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Logarithmic Geometry, Minimal Free
Resolutions and Toric Algebraic Stacks
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Abstract

In this paper we will introduce a certain type of morphisms of log schemes (in the
sense of Fontaine, Illusie and Kato) and study their moduli. Then by applying this we
define the notion of toric algebraic stacks, which may be regarded as torus emebed-
dings in the framework of algebraic stacks and prove some fundamental properties.
Also, we study the stack-theoretic analogue of toroidal embeddings.

Introduction

In this paper we will introduce a certain type of morphisms of log schemes
(in the sense of Fontaine, Illusie, and Kato) and investigate their moduli. Then
by applying this we define a notion of toric algebraic stacks over arbitrary
schemes, which may be regarded as torus embeddings within the framework of
algebraic stacks, and study some basic properties. Our notion of toric algebraic
stacks gives a natural generalization of smooth torus embedding (toric varieties)
over arbitrary schemes preserving the smoothness, and it is closely related to
simplicial toric varieties.

We first introduce a notion of the admissible and minimal free resolutions
of a monoid. This notion plays a central role in this paper. This leads to
define a certain type of morphisms of fine log schemes called admissible FR
morphisms. (“FR” stands for free resolution.) We then study the moduli
stack of admissible FR morphisms into a toroidal embedding endowed with the
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canonical log structure. One may think of these moduli as a sort of natural
“stack-theoretic generalization” of the classical notion of toroidal embeddings.

As promised above, the concepts of admissible FR morphisms and their
moduli stacks yield the notion of toric algebraic stacks over arbitrary schemes.
Actually in the presented work on toric algebraic stacks, admissible free resolu-
tions of monoids and admissible FR morphisms play the role which is analogous
to that of the monoids and monoid rings arising from cones in classical toric
geometry. That is to say, the algebraic aspect of toric algebraic stacks is the
algebra of admissible free resolutions of monoids. In a sense, our notion of toric
algebraic stacks is a hybrid of the definition of toric varieties given in [4] and
the moduli stack of admissible FR morphisms. Fix a base scheme S. Given a
simplicial fan ¥ with additional data called “level” n, we define a toric algebraic
stack Z(x s0). It turns out that this stack has fairly good properties. It is a
smooth Artin stack of finite type over S with finite diagonal, whose coarse mod-
uli space is the simplicial toric variety Xy over S (see Theorem 4.6). Moreover
it has a torus-embedding, a torus action functor and a natural coarse moduli
map, which are defined in canonical fashions. The complement of the torus is
a divisor with normal crossings relative to S. If ¥ is non-singular and n is a
canonical level, then Z(x o) is the smooth toric variety Xy over S. Thus we
obtain the following diagram of (2)-categories,

" (Toric algebraic stacks over S)
_
C
— % l
(Simplicial toric varieties over S)

(Smooth toric varieties over )

where a and b are fully faithful functors and c is an essentially surjective func-
tor (see Remark 4.8). One remarkable point to notice is that working in the
framework of algebraic stacks (including Artin stacks) allows one to have a
generalization of smooth toric varieties over S that preserves the important
features of smooth toric varieties such as the smoothness. There is another
point to note. Unlike toric varieties, some properties of toric algebraic stacks
depend very much on the choice of a base scheme. For example, the question
of whether or not Z(s xo) is Deligne-Mumford depends on the base scheme.
Thus it is natural to develop our theory over arbitrary schemes.

Over the complex number field (and algebraically closed fields of character-
istic zero), one can construct simplicial toric varieties as geometric quotients by
means of homogeneous coordinate rings ([8]). In [5], by generalizing Cox’s con-
struction, toric Deligne-Mumford stacks was introduced, whose theory comes
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from Cox’s viewpoint of toric varieties. On the other hand, roughly speaking,
our construction stemmed from the usual definition of toric varieties given in,
for example [18], [4], [10], [6, Chapter IV, 2], in log-algebraic geometry, and it
also yields a sort of “stacky toroidal embeddings”. We hope that toric algebraic
stacks provide an ideal testing ground for problems and conjectures on stacks in
many areas of mathematics, such as arithmetic geometry, algebraic geometry,
mathematical physics, etc.

This paper is organized as follows. In Section 2, we define the notion
of adimissible and minimal free resolution of monoids and admissible FR mor-
phisms and investigate their properties. It is an “algebra” part of this paper. In
Section 3, we construct algebraic moduli stacks of admissible FR morphisms of
toroidal embeddings with canonical log structures. In Section 4, we define the
notion of toric algebraic stacks and prove fundamental properties by applying
Section 2 and 3.

Applications and further works. Let us mention applications and further
works, which are not discussed in this paper. The presented paper plays a cen-
tral role in the subsequent papers ([12], [13]). In [12], by using the results and
machinery presented in this paper, we study the 2-category of toric algebraic
stacks, and show that 2-category of toric algebraic stacks are equivalent to the
category of stacky fans. Furthermore we prove that toric algebraic stacks de-
fined in this paper have a quite nice geometric characterization in characteristic
zero. In [13], we calculate the integral Chow ring of a toric algebraic stack and
show that it is isomorphic to the Stanley-Reisner ring. As a possible application,
we hope that our theory might be applied to smooth toroidal compactifications
of spaces (including arithmetic schemes) that can not be smoothly compactified
in classical toroidal geometry (cf. [4], [10], [20]).

Notations And Conventions

1. We will denote by N the set of natural numbers, by which we mean the
set of integers n > 0, by Z the ring of rational integers, by Q the rational
number field, and by R the real numbers. We write rk(L) for the rank of a
free abelian group L.

2. By an algebraic stack we mean an algebraic stack in the sense of [19, 4.1].
All schemes, algebraic spaces, and algebraic stacks are assumed to be quasi-
separated. We call an algebraic stack 2~ which admits an étale surjective
cover X — %, where X is a scheme a Deligne-Mumford stack. For details
on algebraic stacks, we refer to [19]. Let us recall the definition of coarse
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moduli spaces and the fundamental existence theorem due to Keel and
Mori ([17]). Let 2" be an algebraic stack. A coarse moduli map (or space)
for 2" is a morphism 7 : 2" — X from Z to an algebraic space X such
that the following conditions hold.

(a) If K is an algebraically closed field, then the map 7 induces a bijection
between the set of isomorphism classes of objects in 2" (K) and X (K).

(b) The map 7 is universal for maps from 2" to algebraic spaces.

Let & be an algebraic stack of finite type over a locally noetherian scheme .S
with finite diagonal. Then a result of Keel and Mori says that there exists a
coarse moduli space 7 : X — X with X of finite type and separated over .S
(See also [7] in which the Noetherian assumption is eliminated). Moreover
7 is proper, quasi-finite and surjective, and the natural map Ox — m,Oy
is an isomorphism. If §’ — S is a flat morphism, then X xg S’ — S’ is
also a coarse moduli map.

81. Toroidal and Logarithmic Geometry

We first review some definitions and basic facts concerning toroidal geome-
try and logarithmic geometry in the sense of Fontaine, Illusie and K. Kato, and
establish notation for them. We refer to [6, Chapter IV. 2], [10], [18] for details
on toric and toroidal geometry, and refer to [15], [16] for details on logarithmic
geometry.

81.1. Toric varieties over a scheme

Let N = 79 be a lattice and M := Homg(N,Z) its dual. Let (e, e) :
M x N — Z be the natural pairing. Let S be a scheme. Let 0 C Ng := N®zR
be a strictly convex rational polyhedral cone and

oV :={me Mg :=M®®zR|{(m,u) >0 foral ue o}

its dual. (In this paper, all cones are assumed to be a strictly convex rational
polyhedral, unless otherwise stated.) The affine toric variety (or affine torus
embedding) X, associated to o over S is defined by

X, 1= Spec Oglo” N M)

where Og[o¥ N M] is the monoid algebra of o N M over the scheme S.
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Let 0 C Ng be a cone. (We sometimes use the Q-vector space N ®z Q
instead of Ng.) Let vy,...,v,, be a minimal set of generators o. Each v; spans
a ray, i.e., a 1-dimensional face of o. The affine toric variety X, is smooth over
S if and only if the first lattice points of R>gvy, ..., R>ov,, form a part of basis
of N (cf. [10, page 29]). In this case, we refer to o as a nonsingular cone. The
cone o is simplicial if it is generated by dim(o) lattice points, i.e., vy, ..., vm
are linearly independent. Let o be an r-dimensional simplicial cone in Ng and
V1, - .., U, the first lattice points of rays in o. The multiplicity of o, denoted by
mult(c), is defined to be the index [N, : Zvy +- - -+ Zuv,]. Here N, is the lattice
generated by o N N. If the multiplicity of a simplicial cone ¢ is invertible on
S, we say that the cone o is tamely simplicial. If o and 7 are cones, we write
o <71 (or 7 > o) to mean that o is a face of 7.

A fan (resp. simplicial fan, tamely simplicial fan) ¥ in Ng is a set of cones
(resp. simplicial cones, tamely simplicial cones) in Ng such that:

(1) Each face of a cone in X is also a cone in ¥,

(2) The intersection of two cones in ¥ is a face of each.

If ¥ is a fan in Ng, we denote by ¥(r) the set of r-dimensional cones in 3,
and denote by |¥| the support of ¥ in Ng, i.e., the union of cones in ¥. (Note
that the set ¥ is not necessarily finite. Even in classical situations, infinite
fans are important and they arises in various contexts such as constructions of
degeneration of abelian varieties, the construction of hyperbolic Inoue surfaces,
etc.)

Let ¥ be a fan in Ng. There is a natural patching of affine toric varieties
associated to cones in X, and the patching defines a scheme of finite type and
separated over S. We denote by Xy this scheme, and we refer it as the toric
variety (or torus embedding) associated to ¥.. A toric variety X contains a split
algebraic torus 7' = G}!, ¢ = Spec Og[M] as an open dense subset, and the
action of T on itself extends to an action on Xs.

For a cone 7 € ¥ we define its associated torus-invariant closed subscheme
V(7) to be the union

| Spec Os[(a¥ N M) /(0¥ Ny N M)]

o-T

in Xy, where o runs through the cones which contains 7 as a face and
7o == {m € 7V|{m,n) > 0 for some n € 7}

(Affine schemes on the right hand naturally patch together, and the symbol
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/(0¥ N7y N M) means the ideal generated by ¥ N7y N M). We have
Spec Og[(cVNM)/(cV N1y NM)] = Spec Og[o’NTENM] C Spec Oglo¥ NM]

and the split torus Spec Og[r+ N M] is a dense open subset of Spec Og[c¥ N
7+ N M], where 7+ = {m € M ®z R| (m,n) = 0 for any n € 7}. (Notice that
= 7Y —7L) For aray p € X(1) (resp. a cone o € X), we shall call V(p)
(resp. V(o)) the torus-invariant divisor (resp. torus-invariant cycle) associated
to p (resp. o). The complement Xy — T set-theoretically equals the union
Upesy)V (p). Set Z; = Spec Og[rNM]. Then we have a natural stratification
Xy, = UrexZ; and for each cone 7 € X, the locally closed subscheme Z; is a

T-orbit.

81.2. Toroidal embeddings

Let X be a normal variety over a field k, i.e., a geometrically integral
normal scheme of finite type and separated over k. Let U be a smooth Zariski
open set of X. We say that a pair (X,U) is a toroidal embedding (resp. good
toroidal embedding, tame toroidal embedding) if for every closed point x in X
there exist an étale neighborhood (W, 2’) of z, an affine toric variety (resp. an
affine simplicial toric variety, an affine tamely simplicial toric variety) X, over
k, and an étale morphism

W — X,.

such that f~1(T,) = W NU. Here T, is the algebraic torus in X,.

81.3. Logarithmic geometry

First of all, we shall recall some generalities on monoids. In this paper,
all monoids will assume to be commutative with unit. Given a monoid P, we
denote by P®P the Grothendieck group of P. If @ is a submonoid of P, we
write P — P/Q for the cokernel in the category of monoids. Two elements
p,p’ € P have the same image in P/Q if and only if there exist ¢,¢' € Q
such that p+ ¢ = p’ + ¢’. The cokernel P/Q has a monoid structure in the
natural manner. A monoid P is finitely generated if there exists a surjective
map N” — P for some positive integer r. A monoid P is said to be sharp if
whenever p+q = 0 for p,q € P, then p = g = 0. We say that P is integral if the
natural map P — P®P is injective. A finitely generated and integral monoid
is said to be fine. An integral monoid P is saturated if for every p € P8P such
that np € P for some n > 0, it follows that p € P. An integral monoid P is
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said to be torsion free if PEP is a torsion free abelian group. We remark that a
fine, saturated and sharp monoid is torsion free.

Given a scheme X, a prelog structure on X is a sheaf of monoids M on the
étale site of X together with a homomorphism of sheaves of monoids h: M —
Ox, where Ox is viewed as a monoid under multiplication. A prelog structure
is a log structure if the map h=1(O%) — O% is an isomorphism. We usually
denote simply by M the log structure (M, h) and by M the sheaf M/O%. A
morphism of prelog structures (M,h) — (M’ k') is a map ¢ : M — M’ of
sheaves of monoids such that ' o ¢ = h.

For a prelog structure (M, h) on X, we define its associated log structure
(M?, h%) to be the push-out of

hH0%) —— M

Ox
in the category of sheaves of monoids on the étale site X ;. This gives the left
adjoint functor of the natural inclusion functor

(log structures on X) — (prelog structures on X).

We say that a log structure M is fine if étale locally on X there exists a
fine monoid and a map P — M from the constant sheaf associated to P such
that P* — M is an isomorphism. A fine log scheme (X, M) is saturated if each
stalk of M is a saturated monoid. We remark that if M is fine and saturated,
then each stalk of M is fine and saturated.

A morphism of log schemes (X, M) — (Y,N) is a pair (f,h) of a mor-
phism of underlying schemes f : X — Y and a morphism of log structures
h: f*N — M, where f*N is the log structure associated to the composite
fIN — 710y — Ox. A morphism (f,h) : (X, M) — (Y,N) is said to be
strict if h is an isomorphism.

Let P be a fine monoid. Let S be a scheme. Set Xp := Spec Og[P].
The canonical log structure Mp on Xp is the fine log structure induced by
the inclusion map P — Og[P]. Let ¥ be a fan in Nz (N = Z%) and Xy
the associated toric variety over S. Then we have an induced log structure
My on Xy by gluing the log structures arising from the homomorphism oV N
M — Oglo¥ N M] for each cone o € ¥. Here M = Homy(N,Z). We shall
refer this log structure as the canonical log structure on Xx. If S is a locally
noetherian regular scheme, we have that My = Ox, N i*(’)gpec 0s[M] where
i : Spec Og[M] — Xy is the torus embedding (cf. [16, 11.6]).



1102 IsAMU IWANARI

Let (X,U) be a toroidal embedding over a field k and i : U — X be the
natural immersion. Define a log structure ax : Mx = Ox N7, 0, — Ox on
X. This log structure is fine and saturated and said to be the canonical log
structure on (X, U).

§2. Free Resolution of Monoids
§2.1. Minimal and admissible free resolution of a monoid

Definition 2.1. Let P be a monoid. The monoid P is said to be toric
if P is a fine, saturated and torsion free monoid.

Remark 2.2.  If a monoid P is toric, there exists a strictly convex rational
polyhedral cone o € Homgz(P®P,Z) @7 Q such that ¢¥ N P& = P. Here the
dual cone ¢V lies on P8P ®z Q. Indeed, we see this as follows. There exists a
sequence of canonical injective homomorphisms P — P8P — P8P ®; Q. Define
a cone

C(P) :={Xi_pa; - pi| ai € Q>¢, p; € P} C P @7 Q.

Note that it is a full-dimensional rational polyhedral cone (but not necessarily
strictly convex), and P = C'(P) N P8P since P is saturated. Thus the dual cone
C(P)V C Homy(P®P,Z) ®7 Q is a strictly convex rational polyhedral cone (cf.
[10, (13) on page 14]). Hence our assertion follows.

e Let P be a monoid and S a submonoid of P. We say that the submonoid
S is close to the monoid P if for every element e in P, there exists a positive
integer n such that n - e lies in S.

e Let P be a toric sharp monoid, and let r be the rank of P8P. A toric
sharp monoid P is said to be simplicially toric if there exists a submonoid @
of P generated by r elements such that @ is close to P.

Lemma 2.3. (1) A toric sharp monoid P is simplicially toric if and
only if we can choose a (strictly convex rational polyhedral) simplicial full-
dimensional cone

o C Homg(P8?,7Z) ®z Q

such that oV N P& = P where o¥ denotes the dual cone in PP @z Q.
(2) If P is a simplicially toric sharp monoid, then
C(P):={X{_0a; pi| ai € Q>0, p; € P} C PP ®7Q

is a (strictly convex rational polyhedral) simplicial full-dimensional cone.
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Proof. We first prove (1). The “if” direction is clear. Indeed, if there
\

exists such a simplicial full-dimensional cone o, then the dual cone ¢ is also
a simplicial full-dimensional cone. Let @@ be the submonoid of P, which is
generated by the first lattice points of rays on o¥. Then Q is close to P.

Next we shall show the “only if” part. Assume there exists a submonoid
@ C P such that @ is close to P and generated by rk(PeP) elements. By
Remark 2.2 there exists a cone C'(P) = {X7_qa; - pi| a; € Q>0, p; € P} such
that P = C'(P) N P#P. Note that since P is sharp, C(P) is strictly convex and
full-dimensional. Thus ¢ := C(P)Y C Homg (P8P, 7Z) ®z Q is a full-dimensional
cone. It suffices to show that C'(P) is simplicial, i.e., the cardinality of the set
of rays of C'(P) is equal to the rank of P&P. For any ray p of ¥V = C(P), QNp
is non-empty because @ is close to P. Thus @ can not be generated by any
set of elements of ) whose cardinality is less than the cardinality of rays in
aV. Thus we have tk(P8P) > #¢" (1) (here we write #0" (1) for the cardinality
of the set of rays of ¢¥). Hence ¢V = C(P) is simplicial and thus o is also
simplicial. Tt follows (1). The assertion of (2) is clear. O

Lemma 2.4. Let P be a toric sharp monoid. Let F' be a monoid such
that FF =2 N" for some r € N. Let v : P — F be an injective homomorphism
such that (P) is close to F. Then the rank of P8P is equal to the rank of F,
i.e., tk(F'8P) = r.

Proof. Note first that P8P — F'8P is injective. Indeed, the natural homo-
morphisms P — F and F' — F*®P are injective. Thus if pi,ps € P have the
same image in F'8P then p; = po. Hence P8P — F®P is injective. Since i(P) is
close to F', the cokernel of P8P — F'8P ig finite. Hence our claim follows. O

Proposition 2.5. Let P be a simplicially toric sharp monoid. Then
there exists an injective homomorphism of monoids

i:P— F
which has the following properties.

(1) The monoid F is isomorphic to N¢ for some d € N, and the submonoid
i(P) is close to F.

(2) If j : P — G is an injective homomorphism, and G is isomorphic to
N? for some d € N, and j(P) is close to G, then there exists a unique
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homomorphism ¢ : F' — G such that the diagram

commutes.

Furthermore if C(P) := {XF_ya; - pi| a; € Q>0, p; € P} C P8P @7 Q (it is
a simplicial cone (cf. Lemma 2.3 (2)), then there exists a canonical injective
map

F— C(P)
that has the following properties:

(a) The natural diagram

commutes,

(b) FEach irreducible element of F' lies on a unique ray of C(P) via F — C(P).

Proof. Let d be the rank of the torsion-free abelian group P2P. By
Lemma 2.3, C(P) is a full-dimensional simplicial cone in P® ®z Q. Let
{p1,-..,pa} be the set of rays in C'(P). Let us denote by v; the first lat-
tice point on p; in C(P). Then for any element ¢ € C(P) we have a unique
representation of ¢ such that ¢ = ¥1<;<q4a; - v; where a; € Q> for 1 <7 < d.
Consider the map g : P8 ®7 Q — Q; p = Y1<i<qa; - v; — ai (a; € Q for all
i). Set P; := ¢;(P%P) C Q. It is a free abelian group generated by one element.
Let p; € P; be the element such that p; > 0 and the absolute value of p; is the
smallest in P;. Let F' be the monoid generated by p; - v1,...,pq - vg. Clearly,
we have FF = N? and P C F C P® ®; Q. Note that there exists a positive
integer b; such that p; = 1/b; for each 1 <4 < d. Therefore b; - p; - v; = v; for
all 7, thus it follows that P is close to F.

It remains to show that P C F satisfies the property (2). Let j : P — G
be an injective homomorphism of monoids such that j(P) is close to G. Notice
that by Lemma 2.4, we have G = N¢. The monoid P has the natural injection
t: P — P8 ®; Q. On the other hand, for any element e in G, there exists a
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positive integer n such that n-e is in j(P). Therefore we have a unique injective
homomorphism A : G — P8P ®7 Q which extends P — P& ®7 Q to G. Indeed,
if g € G and n € Z>; such that n- g € j(P) = P, then we define A(g) to be
t(n-g)/n (it is easy to see that A(g) does not depend on the choice of n). The
map A defines a homomorphism of monoids. Indeed, if g1, g2 € G, then there
exists a positive integer n such that both n-g; and n-gs lie in P, and it follows
that A(g1 + g2) = ¢(n(g1 + g2))/n = t(n- g1)/n +t(n-g2)/n = A(g1) + A(g2).-
In addition, A sends the unit element of G' to the unit element of P8P ®y Q.
Since P& ®7 Q = Q% thus X : G — P8 ®; Q is a unique extension of the
homomorphism ¢ : P — P& ®y Q. The injectiveness of A\ follows from its
definition. We claim that there exists a sequence of inclusions

PCFCGCPPR,Q.

Since P is close to G and C(P) is a full-dimensional simplicial cone, thus each
irreducible element of G lies in a unique ray of C(P). (For a ray p of C(P),
the first point of G N p is an irreducible element of G.) On the other hand, we
have Z>o - pi C ¢;(G®) N Q. This implies F' C G. Thus we have (2).

By the above construction, clearly there exists the natural homomorphism
F — C(P). The property (a) is clear. The property (b) follows from the above
argument. Hence we complete the proof of our Proposition. O

Definition 2.6. Let P be a simplicially toric sharp monoid. If an in-
jective homomorphism of monoids

i:P—F

that satisfies the properties (1), (2) (resp. the property (1)) in Proposition 2.5,
we say that i : P — F is a minimal free resolution (resp. admissible free
resolution) of P.

Remark 2.7.

(1) By the observation in the proof of Proposition 2.5, if j : P — G is an
admissible free resolution of a simplicially toric sharp monoid P, then there
is a natural commutative diagram

—>F—>G

|

c(p)
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such that ¢ oi = j, where ¢ : P — F' is the minimal free resolution of P.
Furthermore, all three maps into C(P) are injective and each irreducible
element of G lies on a unique ray of C(P).

(2) By Lemma 2.4, the rank of F is equal to the rank of P2P.

(3) We define the multiplicity of P, denoted by mult(P), to be the order of the
cokernel of 8P : P8P — '8P If P is isomorphic to ¢¥ N M where o is a

simplicial cone, it is easy to see that mult(P) = mult(o).

Proposition 2.8.  Let P be a simplicially toric sharp monoid and i :
P — F = N9 jts minimal free resolution. Consider the following diagram

where @ := Image(m o i) and 7 : N¢ — N" is defined by (ay,...,aq) —
(@a(1ys- -+ Qa@ry). Herea(l),. .., a(r) are positive integers such that 1 < a(1) <
- < a(r) <d. Then Q is a simplicially toric sharp monoid and j is the min-
imal free resolution of Q.

Proof.  After reordering we assume that a(k) = k for 1 < k < r. First, we
will show that @ is a simplicially toric sharp monoid. Since @ is close to N” via
7, @Q is sharp. If e; denotes the i-th standard irreducible element, then for each
1, there exists positive integers nq, ..., n, such that ny---ey,...,n.-e, € Q and
ny--+€1,...,N, e, generates a submonoid which is close to Q. Thus it suffices
only to prove that @ is a toric monoid. Clearly, @) is a fine monoid. To see the
saturatedness we first regard P8P and Q®P as subgroups of Q¢ = (N9)& @, Q
and Q" = (N")8P ®7 Q respectively. It suffices to show Q8 N Q%L, = Q. Since
P is saturated, thus P = P8P N Qio. Note that ¢%P : P8P — Qgg is surjective.
It follows that P&PN Q%o — QP ﬂ_ng is surjective. Indeed, let £ € Q*P NQ%L,,
and ¢’ € P#P such that & = ¢8P(¢). Put & = (by,...,bg) € P& C (N9)&P = 74,
Note that b; > 0 for 1 <1 < r. Since P®P is a subgroup of Z? of a finite index,
there exists an element £’ = (0,...,0,¢.41,...,¢q) € P8P such that & 4+ ¢ =
(b1, by brg1 + g1y by +ca) € Z2,. Then & = ¢8P(¢') = ¢#P (&' + ¢").
Thus P8P N (@‘io — QP NQL, is surjectife. Hence @ is saturated.

It remains to prove thatiQ C N” is the minimal free resolution. It order to
prove this, recall that the construction of minimal free resolution of P. With
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the same notation as in the first paragraph of the proof of Proposition 2.5, the
monoid F' is defined to be a free submonoid N-py -v; ®---®N-pg-vq of C(P)
where py, - v, is the first point of C(P) N g, (P*EP) for 1 < k < d. Here the map
G : PP ®7Q — Q- vy, is defined by X1<;<qa;-v; — ag-vy (a; € Q for all 7). We
shall refer this construction as the canonical construction. After reordering, we

have the following diagram

N-p-v1 @ ®N-pg-vg —> C(P) —> P& 2,Q

| -

N-pr-v1®- &N-p v, —=C(Q) —= QP @2 Q

where py, - v, is regarded as a point on a ray of C(Q) for 1 <4 <. Then pg - vy
is the first point of C(Q) N ¢, (Q#P) for 1 < k < r, where g}, : Q*° ®7z Q —
Q- vg; Ti<i<ra; - v; — ay - vy (note that for any ¢ € Q8P @z Q, there is a unique
representation of ¢ such that ¢ = ¥1<;<,a; - v; where a; € Q> for 1 <4 <r.).
Then Q@ = N" 2 N-p;-v; D - PN p, v, is the canonical construction for @,
and thus it is the minimal free resolution. Hence we obtain our Proposition. [

Proposition 2.9. (1) Let ¢ : P — F be an admissible free resolution.
Then ¢ has the form

L=noi:P L PNt L Nlx

where i is the minimal free resolution and n : N¢ — N¢ s defined by
e; — n; - e;. Here e; is the i-th standard irreducible element of N¢ and
n; € Z>1 for1 <1 <d.

(2) Let o be a full-dimensional simplicial cone in Ng (N=Z%, M=Homgz(N,Z))
and ¢¥ N M < F the minimal free resolution (note that o N M is a
simplicially toric sharp monoid). Then there is a natural inclusion o¥ N
M c F C ¢V. FEach irreducible element of F lies on a unique ray of V.
This gives a bijective map between the set of irreducible elements of F' and

the set of rays of o

Proof. We first show (1). By Remark 2.2 (1), there exist natural inclu-
sions
PCcFCFcCC(P)

where the first inclusion P C F is the minimal free resolution and the composite
P C F C Fisequal tot: P — F. Moreover each irreducible element of the



1108 IsAMU IWANARI

left F' (resp. the right F') lies on a unique ray of C(P). Let {s1,...,s4}
(resp. {t1,...,tq}) denote images of irreducible elements of the left F' (resp.
the right F') in C(P). Since the rank of the free monoid F is equal to the
cardinality of the set of rays of C'(P), thus there is a positive integer n; such
that n; - t; € {s1,...,sq4} for 1 < ¢ < d. After reordering, we have n; - t; = s;
for each 1 < 4 < d. Therefore our assertion follows.

To see (2), consider

c'NMcCC@'NM)C(c"NM)F®R,Q0=Me;,QC MczR

where C'(0¥ N M) = {E1<i<m@i- si| a; € Q>0, s; € 0¥ NM} is a simplicial full-
dimensional cone by Lemma 2.3. The cone ¢V is the completion of C(c¥ N M)
with respect to the usual topology on M ®z R. Then the second assertion
follows from Proposition 2.5 (b) and the fact that the rank of the free monoid
F is equal to the cardinality of the set of rays of C'(¢¥ N M). O

Let P be a toric monoid. Let I C P be an ideal, i.e., a subset such
that P+ 1 C I. We say that I is a prime ideal if P — I is a submonoid of
P. Note that the empty set is a prime ideal. Set V = P& ®7; Q. For a
subset S C V, let C(S) be the (not necessarily strictly convex) cone define
by C(S) := {Z1<i<na; - ;| a; € Q>0, s; € S}. To a prime ideal p C P we
associate C'(P — p). By an elementary observation, we see that C'(P —p) is a
face of C'(P) and it gives rise to a bijective correspondence between the set of
prime ideals of P and the set of faces of C(P) (cf. [24, Proposition 1.10]).

Let P be a simplicially toric sharp monoid. Then the cone C(P) C PP ®y
Q is a strictly convex rational polyhedral simplicial full-dimensional cone (cf.
Lemma 2.3). A prime ideal p € P is called a height-one prime ideal if C(P —p)
is a (dim P®P ®7 Q — 1)-dimensional face of C(P), equivalently p is a minimal
nonempty prime. In this case, for each height-one prime ideal p of P there
exists a unique ray of C'(P), which does not lie in C(P —p). Let P — F be the
minimal free resolution. Notice that the rank of F' is equal to the cardinality
of the set of rays of C'(P). Therefore taking account of Proposition 2.5 (b),
there exists a natural bijective correspondence between the set of rays of C'(P)
and the set of irreducible elements of F'. Therefore there exists the natural
correspondences
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{The set of height-one prime ideals of P}

lg

{The set of rays of C(P)}

lg

{The set of irreducible elements of F'}.

Definition 2.10. Let P be a simplicially toric sharp monoid. Let I be
the set of height-one prime ideals of P. Let j : P — F be an admissible free
resolution of P. Let us denote by e; the irreducible element of F' corresponding
toi¢ € I. We say that j : P — F is an admuissible free resolution of type
{ni € Z>1}ier if j is isomorphic to the composite P 2 F ™ F where i is the
minimal free resolution and w : F — F' is defined by e; — n; - ¢;.

Note that admissible free resolutions of a simplicially toric sharp monoid
are classified by their type.

We use the following technical Lemma in the subsequent section.

Lemma 2.11.  Let P be a toric monoid and Q a saturated subomonoid
that is close to P. Then the monoid P/Q (cf. Section 1.3) is an abelian group,
and the natural homomorphism P/Q — P /Q8P is an isomorphism.

Proof. Clearly, P/Q is finite and thus it is an abelian group. We will
prove that P/Q — P®P/Q#®P is injective. It suffices to show that P N Q8P = Q
in P8P, Since PN Q%P D @, we will show PN Q8 C Q. For any p € PN Q*P,
there exists a positive integer n such that n-p € @ because @ is close to P.
Since @ is saturated, we have p € . Hence PN Q% = Q. Next we will
prove that P/Q — P8P/Q®P is surjective. Let p € P8P. Take p1,ps € P such
that p = p; — p2 in P8P, It is enough to show that there exists p’ € P such
that p’ + py € Q. Since @Q is close to P, thus our assertion is clear. Hence
P/Q — PP /Q*P is sujective. O

82.2. MFR morphisms and admissible FR morphisms
The notions defined below play a pivotal role in our theory.

Definition 2.12.  Let (F,®): (X, M) — (Y, N) be a morphism of fine
log-schemes. We say that (F, ®) is an MFR (=Minimal Free Resolution) mor-
phism if for any point 2 in X, the monoid F~'N; is simplicially toric and the
homomorphism of monoids &5 : F~'N; — M; is the minimal free resolution
of F~'N;.
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Proposition 2.13.  Let P be a simplicially toric sharp monoid. Let i :
P — F be its minimal free resolution. Let R be a ring. Then the mapi: P — F
defines an MFR morphism of fine log schemes (f,h) : (Spec R[F], Mp) —
(Spec R[P], Mp), where Mp and Mp are log structures induced by charts
F — R[F] and P — R[P] respectively.

Proof. Since Mp and Mp are Zariski log structures arising from F' —
R[F] and P — R[P] respectively, to prove our claim it suffices to consider only
Zariski stalks of log structures i.e., to show that for any point of z € Spec R[F]
the homomorphism h : fflﬂpv fla) — M, is the minimal free resolution.
Suppose that ' = N" @ N¢" and = € Spec R[(N9~")8P] C Spec R[N™"]
= Spec RIN" @ N9=7]/(N" — {0}) C Spec R[N" @ N¢="]. Then f(x) lies in
Spec R[P§P] C Spec R[Py] = Spec R[P]/(Py) C Spec R[P], where P, is the sub-
monoid of elements whose images of u : P — F = N” @ N¢—" 2 N" are zero
and P is the ideal generated by elements of P, whose images of u are non-zero.
Indeed, since z € Spec R[N" @ N¢="]/(N" — {0}), thus f(z) € Spec R[P]/(P}).
For any p € P, the image of i(p) in (N?~")2P is invertible, and thus f(x) €
Spec R[P§P]. Note that there exists the commutative diagram

P;)F:NT@Nd—r

R

F7*Mp () — Mp, =N,

where the vertical surjective homomorphisms are induced by the standard
charts P — Mp and F — Mg respectively. Applying Proposition 2.8 to
this diagram, it suffices to prove that f‘lmp,f(z) — HFJ is injective. Since
there are a sequence of surjective maps P& — PgP/PEP — f *ﬂiﬁ’ﬂw) and
the inclusion fflﬂpﬂx) C fflﬂ%:f(w), thus it is enough to prove that for
any p; and pe in P such that u(p;) = u(pz2) the element p; — py € P8P lies
in PEP. To this aim, it suffices to show that({0} & (N9=")8P) N PP C P§P.
Let C(P) C P& ®z Q and C(Py) C P& ®z Q be cones spanned by P and P
respectively. Then C(P)N P8? = P (cf. Remark 2.2), and the cone C'(Fp) is
a face of C'(P). Indeed, identifying P8P @z Q with F&P ®z Q, the cone C(P)
and C(P,) are generated by irreducible elements of FF = N¢ and {0} @ N¢—"
respectively. For any p € C(Py) NP9 there exists a positive integer n such that
n-p lies in Py. Taking account of the definition of Py and C(Py) NP8 C P, we
have p € Py, and thus C(Py) N PP = Py. Since C(F) is a cone in P8P ®7Q, we
have P§¥ @7, QN P8P = P§P. (We regard PSP ®7Q as a subspace of PP ®7Q.)
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This means that ({0} & (N?~")8P @, Q) N PP = P§P. Thus we conclude that
({0} @ (N4=7)eP) N PeP C PEP. Hence we complete the proof. O

Lemma 2.14.  Let R be a ring. Let X = Spec R[c" N M] be the toric
variety over R, where o is a full-dimensional simplicial cone in Ng (N = Z%).
Let Mx denote the canonical log structure induced by ¥ N M — R[c¥ N M]
Let ﬂX@ be the stalk at a geometric point T — X, and let mX@ — F be
the minimal free resolution. Then there exists a natural bijective map from the
set of irreducible elements of F' to the set of torus-invariant divisors on X on
which T lies.

In particular, if oV N M — H is the minimal free resolution, then there
exists a natural bijective map from the set of irreducible elements of H to o(1).

Proof. Without loss of generality we may suppose that Z lies on the sub-
scheme
Spec Rje¥ N M]/(c¥ N M) C Spec R[c¥ N M].

Then we have ﬂxi = oY N M. The set of torus-invariant divisors on which
7 lies is {V(p)}peo(1), i-e., the set of rays of 0. For each ray p € o(1) the
intersection pt N oV is a (dimo — 1)-dimensional face. Since o is simplicial,
there is a unique ray of ¢V which does not lie in p~ N ¢¥. We denote this
ray by p*. Then it gives rise to a bijective map o(1) — oV (1); p — p*. By
Proposition 2.5, there is a natural embedding ¢¥ N M — F < ¢V and each
irreducible element of F' lies on a unique ray of ¢V. It gives a bijective map from

the set of irreducible elements of F to ¢V (1). Hence our assertion follows. I

Definition 2.15. Let S be a scheme. Let N = Z% be a lattice and
M := Homg(N,Z) its dual. Let X be a fan in Ng and Xy the associated
toric variety over S. Let n := {n,},exn) be a set of positive integers in-
dexed by 3(1). A morphism of fine log schemes (f,¢) : (Y, M) — (X5, Mx)
is called an admissible FR morphism of type n if for any geometric point
iy — Y the homomorphism f_lﬂpﬁf(g) — Mg is isomorphic to the composite
f_lﬂp’f(g) 4 F 2 F where i : f—lﬂpﬂg) — F' is the minimal free resolu-
tion and n : F — F is defined by e, — n, - e,. Here for a ray p € (1) such
that f(y) € V(p) we write e, for the irreducible element of F' corresponding to
p (cf. Lemma 2.14).

Proposition 2.16.  Let P be a simplicially toric sharp monoid. Suppose
that P = oY N M where 0 C Ng is a full-dimensional simplicial cone. Let
n = {n,},eo1) be a set of positive integers indexed by o(1). Let v : P —
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F be an admissible free resolution defined to be the composite P — F > F
where P — F' is the minimal free resolution and n : F' — F is defined by
e, — N, - e, for each ray p € o(1). Here e, is the irreducible element of F
corresponding to p (cf. Definition 2.10, Lemma 2.14). Let R be a ring. Let
(f,¢) : (Spec R[F], MFp) — (Spec R[P], Mp) be the morphism induced by ¢.
Then (f,¢) is an admissible FR morphism of type n.

Proof. Let us denote by (g,v) : (Spec R[F], Mr) — (Spec R[F], MFp)
the morphism induced by n : FF — F. Notice that for any geometric point
& — Spec R[F] the canonical map F — Mgz and F — ﬂp,g(i) are of the form
FeN N 2 N Mp; and F = N* @ Nt NS M g(z) respectively
for some s,t € Zsq. Therefore ¢, : N® = g_lﬂp’g(i) — N* =2 Mp; is the
homomorphism induced by e, — n, - e,. Taking account of Proposition 2.13,
our assertion follows from the definition of ¢ : P — F. O

Proposition 2.17.  Let R be a ring. Let P be a simplicially toric sharp
monoid and v : P — F = N? an admissible free resolution of P. Let (f,h) :
(S, M) — (Xp := Spec R[P], Mp) be a morphism of fine log schemes. Here
Mp is the canonical log structure on Spec R[P] induced by P — R[P]. Let
c: P — Mp be the standard chart. Let s — S be a geometric point. Consider
the following commutative diagram

where ¢z is the map induced by the standard chart such that o étale locally lifts
to a chart. Then there exists an fppf neighborhood U of § in which we have a
chart € : F — M such that the following diagram

P———F
FMp L M
commutes and the composition F = M — Ms is equal to o. If the order

of the cokernel of P8P — F®P s invertible on R, then we can take an étale
neighborhood U of § with the above property.

Proof. Let v:=c5: P — f*Mp; be the chart induced by the standard
chart P — Mp. In order to show our assertion, we shall prove that there exists
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a homomorphism ¢ : F — Mj, which is a lifting of «, such that t ov = hz o ~.
To this aim, consider the following diagram

M; F
h ‘ /
f*MP,E \L 5 P 13
M%p ng % Zd
heP £ &P
. p / / a
J*Mps = P ——— 71

where vertical arrows are natural inclusions and ¢ and v are isomorphisms
chosen as follows. By elementary algebra, we can take the isomorphisms ¢ and
1 so that a := 1018”0 ¢! is represented by the (d x d)-matrix (a;;) with a; =:
Ai € Z»1 for 0 <4 < d, and a;; = 0 for i # j. Let us construct a homomorphism
FeP — M2 filling in the diagram. Let {e;}1<i<q be the canonical basis of 7
and put m; := h& o ~8P o ¢~ 1(e;). Let n; be an element in ME® such that
q(ni) = a2P(p=1(e;)) for 0 < i < d, where ¢ : M2 — M2 is the natural
projection. Then there exists a unit element u; in OF such that u; +\;-n; = m;
in ME for 0 < i < d. The algebra 0" := Og4[T1, ..., Tal/(T} —w;)L, is a
finite flat Og s-algebra. If the order of cokernel of P8? — F®P is invertible
on R, O is an étale Og s-algebra. After the base change to O’, there exists
a homomorphism 7 : F& — MEP which is an extension of h8P o 48P, Since
Mz = MEP xjze0 M, the map t : F — MSP xer My = M; defined by
m — (n(&(m)), ab(m)) is a homomorphism which makes the diagram

p—*t - F

ylh |

f*MP,E ; M§7

commutative. Since P and F' are finitely generated, this diagram extends
to a chart in some fppf neighborhood of 5. The last assertion immediately
follows. |
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83. Moduli Stack of Admissible FR Morphisms into
a Toroidal Embedding

83.1. Moduli stack of admissible FR morphisms

Let (X,U) be a toroidal embedding over a field k. Let us denote by I the
set of irreducible components of X — U.

Consider a triple (X, U, n), where n = {n; € Z>1};c;. We shall refer to
(X,U,n) as a toroidal embedding (X,U) of level n. Let Mx be the canonical
log structure of (X,U). The pair (X, Mx) is a fine saturated log scheme (cf.
Section 1.3). If we further assume that (X, U) is a good toroidal embedding (cf.
Section 1.2), then for any point 2 on X, the stalk ij is a simplicially toric
sharp monoid.

Proposition 3.1.  Let MX@ be the stalk at a geometric point x — X.
Let MX,E — F be the minimal free resolution. Then there exists a natural map
from the set of irreducible elements of F' to the set of irreducible components of
X — U in which T lies.

Proof. Set P = MXJ—C. Note first that there exists the natural corre-
spondence between irreducible elements of F' and height-one prime ideals of
P (see Section 2). Therefore it is enough to show that there exists a natural
map from the set of height-one prime ideals of P to the set of irreducible com-
ponents of X — U on which Z lies. Let {p1,...,pn} be the set of height-one
prime ideals of P. Let D = X — U be the reduced closed subscheme (each
component is pure 1-codimensional) and Ip be the ideal sheaf associated to D.
If = denotes the image of z, and Ox , denotes its Zariski stalk, then the nat-
ural morphism Spec Ox z/IpOx z — Spec Ox . /IpOx , maps generic points
to generic points. On the other hand, the log structure Mx (cf. Section 1) has
a chart P — Ox z and the support of M is equal to D, the underlying space
of Spec Ox z/IpOx 3 is naturally equal to Spec Ox z/(p1O0x,zN...Np,Ox 3).
(The closed subscheme Spec k[P]/(p1k[P]N. . .Np,k[P]) has the same underlying
space as the complement Spec k[P]— Spec k[P#P].) Therefore it suffices to prove
that for any height-one prime ideal p;, the closed subset Spec Ox z/p;Ox 7 is an
irreducible component of Spec Ox z/IpOx z. By [16, Theorem 3.2 (1)] there
exists an isomorphism Ox; = K[[P]][[T1,...,T,]] and the composite P —
Ox.; — Ox z can be identified with the natural map P — K'[[P])[[T1, ..., T}]],
where k' is the residue field of Ox z. (Strictly speaking, [16] only treats the case
of Zariski log structures, but the same proof can apply to the case of étale log
structures.) Since P —p; is a submonoid and moreover it is a toric monoid, thus
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Ox z/piOx z is isomorphic to the integral domain k[[P — p;]][[t1, . . . ,t.]]. Note
that @X@ is a flat Ox z-algebra and the natural map Ox z — @X@ is injective,
thus Ox /p:O0Oxz — @X,a’c/pi@X,i is injective. Therefore Ox z/p;Ox z is an
integral domain. Hence Spec Ox z/p;Ox z is irreducible. Thus we obtain the
natural map as desired. O

Definition 3.2. Let (X,U,n = {n; € Z>1}ier) be a good toroidal em-
bedding of level n over k. (We denote by I the set of irreducible components of
X —U.) Let Mx be the canonical log structure on X. An admissible FR mor-
phism to (X, Mx,n) (or (X,U,n)) is a morphism (f, ¢) : (S, Mg) — (X, Mx)
of fine log schemes such that for any geometric point § — S the homomorphism
g f’lﬂxﬂg) — M s is isomorphic to

"My ps) > F 5 F,

where ¢ is the minimal free resolution and n is defined by e +— n;() - € where e
is an irreducible element of F' and i(e) is an irreducible component of X — U
to which e corresponds via Proposition 3.1. (We shall call such a resolution an
admissible free resolution of type n at f(5).)

We define a category Z(x un) as follows. The objects are admissible FR
morphisms to (X, Mx,n). A morphism {(f,¢) : (S,M) — (X,Mx)} —
{(9,%) : (T'N) — (X, Mx)} in Zix,un is a morphism of (X, Mx)-log
schemes (h,a) : (S, M) — (T, N) such that o : h*N — M is an isomorphism.
By simply forgetting log structures, we have a functor

T(X,Un) © Z(X,Un) — (X-schemes),

which makes 2 x yn) a fibered category over the category of X-schemes. This
fibered category is a stack with respect to étale topology because it is fibered in
groupoid and log structures are pairs of étale sheaves and their homomorphism
on étale site. Furthermore according to the fppf descent theory for fine log
structures ([21, Theorem A.1]), 2(x,un) is a stack with respect to the fppf
topology.

Theorem 3.3.  Let (X,U,n = {n; € Z>1}icr) be a good toroidal embed-
ding of level n over a field k. Then the stack Z(x,u,n) is a smooth algebraic stack
of finite type over k with finite diagonal. The functor m(x un) @ Z(x,um) — X
18 a coarse moduli map, which induces an isomorphism 7T(_)§7U7n)(U) S U. If we
suppose that (X, U) is tame (cf. Section 1.2), and n; is prime to the charac-
teristic of k for alli € I, then the stack Z(x un is a smooth Deligne-Mumford
stack of finite type and separated over k.
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In the case of n; =1 for all v € I, we have the followings.

(1) The coarse moduli map induces an isomorphism 7"(_X1Un)(Xsm) 5 Xem
when we denote by Xgn, the smooth locus of X.

(2) Suppose further that (X,U) is tame. If there exists another functor f :
X — X such that X is a smooth separated Deligne-Mumford stack and f
is a coarse moduli map, then there exists a functor ¢ : X — Z(x yn) such
that the diagram

X 2?2, Z(X,Un)

T(X,U,n)
f
X

commutes in the 2-categorical sense and such ¢ is unique up to a unique
isomorphism.

Remark 3.4.  Moreover the stack 2 x yn) has the following nice proper-
ties, which we will show later (because we need some preliminaries).

(1) We will see that 2{x u) is a tame algebraic stack in the sense of [2] (see
Corollary 3.10).

(2) We will prove that the complement 2(x yn — U with reduced induced
stack structure is a normal crossing divisor on Z(x . (see Section 3.5).

§3.2.

Before the proof of Theorem 3.3, we shall observe the case when (X,U)
is an affine simplicial toric variety Spec R[eY N M] over a ring R, where o
is a full-dimensional simplicial cone in Ng (N = Z%). (For the application
in Section 4, we work over a general ring rather than a field.) Each ray
p € o defines the torus-invariant divisor V(p). Consider the torus embed-
ding X (o,n) := (Spec R[o¥ N M], Spec R[M],n) of level n = {n,},co(1). Set
P := ¢V N M (this is a simplicially toric sharp monoid). Let ¢ : P — F be
the injective homomorphism defined to be the composite P N N F', where
i is the minimal free resolution and n : F — F' is defined by e, — n, - e,
where e, denotes the irreducible element of F' corresponding to a ray p € o(1)
(cf. Lemma 2.14). The cokernel F'8P/i(P)8P is a finite abelian group (and
isomorphic to F/t(P) by Lemma 2.11). We view FeP/,(P)&P as a finite com-
mutative group scheme over R. We denote by G := (F&P/.(P)2P)P its Cartier
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dual over R. We define an action m : Spec R[F] xg G — Spec R[F] as fol-
lows. Put m : F — F®P/i(P)8P the canonical map. For each R-algebra A
and A-valued point p : FF — A (a map of monoids) of Spec R[F], a A-valued
point g : (F'8P/,(P)8?) — A (a map of monoids) of G sends p to the map
p9 . F — A defined by the formula p?(f) = p(f) - g(7(f)) for f € F. We de-
note by [Spec R[F]/G] the stack-theoretic quotient associated to the groupoid
m, pry : Spec R[F] x g G = Spec R[F] (cf. [19, (10.13.1)]). By [7, section 3 and
Theorem 3.1, the coarse moduli space for this quotient stack is Spec R[F]“
where
R[F|® = {a € R[F]| m"(a) = prj(a)} C R[F].

Moreover the natural morphism R[P] — R[F]¢ is an isomorphism:

Claim 3.4.1.  The natural morphism R[P] — R[F]|® is an isomor-
phism. In particular, the toric variety Spec R[P] is a coarse moduli space for

[Spec R[F]/G].

Proof. Note first that I'(G) = R[F®P]/(f — 1)fepesocp=r is a finite free
R-module, and

m* : R[F] — R[F] ®Rr R[ng]/(f - 1)f€ngchp

maps f € F to f® f. Since pr{ maps f to f® 1, thus m*(X¢cpry - f) =
pri(Xferry - f) (ry € R) if and only if ry = 0 for f with f ¢ P& C FeP.
Therefore it suffices to prove that PP N F' = P. Clearly, we have PEPNF D P,
thus we will show P8P N F C P. For any f € P8P N F, there exists a positive
integer n such that n - f € P. Since P is saturated, we have f € P. Hence our
claim follows. O

Let Mp be the canonical log structure on the toric variety Spec R[P].

Proposition 3.5.  There exists a natural isomorphism ®:[Spec R[F|/G]
— ZX (o) over Spec R[P]. The composite Spec R[F] — [Spec R[F|/G] —
ZX (o,n) corresponds to the admissible FR morphism (x,€): (Spec R[F], Mp) —
(Spec R[P], M p) which is induced by v : P — F.

Proof. Let [Spec R[F]/G] — Spec R[P] be the natural coarse moduli map.
According to [21, Proposition 5.20 and Remark 5.21], the stack [Spec R[F]/G]
over Spec R[P)] is isomorphic to the stack S whose fiber over f : S — Spec R[P]
is the groupoid of triples (N, n,v), where N is a fine log structure on S, 7 :
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f*Mp — N is a morphism of log structures, and v : F — N is a morphism,
which étale locally lifts to a chart, such that the diagram

p—* -F

[TIMp——N

commutes. Here we denote by ¢ the standard chart P — M p. Notice that the
last condition implies that 7 is an admissible FR morphism to (Spec R[P], M p,
n). Indeed, by Proposition 2.17 there exists fppf locally a chart ' : F — N
such that 4" induces v, and v ot : P — F — N is equal to P — f*Mp —
N. This means that there exists fppf locally on S a strict morphism (S, N)
— (Spec R[F], MF) such that the composite (S,N) — (Spec R[F]|, M) —
(Spec R[P], Mp) is equal to (f,n) : (S,N) — (Spec R[P], Mp). By Proposi-
tion 2.16 (Spec R[F], M) — (Spec R[P], Mp) is an admissible morphism to
(Spec R[P], Mp,n), thus so is (f,n) : (S,N) — (Spec R[P], Mp). Therefore
there exists a natural morphism & : [Spec R[F|/G] — 2 (o,n) Which forgets
the additional data of the map v : FF — N. To show that ® is essentially sur-
jective, it suffices to see that every object in Z’x (4, is fppf locally isomorphic
to the image of ®. Let (f,¢) : (S,N) — (Spec R[P], Mp) be an admissible FR
morphism to (Spec R[P], Mp,n). By Proposition 2.16, for any geometric point
5§ — S the map f_lﬂp,f(g) — N5 is isomorphic to g—lﬂp,g@) — MF@,
where g : Spec R[F] — Spec R[P] is induced by ¢ : P — F, and T is a ge-
ometric point on Spec R[F] which is lying over f(3). Since F — Mg ; has
the form F = N' @ N9 24 N”| thus P — [7*Mp s5) — N5 has the form
P4 F~N @N-T 2 N7, thus the essentially surjectiveness follows from
Proposition 2.17. Finally, we will prove that ® is fully faithful. To this end, it
suffices to show that given two objects (hy : f*Mp — Ni,71 : F — N1) and
(hy : f*Mp — Na,72 : F — N3) in [Spec R[F]/G](S), any morphism of log
structures ¢ : N7 — Na, such that £oh; = hy, has the property that oy = 5.
It follows from the fact that P is close to F via ¢ and every stalk of Ny is of the
form N” for some r € N. Indeed for any f € F', there exists a positive integer
n such that n - f € P. Since £ o hy = hy, we have £ oy (n - f) = yo(n - f).
Since every stalk of Ny is of the form N” for some r € N, we conclude that

Eom(f) =1(f).

Finally, we will prove the last assertion. By Proposition 2.16, (x,€) is
an admissible FR morphism of type n. By [21, Proposition 5.20], the pro-
jection Spec R[F] — [Spec R[F]/G] amounts to the triple (Mg, e : x*Mp —
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Mg, F — Mp) over x : Spec R[F] — Spec R[P]. Hence ®(Mp,e: x*Mp —
Mp, F — Mp)) = (Mp,e: x*Mp — Mp) and thus our claim follows. O

Proposition 3.6. With the same notation as above, we have followings:
(1) Zx (o) has finite diagonal.
(2) The natural morphism Z'x (5ny — Spec R[P] is a coarse moduli map.

(3) Zx(on) is smooth over R.

Proof. We first prove (1). The base change of the diagonal map
[Spec R[F]/G] — [Spec R[F]/G] xr [Spec R[F]/G] by the natural morphism
Spec R[F] x g Spec R[F| — [Spec R[F|/G] X r [Spec R[F]/G] is isomorphic to
Spec R[F| x g G — Spec R[F| x g Spec R[F], which maps (z, g) to (z,29). Since
pry : Spec R[F]x gG — Spec R[F| is proper and pry : Spec R[F] X gSpec R[F] —
Spec R[F] is separated, thus Spec R[F| xgp G — Spec R[F] xr Spec R[F] is
proper. Clearly, it is also quasi-finite, so it is a finite morphism and we con-
clude that [Spec R[F]|/G] has finite diagonal. Hence by Proposition 3.5 Zx (s.n)
has finite diagonal. The assertion (2) follows from Claim 3.4.1 and Proposi-
tion 3.5. Next we will prove (3). By Proposition 3.5, we have a finite flat cover
Spec R[F| — Zx(s,n) from a smooth R-scheme Spec R[F], where F is isomor-
phic to N” for some r € N. Let V' — 2, n) be a smooth surjective morphism
from a R-scheme V. Notice that the composite V' x 2, ., Spec R[F] Dy
Spec R is smooth, and V' X g, .., Spec R[F] — V is a finitely presented flat sur-
jective morphism. Indeed the composite V' x o, , ., Spec R[F] — Spec R[F] —
Spec R is smooth. Thus by [9, IV Proposition 17.7.7], we see that V' is smooth
over R. Hence Z’x (4, is smooth over R. O

Remark 3.7.  Let o be a simplicial (not necessarily full-dimensional) cone
in Ng. Then there exists a splitting N = N'®N" such that 0 = o’ ®{0} C N;®
N{ where ¢’ is a full-dimensional cone in Ng. Thus X, = X, X g Spec R[M"],
where M = Homgy(N",Z). The log structure M, is isomorphic to the pullback
pri Mgy where pry : X xp Spec RIM"] — X,. Therefore 2% (4, is an
algebraic stack of finite type over R for arbitrary simplicial cone o. Also,
Proposition 3.6 holds for arbitrary simplicial cones.

83.3. Proof of Theorem 3.3

We will return to the proof of Theorem 3.3. Let R = k be a field.
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Proof of algebraicity. ~ We will prove that 2{x y,) is a smooth algebraic
stack of finite type over a field k£ with finite diagonal. Clearly, one can assume
that X(o,n) := (X,U,n) = (Spec R[o¥ N M],Spec R[M],n) (with the same
notation and hypothesis as in Section 3.2), where o is a full-dimensional sim-
plicial cone. Then by Proposition 3.5 and Proposition 3.6 (1) and (3), Zx (4,n)
is a smooth algebraic stack of finite type over R with finite diagonal because
Zx (o,n) is isomorphic to [Spec R[F]/G]. Since the restriction M x|y is a trivial
log structure, thus we see that 7T(_)§7U7n)(U) — U is an isomorphism.

If we suppose that (X, U) is tame and n; is prime to the characteristic of k
for all ¢ € I, then the order of G = F'8P/.(P)8P is prime to the characteristic of
k. Therefore the Cartier dual (F8P/.(P)&P)P is a finite étale group scheme over
k. Thus [Speck[F]/G] is a Deligne-Mumford stack over k (cf. [19, Remarque
10.13.2]). Therefore in this case 2{x,yq) is a Deligne-Mumford stack.

Coarse moduli map for Zx un)- Next we will prove that the natural map
Z(x,un) — X is a coarse moduli map for Z{x yn). By the above argument,
we see that Z(x yn) — X is a proper quasi-finite surjective morphism. In-
deed, in the case when X is a toric variety, Z(x u,n) — X is a coarse moduli
map by Proposition 3.6 (2). Moreover 2{x y) is integral and 2 x yn) — X
is generically an isomorphism. By [22, Corollary 2.9 (ii)], we conclude that
Z(x,un) — X is a coarse moduli map. O

Assume that n; = 1 for all ¢ € I. Before the proof of (1) of Theorem 3.3,
we prove the following Lemma.

Lemma 3.8.  Let (X, U) be a toroidal embedding. Let Mx be the canon-
ical log structure of (X,U). For every geometric point T on Xgm, the monoid
ﬂxyi is free.

Proof. Clearly, our claim is local with respect to étale topology. Hence,
we may assume that for every closed point x of X, there exist an étale neighbor-
hood W — X a simplicially toric sharp monoid P, and a smooth morphism
of w: W — Speck[P]. Note that Mx |w is induced by the log structure
on Speck[P] defined by P — k[P]. Since X is smooth, thus after shrinking
Spec k[P] we may assume that Spec k[P] is a smooth affine toric variety over
k. Therefore Spec k[P] has the form Spec k[N" & Z*] (cf. [10, p28]) and the log
structure is induced by N” — k[N" @ Z*]. Hence our claim is clear. O

Proof of (1) in Theorem 3.3.  To prove that 7"(_X1,U,n)(Xsm) 5 X, it

suffices to show that 7,3 )(Xsm) is an algebraic spaces because m(x ) is

(X, Un
a coarse moduli map. Thus let us show that every MFR morphism (f,h) :
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(S, N) = (Xem, Mx |x,,) has no non-trivial automorphism in Z(x ). By
Lemma 3.8 (1), each stalk of f ~! M is a free monoid. Hence h : f* Mx — N is
an isomorphism because (f, h) is an MFR morphism and thus 2 : f~*My — N
is an isomorphism. Therefore it does not have a non-trivial automorphism and

thus the map 77(_)(1 Un) (Xsm) — Xgm is an isomorphism. [l

Proof of (2) in Theorem 3.3. Let p : Z — X be an étale cover by a
separated scheme Z (note that Z x y Z is also a separated scheme since X’ has
finite diagonal and thus Z xx Z — Z Xy, Z is finite). Let Xjng be the singular
locus of X and put V := Z — p~}(f~!(Xsing)). Note that since X is a normal
variety, the codimension of X, is bigger than 1. Thus the codimension of
p (' (Xging)) is bigger than 1. Let pri,prs : Z xx Z = Z be natural
projections. By (1) in Theorem 3.3, fop |y: V — X and fopopr; |yx,v:
V xxV — X (i = 1,2) are uniquely lifted to morphisms into 2{x yn). We
abuse notation and denote by fop |y and fopopr |yx,v (1 =1,2) lifted
morphisms into Z(x yn). Then by the purity lemma due to Abramovich and
Vistoli ([1, 3.6.2] [3, Lemma 2.4.1]), fop |y and fopopr |yx,v (i = 1,2)
are extended to Z and Z Xy Z respectively. These extensions are unique up
to a unique isomorphism. Since f opopr; = f o po prag, there exists a unique
morphism ¢ : X — Z(x y,n) such that 7 x .09 = f. |

§3.4. Stabilizer group schemes of points on Z(x vn)

In this subsection, we calculate the stabilizer group schemes (i.e. auto-
morphism group schemes) of points on the stack 2 x ) for a good toroidal
embedding (X,U) of level n = {n;},c;. For the definition of points on an
algebraic stack, we refer to [19, Chapter 5]. In this subsection, by a geomet-
ric point to an algebraic stack X we mean a morphism Spec K — X with an
algebraically closed field K.

Let us calculate the stabilizer groups of points on Z(x ). Let T :
Spec K — Z(x,un) be a point on 2 x y,n) With an algebraically closed field K.
Note that the point T can be naturally regarded as the point on X via the coarse
moduli map. Suppose that z : Spec K — 2 x yn) corresponds to an admissible
FR morphism (7(x,un) ©Z,h) : (Spec K, Mk ) — (X, Mx,n). Thus Isom(z, )
is the group scheme over K, which represents the contravariant-functor

G : (K-schemes) — (groups),

{v : § — SpecK} — {the group of isomorphisms of the log structure
v* M ¢ which are compatible with v*h : (7(x yn) 0T ov)* Mx — v* Mg }. (We
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shall call Isom(Z,Z) the stabilizer (or automorphism) group scheme of point
z.) Set P = (m(x,un) ©Z)*M, and F = M. Since K is algebraically closed,
there exist isomorphisms (m(x ) 0 7)*Mx = K* @ P and Mg = K* @ F.
Therefore we have G({S — Spec K'}) = Homg,oup (F& /P8, T'(S, 0%)). (Note
that by Lemma 2.11 the natural map F/P — F&P/P%P is an isomorphism.)
Hence we conclude that G is the Cartier dual of F8P /P8P over K. Thus we
have the following result:

Proposition 3.9.  Let ¥ : Spec K — Z(x ,uyn) be a point with an alge-
braically closed field K. Set §j = 7(x un)(Z). Then the stabilizer group scheme
of T is isomorphic to the Cartier dual of(F)gp/ﬂipig over K, where MX,@ — F
is an admissible free resolution of type {n;} at § (cf. Definition 3.2).

Tame algebraic stacks. The recent paper [2] introduced the notion of tame
algebraic stacks, which is a natural generalization of that of tame Deligne-
Mumford stacks. We will show that the moduli stack Z(x ) is a tame al-
gebraic stack. Let us recall the definition of tame algebraic stacks. Let X
be an algebraic stack over a base scheme S. Suppose that the inertia stack
X Xxxgx X is finite over X. Let 7 : X — X be a coarse moduli map for
X (Keel-Mori theorem implies the existence). Let QCoh X (resp. QCoh X)
denote the abelian category of quasi-coherent sheaves on X (resp. X). The
algebraic stack X is said to be tame if the functor 7, : QCoh X — QCoh X is
exact. By [2, Theorem 3.2], X is tame if and only if for any geometric point
Spec K — X with an algebraically closed field K, its stabilizer group is a lin-
early reductive group scheme over K. By Proposition 3.9, for any geometric
point Spec K — Z(x ) with an algebraically closed field K, its stabilizer
group is diagonalizable, thus we obtain:

Corollary 3.10.  The algebraic stack Z(x un) 5 a tame algebraic stack.

§3.5. Log structures on 2(x yn)

Let (X,U,n = {n;}icr) be a good toroidal embedding of level n and
Z(x,un) the associated stack. Let us define a canonical (tautological) log
structure on Z(x yn). Let us denote by Lis-ét( 2 x v,n)) the lisse-étale site of
Z(x,um)- (Recall the definition of the lisse-étale site. The underlying category
of Lis-ét(Z(x,un)) is the full subcategory of 2/ x y,n)-schemes whose objects
are smooth 2 x yn)-schemes. A collection of morphisms {f; : S; — S}ies of
smooth Z{x,u)-schemes is a covering family in Lis-ét(2(x y,n)) if the mor-
phism U; f; : U; S; — S is étale surjective.) We define a log structure M x u.n)
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as follows. Let s : S — Z(x,yn) be a smooth Z(x yn)-scheme, i.e., an ob-
ject in Lis-ét(2(x,u,n)). This amounts exactly to an admissible FR morphism
(f,9) : (S,Ms) — (X, Mx,n) such that f = m(x ) os. By attaching to
5:8 — Z(x,un) € Lis-ét(Z(x,u,n)) the log structure Mg, we define a fine and
saturated log structure M x y,). We shall refer this log structure as the canon-
ical log structure on 2 (x yn). (For the notion of log structures on algebraic
stacks, we refer to [21, section 5].) Moreover by considering the homomorphisms
¢: f*Mx — Mg, we have a natural morphism of log stacks

(mx,un)>®) : (Z(x,un) Mx,um) = (X, Mx).

Proposition 3.11.  Let (X,U,n) be a good toroidal embedding with a
level n = {n; }icr, where I is the set of irreducible elements of X —U. Then we
have the followings.

(1) The subscheme P = 2 x,un) — U with reduced closed subscheme structure
is a normal crossing divisor. The log structure M x yn) is isomorphic to
the log structure arising from the divisor 9 = Z(x,un) — U.

(2) Suppose further that (X,U) is a tame toroidal embedding (cf. Section 1.2)
and n; is prime to the characteristic of the base field for all i. The mor-
phism (T(x vn), ®) : (Z(x,un), Mx,umy) — (X, Mx) is a Kummer log
étale morphism.

We postpone the proof of this Proposition, and it will be given in Section
4.3 because it follows from the case when (X, U) is a toric variety.

Remark 3.12.  One may regard Z(x un) as a sort of “stacky toroidal
embedding” endowed with the log structure M x y,v)-

84. Toric Algebraic Stacks

We define toric algebraic stacks.

84.1. Some combinatorics

Let N = Z? be a lattice and M = Homgz(N,Z) the dual lattice. Let
(e,8) : M x N — Z be the dual pairing.

e A pair (X,n = {n,},exq)) is called a simplicial fan with a level structure
n if ¥ is simplicial fan in Ng and n = {n,},ex(1) is the set of positive integers
indexed by the set of rays X(1).
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e A pair (X,X°) is called a stacky fan if ¥ is simplicial fan in Nz and %°
is a subset of |X| N N such that for any cone o in ¥ the restriction o N XY is a
submonoid of 0N N which has the following properties: (i) N is isomorphic
to N” where r = dim o, (ii) 0N is close to o N N. Put another way. If (2, %)
is a stacky fan and p is a ray of X, then there exists the first point w, of pNX°.
Since 0 € ¥ is simplicial and N4™¢ = 5 1 %0 is a submonoid that is close to
o NN, thus 0 N X° is the free monoid @, c,1)N - w,(C o). (Each irreducible
element of the monoid o N XY lies on a unique ray of ¢.) Therefore the data
9 is determined by the set of points {w,}pex)- Let us denote by v, the first
lattice point on a ray p € 3(1). For a ray p € X(1), if n, - v, (n, € Z>) is the
first point w, of X% N p, then we shall call n, the level of X% on p.

o Let (X,n = {n,},ex1)) be a simplicial fan with a level structure n =
{n,}. The free-net of ¥ associated to level n is the subset X% C |$| N N such
that for each cone o € X the set o N XY is the free submonoid generated by
{n, - vp}pea(1), where v, denotes the first lattice point on a ray p € %(1).

(This free-net may be regarded as the geometric realization of the level n.)

0

dan Of X is the free-net associated to the level {n, =

The canonical free-net %
L pes)-

Note that for any stacky fan (¥,%°) there exists a unique level n =
{n,}pes(1) such that (3,%%) = (,%9).

e Let S be a scheme (or a ringed space). A stacky fan (3, X9) is called tame
over S if for any cone o € ¥ the multiplicity mult(o) is invertible on .S, and for
any p € X(1) the level n, is invertible on S. For a stacky cone (o, 3), we define
the multiplicity, denoted by mult(,0?9), of (o,07) to be mult(c) - I, (1)n,. A

9) is invertible on S

stacky fan (¥, X%9) is tame over S if and only if mult(c, o)

for any cone o € .
e A stacky fan (3, X9) is called complete if 3 is a finite and complete fan,
i.e., ¥ is a finite set and the support |X| is the whole space Ng.

Remark 4.1.  The notion of stacky fans was first introduced in [5].

84.2. Toric algebraic stacks
Fix a base scheme S.

Definition 4.2.  Let (¥ C Ng,n = {n,},cx1)) be a simplicial fan with
a level structure n. Let (2, %) be the associated stacky fan. Define a fibered
category
Z(z,z0) — (S-schemes)
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as follows. The objects over a S-scheme X are triples
(r:8S—>0x,aa: M —0x,n:8 = M)
such that:

(1) S is an étale sheaf of sub-monoids of the constant sheaf M on X determined
by M = Homz(N,Z) such that for every geometric point = — X, S, & S;.
Here z € X is the image of Z and S, (resp. Sz) denotes the Zariski (resp.
étale) stalk. (The condition S, = S; for every Z means that the étale sheaf
S is arising from the Zariski sheaf S|x,...)

(2) m:S — Ox is a map of monoids where Ox is a monoid under multiplica-
tion.

(3) For s € S, (s) is invertible if and only if s is invertible.

(4) For each point z € X, there exists some (and a unique) o € ¥ such that
S,=0VNM.

(5) a: M — Ox is a fine log structure on X.

(6) n : S — M is a homomorphism of sheaves of monoids such that 7 =
a o, and for each geometric point Z — X, the homomorphism 7 : S; =
(S/(invertible elements)); — M3 is isomorphic to the composite

S, L FL R

where r is the minimal free resolution of Sz and ¢ is defined by €p— Ny-€p
where e, denotes the irreducible element of F' corresponding to a ray p €
3(1) (see Lemma 4.3) and n,, is the level of X% on p.

A set of morphisms
(r:8§—=0x,a: M—0x,n:8—> M)
— ("8 = 0x,d : M — Ox,n:8 - M)
over X is the set of isomorphisms of log structures ¢ : M — M’ such that
pon=n:8§=8 - M if (§,7) = (§,7n') and is the empty set if (S,7) #
(8';7'). With the natural notion of pullbacks, Z(x so) is a fibered category.

According to [4, Theorem on page 10], for any S-scheme X, there exists an
isomorphism

Homg schemes (X, X3) 22 { all pairs (S,7) on X satisfying (1), (2), (3), (4)},
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which commutes with pullbacks. Here Xy is the toric variety associated to X
over S. Therefore there exists a natural functor

Tz P £z — X

which simply forgets the data a : M — Ox and n : § — M. Moreover
a: M — Ox and n: S — M are morphisms of the étale sheaves and thus
Z(s,x0) is a stack with respect to the étale topology.

Objects of the form (7 : M — Ox,0% — Ox,m: M — 0%) determine a
substack of Z(x o), i.e., the natural inclusion

’i(z;}ﬂ) : TZ = SpeC OS[M] — %'(2729‘).

We shall call i(s sy the canonical torus embedding. This commutes with the
torus-embedding iy, : Ty, — Xs.

Lemma 4.3. With the same notation as in Definition 4.2, let e be an
irreducible element in F and let n be a positive integer such that n-e € r(Sz).
Let m € Sz be a lifting of n - e. Suppose that Sz = oV N M. Then there exists
a unique ray p € o(1) such that (m,v,) > 0. Here v, is the first lattice point
of p, and (e, ) is the dual pairing. It does not depend on the choice of liftings.

Moreover this correspondence defines a natural injective map

{Irreducible elements of F'} — X(1).

Proof. Since the kernel of S; — Sz is o N M, thus (m,v,) does not
depend upon the choice of liftings m. Taking a splitting N = N’ & N” such
that 0 =2 o’ & {0} C Ny @ Ny where ¢’ is a full-dimensional cone in N, we
may and will assume that o is a full-dimensional cone, i.e., 0¥ N M is sharp.
By Proposition 2.9 (2), there is a natural embedding ¥ N M — F < ¢" such
that each irreducible element of F' lies on a unique ray of V. It gives rise to
a bijective map from the set of irreducible elements of F' to ¢V (1). Since o
and oV are simplicial, we have a natural bijective map ¥ (1) — o(1); p — p*,
where p* is the unique ray which does not lie in p*. Therefore the composite
map from the set of irreducible elements of F' to o(1) is a bijective map. Hence
it follows our claim. O

Remark 4.4. (1) In what follows, we refer to a homomorphism 7 : S —
Ox with properties (1), (2), (3), (4) in Definition 4.2 as a skeleton. If 7 :
S — Ox corresponds to X — Xy, then 7 : § — Ox is called the skeleton for
X — Xz.
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(2) Let (2,%2,.) be a stacky fan such that ¥ is non-singular and X2, is the
canonical free net. Then Z(x so ) is the toric variety Xy over S. Indeed,
for any object (7: S — Ox,a: M — Ox,n: S — M) in (g0 ) and

any point z € X, the monoid S; has the form N” for some r € N. Thus in
this case, (5) and (6) in Definition 4.2 are vacant.

(3) Toric algebraic stack can be constructed over Z and pull back from there
to any other scheme. Therefore, for the proof of Proposition 4.5 and The-
orem 4.6 (1), (2), (3), we may assume that the base scheme is Spec Z.

Torus Action functor. The torus action functor
a: Zzzy) xTe — iz

is defined as follows. Let { = (7 : S — Ox,a: M — Ox,n: S — M) be
an object in Z(x, x0). Let ¢ : M — Ox be a map of monoids from a constant
sheaf M on X to Ox, i.e., an X-valued point of Tx := Spec Og[M]. Here
Ox is viewed as a sheaf of monoids under multiplication. We define a(&, ¢) by
(p-7m:8—0O0x,a: M —Ox,6-n:S8 — M), where ¢ - 7(s) := ¢(s) - 7(s)
and ¢ - n(s) := ¢(s) - n(s). (Note that S is a subsheaf of the constant sheaf
of M.) Let h : My — Mp be a morphism in Z(x x0) x Tx from (£1,9) to
(&2,0), where §;, = (7: S — Ox,a: M; — Ox,n; : S — M;) for i = 1,2, and
¢: M — Ox is an X-valued point of Tx. We define a(h) to be h. It gives rise
to the functor a : Z(g 50y X Ty — Z(x xo) over (S-schemes), which makes
the following diagrams

Idgg’(z,z(‘)‘) Xm

Zizmg) x Te x Tx Z(zxy) x In

laXIde J{a

Zsxoy x Ty —_— Z(2,x0),

2z = Zxm)
commutes in the strict sense, ie., ao (a x Idp,) = ao (Idgg(

ao(ex Idggf(z,z(‘)‘)) = Idggf(zyzg),
and e : S — T% is the unit section. Thus the functor a defines an action of T

smg) X m) and

where m : Ts, x Ty, — T% is the natural action

on Z(x xo) which extends the action of Ty, on itself to the whole stack Z(x xo)
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Here the notion of group actions on stacks is taken in the sense of [23, Definition
1.3]. This action makes the coarse moduli map T(s,50) 3”(2,29‘) — Xy, torus-

equivariant.

Proposition 4.5.  Let (X,n = {n,},ex)) be a simplicial fan X with
level n. Then there exists a canonical isomorphism between the stack Z(x so)
and the moduli stack Z(x, 1y n) of admissible FR morphisms to X of type n
(¢f. Definition 2.15 and Section 3) over Xx. Here Xy is the toric variety over
S.

Proof.  We will explicitly construct a functor F': Zixyn) — Z(z,50)-
To this aim, consider the skeleton 7, : U — Ox, for the identity element
in Hom(Xx, Xy), i.e., the tautological object (cf. [4, Theorem on page 10]).
Observe that the log structure associated to m, : U — Ox, is isomorphic
to the canonical log structure My. Indeed let us recall the construction of
Tyt U — Oxy, (cf. [4, page 11]). By [4, page 11], we have & = { union of
subsheaves (0¥ N M)x,_ of the constant sheaf M on Xy of all o € X}. For a
cone o € ¥, we have U(X,) =¥ N M, and U(Xx) — Ox, (X,) is the natural
map oY N M — OgloV N M]. Furthermore it is easy to see that if V C X,,
then any element m € U(V') has the form my + my where m; € U(X,) and
ms is an invertible element of U(V). (If o = 7, then any element m € 7V N M
has the form m; + mo where m; € ¥ N M and ms is an invertible element
of V' N M.) Therefore 7, : U — Ox,, induces a homomorphism ¢ : Y — My
which makes My the log structure associated to U — Myx. Let (f,h) : (X, :
M — Ox) — (X5, Myx) be an object in Z(x, 1) over f: X — Xs. Define
F((f,h): (X,a: M — Ox) — (X5, Mx)) to be

(f'my: f7U = Ox,a: M — Ox,ho (f71): f7U — M).

Then (f 7, : f7'U — Ox,a: M — Ox,ho(f~¢) : f~'U — M) is an object
in 2z xo) because (f,h) is an admissible FR morphism of type n and the log
structure My, is arising from the prelog structure m, : Y — Ox,. Clearly, a
morphism of log structure ¢ : M — M commutes with ho(f~1¢) : f~'U — M
if and only if it commutes with h : f*Ms — M because the log structure
the f* My is arising from the natural morphism f~'1/ f:C Mg — f*Ms.
Thus F is fully faithful over X — Xs. Finally, we will show that F is essentially
surjective over X — Xx. Let (f~im,: f~U — Ox,a: M — Ox,l: f71U —
M) be an object of Z(x 5oy over f : X — Xs. (Note that every object in
Z(s,x0) is of this form.) The homomorphism [ : f~'% — M induces the
homomorphism ¢ : f*Mys — M. Then F((f,1%) : (X,M) — (Xg, My)) is
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isomorphic to (f'm, : f7U — Ox,a: M — Ox,l: f~'U — M). Hence F

is an isomorphism. O

Theorem 4.6. The stack Z(s 0y is a smooth tame algebraic stack that
1s locally of finite type over S and has finite diagonal. Furthermore it satisfies
the additional properties such that:

(1) The natural functor ms soy : Z(zx0) — Xx (¢f. Definition 4.2) is a
coarse moduli map,

(2) The canonical torus embedding i(s sy : Ts = Spec Og[M] — Z(s o) is
an open immersion identifying Ts. with a dense open substack of Z(x xo).

3) If ¥ is a finite fan, then Z x50y is of finite type over S.
(=29

If (%,%9) is tame over the base scheme S, then Z(z,x0) is a Deligne-
Mumford stack over S. (Moreover there is a criterion for Deligne-Mumfordness.
see Corollary 4.17.)

If ¥ is a non-singular fan and X9

can denotes the canonical free net, then

%‘(Z’Egau) is the toric variety Xx. over S.

Proof. By Proposition 4.5, Proposition 3.5, and Proposition 3.6 (see also
Remark 3.7), Z(x xo) is a smooth algebraic stack that is locally of finite type
over S and has finite diagonal. Moreover T(s,30) 5&”(2729‘) — Xy is a coarse
moduli map by Proposition 3.6 (2), and thus by Keel-Mori theorem (cf. [17], see
also [7, Theorem 1.1]) T(s,x0) is proper. Hence if ¥ is a finite fan, then 2 o)
is of finite type over S. To see that Z(x xo) is tame, we may assume that the
base scheme is a spectrum of a field because the tameness depends only on
automorphism group schemes of geometric points (cf. [2, Theorem 3.2]). Thus
the tameness follows from Proposition 4.5 and Corollary 3.10. Since the re-
striction M |gpec 0s[a1] of My to Ts = Spec Os[M] is the trivial log structure,
thus by taking account of Proposition 4.5 the morphism W(_E{Zg)(TE) — Ty
is an isomorphism. Hence i(s 50y : T = Spec Og[M] — Z(x x0) is an open
immersion. If (3,3Y) is tame over the base scheme S, the same argument as in
Proof of algebraicity of Theorem 3.3 shows that Z(x o) is a Deligne-Mumford
stack. The last claim follows from Remark 4.4. O

Definition 4.7.  Let (Z,%%) be a stacky fan. We shall call the stack
Z(x,x0) the toric algebraic stack associated to (3,%9) (or (X,n)).

Remark 4.8. (1) Let (Smooth toric varieties over S), (resp. (Simplicial
toric varieties over S)) denote the category of smooth (resp. simplicial) toric
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varieties over S whose morphisms are S-morphisms. Let (Toric algebraic stacks
over S) denote the 2-category whose objects are toric algebraic stacks over S,
and a l-morphism is an S-morphism between objects, and a 2-morphism is
an isomorphism between 1-morphisms. Given a l-morphism f : Z(x s0) —
Z(a, INBE by the universality of coarse moduli spaces, there exists a unique
morphism fy : Xy — Xa such that T(A,A9,) © f = foomsxo). By attaching
fo to f, we obtain a functor

¢ : (Toric algebraic stacks over S)

— (Simplicial toric varieties over S), Z(s 5oy — Xx.
Therefore there is the following diagram of (2)-categories,

" (Toric algebraic stacks over S)
__
(Smooth toric varieties over ) b lc

T
(Simplicial toric varieties over S)

where a and b is fully faithful functors and c is an essentially surjective functor.

(2) Gluing pieces together. Let (3, X9) be a stacky fan and o be a cone in . By
definition there exists a natural fully faithful morphism 2/, 50y — Z(x 50)
where (0,0?) is the restriction of (,%9) to 0. The image of this functor
is identified with the open substack W(_Zl’zg)(Xg), where X,(C Xx) is the
affine toric variety associated to o. That is to say, Definition 4.2 allows one

to have a natural gluing construction Usex Z(5,00) = Z(x 50)-

Proposition 4.9.  Let (0,0%) be a stacky fan such that o is a simplicial
cone in Ng where N = Z%. Here N = Z%. Suppose that dim(c) = r. Then the
toric algebraic stack Z (5 50y has a finite fppf morphism

p:As X Ght = Zio00)

where AY is an r-dimensional affine space over S. Furthermore Z(4 0y is
isomorphic to the quotient stack [A%/G] x GL" where G is a finite flat group
scheme over S. If o is a full-dimensional cone, the quotient [A/G] coincides
with the quotient given in Section 3.2 (cf. Proposition 3.5).

If (0,0Y) is tame over the base scheme S, then we can choose p to be a
finite étale cover and G to be a finite étale group scheme.
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Proof. As in Remark 3.7 we choose a splitting

N g N/ @ N//
(0,00) = (1,73) @ {0}
X, 2 X, x G

where 0 = 7 C N}, is a full-dimensional cone. Notice that P := 7V N M’ is a
simplicially toric sharp monoid. Let ¢ : P — F = N” be the homomorphism of
monoids defined as the composite P — F - F where P — F is the minimal free
resolution and n : F' — F is defined by e, — n, - e, for each ray p € o(1). Here
e, is the irreducible element of F' corresponding to p (cf. Lemma 2.14). Then
by Proposition 3.5 and Proposition 4.5, the stack Z(; ;o) is isomorphic to the
quotient stack [Spec Og[F]/G] where G is the Cartier dual (F&P/i(P)2P)P. The
group scheme G is a finite flat over S. We remark that 2/, 50) = 2+ r0) X Gi;g
by Proposition 4.5, and thus our claim follows. The last assertion is clear
because in such case G is a finite étale group scheme. O

Proposition 4.10.  The toric algebraic stack Z (s xo) is proper over S
if and only if (3,%9) is complete (cf. Section 4.1).

Proof. 1If ¥ is a finite and complete fan, then since the coarse moduli map
T(s,x0) is proper, properness of Z(x so) over S follows from the fact that Xy is
proper over S (cf. [10, Proposition in page 39] or [6, Chapter IV, Theorem 2.5
(viii)]). Conversely, suppose that Z(x xo) is proper over S. We will show that
Y. is a finite fan and the support |X| is the whole space Ng. By [22, Lemma
2.7(ii)], we see that Xy, is proper over S. By ([10, Proposition in page 39] or [6,
Chapter IV, Theorem 2.5 (viii)]), it suffices to show only that ¥ is a finite fan
(this is well known, but we give the proof here because [10] assumes that all
fans are finite). Let X« be the subset of ¥ consisting of the maximal elements

with respect to the face relation. The set {X,}sex,... is an open covering of

Xy, but {X,},ex is not an open covering for any proper subset ¥/ C X,ax
because for any cone o, set-theoretically X, = U, ,Z, (cf. Section 1.1). Since
Xy is quasi-compact, Yax is finite. Hence X is a finite fan (note that ¥ is

simplicial in our case). a

Remark 4.11. Here we will explain the relationship between toric Deligne-
Mumford stacks introduced in [5] and toric algebraic stacks introduced in this
section. We assume that the base scheme is an algebraically closed field of
characteristic zero (since the results of [5] only hold in characteristic zero).
First, since both took different approaches, it is not clear that if one begins
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with a given stacky fan, then two associated stacks in the sense of [5] and us
are isomorphic to each other. But in the subsequent paper [12] we prove the
geometric characterization theorem for toric algebraic stacks in the sense of us.
One can deduce from it that they are (non-canonically) isomorphic to each
other. (See [12, Section 5].) Next, toric Deligne-Mumford stacks in the sense of
[5] admits a finite abelian gerbe structure, while our toric algebraic stacks do
not. However, such structures can be obtained form our toric algebraic stacks
by the following well-known technique. We here work over Z. Let Lp be an
invertible sheaf on Z(x s0), associated to a torus invariant divisor D (see the
next subsection). Consider the triple

(u:U— s x0), M, ¢:u"Lp= ME™)

where M is an invertible sheaf on U, and ¢ is an isomorphism of sheaves.
Morphisms of triples are defined in the natural manner. Then it forms an
algebraic stack Z(x xo )(Eg") and there exists the natural forgetting functor

3&”(2723)([,2/”) — Z(z,x0), which is a smooth morphism. The composition of
this procedure, that is,

1/n 1/n,
‘%2729)(£D/1 Y X%(:,zg) X‘%(E.E?‘) ‘%/(2729.)(£D/7~ ) — ‘%/(2729‘)

yields a gerbe that appears on toric Deligne-Mumford stacks. The stack
5&”(2729‘)(£g") associated to Lp can be viewed as the fiber product

(s.zg)(LY") — BGp,

| |

Z(2,50) BG,,,

where the lower horizontal arrow is associated to Lp, BG,, is the classifying
stack of G,,, and BG,, — BG,, is associated to the homomorphism G,, —
G, a — a™. This interpretation has the following direct generalization. Let
N be a finitely generated abelian group and h : Z — N be a homomorphism of
abelian groups. Then it gives rise to G = Spec Z[N| — G,,, and BG — BG,,.
Then we can define Z(x 50)(Lp, h) to be the fiber product

BG

|

Z(2,50) — BG,,.
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Notice that Z(s 50)(£Lp, h) is smooth, but does not have the finite inertia stack,
that is, automorphism groups of objects in 2y x0)(Lp,h) can be positive
dimensional.

84.3. Torus-invariant cycles and log structures on toric algebraic
stacks

In this subsection we define torus-invariant cycles and a canonical log struc-
ture on toric algebraic stacks. It turns out that if a base scheme S is regular
the complement of a torus embedding in a toric algebraic stack is a divisor
with normal crossings relative to S (unlike simplicial toric varieties), and it fits
nicely in the notions of torus-invariant divisors and canonical log structure.

Torus-invariant cycles. Let (X C Ng,¥%) be a stacky fan, where N = Z.
The torus-invariant cycle V(o) C Xy associated to o is represented by the
functor

Fy (o) : (S-schemes) — (Sets),
X — {all pairs (§,7: S — Ox) of skeletons with property (x)}

where (x) = {For any point x € X, there exists a cone 7 such that o < 7 and S,
=7VNM, and 7(s) =0if s € 7V Noly NM C S,} (see Section 1.1 for the
definition of ). Indeed, to see this, we may and will suppose that Xy is an
affine toric variety X, = Spec Og[rVNM] with ¢ < 7. Let 7 : i/ — Ox_ be the
skeleton for the identity morphism X — X,. Asin the proof of Proposition 4.5,
U = { union of subsheaves (7Y N M)x_ of the constant sheaf M on X, of all
v < 7}. Let U’ := { union of subsheaves (y" Noy N M)y of the constant sheaf
M on X, of all vy < 7}. Then Fy (,) is represented by Spec(Og[rY N M]/x(U")).
Since 7Y Noy NM =U'(X,) C~Y N M =U(X,) for v < 7, it is easy to check
that Spec(Og[rY N M]/w(U")) = Spec(Og[rY N M]/mV No) N M) =V (o).

Now let us define the torus-invariant cycle ¥ (o) associated to o € X.
Consider the substack 7(c) of Z(sy so), that consists of objects (7 : & —
Ox,a: M — Ox,n:S — M) such that the condition (xx) holds, where
(%) = { For any geometric point Z — X, a(m) = 0 if m € M and there exists
a positive integer n such that the image of n-m in M; lies in (0 NSz)}. Note
that if 3 is non-singular and %9 is the canonical free net, i.e., Z(zx0) = X,
then () is equal to (*) for any cone in X. Clearly, the substack ¥ (o) is stable
under the torus action. The following lemma shows that ¥ (o) is a closed
substack of Z (s o).

Lemma 4.12.  With the same notation as above, the condition (xx) is
represented by a closed subscheme of X. In particular, ¥ (o) C Z(sx0) is a
closed substack. Moreover if the base scheme S is reduced, then ¥ (o) is reduced.
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Proof. Let ¢ : X — Z(g x0) be the morphism corresponding to (m:S8 —
Ox,a: M — Ox,n:8 — M). Since our claim is smooth local on X, thus we
may assume that ¥ is a full-dimensional simplicial cone 7 and ¢ < 7. Then by
Proposition 4.9, we have the diagram

7‘-(1',7'3)

Spec Og[F] —X— Z(r70) —— X; = SpecOs[r¥ N M]

where p is an fppf morphism and the composite is defined by 7V N M S FS .
Here 7 is the minimal free resolution and n is defined by e, — n, - e,, where ¢,
is the irreducible element of F' corresponding to p € 7(1). Since p is fppf, there
exists étale locally a lifting X — Spec Os[F] of ¢ : X — Z(x x0), and thus we
can assume X := Spec Og[F] and that the log structure M is induced by the
natural map F' — Og[F] (cf. Proposition 2.9). What we have to prove is that
the condition (#x) is represented by a closed subscheme on X. Consider the
following natural diagram

Tvﬂa(\{ﬂM—>TVﬁM”—Oi>F

S LA

Os[F]

Set A = {f € F| thereis n € Z>; such that n- f € Image(t" Noy N M)}.
Let I be the ideal of Og[F] that is generated by h(A). We claim that the
closed subscheme Spec Ox /I represents the condition (xx). To see this, note
first that 7V Noy N M is (¥ N M) ~ (et N 7Y N M) and by embeddings
(tVNM) C F C 7V, each irreducible element of F lies on a unique ray of 7 (cf.
Proposition 2.9 (2)). Set F' = N" @ N?~" and suppose that N¢~" generates the
face (o N7Y) of 7V. Since 7V N M is close to F, thus I is the ideal generated by
N'@NI=" {0} ®N9="(C F). Let e; be the i-th standard irreducible element of
F =N% Let Z — X = Spec Og[F] be a geometric point such that Sz = vV N M
where ¢ C vy C 7, and let Mz = (e;,,...,€;.) C F. In order to prove our claim,
let us show that in Ox z, the ideal I coincides with the ideal generated by
L := {m € Mj| there is n € Z>; such that n-m € Image(y' Noy N M)}.
After reordering, we suppose 1 < iy <,...,<i; <7 <ipy1 <,...,< s (t < 8).
Then we have (Ox/I)z = Ox,z/(€i,--.,€;,). Consider the following natural
commutative diagram

VVNog MM —="NM—= (" NM)E® —>Me;Q—FP 2;Q
S,

z Mz ﬂj Mip ®z Q.
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Since 7V N oy N M is equal to (¥ N M)~ (6= N7V N M) and the image of
ot (C M ®zQ) in ﬂip ®z Q is the vector space spanned by e;, ., ...,e;,, thus
the image of vV Ny N M in Mj is contained in the set

L/ ::N.eil@...@N.eis\N.eit+l@...@N.eis

in Mz. Since the image of vV N M in M; is close to Mz, we have L =
L’. Therefore the ideal of Ox ;7 generated by e;,,...,e;, is the ideal of Ox 3
generated by L. Hence the ideal I coincides with the ideal generated by L in
Ox z and thus they are the same in Ox because I is finitely generated. Thus
Spec Ox /I represents the condition (#x).

Finally, we will show the last assertion. Suppose that S is reduced. With
the same notation and assumption as above, Og[F|/I is reduced. Since
Spec Os[F] — Z(7 -0y is fppf, thus ¥ (o) is reduced. a

Definition 4.13.  We shall call the closed substack ¥'(o) the torus-
invariant cycle associated to o.

Proposition 4.14.  Let 7 and o be cones in a stacky fan (3,%2) and
suppose that o < 7. Then we have ¥ (1) C ¥ (0), i.e., ¥ (1) is a closed substack

of ¥ (o).

Proof. By the definition and Proposition 4.12, it is enough to prove that
for any cone 7 such that o < 7 < v, we have vY Noy N M C vV N7y N M.
Clearly v Noy C vY N7y, thus our claim follows. O

Stabilizer groups. By the calculation of stabilizer group scheme in Section
3.4 and Proposition 4.5, we can easily calculate the stabilizer group schemes of
points on a toric algebraic stack.

Proposition 4.15.  Let (X,%9) be a stacky fan and Z(s,z0) the asso-
ciated stack. Let T : Spec K — Z(x x0) be a geometric point on Z(x s0) such
that T lies in ¥ (o), but does not lie in any torus-invariant proper substack
V() (6 < 7). Here K is an algebraically closed S-field. Let S — Ok be the
skeleton for ms s0y0Z : Spec K — Z(s 50y — Xx. Then Sz = oV NM, and
the stabilizer group scheme G at T is the Cartier dual of F&° /i((P)gP. Here
P := (0¥ N M)/(invertible elements) and v : P — F is t or in Definition 4.2
(6). The rank of the stabilizer group scheme over z, i.e., dimg I'(G,Og) is
mult(o, o) = mult(o) - e (1)1,

Proof. By our assumption and the definition of ¥ (¢), clearly, Sz = ¢¥ N
M. Taking account of Proposition 3.9 and Proposition 4.5, the stabilizer group
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scheme G at 7 is the Cartier dual of F'8?/.((P)8P. To see the last assertion, it
suffices to show that the order of F'P/i((P)8P is equal to mult(c) - l,cq(1)n,-
It follows from the fact that the multiplicity of P is equal to mult(c) (cf.
Remark 2.7 (3)). O

Remark 4.16.  The order of stabilizer group on a point on a Deligne-
Mumford stack is an important invariant to intersection theory with rational
coefficients on it (cf. [25]).

The stabilizer groups on a toric algebraic stacks are fundamental invariants
because they have data arising from levels of the stacky fan and multiplicities of
cones in the stacky fan. In particular, the stabilizer group scheme on a generic
point on a torus-invariant divisor #'(p) (p € ¥(1)) is isomorphic to ji,,.

Corollary 4.17.  Let (X,X%) be a stacky fan and Z(s,x9) the associated
stack. Then Z(s o) is a Deligne-Mumford stack if and only if (3, ¥0) is tame
over S.

Proof. First of all, the “if” direction follows from Theorem 4.6. Thus
we will show the “only if” direction. Assume that (3,%9) is not tame over S.
Then there exists a cone o € X such that r := mult(c, 09) is not invertible on S.
Then there exists an algebraically closed S-field K such that the characteristic
of K is a prime divisor of r. Consider a point w : Spec K — Z(x xo) Xg5 K
that corresponds to a triple (S — Ospec ks M — Ospec K, S — M) such that
S =0V N M. Then by Proposition 4.15, the stabilizer group scheme of w is the
Cartier dual of a finite group that has the form Z/p* Z®- - - ®Z/p;' Z such that
p;’s are prime numbers and r = ITo<;<;p;*. After reordering, assume that p; is
the characteristic of K. Then the stabilizer group scheme of w is not étale over
K. Thus by [19, Lemma 4.2], Z(s o) is not a Deligne-Mumford stack. Hence
our claim follows. O

Remark 4.18.  The first version [11] of this paper only treats the case
when toric algebraic stacks are Deligne-Mumford stacks, although our method
can apply to the case over arbitrary base schemes.

Log structure on Z (s s0). A canonical log structure on Lis-6t(Z(x 50)) is
defined as follows. To a smooth morphism X — Z(x xo) corresponding to a
triple (7 : § — Ox,a: M — Ox,n: S — M), we attach the log structure
a: M — Ox. It gives rise to a fine and saturated log structure M(s o) on
Lis-ét(2(x,x0)). We shall refer it as the canonical log structure. Through the
identification 25 50y = Z(x 1, n) (cf. Proposition 4.5), it is equivalent to the
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canonical log structure M x,, 7y, n) 00 (s, 1y n)- As in Section 3.5, we have a
natural morphism of log stacks

(m(2,50), d(z,x0)) + (Z(z,50), M(z50)) = (Xz, Mx)
whose underlying morphism is the canonical coarse moduli map.

Theorem 4.19.  Assume that the base scheme S is reqular. Then the
complement 9 = Z(x xo0y — Ts with reduced closed substack structure is a
divisor with normal crossings relative to S, and the log structure M s o) is
arising from 9. Furthermore 9 coincides with the union of Ujexy? (p).

For the proof we need the following lemma.

Lemma 4.20 (log EGA IV 17.7.7).  Let (f,¢) : (X, L) — (Y, M) and
(g,%) : (Y,M) — (Z,N') be morphisms of fine log schemes respectively. Sup-
pose that (g,v) o (f,d) is log smooth and g is locally of finite presentation.
Assume further that (f, @) is a strict faithfully flat morphism that is locally of
finite presentation. Then (g,) is log smooth.

Proof. Let
(To, Po) —— (Y, M)

P
(T.P) > (Z.N)

be a commutative diagram of fine log schemes where ¢ is a strict closed immer-
sion defined by a nilpotent ideal I C Op. It suffices to show that there exists
étale locally on T' a morphism (T, P) — (Y, M) filling in the diagram. To see
this, after replacing Tj by an étale cover we may suppose that s has a lifting
s (To,Po) — (X, L). Since (g,%) o (f,¢) is log smooth, there exists étale
locally on T a lifting (T,P) — (X, L) of ¢ filling in the diagram. Hence our
assertion easily follows. O

Proof of Theorem 4.19. By Proposition 4.5 and Proposition 3.5 (together
with Remark 3.7), there is an fppf strict morphism (X, £) — (Z(z,59), M(s,x0))
from a scheme X such that the composite (X, £) — (5, O%) is log smooth. Here
O% denotes the trivial log structure on S. Then by applying Lemma 4.20 we
see that (Z(z x0), M(zx0)) — (S,05%) is log smooth. Let U — Z(x x0) be a
smooth surjective morphism from an S-scheme U. Then by [14, Theorem 4.8]
there exists étale locally on U a smooth morphism U — S xz Z[P] where P is
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a toric monoid ([14, Theorem 4.8] worked over a field, but it is also applicable
to our case). In addition, the natural map P < Og[P] gives rise to a chart
for M(s 50). Since Z(x so) is smooth over S, thus after shrinking S xz Z[P]
we may suppose that P is a free monoid. Note that the support of ﬂ(g;g‘ ) is
the complement Z(x s0) —Tx. Therefore Z(x so0) — T with reduced substack
structure is a divisor with normal crossings relative to S. Next we will prove
that Upex1)? (p) is reduced. (Set-theoretically U,ex1)¥ (p) = Z(z,50) — Tx-)
It follows from Lemma 4.12. Finally, we will show M (s x0) = Mg where Mg
is the log structure associated to . Note that Mg = (’)3{(2122) Niz,x0)«Or,
where i(x 50y : Ts; — Z(x x0) is the canonical torus embedding. Hence Mg is
a subsheaf of O%@,zg)'
where 7 is a full-dimensional cone. Let p : Spec O5[F] — Z(; -0y be an fppf

Thus we may and will assume that Z(x 50y = 2+ r0)

cover given in Proposition 4.9. By the fppf descent theory for fine log structures
([21, Corollary A.5]) together with the fact that Mg is a subsheaf O%(TYTP‘),
it is enough to show p*M; ;o) & p*Mg. Since p*M; ;o) is induced by the
natural map F — Og[F] (cf. Proposition 4.5 and Proposition 2.16), thus we
have p* M7 70y & p*Mg. O

Proposition 4.21. With the same notation and assumptions as above,
suppose further that (3,%%) is tame over S. Then (mz,20), bz,50)) * (Z(z,50)
Mz s0y) — (Xz, Mx) is Kummer log étale. In particular, there exists an
isomorphism of Ogg(z,zg) -modules

Q' (Zizz0) M)/ (8,05) = O, o @2 M,

where Q' (2 (z,x0), M(5,20)))/ (S, 0%)) is the sheaf of log differentials (cf. [14,
5.6]).

Proof. 1t follows from the next Lemma, Proposition 4.5 and Proposi-
tion 3.5. O

Lemma 4.22. With the same notation as in Proposition 2.16, if the
order of F'8P /18P (P&P) is invertible on R, then

(fs¢) : (Spec R[F], MF) — (Spec R[P], Mp)
is Kummer log étale. In particular, the induced morphism (cf. Section 3.2)
([Spec R[F]/G], M) — (Spec R[P], Mp)

is Kummer log étale. Here G is the Cartier dual of F&P/i.(P8P) and M is the
log structure associated to a natural chart F — R[F].
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Proof. Since (f,¢) is an admissible FR morphism, thus (f, ¢) is Kum-
mer. By the toroidal characterization of log étaleness ([15, Theorem 3.5)),
(f,¢) : (Spec R[F], Mp) — (Spec R[P], Mp) is log étale. Since Spec R[F] —
[Spec R[F|/G] is étale, thus our claim follows. O

Proof of Proposition 3.11.  With the same notation as in Proposition
3.11, we may assume that X is an affine simplicial toric variety. Then
Proposition 3.11 follows from Proposition 4.5, Theorem 4.19 and Proposi-
tion 4.21. ([l
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