss a nonlinear p-Schrodinger operator L, .,, which
is a generalization of the p-Laplacian defined as follows:

Lpwu(z) = —Apu(z) +q(@)|u(z) P~ u(z),

where x is a vertex of graphs and ¢ is a function on graphs. The main concerns
of this paper are to solve the eigenvalue problem and to show the existence of
solutions of the following equation

(1.1) L, ou(z) = f(x)

for all vertices z in a graph.

We organized this paper as follows: first, we study vector calculus on
graphs by recalling the paper [7] and define the p-Schrédinger operator in
section 2. In section 3, we deal with the typical eigenvalue problem for the
p-Schrédinger operator. Especially, after we find the smallest eigenvalue, we
discuss the properties of an eigenfunction corresponding to the smallest eigen-
value. Finally, in section 4, we first prove some properties which are very useful
to prove our main results, and then we show the equivalent conditions to make
the smallest eigenvalue a positive number. Moreover, it guarantee the existence
of solutions of the equation (1.1).

82. Preliminaries

In this section, we start with the graph theoretic notions frequently used
throughout this paper.
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By a graph G = G(V,E) we mean a finite set V(G) (or simply V) of
vertices with a set F(G) (or simply E), a subset of V' x V whose elements are
called edges. By {z,y} € E or x ~ y we mean that two vertices x and y are
joined by an edge. Conventionally used, we denote by x € V or x € G the fact
that x is a vertex in G.

A graph G is said to be simple if it has neither multiple edges nor loops,
and a graph G is said to be connected if for every pair of vertices = and y, there
exists a sequence (termed a path) of vertices x = xg ~ a1 ~ -+~ 1z, = y.

Through this paper, all the graphs in our concerns are assumed to be
simple and connected graph.

A weight on a graph G(V, E) is a function w : V x V — [0, c0) satisfying

(i) w(z,z)=0, z €V,

(il) w(z,y) =w(y,z) ifz~y,

(iii) w(z,y) = 0 if and only if {z,y} € E.
In particular, a weight function w satisfying

wlzy)=1,if z~y

is called the standard weight on G. A graph associated with a weight is said
to be a weighted graph or network. The degree of a vertex x, denoted by d,,
is defined to be
dyx = Z w(x,y).
yeVv

Throughout this paper, a function on a graph is understood as a function
defined just on the set of vertices of the graph. The integration of a function
f:G— Ron a graph G is defined by

/Gfdw (or simply /Gf) ::;f(x)dw:c.

For p > 1, the p-directional derivative of a function f : G — R to the
direction y is defined by

Dy (&) = 15) — F@P2((0) — f(@)y| 22D

d,x

for x € G, and the p-gradient V, ,, of a function f is defined to be

Vowl (@) = (Dpwyf(@))yea-
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In particular, in the case of p = 2, we write simply V,, instead of V3. For
p > 1, the p-Laplacian A, , of a function f : G — R on a graph G is defined
by

Ayt (@) = S 1) — F@P () - @)Y e

yeG

and for a given function ¢ : G — R, the p-Schrodinger operators L, . of a
function f : G — R is defined by

Lpwf(z) = —Dpuf(@) +a@)|f(@)P?f(2), 2 €G.

In what follows, p is always assumed to be a real number bigger than one.
The next theorem proved in the paper [7] by S.-Y. Chung and J.-H. Kim.

Theorem 2.1.  Let G be a network. Then for any pair of functions
f:G—=Rand h: G — R, we have

Z/Gh(—Ap,wf):/Gth-Vp,wf.

83. Eigenvalue Problems for p-Schrédinger Operators

In this section, we deal with a real number A such that the following
equation

(3.1) —Appu(z) + q(@)|u(@) P u(@) = Mu(@) P 2u(z), = € G

has a non-zero solution where ¢ : G — R is a function on a graph G. We call
it the typical eigenvalue problem for the p-Schrédinger operator because if we
have a non-zero solution u and a real number A satisfying the equation (3.1),
then for any o € R, cu and A also satisfy the equation (3.1).

The following lemma is very useful result to prove the eigenvalue problem
for the p-Schrédinger operators.

Lemma 3.1.  Let f: R™ — R be a function defined by

n

f(X) = Z aij|xi - 33]‘|p + szmz‘p

ij=1 i=1

where x = (21, ,2,) € R", a;; > 0 and some of a;; are not zero and b; € R
for all i and let for any o € R, B, be a set defined by

B, :={xeR" | f(x) =a}.
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Then we have the followings.
(i) There exists x € R™ such that f(x) # 0.
(ii) If there exists x' € R™ such that f(x') > 0, then for any a > 0 and ¢; > 0,

1=1,2,---,n, the set B, is non-empty and the function
n
g(x) = cilzil?
i=1

has a minimum at a point in B, .
(iii) If there exists x' € R™ such that f(x') <0, then for any a <0 and ¢; > 0,

1=1,2,--- ,n, the set B, is non-empty and the function
n
g(x) = cilzil?
i=1

has a minimum at a point in B .

Proof. (i) Suppose that there exist a;;, b; such that f(x) = 0 for all
x € R™. For the unit vector e whose k-th element is 1 and the others are zero,

n n
f(ek) = Zakj +Zaik + b, = 0.
j=1 i=1
Thus . .
by, = _Zakj - Zaik'
j=1 i=1

But for the vector 1 :=(1,1,---,1),

FAO) = "Tbe==>" ar;— >

k=1 k=1 j=1 14

ik -

n n o n n
= 1

n

Since a;; > 0 and some of a;; is not non-zero, f(1) # 0. This is in contradiction
with the assumption.
(ii) Let x" = (2, a5, - - - ,x},) such that f(x’) > 0. For any o > 0,
1 n 1 1 n 1 1
flar f7r(x)x) = Y aglar f7r (X)) (@] — 2P+ bilar f 77 ()i
i,j=1 i=1
= (a3 [ ()PI(X) = a.
Thus B, is non-empty. We now show that the function

n

g(x) := Z cilzi|?

i=1
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has a minimum at a point in B,. Since f(tx') = [t|Pf(x') — o0 as t — oo,
for a > 0, there exists ty € R such that f(tox’) > a. Let x¢o = tox’. Since
f(0) = 0 where O is the origin, there exists y on the line connecting @ and xq
such that f(y) = «. Thus y € B,. Now we define a set Ay, as follows

Ax, = {x € R"[g(x) < g(x0)}-
Since g is strictly convex and ¢ has a minimum at O,

9(y) < g9(x0).

Thus y € Ax,NB,. Since Ay, is compact and B,, is close, Ax, N B, is compact.
Thus g has a minimum on Ay, N B,. Since g(xo) < g(x) for any x € A5 , g
has a minimum on B,. (iii) can be done in the similar way as (ii). |

We now state and prove the eigenvalue problem for the p-Schrodinger op-
erator.

Theorem 3.1. Let q: G — R be a function. Then there exists a non-
zero solution u such that

~Apu(z) + q(@)|u(@) P u(z) = Mu(@)Pu(2), = € G

for some A € R.

Proof. It follows from Lemma 3.1 (i) that there exists vp : G — R such
that

0 7é/ (—Ap.wv0 + qlvolP*vo)vo
G

1
:_/ vaO'vp,wU0+/ Q\U0|p

=3 Z [vo(y) — vo(z)|Pw(z,y) +Z x)|vo(z) [Py

z,yeG zeG

We first assume that [, 1V - Vpwto + qlvg|P > 0. For any a > 0, define a
set ] 1
M, = h:GHR—/VW}pV wh+—/qh” al,
{ 35 [ et puht < [ alhp = a)

two functionals

— p
Mp/v hVpwh+ = /q|h|
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1
— [ 1w
pJa

for all h : G — R. Then Lemma 3.1 (ii) yields that M, # 0, I,[h] = 1 for any
h € M,, and there exists gy € M, such that E[gg] = mingecas, E[g]. Moreover,
for any function v : G — R and v : G — R, I,[u + tv] and Eu + tv] are
continuously differentiable with respect to ¢t € R,

Io[u+ to]]= 02—— > July) = w@) P> (uly) — ul@))v(z)w(z, y)
z,y€G
+ - Z o) [P 2u(x)v(x)dyz,
mGG

and
Elu+ tv]|4—o = Z lu(2) P~ 2u(z)v(z)d,2.
zeG
Since I [go] = 1, for any h : G — R, there exists 6 > 0 such that I, [go+th] > 0
and In * [go + th](go + th) € M, for |t| < §. Therefore

EE[L; ? [g0 + th](go + th)]] =0
d,
== 1a - g0 + th]E[go + th]|i=o

d d
= |:Ia2[90 +th)Elgo + th]—Ia[go + th] + I, [go + th]

dt dt

1
o (A =240\ h / ~240h
[90]/Ga12[go]( pawdo + algol’2g0) h + G\go\ 90

- @ (—Ap,wgo(l‘) + Q($)|90\p_290) h+ / |90(x) P2 goh.
G €l

Elgo + th]} »

ho(z) = (=Apwgo() + a()lgo(@)P~*go(2)) + |go(z) [P~ go()

_1 _1
for x € G. Then I " [go + tho](go + tho) € M,. Moreover, I * [go + tho](go +
tho) — go as t — 0. Since go is a minimizer of F on M,,

d _1
0= %E[Ia "[g0 + tho](go + tho)]|t=0

/ho ho_Zh2

z€G
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Hence ho(xz) = 0 for all 2 in G. Therefore
e
Elgo]

On the other hand, if fG %VW’UO - VpwVo + qlug? < 0 then it is proved by the
similar way as the above so that the proof is done. O

—Apwg0(®) 4 q(x)]go () [P go () = lg0(x) [P 2go(x), = € G.

From now on, a real number A is called an eigenvalue and a non-zero
function ¢ is called an eigenfunction corresponding to A for the p-Schrodinger
operator if a real number A\ and a non-zero function ¢ satisfy the eigenvalue
problem for the p-Schrodinger operator.

We obtain the following result that gives the existence of the smallest
eigenvalue for the p-Schrédinger operators. The case p = 2 is classical.

Lemma 3.2. Let g: G — R be a function and let \g be defined by

lvw Voo P
Ao = inf fG 2Vwf - Vp, ¢ +dl9l
70 Je 19P

Then there exists a non-zero function ¢y : G — R such that

Je 3Vub0 - Vpwto +daldol” _ |
~ .
Jo 1ol

Moreover, ¢g is an eigenfunction associated with the eigenvalue \g.

Proof. Note that
inf fG %quﬁ “Vpwd+ q|¢|p

$#0 Jo lolP

(1 $(y) o) [ o) |
—inf [ 1 . Ny +Y q@) | -2 | g
440 Qméa Jalol)r  ulomyr| 507 x%q |(IG¢|")P

1
— inf /—vw Vo + B
it ] VetV 9]

Since the set {¢ : G — R| [ |¢|P = 1} is compact, there exists ¢o : G — R
such that

1 1
“Vodo -V P = mi Vb Vo P
/G2 w®0 - Vpwdo + qloo] f‘r(rbll;n:l/GQ ¢ Vpud+q|d|

/G |¢ol” = 1.

and
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Define for any = € G, a function J, : G — R as following

agc(y):{l’“‘":y

0, otherwise.
Take any xo € G, then [ | + t0q, [P # 0 for all t € (—1,1) and

v < Jo3Ve(do +t0u) - Vipw(o +t0a) + al (Y0 + 0, |”
- Ja (60 + b2, )

, te(—1,1).
Thus
1
0= [ 5Vulb0+ 102,) - Va0 + 162) +al(0n + 1) Do [ 160+ 132,
G G

for all ¢ € (—1,1). The right-hand side is continuously differentiable with
respect to ¢ and equal to zero at ¢ = 0. Thus

d 1
=7 {/G §VW(¢0 + t00) + Vpw(do + tay) + ql(d0 + t0z,) [P

*)\0/ |(¢0+t510)|p]t B

=—p Y l6o(y) = do(@)P(¢a(y) — ¢o())da, (z)w(, y)
z,yeG
+p Y a(@)|6o(@)[P2Po(2) by (@) dwr — op Y |do(@)[P b0 (%), (x)duit
z€G zeG

=p(—Ap wbo(0) + q(20)|Po(z0) [P >Po(z0) — Ao|do(z0)[P~2do(x0))dwo.

Since the above equations hold for arbitrary zg € G, we have

Apwo() + q(@)]¢o(2) P~ do(2) = Xoldo(2) P ¢o(2), = € .
|

By Lemma 3.2, we know that there exists the smallest eigenvalue for the
p-Schrodinger operator. We denote the smallest eigenvalue A\g and it’s eigen-
function ¢yq.

The following two results guarantee the existence of an eigenfunction ¢q
satisfying

¢o(x) >0,z € G.

Theorem 3.2. Let q: G — R be a function. There exists a non-zero
solution u satisfying

(3.2) —Apwtu(z) + (@) |u(@)[P*u(@) = olu(@)[P~*u(x)
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and
u(z) >0, z €G.

Proof. Tt follows from Lemma 3.2, there exists a non-zero solution u sat-
isfying (3.2). Let u®(x) := |u(x)| for all  in G. Since [ |[ut]? = [, [ul?
and

/ Vuvau+q|u\p— ZIu — u(z)[Pw(z, y) +Z ) [Pdyx

z,yeG zeG

>0 3 W) -t @ Puley)

z,y€G

+Z x)|Pdyx

zelG

1
:/ §ku+ . vp,qur + q|u+|pa
G

we have

(3.3) N = 6 IVou-Vyu+qul? _ [oiVeut -V, ut +glutP
Jo lulP - Je lutlP

Moreover by the definition of g,

fG %ku-i_ Vpwut +qlutP

fG lut|p

(3.4) Ao <

It follows from (3.3) and (3.4) that

fG %ku-i_ Vpwut +qlutP

fG |ut [P

Ao =

It follows from Lemma 3.2 that
—Ap)wu+(x) + q(x)|u+(x)|”_2u+(x) = )\0|u+(x)|p_2u+(x), z e q.
O

Theorem 3.3. Let q : G — R be a function. There exists a positive
solution u satisfying the equation (3.2).

Proof. Theorem 3.2 guarantees that there exists a nonnegative solution
u satisfying (3.2). It is enough to show that if there exists z¢ in G such that
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u(zp) = 0, then u = 0. Let m = |mingeq q(x)|. It follows from the definition
of \g that

Je 3Vw? Vouwd +dlél?

Ao = inf
0T o TlolP
1
= inf /7vw¢~v,w¢+q¢p
JololP=1Jg 2 i i

> inf /qﬂb”
fgl¢|p:1 | |

> inf ming(z /|¢|”

Jo 1olP=1 l’eG
= ming(z)
which implies Ao +m > 0. Thus
—Apwu(@) + (g(@) +m)|u(@)P~?u(z) = (Ao +m)|u(@)[Pu(z) 2 0, z € G.
The assumption u(zg) = 0 implies

0 < —Ap (o) + (q(zo) +m)u(wo) P~ u(xo)

= 3 July) — )P () — uizo)) LY

yea dwa
== uy)P2u () 20 )
yed dwa

Hence u(y) = 0 for all y ~ xg. Take any y ~ x. By repeating the above
process, we conclude u(z) = 0 for each z ~ y. Since G is a connected graph,
u(z) =0 for all z € G. O

84. A Characterization of Positive Solutions
For given functions ¢ : G — R and f : G — R, the following equation

(4.1) ~Apwu(z) + q(@)|u(@)P?u(z) = f(z), v € G

is said to be the p-Schrédinger equation. The existence of the solution of the
p-Schrédinger equation is guaranteed by the function q. For example, consider
a network G whose vertices are {z1,x2, x5} with the weights w(zq,22) = 1,
w(za,23) =1 and w(zy,23) = 0 as follows:

[ 4 @ ®
X1 X2 X3
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If we assume ¢ = 0 and f = —1 on G then it is easily seen that there is
no solution satisfying the p-Schrodinger equation. Accordingly, the main goal
in this section is to find equivalent conditions which guarantee the existence of
the solution of the p-Schrédinger equation.

The following results are very useful to prove our main theorem.

Lemma 4.1. Let f:R3 — R be a function defined by

)

Then the function f >0 on B = {(z,y,2) € R® : 2,94 > 0, 2 > 0}. Moreover,
f equals 0 if and only if y = xz.

1
Fg,2) = o —yl? + ol = P72 = 1)+ [yl |- — 1

Proof. We show that for any z > 0, f is non-negative on the plane
{(z,y) €R%:2 >0, y >0}. For any t > 0,

f(tx,ty, Z) = tpf(l‘,y, Z)

Hence, for any z > 0, the function f has the same sign on the set {(tz,ty, 2) :
t > 0}. Therefore it is enough to show that for any z > 0, f is non-negative on
the two line segments L, = {(z,y) € R? : z € [0,1], y = 1} and M, = {(=z,y) €
R?: 2 =1, y€[0,1]}.

First, if z = 1, then we have

(4.2) f(z,y,1) =z —y[f >0,

where the equality holds if and only if x = y.
We now assume that z > 1. Then for any (z,y) € L., we have

%f(x’yﬂ) = % ((1 —z)P +aP(z—1)P7 - (1 — %) ) )
=p(@(z— 1Pt - (1—2)Pt).

It is easy to see that %f(m,y,z) > 0 for all (z,y) € L, with > %

% (x,y,2) <0 for all (z,y) € L, with z < % Hence f has the minimum at

(1,1) € L. and we have
1
f <2717Z> :O
1

Hence f > 0 on L, and the equality holds when x = =

z"

and
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On the other hand, for any (z,y) € M., we obtain

z

d 1
gyl @2 =—p <(1 —y)P Ty <1 - —)) <0.
It follows that for any (z,y) € M., we have

f(x7y’z) Z f(l’ l’z)

=(z—-1)P1 = <1 - %)p_l
=|z—1P2(z—1) (1 — Zp11>

> 0.

375

Therefore it follows from (4.2) that we have f > 0on {(z,y,2) : z,y > 0 and z >

1} and the equality holds if and only if z = £.

We now assume z < 1. Since f(z,y,2) = f(y,z, %), we have a similar

result of the case z > 1, that is, we obtain f(z,y,z) > 0 for z,y > 0 and

0 < z < 1. Moreover the equality holds if and only if y = xz.

O

Theorem 4.1.  Let u be a nonnegative function and v be a positive func-

tion on a graph G. Then

uP
pp—1

Vou-Vyou—V, ( > “Vpwt >0 onG.

Moreover, the equality holds if and only if uw = tv for some constant t > 0.

Proof. For any z € G,
(Vou -V ou)(x) — (VW <v::> ~Vp’wv) (2)
[ = =)

ye@
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It follows from Lemma 4.1 that each term of the above equation is nonnegative.
Thus
uP
(Vo Vpots) () — <vw (F) .vp,wv> () >0
for all x in G.
We now assume that the equality holds. Then by Lemma 4.1, for any z, y
in G satisfying « ~ vy,

~ ()P P v(z) _ " () _
) - )+ ) |55 <1 (50 1)
v |10 [ )y
-1 (-

—

v(z
(y

v(x)

which implies u(z) = u(y) o) Since G is a connected graph, u(z) = uly)

<

Z

for all z, y in G. Thus u = cv for some ¢ > 0.
We now assume that v = cv for some ¢ > 0. Then by a simple calculation,
we prove that the equality holds O

Corollary 4.1.  Let u and v be positive functions on a graph G. Then

uP — P VP — P
I['LL,'U] = L*Ap’wu (up_l> — APWJU < 'Up_l > 2 O

Moreover, Ifu,v] =0 if and only if u = tv for some t > 0.

Proof. For given functions u and v,
u? vP
I[u,v] z/ u(—=Apu) + Ay v <1ﬂ’—1) + Ay Lu (up—1> +u(=Ap )

G
1 uP
:5 /C; ku . Vpﬁwu — Vw (/Up—l) . VP,W'U

1 vP
+ B . Vv -Vputv =V, -1 Vp,wl.

It follows from Theorem 4.1 that

pp—1
and
P
Vov-Vy v =V, (ui’—1> Vpwtt >0
on G. Thus

Ifu,v] > 0.
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Moveover, I[u,v] = 0 if and only if

uP
Vou -V, ou—Vy, (1}1’—_1> “Vpwtv =0
and
P
Vw’U . prv — Vu (W) . VpMu =0
on G. Thus by Theorem 4.1, u = tv for some ¢ > 0. U

Finally, we are in a position to state and prove our main result of this
paper.

Theorem 4.2. Let ¢ : G — R be a function. Then the following are
equivalent.
(i) If a function w on a graph G satisfies

—Apwu(@) + q(@)u(@) P u(z) > 0, z € G,

then u(xz) > 0 for all z € G.
(ii) If @ non-zero function u on a graph G satisfies

—Apu(@) +g(@)ul@) P ?u(z) > 0, z € G,

then u(x) > 0 for all z € G.

(iii) The smallest eigenvalue Ao is positive.

(iv) For a nonnegative function f on a graph G satisfying f # 0, there exists a
positive function u on a graph G such that

—Apwu(@) +g(@)u(@)["u(z) > f(z), 2 €G.

(v) For a nonnegative function f on a graph G, there exists a unique function
u on a graph G such that

—A, pu(r) + q(z)|u(@) [P ?u(z) = f(z), € G.
Moreover, u(x) > 0 for all x € G.
Proof. (i)= (ii) By arguing as in the proof of Theorem 3.3, it is shown
that u(z) > 0 for all z in G.

(ii)= (iii) Assume A9 < 0. Since by Theorem 3.3, there exists an eigen-
function ¢q satisfying ¢o(x) > 0 for all z in G,

~Apwdo(@) +q(@)ldo(x) [P o(x) = Aolgo(2)["">¢o(z) <0, z € G.
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Put ¢o(z) = —¢o(x) for all z in G. Then —A,, Lo (z) + q(x)|bo(x)|P~ 2o (x) >
0, = € G but ¢g(z) < 0. This is contradiction to the assumption (ii).

(iii) = (i) Suppose that u(x) < 0 for some z in G. Let we define a function
v(z) := min{u(z),0} for all z in G. Then v(z) < 0. Since —A, ,u(x) +
q(x)|u(z)|P~2u(z) > 0 for all x € G,

(4.3) {=8pwu(@) + q(@)|u(z)P~u(z) }o(z) <0

for all z in G. It follows from the definition of a function v that
q(2)|u(z)|P~2u(z)v(z) = q(x)v(z)P for 2 € G satisfying u(z) < 0 and
q(2)|u(z)|P~2u(z)v(x) = 0 for € G satisfying u(x) > 0. Thus

(4.4) Y a(@)u(@) P Pu@)v) = Y alx)u(@).

zeG zeG

It is easy to see that

[u(y) — u(@)[P~2(uly) — u(@))v(z) < Jo(y) —v(@)["(v(y) — v(@)v(z)

for all z, y in G. It implies that
(4.5) / (—A, pu)v > / (—A, L)V
G G

for all x in G. By (4.3), (4.4) and (4.5),

/ (—Apwv)v+ glvf? < 0.
G

Thus
S =By )+ alel? _
fG |v[P B
This is in contradiction with the assumption Ay > 0.
(iii) = (iv) Let Ag and ¢q satisfy

—Apwo(x) + (@) do(@) [P 2P0 (x) = Noldo(2) [P0 (x), = € G,
and ¢o(z) > 0 for all z in G. Then for any a € R,
— Ay (ago(x) +q(@)|(ado(@))[P*(ado(x)) = ol (ago(2)) [P~ (ago(2)), © € G
holds. Thus there exists a sufficiently large o such that

~Apw(ago(x)) + q(2)|(ago(2)) P~ (ago(2)) > f(z), 2 € G.
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(iv) = (iii) Let ¢ be an eigenfunction satisfying ¢g(x) > 0 for all z € G.

Choose C' > 0 such that C' > max,eq [%((?)} Put ¢ (z) = Cpo(x) > 0 for all

z € G. Assume X\ < 0. Since —A, ,u(z) + g(x)u(z)P~! >0 for all z € G,

/ —Apu (W—up) Z/G—q(wp—up).

It follows that

Tt follows from Corollary 4.1 that I[t), u] = 0 and then 1) = yu for some v > 0.
However,

0> CP Xo|go|P 20 = —Dputh + qp|P2p > AP

Since f > 0 and f # 0, this is in contradiction with the assumption Ag < 0.
Thus A\g > 0.

This completes the equivalence of assertions (i) to (iv). Since (v) implies
(iv), now we show that (iii) implies (v).

(iii) = (v) If f =0 then v = 0 is a solution. Now, we assume f # 0. we
define for a function v : G — R,

1
E,v] = /G EVUJU -Vt +qlv|P —pfo

and for any r € [0, 00),

Sy = {UZGHR/ |v|p:r”}.
G
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Since Ao < [ —Apwv - v+ glv|? for all v € Sy,

1
Eplev] = & ( / 5 Vet va+q|v|p) ‘E/ plv
G G

> el 75/ pfu.
G

Since A\g > 0, E,lev] — oo as € — oo for all v € Sq. Hence there exists r > 0
such that E,[v] > 0 for v € S,. Now we define for any r € [0, c0),

B,u:{v:G—>R|/ v”ﬁr”}.
G

Since E,[0] = 0 and B, is compact, there exists wy in the interior of B, such
that

Eplwo] = min Epv].

Thus for any v : G — R,

d
0 =—F,[wo + tv][t=o

dt
= Y Jwoly) — wo(@)P~>(wo(y) — wo())o(@)w(z.y)
z,yeG
+p Y (@) wo (@) 2wo(x) — f(w))v(z)dus.
zeG

Define for any = € G, a function §, : G — R as following

5m(y):{1’xy

0, otherwise.

Take any « € G and put v = §, then we have

- Z |wo (y) —wo (@) [P~ (wo (y) —wo (x))w (2, y)+q() wo(z) [P~ *wo (z)dur = f(z)

yeG

for all z € G. Now we show the uniqueness. The equivalence of assertions (i)
to (ii) implies that for a given nonnegative function f, a solution u is either
a positive function or zero function. Let u; satisfy —A, ,u; + qlui[P~%u; = f,
t=1,2 and u; Z uy. If uy =0 or ug =0, then f = 0. It implies that Ag < 0.
This contradicts the assumption Ay > 0. Now, we assume that u; > 0 and
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ug > 0. Then by Corollary 4.1
0 < Ifu,us)

P p
ut — ub uy —u
1 2 1 2
/ —A, LUy p7 / —A, LU )
U

ufl — ub _ uf —ub
= [ == ("2 ) = [ 6 e (M

1 2

/ f —uz)(ug_l 7,&117—1) <0.

p 1 p—1
L)

Thus by Corollary 4.1, u; = cus for some ¢ > 0. It follows that
f - 7Ap,u.)u1 + Q|u1|p72ul
= P =Ap wus + qlua P ug)
=P
Thus ¢ = 1. O

In Theorem 4.2, we don’t use the condition that a function f is nonnega-
tive when we prove the existence of a solution of the p-Schrédinger equation.
Accordingly, if we remove the condition that the function f is nonnegative in
(v), then we get the following result by the same proof.

Corollary 4.2.  Let f be a given function on G. If a function q satisfies
that A\g > 0 then there exists a solution u of the following equation

—Apwu(@) + g(@)u(@)["u(z) = f(z), = €G.
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