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Abstract. According to the decomposition [];(\"— 1)°( of the characteristic polyno-
mial of the Coxeter element of a marked elliptic root system (R, G), we attach the product
N (1) == [1; n(iT)*® of Dedekind eta-function and call it an elliptic eta-product (1.2.1).

Theorem. The Fourier coefficients at infinity of the elliptic eta-product n(g gy are
non-negative integers if and only if the elliptic eta-product is not a cusp form. This is the

case when (R, G) is one of the 4 types: Dfll’l), Eél’l), Eg’l) or Eél’l).

One direction of the theorem: an eta-product is not a cusp form if all Fourier coefficients
at oo are non-negative is a general fact (§2 Lemma 3). The proof of the opposit direction
is achieved by a study of the attached Dirichlet series. We explain this below. To state it,
we use a numerical invariant v ¢y of (R, G), called the dual rank ((2.2.2) or (A3.5)).

1) We show that an elliptic eta-product n(g ) is holomorphic (resp. cuspidal) if and
only if v(r,q) is non-positive (resp. negative) ((2.9) Lemma 4). In fact, v(g g) is always
non-positive, and is equal to 0 if and only if the weight of the eta-product is 1 and (R, G)
is simply laced ((2.9) Lemma 5). The elliptic root systems with v gy = 0 are classified

into types Dil’l), Eél’l), Egl’l) or Eél’l) (see Appendix 1 and its Example).

2) We show that the Dirichlet series L(g ) attached to an elliptic eta-product n g c)
of weight 1 is equal to either an Artin L-function or a difference of two Artin L-functions
attached to rank 2 representations of Gal(E(gr,c)/Q) where E(g ) is a Kummer extension
Q(Cpyred, 2™ of Q(Cprea) for Crea 1= exp(2my/—1/m"™Y) and m”*¢ and m* are nu-
merical invariants of (R,G) ((2.5.1), (2.7.2)). The extension is trivial (< m* =1) if and
only if v(g,c) = 0 ((3.2) Theorem). The E(g g is either Q(¢4), Q(¢3), Q(Cs) or Q(C12)
according to the 4 types Dfll’l), Eél’l), Eél’l) or Eél’l) of (R,G) with v(p ) = 0.

3) As a corollary of 1) and 2), if v(g ) = 0 then each summand of L g ¢y decomposes
into a product of two Dirichlet L-functions, where Euler factors for bad primes are trivial.
This implies the non-negativity of the Dirichlet coefficients of L(r o) (84 (4.1)).

The theorem gives a partial affirmative answer to a conjecture ([Sa3,§13]) on non-
negativity of Fourier coefficients of eta-products attached to a regular system of weights.
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§1. Elliptic eta-product

In §1, we define the elliptic eta-product (1.2.1) associated to an elliptic root system
and then explain the contents of the paper. We summarize necessary facts on elliptic root
systems in Appendices 1 and 3 and Tables 1 and 2 (for details, see [Sal]).

(1.1) We fix a notion: eta-product studied by many authors (eg.[H-M][D-K-M]|[Koi][Mal][G-
O]). Let h be a positive integer, and call it a Cozeter number in the sequel. An element
v € Q(A) is called a cyclotomic function belonging to h, if it has an expression:

(1.1.1) o\ = [TV = 1),

ilh

for some e(i) € Z (which may be negative). Note: i) the e(i) is uniquely determined from
@, ii) the h is a common multiple of the i’s with e(i) # 0 but is not uniquely determined
from . The multiplicity of zero (= — the order of pole) of p(A) at A =1 is given by

(1.1.2) 20 := ) e(i) .

ilh

We call the ag € %Z the weight for a reason explained below (or the genus for a geometric
background [Sa2,3]). The eta-product attached to ¢ is defined by

(1.1.3) ne(r) == [ [ (i),

ilh

where 7(7) 1= /24 [[°, (1—¢") for ¢ = exp(2ny/—17) and 7 € H := {7 € C | Im(7) > 0}
is the Dedekind eta-function. Note that the eta-product does not depend on a choice of
the Coxeter number h. The Coxeter number h shall play a role when we introduce the dual
eta-product in the next section (2.2.2). The 7, is an automorphic form of weight ag, and
it can be developed in a series in fractional powers of ¢, whose coefficients will be referred
to as Fourier coefficients at oo (see §2 for details on automorphicity of 1,(7)).

In the remaining part of §1, we apply the correspondence: ¢ — 7, to the characteristic
polynomial ¢ ) of a Coxeter element for an elliptic root system (R, G) (for elliptic root
systems and their Coxeter elements, see Appendix 1. or [Sal]). A reader, who wants a
quick view in the general properties of the eta-product, may jump to §2.

Remark. Let the ¢ (1.1.1) be a proportion ¢ /¢_ of two characteristic polynomials
of two linear transformations c4. Then the eta product 7,(7) is described in (1.1.4) as a
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trace of the level 1 representation S(cy) ® A(—c_) of ¢4 in conformal field theory. Since
the author could not find a reference for the description, we give a sketch of proof. In the
setting of the present article, ¢, is the elliptic Coxeter element ¢ (Appendix 1) and ¢_ =)
(i.e. ¢ =det(\-id — c)). But we shall not use the description in the present article.

Let Hy be finite dimensional vector spaces equipped with the actions ¢ € GL(Hy)
such that ¢ = ¢ /p_ for = det(\-idy, —cy). Let H(—1), Hy(—=2), H1(-3), - - be
an infinite sequence of copies of H., respectively. We consider the vector space:

Vi=SH;(-1)®H(-2)oH(-3)® - ) QA H_(-1)H_(-2)e H_(-3)®--),

where S(+), A(-) expresses the symmetric tensor algebra and the Grassmann algebra, re-
spectively. The space V is graded by counting non-trivial elements of Hi(—n) to be of
degree n for n € Z-o. So, V = &2, V,, where each graded piece is of finite dimensional.
Let deg be the degree operator on V (i.e. deg(x) =n-x for x € V,,).

The copies of the actions of +cy on the Hy(—n) induce a diagonal action on V/,
denoted by S(cs)® A(—c_). It preserves each graded piece V,,. Then one has the formula:

(114) ngo(T) — q(’r’ank(H+)—Tank(H_))/24/TTV (S(C+) ® A(—C_) . qdeg) )

This is a trivial consequence of a formula: Try (S(cy) @ A(—c—) - ¢%9) =77, 6 /P4 (q™),
where the notation are as above except ¢4 (\) := det(id — X - ¢ ) for arbitrary (not neces-
sarily quasi-unipotent) linear transformations cx on Hy. If o = A#--- £ 1 is a cyclotomic

polynomial then n,(7) = ¢* [[72, ¢(¢") for ¢ := +o.

(1.2) Recall [Sal] that a marked elliptic root system is a pair (R, G) where R is a generalized
root system (Appendix 1) belonging to a semipositive root lattice (@, ¢q) of sign (I, 2,0), and
G, called a marking, is a rank 1 subspace of 2-dimensional radical(q) ® Q. One attaches an
elliptic Dynkin diagram T'(R, G) (see Appendix 1 (A1.3) and its following statements) to
(R, G), whose vertices form a basis of the root system R. A Cozeter element ¢(R,G) is a
product of reflexions on Q(R) attached to all vertices of I'( R, G) in a suitable sequence. The
¢(R, @) is of finite order m(R,G) (A1.5) and its conjugacy class in Aut(R) is unique. Thus,
the polynomial ¢ () := det(A — c(R,G)) is a cyclotomic polynomial well defined for
(R,G). For explicit descriptions of ¢(g gy, one is referred to (A1.7), Table 1 or (A3.2).

Definition. An elliptic eta-product for (R,G) is the eta-product (1.1.3) attached to
the characteristic polynomial ¢ (g ) of a Coxeter element of (R, G):

(1.2.1) 77(R,G)(T) = Ner,c) (T>

As for the Coxeter number of the cyclotomic function ¢ (), put h := m(R,G) =:
the order of the Coxeter element ¢(R, G) (see (A1.5) for an explicit formula).

The goal theorem of the paper is formulated in Abstract and is proven in §4 (4.1). It is
inspired from a duality theory of regular system of weights [Sa3,§13]. Namely, we conjecture
that the Fourier coefficients at oo of the eta-product attached to a regular weight system
are non-negative if and only if it is not a cusp-form. The elliptic eta-products of types
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Eél’l), E§1’1) and Eél’l) treated in the present paper are the first non-trivial affirmative
examples of the conjecture (see Appendix 2 for more details).

Remark. An eta-product in general may have negative Fourier coefficients at oo even
if it is not a cusp form. See examples at (4.2) taken from the Conway group.

(1.3) The contents of the present paper are as follows.

In Appendix 1, we recall definitions of an elliptic root system (R, G) and its diagram
I'(R,G) ([Sal]). We describe the characteristic polynomial ¢ (g ) (AL.7), the Coxeter
number m(R,G) (A1.5) and the genus ag (A1.8) in terms of the diagram I'(R, G) (sum-
marized in Table 1). In Appendix 2, we explain the motivation of the present article and
the relationship with the duality theory of regular system of weights [Sa2,3].

In the first half of §2, we study automorphicity of eta-products in general. Level N,
and character ¢, of an eta-product is calculated in (2.5.1), (2.5.2) and (2.5.3) (Lemma 1).
We show that an eta-product is holomorphic (resp. cuspidal) at the cusps at Z, if and only
if the numerical invariant v, called the dual rank (2.2.2), is < 0 (resp. < 0) (Lemma 2)
and that if v, < 0 then all Fourier coefficients at oo cannot be non-negative (Lemma 3).

On the other hand, we prove that i) the elliptic eta-product is always holomorphic
and it is cuspidal if and only if the dual rank v(p ) < 0 (Lemma 4), and ii) v(g,g) = 0 if
and only if (R,G) is 1-codimensional (A1l.4) and simply laced (Lemmas 5 and 6). Here,
the 1-codimensionality is equivalent to the weight ag of the eta-product being equal to 1
(A1.8). The classification (Table 2 in Appendix 3) says that the elliptic root system with
V(r,c) = 0 are the types Dfll’l), Eél’l), ES’I) or Eél’l).

In §3, we study the Dirichlet series Lr c)(s) (3.1.1) attached to the elliptic eta-
product. (3.2) Theorem and its following Table 3 describe the L (g ¢ (s) for the 1-
codimensional elliptic root system (R, G) (except for one case where a datum z (see below)
is yet undetermined) as follows.

The Dirichlet series attached to a 1-codimensional elliptic root system is either equal
to an Artin L-function L(s, p) attached to a representation p : Gal(E(r,q)/Q) — GL2(Z),

a difference 411 (L(s, pt)) — L(s, p(_))) of two Artin L-functions attached to two represen-

tations p&) : Gal(E(r,q)/Q) — GL2(Z), or a difference ‘/T__l (L(s,p) — L(s,p)) of two
Artin L-functions attached to a representation p : Gal(E(r,c)/Q) — GL2(Z[v/—1]) with
the conductor = N(g ) and the character det(p) = €(r,c) given in Lemma 1, respectively.
Here E(r.q) is a Kummer field Q(Cpyrea, x/™) for mmd, m* € Zq in (2.5.1), (2.7.2) and

some x € Z. The Kummer extension E(R7G)/EEL]§ &) is trivial if and only if the dual rank

V(r,c) 5 0. Any of L(s,p), L(s,p™®)) or L(s,p), called the Artin summand, has trivial
Euler factors for the primes p with p|N (g q)-

The proof of the theorem is achieved by inspection on Fourier coefficients of the
elliptic eta-product for each type. One, first, give a guessing form of the Dirichlet series as
described above. Then, one applies theorems by Hecke [36], Weil [W] and by Deligne-Serre
[D-S] on the bijections between the set of normalized new forms and Eisenstein series and
the set of odd complex 2-dimensional representations of Galois groups ((3.2) Assertion).
Explicit descriptions of E(gr a), p, p®) and L(s, p), L(s, p'*)) are given in Table 3.
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If v(p,qy = 0, the Galois group is an abelian group isomorphic to (Z /m"¢4Z)* and
hence the representation(s) split into direct sums of 1-dimensional representations. So, the
Artin summand(s) decompose into product(s) of Dirichlet L-functions ([Hecke 36, §10]). In
fact, the L(r,g)(s) is either of the forms L(s,1)L(s,e) or § (L(s,1)L(s,e) —L(s,x)L(s, x¢))
for some characters ¢ and x € Hom((Z/m"*¢Z)*,{41}). Some elementary calculations
in §4 (4.1) using the Euler product expression of the Dirichlet L-functions confirm the
non-negativity of Dirichlet coefficients for L (g ). This proves the goal Theorem stated

at Abstract: Fourier coefficients for the types Dfll’l), Eél’l), Egl’l) and Eél’l) are non-
negative. Explicit formulae of the Fourier-Dirichlet coefficients for 1-codimensional elliptic
root systems are given in Table 4.

The proof seems a bit involved and non-conceptual. One should look for a conceptual
understanding of the non-negativity of Fourier coefficients, which should lead to an answer
to the general conjecture in [Sa3,§13] (cf. Appendix 2).

After the present paper is written, Victor Kac has pointed out to the author about a
coincidence of the elliptic eta-products for the types Dil’l) , Eél’l) , Egl’l) and Eél’l) with
the theta-functions for the lattices Qg + Zp/h for finite root lattices Qg of rank 2 (i.e. of
types Ay x Ay, As, By and G2) together with the Weyl vector p (see [Ka, (3.34)]). Prof.
Atkin has pointed out that these eta-products are unary-theta-functions in the sense [7],
which can be expressed by Eisenstein serieses. Also D. Zagier explained the author that
the proof of the goal theorem could be reduced to the classical theory of qudratic forms
so far as one concerns only on the four types Dfll’l), Eél’l), E&l’l) and Eél’l). To clarify
these facts may ask another work, but still their connection with the general conjecture
(including the cases when the eta-products are no more holomorphic) seems still unclear to
the author. Therefore, the author dicided to publish the paper in the present (old) form,
since it contains some other aspects.

Acknowledgment. The author is grateful to Y. Thara for a helpful discussion, who
referred the author to the works of Deligne-Serre [D-S] and Serre [Se]. The author is
grateful to R. Borcherds, where the proof of §2 Lemma 3 is due to him, which simplify the
early version of the present article. The author is grateful to M. Kashiwara for the help by
the computer experiment at an early stage of the work. He is gratefull also to D. Zagier
for discussions to help the understanding the problem in connetion with quadratic forms.

Appendix 1. Marked elliptic root systems and their diagram

We recall ([Sal]) the definition of a marked elliptic root system (R, G) and its diagram
I'(R,G) and codimension cod(R,G). We give the explicit formula of the characteristic
polynomial ¢ (g ¢) (A1.6-7), the Coxeter number m(R, G) (A1.5) and the genus ag (A1.8).

Definition. Let us call a set R of non-isotropic elements in an even lattice (@, q) (i.e.
a pair of a free abelian group @ of finite rank and a quadratic form ¢ on it) a generalized root
system belonging to (Q,q) if 1) R generates @, 2) for all & and 3 € R one has I(aV, ) € Z,
where o := a/q(a) and I(z,y) := q(z +y) — ¢(x) — q(y), 3)the reflexion w, w.r.t. « € R
(i.e. wa(u) =u— aYI(a,u)) preserves the set R, and 4) if R = Ry URy and Ry L Ry
w.r.t. ¢ then either Ry = ¢ or Ry = ¢. The group W(R) generated by reflexions w, for
all a € R is called the Weyl group of the root system R.
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One has the equivalence: #R < oo <= #W(R) < oo <= ¢ is definite. This
is the case of finite root systems studied in classical literatures ([B]). If ¢ is semi-definite
with 1-dimensional radical rad(q) := Q*, then R is an affine root system in the sense of
Macdonald. Our interest in the paper is on the next case with two dimensional radicals:

Definition. A marked elliptic root system is a pair (R, G) where R is a generalized
root system belonging to a semipositive lattice (@, q) with rank(rad(q)) = 2 and G is a
rank 1 subspace of rad(q) ®z Q. Put [ := rank(Q/rad(q)) = rank(Q) — 2.

The image R, of R by the projection Q — @, := Q/G N Q is an affine root system,
which we assume to be reduced. Once for all, we choose and fix a set I', sy C R which is
projected bijective to a simple root basis of R,. The I',¢¢ is unique up to an isomorphism
of (R,G). As usual (eg. [B,chVL§4]), an affine Dynkin diagram structure for the root
system R, is attached to I', ¢ s, identifying I', ¢ with the set of vertices of the diagram.

Let ng € Zsq for a € T'qs¢ be a system of integers such that ged{n, | @ € Ty} =1
and b := Zaera” nqa belongs to rad(q) (i.e. the projection of b in @, is a base of the set
of null roots of R,). Fix a generator a of GNQ ~ Z. Then, a and b form an integral basis
of the radical of ¢ (i.e. rad(q) = Za & Zb), and one has Q = Y ZI' ;¢ @& Za. For any root
a € R, put k(a) :=inf{k € Zso |a+k-a € R} and a* := a+ k(a) - a.

The exponents of the marked elliptic root system (R, G) are, by definition, 0 and

(A1.1) Mgy 1= M ‘Mg

k()

for o € Topp. Let mypaq = mazx{m, | @ € Tyrs} be the largest exponent. Put

(A1.2) Dz ={a €Tass | Ma = Miaa} and I e ={a" | o€t

max

Finally, we define the root basis for the marked elliptic root system (R, G) by

(A1.3) I'(R,G) =Ty UT"

max*®

The I'(R,G) is called the root basis, since it has properties: i) Q(R) = >_,cr(r.q) L
ii) W(R) =< wq | @ € I'(R,G) > and iii) R = Userr,e)W(R) - a. To I'(R,G), we
attach the elliptic diagram defined by i) vertices are in one to one correspondence with
I'(R,G), ii) bonds among the vertices are defined according to usual convention (e.g.
[B]), except for newly introduced double dotted bond o===0 between vertices a and a
for a € T4z (characterized by I(aY,a*) = I(a,a*Y) = 2 ([Sal,,§9], see the Example
below). The elliptic diagram is uniquely determined from the isomorphism class of (R, G)
independent of choices of I'y¢y and a. Conversely, the elliptic diagram I'(R, G) determines
the isomorphism class of the marked elliptic root system (R,G) ([Sal,l,(9.6) Theorem]).
We shall identify the elliptic diagram with the root basis I'(R, G).

We call a marked elliptic root system (R, G) to be simply laced if the bonds of its
diagram I'(R,G) are either simply laced (o—o0) or doubly dotted (o= = =o). Simply
laced elliptic root systems are the types Al(l’l) (1>2), Dl(l’l) (I > 4) and El(l’l) (1=6,7,8).
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The cardinality of '}, is called the codimension of (R, G):
(A1.4) codim(R,G) := #T ae = #L 0n = #{0 === o}.

One observes that i) the compliment Ioff \ Tpaw = D(R,G) \ (Tmas U Tfhey) Is a
disjoint union of A;-type diagrams, say I'(A;,),...,I'(A;,.), ii) one has the equality:

(AL1.5) m(R,G) :=maz{ly +1,---,l, + 1} =lem{ly + 1, -+, 1. + 1},
and iii) the exponents on the branch I'(4;,) are given by an arithmetic progression:

1 l;

A16 . maxy” "y | 4
(41.6) L1 " I+ 1

*Mmax

([Sal,I,(8.4)iv)]). A Cozxeter element c(R,G) is defined as a product of reflexions w,, for
a € I'(R,G) in such sequence that w,- comes next to wq for o € I'pyqp. Since gy is a
tree, the conjugacy class of ¢(R, G) in W(R) does not depend on the order of the product.

Lemma A ([Sal,1,§9(9.7)Lemma A]). A Cozeter element c¢(R, G) of (R, G) is of finite
order m(R,G). The characteristic polynomial o (g, := det(A — c¢(R, G)) is given by

(A1.7) preyN)=0A-1) J[ = ezp@rv=1ma/mmaz)).

ael"aff

Of course by definition, deg(yp(r,a)) = rank(Q(R)) = [+2. The (A1.2), (A1.6) and (A1.7)
determine ¢ (g, from the diagram I'(R, G). Comparing (A1.4) with the fact: 2aq (1.1.2)
is the multiplicity of zeros of ¢(r,g)(A) =0 at A = 1, we obtain:

Corollary. The genus ag of a marked elliptic root system is given by
(A1.8) 2a9 = codim(R,G) + 1.

This implies: ag = 1 < codim(R,G) = 1. That is: the weight ag of the eta-product n g, c)
of a marked elliptic root system (R, G) is equal to 1, if and only if it is 1-codimensional.

Example. We exhibit diagrams I'(R, G) together with their exponents for simply
laced and 1-codimensional elliptic root systems (R, G). One has m,q. = m(R, G).

DZ(LM) E§1’1)

Eél,l) Es(;l,l)



Table 1. @ Marked elliptic root systems and their exponents.

Type m(R,G)  exponents codim P(R,G)
AT =1y 0,mi=1(0<i<l) 41 (-1

Agl,l)* 2 07 1/27 1 1 ()\2 — 1)()\ — 1)
BM (1>3) 2 0,222 m=40B<i<l) -2 (M¥-1P0A-1)
BN (1>2) 2 0,1,1,m=2(2<i<l) =1 (P-12(A-1)"
B*Y (122 2 0,1,1,m=22<i<l) -1 (¥=1-1)72
B®P (1>2) 1 0,m;i=1(0<i<l) I+l (=D

etV (1>2) 1 0,m;=1(0<i<l) [+1 (A-D7*

ol =2 2 0,1,1,mi=2(2<i<l) -1 (P-12(A-1)7
cPViz2 2 0,1, 1,m=22<i<l) -1 (=12 -1
c®? (1>3 2 0,1,1,1,m=2(3<i<I) -2 (M¥-1P(A-1
BEY* (1>2) 2 0,1/2,mi=1(1<i<l) l (W =1)(A -1y
C’l(l’l)* (1>2) 2 0,1,m;=201<1i<I) l (A =1)(A=1)
BOPY (121) 2 0.2,m=4(1<i<l) l (¥ =1(r -1
BOPY (121) 2 0 Lm=2(1<i<l) l (¥ =1(r 1)
BO(1) (1> 2)2 0,2,2,m; =4 (2<i<l) -1 (-1 -1
BC2(2) (1 = 2)1 0,m; =2 (0<i<lI) [+1 0 (A -1

DY (1>4) 2 0,1, 1,1,1,m=24<i<l) 1-3 (A=1)*A-1"°
B 3 0,1,1,1,2,2 2,3 1 (A =1 =1)7
Jo 4 0,1,1,2,2,2 3,3, 4 L (=12 2= -1
fo 6 0,1,2, 23,3, 4,4,5,6 L (A=) =D -1)(A-1)7"
FD 3 0,22 4, 4,6 1 (A° —1)?

Fb? 4 0,1,2,2 3 4 1 (AT =1D(A—1)
F&Y 4 0,1,2,2 3 4 1 (A =1)(N* = 1)
F2? 3 0,1,1,2, 2,3 1 (A —1)?

Gty 2 0,3,3,6 1 (A2 —1)2

G§1’3) 3 0,1,2,3 1 A3 -1\ —1)
Gg3,1) 3 0,1,2,3 1 AN —-1)(A-1)
a&?) 2 0,1, 1,2 1 (A2 —1)2

Fact. The characteristic polynomial of the next types are non-reduced (cf. (2.7)):
Bél,Z)’Béll), C§1,2)702(2,1)7Bi1,1),CAEZ,Z),Fél,l)’Fil,2),FiZ,1)7FiZ,2), Gél,l),Gé&S)

Appendix 2. Eta-products arising from Weight Systems

In this appendix we review the conjecture mentioned at the end of (1.2). Recall [Sa2]
that a system W = (a,b,c;h) of 4 integers with 0 < a,b,¢ < h is called regular if the
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rational function:
p(Th = T)(T" - T°)(T" — T°)
(Te —1)(Tb —1)(Tc — 1)

does not have a pole except at T' = 0. Then, one has a finite sum development xw (T') =

_ T™, where m; € Z are called exponents. Then ow (\) := [[iL, (A—exp(2mv/—1m;/h))
is a cyclotomic polynomial of Coxeter number h. We consider the associated eta-product

nw (7) = Ny (7).

The weight a¢ (which we call genus to avoid the confusion with the weights a,b and c) is
integral due to the symmetry of exponents: yw (1) = T"xw (T~!). The eta-product ny is

holomorphic (resp. cuspidal) if and only if the dual-rank vy (2.2.2) is non-positive (resp.
negative) ([Sa3, Lemma 13.4], cf. (2.9) Lemma 4). Then,

xw(T):=T"

Conjecture ([Sa3,§13 Conj.13.5]). Fourier coefficients at oo of an eta-product ny
attached to a reqular weight system are non-negative if and only if nw is not a cusp form.

Ex. The following is the list of weight systems whose exponents are non-negative ([Sa2]).

Type weights Coxeter # genus rank dual-rank ow

A (L,bl+1—bl+1) 14+1 0 ! l (A(l;:)n
Dy (2,1—-2,1—-1;20—2) 21-2 0 l I (AQ((Z/\_Ll_)f)(l;(j\f;l)
Be  (3,4,6;12) 12 0 6 6 i)

' A1) (A3 -1)(A*~1)
Eg (6,10,15;30) 30 0 8 8 EXLTo vt 1o Vo Gy
Eg (1,1,1;3) 3 1 8 0 (ﬁ%
E; (1,1,2;4) 4 1 9 0 %
ES (1,2,3:6) 6 1 10 0 (A6—1)((>\;>__11))(>\2_1)

The set of exponents for the weight system A;, D;, E; or E, coincides with that of a
root system of type A;, D;, E; or El(l’l), respectively. So, by definition, the eta-product
for a root system above coincides with that for the correspoinding weight system.

The characteristic polynomial ¢y for the types A;, D; and Ej are selfdual (see Remark
below). Then the eta-product ny is neither cuspidal nor holomorphic, and its Fourier
coefficients are non-negative (see [Sa3, §12,513 Assertion 13.6]).

The eta-products for E; (= elliptic eta-products for El(l’l)) for | = 6,7 and 8 are
non-cuspidal holomorphic automorphic forms (see §2 Lemma 4). In [Sa3, §13 Ex.13.7],
we gave a sketch of a proof of the non-negativity of their Fourier coefficients using their
L-functions. Actually, the present paper shall give its complete proof, and so, gives the
first non-trivial answer to the conjecture above.

Remark. Two polynomials p(\) = Hi‘h(/\i —1)¢® and ¢*(\) = Hj|h()\j — 1) 0) of
the same Coxeter # h are called dual to each other if e(i) + e*(h/i) = 0 for ¢ | h ([Sa3]).
Eg. A;, D; and Ej are selfdual. The Fourier coefficients of 7, and 7.+ for such dual pair

are trivially non-negative. The concept of duality extends in a obvious manner to arbitrary
cyclotomic functions (see (2.2)), which is a key concept to understand eta-products in §2.
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§2. Automorphicity of the eta-product

In this section, we first study the automorphic properties of eta products in general.
There are several literatures (e.g. [H-M][D-K-M][Ko][Ha]) on the subject when the weight
ap is an (even) integer. We modify and sharpen them using the concept of the duality
(2.2) in order to include the half integral weight case to cover all elliptic eta-products.
Precisely, first, the character and the level of an eta-product are determined by a help of
dual numerical invariants (Lemma 1). Then, we formulate a criterion on a eta-product to
be holomorphic or cuspidal in terms of the dual-rank v, (2.2.2). Namely, the eta product
1N, is holomorphic (resp. cuspidal) at the cusps in Z if and only if its dual rank is non-
positive (resp. negative) (Lemma 2). On the other hand, one observes that the dual rank
v, is non-negative if all Fourier coefficients at oo are non-negative (Lemma 3).

In the latter half of the section and in the Appendix 3, we prove stronger results on
elliptic eta-products: 1) an elliptic eta-product (g ) is holomorphic (resp. cuspidal) if
and only if the dual rank v(g ) is non-positive (resp. negative) (Lemma 4), and 2) the
dual rank v(p ¢ is, in fact, non-positive for any elliptic root system (R,G) and is equal
to 0 if and only if the elliptic root system is 1-codimensional and simply laced (Lemma
5). Such root system (R, G) are classified into the types Dé(ll’l), Eél’l), Eg’l) and Eél’l).
That is: an elliptic eta product is always holomorphic and it is not a cusp form if it is one
of the above 4 types.

Notation. The argument of the value 1/z for z € C is chosen in the interval (—m /2, 7/2].

(2.1) First, we introduce numerical invariants for a cyclotomic function ¢ (1.1.1). Put

(2.1.1) rank: py = deg(p) = ZZ -e(i) € Z,
ilh
(2.1.2) discriminant:  dy, == [[i°") € Q.
ilh

We shall denote by ds¢ € Z~( the square free part of d,, (ie. the smallest positive integer
with dy/ds € (Q*)?). Obviously, one has dqy|h.

(2.2) The dual cyclotomic function with the Coxeter number h and the dual eta-product
are defined by

P (N = [ [ =1)=,

ilh

17:;(7) = (T) = Hn((h/z) . T)—e(z‘)'

ilh

(2.2.1)

Obviously, one has p** = ¢ and ng" = n,. We define the dual numerical invariants.

((dual genus: 20 = — Z e(i),
ilh
(2.2.2) dual rank: Vg 1= flp = deg(p™) = — %(h/z) -e(i),
dual discriminant: dj, := d« = H(h/z’)_e(i).
\ ilh
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The next numerical relations follow immediately from the definitions.

(2.2.3) ap + ay = 0.
(2.2.4) d, = h** - d,

This implies dsy = d7; if 2a¢ is an even integer, and lem(dsy, d5;)/ged(dsy, d3 ;) is equal
to the square free part of h if 2ag is an odd integer. Sometimes, it is convenient to use a
notion of a cyclotomic function ¢ := (©*)~! instead of the dual function *:

(2.2.5) o) = H()\h/i —1)c®
ilh

Numerical invariants (1.1.2), (2.1.1) and (2.1.2) attached to ¢ are ao = ao, pp = —v, and
dp = (d)~" (hence dyy = dys). The attached eta-product is

(2.2.6) Ne(T) = np(T) = (77:;(7'))_1 = HU((h/i)T)e(i).

ilh
(2.3) The duality between ¢ and ¢* are equivalent to (cf [Sa3, (13.3)])

(2.31) no(=1/h7) - mi5(7) = (7/v/=1)% [/,
a no(7) -y (=1/h7) = (V=T /7)% /A,

(use the fact: n(—/7) = /7/v/—1n(7)). So, we obtain a formula for 7, in terms of 7,:
(2.3.2) N (T) = d?) Ne(—1/hT)(T/v/—1)"%.

(2.4) We recall automorphic forms of half-integral weights [Sh]. We fix notation according
to [Kob]. For an odd integer d and any integer ¢, let us define the residue symbol (5) as
follows. If d > 0 and is prime it is the Legendre symbol. It is extended for all odd d > 0
multiplicatively. If d < 0 then (g) = (ﬁ) for d < 0 and ¢ > 0 and (g) = —(ﬁ) ford <0
and ¢ < 0. Put (%) := 1. For odd d, we define also

Ed'Z{ 1 iof d=1 mod 4

(2.4.1) V-1 if d=3 mod 4.

So €q = ,/(_71). Recall that T'g(N) := { (CCL Z) € SLy(Z) | ¢c=0mod N} for a positive

a b

integer N. For A = (c d) € I'y(4) and 7 € H, put

11



(2.4.2) (A7) = <§) ;' Ver 1 d.

In particular, j(A,7) =1 for A = (_1 b ) and b € Z. It is known ([Kob, ch.IV]) that

0 -1
they satisfy the cocycle condition: j(AB,T) = j(A,7)j(B, 1) for A, B € T'y(4).

Let 2k, N € Z~o and assume that N = 0 mod 4 if 2k is odd. Let € be a Dirichlet
character mod N such that e(—1) = 1 or (—1)* according as 2k is odd or even. A holo-
morphic function f(7) on the complex upper half plane H is called a weakly holomorphic
automorphic form of type (k,e) and of level N, if for all A € T'g(N) one has:

at +b
ct +d

(2.4.3) FleA(r) = j(A,T)—%f( >:5(d)f(7') if 2k is odd,

ar +b
ct +d

(2.12) flA(T) :== (eT + d)*kf< ) =e(d)f(r) if 2k is even.

(2.5) We state a lemma which determine the type and level of eta-products (c.f. [H-M,
theorem 1],[Ha, (3.6) Theorem] for even 2ay).

Lemma 1. Let a cyclotomic function () (1.1.1) and its dual p*(X\) (2.2.1) be given.
Let ny(7) (1.1.8) and 0}, (1) (2.2.1) be the attached eta-product and dual eta-product. Then
Ne(meT) (resp. 1/ng(miT) ) is a weakly holomorphic (i.e. holomorphic except at cusps)
automorphic form of type (ao,ey,) (resp. (ao,ey,)) on the group I'o(Ny). Here

my = 24/gcd(24, py), my = 24/ged(24,v,),
(2.5.1)
Ny := hmgmg,

and €, and ey, are Dirichlet characters mod Ny given as follows. If 2aq is even,

s —1)%°
(%) for d odd,
(2.5.2) gp(d) =€ (d) = d
< ) for d even.
dss
If 2ag is odd, then N, =0 mod 4. Then the characters £, and €7, mod N, are given by
2m,d
e (d) = (%) for d odd,

es(d) = (%) for d odd.

12



Proof. We prove the rules (2.4.3) or (2.4.4) only for f(7) := n,(m,7), since similar
rule holds for 17 (m7,7) by duality, and then one gets the rule for 7,(mj7) = 1/n5(m}7).
Note that the definitions of m, and mj, (2.5.1) imply:

(2.5.4) My - fip =0 mod 24, mg - v, =0 mod 24.

a b

Recall a transformation rule for n(7) ([Ra, p.163]). Let (c d) € SL(2,Z) with ¢ > 0.

(£) e (W57 e
() ez (Wfd) exp (

Case A. 2a9 =0 mod 2.
One has to show f(7)|q,A = €,(d) f(7) for A = <Z Z) € T'o(Ny).

Then one has 7 (‘”+b> =e(a,b,c,d) %ln(T) with

cla+d—bed) + bd)) if ¢ odd,
e(a,b,c,d) =

— (c(a —d—ad?®) + bd)) if d odd.

If c =0, then a = d = %1, and so (cr + d)* = (£1)% = e,(d). Hence, f(7)]qA =
(£1)% [, n(mi(r +b))e) = stp(jzl)f(T)exp(j:“/_bmép i te(i)) where the last expo-
nential factor reduces to 1 due to (2.5.4).

Let ¢ # 0. Since €,(—1) = (—1)%, by replacing A by —A if necessary, we may assume
¢ > 0. Put ¢ = kmymih for k € Z~g. Since (c,d) = 1, we separate two cases.

Case A.1. d=1mod 2
flag A(T) = H{U<( amiT + 'mwib' ) \/km@m:;hr +d 1}e(i)
ilh

kmemEh/mei)meit +d

T et b i)

ilh
:f(T)ll—[((kmih/i)exp(w\/_( )))6(1)
ilh
€$p(ﬁ\1/f ((a —d — ad?) Z e(i)kmyh/i + dbm,, Z Z6(Z)>>

ilh ilh

Due to (2.5.4), the last exponential factor reduces to 1. Recalling the definitions of the
genus ag, dual discriminant di, and its square free part dy 70 we get easily

m;, 2a0 d: ™ — - a
= 1) (20 (Dot g (VLA D200
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Noting that 2aq is an even integer, we get

This is the formula to be proven.

Case A.2. ¢c=1mod 2
By assumption, ¢/m,i = k:m;h/ 7 is also an odd integer. Therefore, one proceeds:

flan A(T) = H{”<( amyiT + meib )\/km¢m;h7 +d 1}6(1')

h kmemih/mei)meit +d

- H {5(6L, bm(pi, kmf;h/z, d) V —1_1/277(m¢i7)}8(i)
ilh
m/—1km3h/i

:f(r)1|_[<(kmgh/i)exp(_ - ))e(i)

emp{ W\{Q__l ((a + d — bed) Z e(i)kmyh/i + dbm,, Z ie(i)) }
ilh ilh

Due to (2.5.4), the last exponential factor reduces to 1. Recalling the definitions of the
genus ag, dual discriminant dg; and its square free part d,, we get easily

2a0 m/ —1kmgv
~ ) ) e )

%)

Noting that 2a¢ is an even integer and that 24]m:“pl/, we get

Case B. 2a9 =1 mod 2.

One has to show f|a, A(T) = ,(d) f(7) for A = <Z Z) e I'o(N,).

Let us prove N, = 0 (4). If h = 0 (4) then there is nothing to prove. If 2 fh, then
i = h/i =1 mod 2 for all ¢ with e(i) # 0, and hence, by definitions, p, = v, = 2a9 =1
mod 2. So, my, =my, =0 (8). If 2|h and 4 fh, then i+ h/i =1 for all i with e(i) # 0, and
hence, by definitions, p, + v, = 2ap = 1 mod 2. So, either m, =0 (8) or my, =0 (8).

Since 4|Ny|c, ¢ is even and hence d is odd. If ¢ = 0, then a = d = £1, and so J(A, 1) =
1= e(d). Hence, f(7)layA = [Ty n(mi(r £ )0 = f(r)ewp(de ™5 Tbm Sy, ie(d)
where the last exponential factor reduces to 1 due to (2.5.4).
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Let ¢ # 0. Since €,(—1) = 1, by replacing A by —A if necessary, we may assume
c¢>0. Put ¢ = kmymih for k € Z-o.

f’aOA(T) — H{n<( amytT + mwib d> <§>_16d\/km¢mfph7— n d—l}e(i)

ilh kmemih/mei)ymeit +
= [[ {e(a,bmyi, km}n/i, d)\/—_l_m(
ilh
c/myt T/ —1(d — AN 0
= ) T2ty ) )
ilh

ea:p{ U 12_1 <(a —d — ad?) Z e(i)kmyh/i+ dm, Z ie(i)) }

ilh ilh

-1 oy eld)
) edn(m@m-)}

Ul O

Due to (2.5.4), the last exponential factor reduces to 1. A direct calculation shows that

exp(@) c€q = (—1)(d2_1)/8 = (%) Recalling the definitions of the genus ag, dis-
criminant d, and its square free part dsy, we get easily

— () (B (5)™

Since 2aq is odd, this is the formula to be proven. Q.E.D.

(2.6) Remark. 1. Formula (2.3.1) is reformulated as

m ap/2
(2:6.1) omir) = (22)" D m o),

0 1

) and f(mg-) means the function f(m7).

(2.7) If ¢ is non-reduced (see definition below), then one needs a slight careful treatment
of the eta product 7., on which we discuss in this paragraph. The goal results are given
in Facts, which are used in §3 and 4. For a given cyclotomic function ¢ (1.1.1), put

g:=gcd{i|e(i) #0} and ¢*:=h/lem{i|e(i)# 0}.
We say ¢ is reduced if ¢ = 1 and dual-reduced if g* = 1. So, ¢ is reduced (resp. dual-

reduced) iff ¢* is dual-reduced (resp. reduced). We say ¢ is non-reduced if g # 1.
Let us define the reduction ¢"¢? of ¢ with the reduced Coxeter number h"¢? by

(2.7.1) e (\) =[N = 1)°®) and K= h/g.
ilh

Then (¢"°?)* = ¢* is dual-reduced with respect to the Coxeter number h"*?. One has the
relations: 1), (7) = 1yrea(g7) and 15 (7) = n7,.a(7) . The numerical invariants are changed

as: aped = ay, ,u;ed = ly/9, z/z;ed = v,. Therefore,
d.__ d *red ,__ dy __ %
(2.7.2) my " = 24/ged(24, p"%) and mZ e = 24/gcd(24,07°7) = m,.
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satisfies: m;e‘i/(m(’;ed,g) =m, and m;ethd | myh. In particular, one has:

(2.7.3) N (MT) = Ngrea((g/ged(mis?, g))mifT).

Let us summarize some Facts, which will be used in §3 and 4 (for a proof of Fact 2,
use Tables 1 and 2 and their following Facts. For a proof of (2.7.4), use (2.7.3)).

Fact 1. The next j conditions are equivalent: i) g | m;‘fd, ii) m';fdh””ed = myh, iii)

Ny = Nyrea and iv) 0y (meyT) = fgrea(mle47). We shall call such ¢ tamely non-reduced.
2. The characteristic polynomial of an elliptic root system is either reduced or tamely
non-reduced.

3. Let ¢ be reduced or tamely non-reduced. Suppose p|m;ed for a prime p, then
(2.7.4) Ny (meT)|Up, =0,

where U, is one of the Hecke operators acting on formal power series in q given by
> e(n)g™)|Uy == > c(pn)q™ (cf. [Kob, 5.12]). This implies that the p-th Euler factor
(if it exists) for the Dirichlet series attached to n,(my,T) is equal to 1.

(2.8) We analyze Fourier expansions of eta-products at a cusp point a/c € Q U {oc} for
a,c € Z with (a,c) = 1. Recall ([O],[Kob]) that a weakly holomorphic automorphic form
f of weight k is holomorphic (resp. vanishing) at the cusp if the expansion of f|;A(T) for
A= (Z 2) € SLy(Z) in the powers of ¢ := exp(2my/—17) has only non-negative (resp.
positive) exponents. The f is called a cusp form if it is vanishing at all cusp points.

For a given ¢ (1.1.1), put ®,(§) = ®(§) := Zi|hh(i£?26(i) for £ € Z. The £ - ®(§)
depends only on £ mod h. Recall Definitions (2.1.1) and (2.2.2) so that one has ®(h) = p,,
and ®(1) = —v,. The Fourier expansion of the eta-product (1.1.3) at a/c for a,c € Z
with (a,c) = 1 starts with the term ¢“®(© for ¢ := exp(27v/—17/24mh) (eg. [H-M][Sa3]).

Hence one obtains:

Lemma 2. The eta-product n,(7) is holomorphic (resp. vanishing) at a cusp point
a/c for a,c € Z with ged(a,c) =1 if and only if c- P, (c) >0 (resp. > 0). In particular,

at the oo if and only if p, >0,

holomorphic
at cusps in Z if and only if v, <0,
the eta product 1, is
at the oo if and only if p, >0,

vanishing
at cusps in 'z if and only if v, <O0.

The proof of the next lemma given here is due to Borcherds. This simplifies the original
version of the present article, where one proved case by case for particular eta-products.

Lemma 3. If all Fourier coefficients at oo of 1, are non-negative, then v, > 0.

Proof. Suppose v, < 0. Then, the Fourier expansion of ., at 0 implies: lim; ¢ 1,(v/—1¢)
= 0. On the other hand, the Fourier expansion ) c¢(n)q"™ at co implies: lim;_.o 7, (v/—1t)
= lim,_; ), ¢(n)s™, which cannot be 0 if all ¢(n) are non-negative. q.e.d.
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Remark. 1. One has ®(§) = ®((£,h)). Therefore, an eta-product is holomorphic
(resp. cuspidal) if and only if ®(c) > 0 (resp. > 0) for ¢ € Z~o with c|h.
2. For k € Z+, one has &, (§) = (k,f) D, (+25) where @(\) := @(AF). Therefore,

(k,€)
an eta-product 7, is holomorphic or cuspidal if and only if 7 rea is so.

3. One has: ®,(h/€) = Py(§) = =D+ (€) for £|h. This implies that 7, is holomorphic
or cuspidal if and only if 7, is so.

4. The following sharpening of Lemma 3. gives constraint on the Fourier coefficients
of ny(mt) =3, czc(n)g"™ at oo, but, we shall not use this fact in the present article.

(2.8.1) 3 e(n)e VT ~ O<T_aoexp(y¢/(24m¢h¢T))> (T'10).

Here the major part of the right hand side is the second exponential factor whose exponent
vy, /24myh, is equal to —n/N, where —n is the leading degree of n7(mj7) in ¢ =
exp(2my/—17) and N, is the level given in (2.5.1).

(2.9) Let us return to the study of elliptic eta-products. First, from Lemma 2, one obtains
a numerical criterion for elliptic eta-products to be holomorphic or cuspidal as follows.

Lemma 4. An elliptic eta-product 1, is holomorphic (resp. cuspidal), if and only

if the dual rank v(r gy = Vg o 1S nON-positive (resp. megative).

Proof. One has to show that ®(£) > 0 (resp. > 0) for all £ € Z~o with {m(R, G)
if and only if v(gg) < 0 (resp. < 0). Since ®,(1) = —v,, the condition is necessary.
Since @, (h) = py =: pr,c) = I +2 > 0, the condition is already sufficient if the Coxeter
number h := m(R,G) is a prime number (recall the above Remark 1). These cover almost
all types of elliptic root systems except for the types Egl’l), Eél’l), F4(1’2) and Ff’l) where
teh Coxeter number m(R, G) is 4, 6, 4 and 4, respectively (see Table 2). In view of Remark
2 after Lemma 2, the proof for the types F4(1’2) and F4(2’1) are done already. For the proof
of remaining cases, the following calculations are sufficient.

_ 422 22 1 _
<I>E§1,1>(2) =4552+455 —457 =6 >0,
22 12 22 1
(I)Eél,l)(2) = 6?6 + Gﬁ + 6@ - Gﬁ =6>0,
B 32 12 1
@E§1,1)(3) = 6@ + 6§ + 6@ — 6ﬁ =8>0. Q.E.D.

In fact, we shall prove the next lemma in Appendix 3.

Lemma 5. i) For all elliptic root system (R, G), one has v(g gy < 0.

ii) The equality v,y = 0 holds if and only if the root system (R,G) is (a) 1-
codimensional and (b) simply laced. For definitions of simply lacedness and 1-codimensionality,
see Appendiz 1 and its FExample.

As a result of Lemmas 4 and 5 and the classification (Table 2 ), one obtains:

Corollary. All elliptic eta-products are holomorphic. An elliptic eta-product is not
cuspidal if and only if the root system is one of types Dil’l), Eél’l), E’S’l) or Eél’l).
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Appendix 3. Rank, dual-rank and o-rank of an elliptic root system

In this Appendix, we give a proof of Lemma 5. The proof is achieved by introducing
a numerical invariant, called o-rank, and proving its invariance by foldings and mean
foldings of elliptic diagrams (Lemma 6). At the end of Appendix 3, we give Table 2 of
rank, dual-rank, o-rank, conductors and discriminants for elliptic root systems.

First, let us define the o-rank. For a characteristic function ¢(A) (1.1.1) with non-
vanishing genus ag, we introduce the o-rank by

(A31) Op = (,utp - th)/a()a

where pi,, v, and ag are the rank (2.1.1), dual rank (2.2.2) and genus (1.1.2) for ¢. One
easily checks that the o-rank has the stability:

For an elliptic root system (R,G), we define the elliptic o-rank o(r.g) = 0y, The
next Lemma 6 ii) on elliptic o-rank will be used in a proof of Lemma 5 ii) b

Lemma 6. i) The o-rank for any elliptic root system is a positive integer.
ii) The o-rank does not change by a folding or mean folding of an elliptic diagram,
where the (mean) foldings are defined below.

We shall give proofs of Lemmas 5 and 6 simultaneously.
First, we recall the definition of foldings and mean foldings of elliptic root systems ([Sal,1,§12]).
Assume that (R, Q) is neither of the types Agl’l)*, Bl(2’2)*, C’l(l’l)*, BC’Z(Q’Q) (1) nor BCl(2’2) (2).
Let I'ysf C R be, as in Appendix 1, a lifting of a simple basis of R, := R/G, which we iden-
tify with the affine diagram for R,. An automorphism A of the affine diagram I', ;¢ can be
lifted to an automorphism of the elliptic diagram I'( R, G) (A1.3) and extended to an auto-
morphism r(h) € Aut(R,rad(q)) of the elliptic root system such that r(h)|I'y¢s = h, since
h preserves the exponents (A1.1). In particular, the action on I'( R, G) preserves the maxi-
mal exponent part I'y,q, (Al.2) and permutates the components of I'g r ¢ \I'yq,. Let H be a
subgroup of Aut(I'y¢s) such that there exists at least a vertex of I', sy which is fixed by H.
For any a € R, put Trf (a) := > pera D€ FH and Try(a) := (#Ha) ™! Y peralb € FH,
where F'H is the H-fixed point subspace of F = Q(R) ® R.

Lemma-Definition([Sal,I,(12.3)]) The image sets T (I'(R,G)) and Try(T'(R, G))
in F' of the simple basis I'( R, G) form simple basis of certain marked elliptic root systems
(RH @) and (Rp, G) belonging to ¥, respectively. We call ['(RY,G) := Tr# (TI'(R, Q))
and I'(Ry, G) := Try(I'(R, G)) the folding and mean folding of T'(R, G), respectively.

Proof of Lemmas 5 and 6. As in Appendix 1, let I'(A4;,),...,T'(A;.) be the com-
ponents of I'y¢f \ I'rae. Put ¢ := codim(R, G). Using the description (A1.6) of exponents
on I'(A4;,) (1 <i <r), we obtain descriptions of the characteristic polynomial (A1.7) and
its rank:

(43.2) pra (V) = (A= 1) H (A1 =1)/(A = 1))
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(43.3) WRG) = Moo = deg(pra) =1+ #Tags) =1+c+ > L.
=1

Putting m := m(R,G) (A1.5) (which should not be confused with m g ) (2.5.1)), we get
the dual characteristic function and the dual rank:

r

(A34) SO;{R,G)()‘) = ()\m _ 1)—(C+1) H ((}\m _ 1)/()\m/(li+1) . 1))
i=1
* - m
(A3.5) V(RG) 7= Pty o) = 4€9(P(rG)) = — >, <l- 1 m) —(c+1)m

i=1

Let us show i) the non-positivity: v g g) <0, and ii) v(g ) = 0 implies ¢ = 1.

If 7 = 0 then clearly v(g ¢y = —(c+1)m < 0. For r > 0 rewrite (A3.5) as v(p,q) =
> m/(li+1) = (¢+1—r)m. The first term is always strictly negative. The second
term becomes positive when r > c¢+1 > 2. This is the cases when r = 3 and ¢ = 1, or when
r =4 and ¢ < 2. In the first case, there are 3 types of elliptic diagrams: Eél’l), E§1’1) and
Eél’l). Then the equality v(g.g) = m(1 — Z§:1 1/(l; + 1)) = 0 is trivial and well-known

for the three. In the latter case of r = 4, the diagrams are of type Dl(l’l) (Il > 4). Then
one has m = 2 and ¢ = [ — 3. Thus, v(g,g) = 2(1 — ¢), which is non-positive and is equal

to 0 only if ¢ = 1 when (R, G) is of type Dil’l). Thus, Lemma 5 i) and ii) a) are proven.
Before Lemma 5 ii) b), we prove Lemma 6. Using (A1.8), (A3.3) and (A3.5), one gets:

(A3.6) O(R,G) = (ao)_l z_: <li + # — m) +2(m+1).

Let us calculate the contribution of the branch I'(A4;,) in the first term of (A3.6). Since
(I + 1)|m (cf. (A1.5)) and m = 1,2,3,4 or 6, one can list all cases easily as follows.

i) Let m =1,2,3,4 or 6 and [; + 1 = m. Then, one has: I, + m/(l; + 1) —m = 0. Let
us call this case a longest branch. So, a longest branch gives no-contribution to o(g,q)-

ii) Let m =4 and l; = 1. Then, one hasc=1and l; + m/(l; + 1) —m = —1.

iii) Let m = 6 and [; = 1. Then, one has c=1and l; + m/(l; + 1) —m = —2.

iv) Let m = 6 and [; = 2. Then, one has c =1 and l; + m/(l; + 1) —m = —2.

Since the number of non-longest branches is at most 2, we obtain i) of Lemma 6.

Let us consider (mean) folding by a group H. By the action of H on I'( R, G), the
longest branches are permuted, so the Coxeter number m (A1.5) is unchanged. On the
other hand, the set of non-longest branches are fixed by H. Therefore, in view of the
formula (A3.6) and above fact i), the o-rank is unchanged by the folding. This proves the
ii) of Lemma 6.

Let us prove ii) b) of Lemma 5: to prove that vz ) = 0 implies I'(R, &) is simply
laced. Suppose not. This implies that the I'( R, G) can be realized as a non-trivial (mean)
folding of another elliptic diagram, say F(R, é), where we may assume ¢ = codim(R,G) =
codim(R,G) = 1 and 1(r,G) < Kae ([Sall, (12.5)]). Then the equality o(r,c) = 0z ¢
implies V(g a) — ViR = MR,G) — H(a,e) < 0. This is a contradiction to V(R,G) <0.

These complete the proofs of Lemmas 5 and 6. Q.E.D.
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Table 2. rank, dual-rank, o-rank, conductors and discriminants

Type

A > 1)
Agl,l)*

B (1> 3)
Bél,l)

B (1> 2)

H(R,G)
[+ 2
3
[+2
)
[+2
4
[+ 2
4
[+2
[+2
[+2
4
[+ 2
4
[+ 2
5
[+2
[+2
[+2
3
[+ 2
3
[+ 2
4
[+2
[+2

Y(R,G)
-l -2
-3
—20+5
-1
—20+2
-2
—20+2
-2

-1 —2
-1 —2
—20+2

4

O 0 O O = O O O O O O O O O O O O O O = ke Oy O O O Oy O O

9(R.G)

—
[e=}

S 0 © ©

20

m,m

red

8, 8, 8

24, 24, 24

6, 12, 12

6, 12, 12

6, 12, 12

6, 12, 12

24, 24, 24

128

1152

144

144

144

144

1152

128

128

144

32

72

144
128
128
144
144

,m* Nr,c) dr,c)

1

2

93
93
92
92
92

32
22

e

1/2



el 4 —4 8 6, 6, 6 108 3 1/3

el 4 4 8 6, 6, 6 108 3 1/3

el 4 —2 6 6,12,12 144 22 1

Here, m := mp q) = 24/gcd(24, j(r,cy), m* = Mip.q) = 24/gcd(24,v(g,¢)) (2.5.1) and
mred .= medG) (2.7.2). By definition, one has i) if v gy = 0 = mipq = 1, and ii)

M(R,G) |m(R,G)
We state some facts which are observed from the Table 2 and are used in the sequel.
Fact 1. i) m{z o = 1= vpre =0 and ii) m{p G)|m(RG for 1-codimensional
(R,G). These 2 facts are more precisely formulated as:

red

. 1 if I/(R,G) = 0,
(R,G) else.

Fact 2. i) For all (R, (), the discriminant d (g ) is an integer and one has the equality:
{p | prime number with p|m(R,G)} = {p | prime number with p|dr,q)}.

ii) For all 1-codimensional (R, G), one has the equality:

red

{p | prime number with p|m{%’cy} = {p | prime number with p[N(g )}
iii) One has the inclusion relation: the set of i) C the set of ii) C {2, 3}.

Remark. Due to Lemma 2., the positivity u(R,G) > 0 implies that the dual elliptic
eta-product U?R,G) is neither a cuspidal nor a holomorphic form. So, the “dual considera-
tion” to the goal theorem in the abstract suggests that their Fourier coefficients of nZ‘R’G)
are non-negative integers. In fact, this is true and is proved in a stronger form as follows.

Assertion. All Fourier coefficients of a dual elliptic eta-product are positive integers.
Proof. It is sufficient to show the positivity of the Taylor coefficients of cp’("R’G)()\) at
A =0, due to an expression (1) = ¢*/** [[", ©*(¢"). If e*(i) < 0 for all 4, this is trivial.

Rest cases to be checked are the types Bél’l), C'?(F’Q), Dfll’l), Eél’l), E§1’1) and Eél’l), for
which we have the following explicit descriptions.

* _ * . (A2_1) — 1+
Ppon = Poen = Gomp +A)2 =1+ 3XN+5A2+ 73 + 90+ 1105 +

o = Bk =1+ (1 T857 = 1+ 40+ 8)2 +12)% 4+ 16A1 4 2005 +
o) = G =1+ 58 = 143X+ 632 +9X3 4 122 + 15X +

* AT—1
Pran = m L+ 857 = 1420+ 402+ 6)% + 8X + 10X° +

* A6—1
O = oo io = L gz = 1A+ 202 4303 AN 45N 4
8

Remark. The rank, discriminant and dual discriminant for a regular system W of
weights are positive integers. It is proven [Sa3,§13] that an eta-product ny is holomorphic
(resp. cuspidal) if and only if the dual-rank vy is non-positive (resp. negative).
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§3. Dirichlet series for 1-codimensional elliptic root systems

In this section, we formulate the main theorem of the present paper, which describes
the Dirichlet series attached to the elliptic eta-products for 1-codimensional elliptic root
systems by a use of Artin L-functions. The explicit results are exhibited in Table 3.

(3.1) First, for a given cyclotomic function ¢ (1.1.1), we define Dirichlet series:

(3.1.1) Ly(s) := z:c(n)n*‘9
(3.1.1)* Li(s):=> c*(n)n~*

(3.1.1) Ly(s) = é(n)n*

where ¢(n), ¢*(n) and é(n) are Fourier coefficients at infinity of the expansions:

Ne(met) =32, c(n)q", np(mer) =22, ¢*(n)g" and dy(mer) =5, é(n)q"

of the eta-products attached to ¢ (cf. §2 Lemma 1). It is well known that the Dirichlet
series converge on the right complex half s-plane and extend meromorphically to the whole
s-plane. The duality formula (2.3.1) is reformulated as a functional equation:

(3.1.2) Ap(ap — 8) = cpo A (s),

where A, (s) := N3/2(21)7°T(s) L, (s), A% (s) = NS/Q(QT(')_SF(S)LZ;(S) and c,: a constant.

(3.2) We denote by L(g,g) and IA/(R’G) the Dirichlet series (3.1.1) and (3.1.1) attached
to the characteristic polynomials ¢ (g ¢) (AL.7) and (g q)(A) (2.2.5) for a marked ellip-
tic root system (R,G), respectively. Before we state the main theorem of the present
article, we recall some numerical invariants: m := 24/gcd(24, p(p,c)) (2.5.1), m™? =

24/gcd(24, ufg‘fg)) (2.7), m* :=24/gcd(24,v(r,y) (2.5.1), N(r,i) := mm*m(R,G) (2.5.1),
€(r,c):= the Dirichlet character (2.5.2) attached to a marked elliptic root system ¢z ).
Theorem. Let (R,G) be a 1-codimensional marked elliptic root system (cf. (A1.8)).
There exist a Kummer extension E(g ) 1= Q((pred, xl/m*) of the cyclotomic field Ef‘}%’g) =
Q((,yrea) and one or two representation(s), say p, or p{T) and p(=): Gal(Er,c)/Q) —
GLy(Z) or GLo(Z[/—1]) with ker(p) or ker(p™)) Nker(p(=)) = {1}, det(p) or det(p'*))
= £(r,c) (through the identification Gal(E((g)G)/Q) ~ (Z/mredZ)X) and the conductor

= N(r,q) such that for the Artin L-functions L(s, p) or L(s, p)) and L(s, p(7)) attached
to them, one has the following i) - v).
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i) The Dirichlet series L(p c)(s) is equal to one of the next three forms:

L(s,p), L(L(s,p™) = L(s,p)) or YZ2(L(s, pP)) = L(s, p)).

ii) L(s, p), L(s, p™)) and L(s, p'=)) have trivial Euler factor for the prime with PIN(R,G)-

i11) The Dirichlet series ZAL(Rig)(s) is a linear combination of L(s,p) or of L(s,p'*))
and L(s, p=)) with coefficients in Euler factors for the primes p with PIN(r,G)-

iv) The extension E(R,G)/E&QG) is trivial if and only if V(g c) = 0.

v) If v(g,c) = 0, then the representation(s) decompose(s) as p = 1®e(r,cy, or pH) =
1D erq and p() = X(r,q) ® 6(R7(;)X(*1%7G) for a character x (g ,c) on (Z/m"eZ)*.

Definition. We shall call L(s, p), L(s, p(*)) and L(s, p(-)) the Artin summand of the
Dirichlet series L(g g)-

(3.3) The remaining of the present section gives a plan of the proof of the theorem.

The proof is achieved by explicit descriptions of L g g) and fL( R,q) obtained for each
types separately by 4 steps explained below. Detailed results are summarized in the Table
3. Since the process to describe L(g o) and f}( R,G) are similar, we explain only for L(g q).
According to theorems due to Hecke, Weil, Langlands, Deligne and Serre ([He, 22-36][W][D-
S][Se]), the Mellin transform induces 1) a bijection between the set of suitably normalized
new forms of weight 1 with level N and an odd character € and the set of Artin L-functions
of two dimensional linear irreducible representation p of the Galois groups over the rational
numbers with conductor N and € = det(p), and also 2) a bijection between the set of
normalized primitive Eisenstein series of weight 1 and the set of reducible 2-dimensional
Galois representations (see [Se] for detailed account on the subject, and [He36| for the case
of reducible representations). Therefore, if an eta-product is already a Hecke eigenform
and is a new form, then the main part of the theorem is a consequence of this general
theorem. But, in fact, the elliptic eta-product is not always an eigenform, and hence the
following facts still need to be proven.

i) An elliptic eta-product 7(g ) is either a normalized new form (and a Hecke eigen-
form) or a difference of two normalized new forms so that its Mellin transform is either an
Artin L-function or a difference of two Artin L-functions as described in the theorem.

ii) The Euler factor for p with p|N(g ) in L(g,) and in its summands is trivial due
to (2.7.4) and §2 Table 2 Fact 2. ii) (this is not always true for all eta-products, see (4.2)).

iii) The dual f/( r,c)(s) is a linear combination of the summands with coefficients in
Euler factors in primes p with p|N(g ¢).

iv) If an elliptic eta-product 7g,¢) is not cuspidal, then each summand in the above
i) should not be a cusp form and should belong to Galois representations of the same
cyclotomic field Q((,y,rea). The decomposition of p or p(+) takes some particular form as
described in the theorem. Let us explain how we proceed these.

1. Let a 1-codimensional marked elliptic root system (R, G) be given. Its characteristic
polynomial ¢ (g ¢y is given in (A1.7). Using §2 Lemma 1, we know the level N = Nz ¢)

and the character (g ) of the eta-product n(g g)(m7) <: nff%dG)(mredT))
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2. Calculate the Fourier coefficients c(n) for n € Z-q of n,g)(m7) at co until a

degree ng which is larger than N(féc) : Hp|N(R o (1+p1).
3. Construct a Dirichlet series L, which is one of the following 3 forms:

L(s), $(LH(s) = L)) or Y (LH)(s) = L) (s))

where each summand L(s) or L(*)(s) and L(=)(s) has an Euler product expansion of the
form Hp)(N(l —app* +e(r,c)(p)p?%) "1, such that the Fourier coefficients in step 2 agree
with the Dirichlet coefficients of L up to degree ng. Here, the Euler factor for the prime p
with p|N(r, ) does not appear because of (2.7.4) and §2 Table 2 Fact 2. ii).

This step is nontrivial and quite involved. It is achieved by inspection for each cases.
We omit the calculations.

4. Find a Galois field E(g ) and complex 2-dimensional linear representation(s) p or
p®) of the Galois group Gal(E(g,q)/Q) with the constrains ker(p) = {1} or ker(p(*)) N
ker(p(~)) = {1} and the conductor= N(g @) such that the Artin L-function(s) attached to
the representation(s) are equal to the summand(s) that appeared in the step 3. That is:

L(s)=L(s,p) or LM (s)=L(s,pT)) and L) (s) = L(s, p()).

In fact, E(r ) is obtained as a Kummer extension of the cyclotomic field EE‘]%G) =
Q({prea). The extension is determined by inspection of Euler factors in the step 3. In
particular we observe that the extension is trivial if and only if (g g) = 0.

5. Assertion. Under the 1-4 above, the Dirichlet series L(g ) coincides with L.

Proof. In view of the step 4, the Mellin inverse transform f; of L is an automorphic
form of type (1,e(r,)) on the group I'g(IN) due to the theorems of Hecke[H36] in case p is
reducible and Weil [W] in case p is irreducible. The coincidence of the Fourier coefficients
at infinity up to the degree ng (step 3.) implies n(g,¢)(m7) = fr (cf. [Ogg, Prop.7]). Hence
the Mellin transform L g o) of n(g,q)(m7) should coincide with that L of fr. Q.E.D.

Table 3. Dirichlet series for 1-codimensional elliptic root systems

Let (R,G) be a marked elliptic root system and let gp’("fsz) be the attached reduced

characteristic polynomial ((A1.7) and (2.7.1)). Recall the facts (2.7) that the elliptic
eta-products: (g c)(m7), f(r,c)(m*7), the Dirichlet series: L(g (), L(r,c)(s) and the
numerical invariants: m’("f_.i‘fa), m>(kR7G)’ N(r,a) depend only on goff{lg).

There are 8 reduced characteristic polynomials attached to 1-codimensional marked
elliptic root systems. Accordingly, the table is divided into 8 groups, labeled by roman

numeral I-VIII. For each Pe {[,ILIII,- - - VIII}, the following data 0)-vi) are exhibited.

0) The list of types of elliptic root systems (R, G) belonging to the group.

i) Characteristic functions ¢p := @?%dG), Yr,q) and Pp = Q(Rr,q)-

ii) Elliptic eta-products np(7) := 1r,q)(m7) and Np(7) := ij(g,q)(M*T).

iii) The numerical invariants: Np := N(g q), mied = mf%‘fG), mp = m?R,G)'
The Dirichlet character ep := (g, g) mod m}?d for the eta-products.

iv) a) The expressions of the Dirichlet series Lp(s) := L(g,g)(s) and Lp(s):= IA/(R7Gv)(S)
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L(S,p), i(L(&p(—H) - L(S,p(_))> or @(L(S,p(—'—)) o L(S,p(_)))

b) Euler product expression of each summand: L(s, p), L(s, p()) and L(s, p(7)).
c¢) Decomposition of each summand into Dirichlet L-functions (in case of v(g ¢y = 0).

v) The Kummer extension Ep := E(g ) over B = Q(Cyrea) -
A presentation of the Galois group Gal(E(g,)/Q) in terms of suitably chosen

Frobenius o, for primes p and their relations.
vi) Representation(s) p or p&) : Gal(E(g,g)/Q) — GL2(Z[v/—1)).
The decomposition of the representation(s) (in case of v gy = 0):

p=1@cre, or pP=1@ene and o7 =xre ®ereXne):

L Types: By"Y, ¢"?, Bo*?(), &Y, ¢, m"Y, B

i) characteristic functions or(\) = @r(\) == (A —1)2

(A? —1)? =ppen(N) = ec02 (V) = oo () (A) = ogan(A) = pges (A)

3 - 2 - 1,1 - 2,2
A =1 =ppen (V) =Goa2 () = Gpea (V) = Peun (V) = ¢gea (V) = ¢ran(A) = ¢pen (V)

ii) elliptic eta-products

nr (1) == n(127)? =10 (67) = Mg (67) = nBO§2,2)(1)(67) = TGy (67) = MG (67)
:nFil,l) (47’) = an ,2) (47‘)

77[(7') = 77(127’)2 :ﬁBéZ 1) (127’) = 770(1 2) (127’) = BC(Q 2)(1)(127) = ﬁGél’l) (127’) = ﬁGéB’?’) (12’7’)
ZﬁFFJ) (127‘) = an’Z) (12 )
—q— 20" — g% + 2557 + ¢ + 2450 — 247 — 2497 — 24109 4 (121 | 94157 1 34169...

This eta-product was already studied in [H 22,23, pp425,426,448], [Se, pp242,243,244].

iii) Level N, m"*?, m* and character

-1
Np=144, milt=12, mj=12, sf<d>=s’;<d>=( K )

er(1) =¢e;(5) =1, €7(7)=¢7(11) = —1.

iv) Dirichlet series

Li(s) = Li(s) = L(s,p)
1 1 1 1
- H o —s)\2 H —5)\2 H —2 H o —2s”
p=1(12) <1 p S) p=1(12) (1 TP S) p=5(12) 1 T p=Torll(12) 1 P
12=3x4(p) 12#Va4(p)
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v) Kummer extension and Galois group
Er = Q(V-1,V12) = Q(C12, V12) D E* = Q((12), where (12 = (V3 +V=1)/2.

GCLZ(E[/Q) =< 01B,05,07,011 | U%B = G? = O’%l = (0’50’7)2 = (0’50’11)2 = 1,

052) = (07011)2 = 01B € center, 0507011 €< 01 >>,

where 015 stands for a Frobenius for the primes p in B := {p € Z~¢ | prime number p = 1
(12) and Vot £ 12 (p)} = {13,73,97,109, 181,229, 241,277, 339, 409, 421,457,541, - - - }.
One has the abelianization:

1—Z/2Z — Gal(E;/Q) — (Z/12Z)* — 1,

where the kernel Z/2Z is generated by o15.

vi) Representation
p is the irreducible two-dimensional linear representation of Gal(E;/Q).

o) = (3 )orton) == (§ )t == (T ) oo == ).

Here, the sign + may be chosen independent and arbitrary.

II. Types A"V Bc*Y, Bc®® Ft? pEY

i) characteristic functions orr(N) = @A) == (A2 =1)(A—1)

Y

()\2 - 1)()\ - 1) = QOA§1,1)*(>\) = (PBC£2’1) ()\) = <pBC§2,4) ()\)
(N =D = 1) =000 (V) = 9 ()
W =DA=1) = ¢,40m:-(N) = Ppeen V) = Ppeen (V) = Gpon () = Gpen(l)

ii) elliptic eta-products

nir(7) = n(167)n(87) = 77A§1,1>*(87) = 773052,1)(87) = oo (87)
= 102 (47) = e (47)

11(7) := n(167)n(87) = 1 400 (87) = pcen (8T) = Mg (8T)
= 02 (47) = e (47)

= ® — 20"+ 2" + g — 273 B — 289 — 9% 424113 — 121 ..

iii) Level N, m"*¢, m* and character

Ny =128, m?;d =38, m7[ =38, 8[[(d) = g?l(d) - (—) '
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5[[(1)2811(3): 5 8[[(5):6?][(7):—1.

iv) Dirichlet series

Li(s) = Lu(s)= L(s,p)
1 1 1 1
= H _ n—S)\2 H —s\2 H —2s H _ m—2s
p=1(8) (1 p ) p=1(8) (1 TP ) p=3(8) 1+p p=50rT7(8) I=p
—4=328(p) —4zva8(p)

v) Kummer extension and Galois group

Err = Q(W—1,vV=2,¥—4) = Q(Cs, ¥V—4) D B = Q(¢s), where (s = (V2+v/=2)/2.
Gal(Er1/Q) =< 01p,03,05,07 | J%B = ag = a? = (0305)2 = (0307)2 =1,
03 = (0507)% = 01 € center,030507 €< o15 >>,

where o1p stands for a Frobenius for the primes p in B := {p € Z-¢o | prime number
p=1(8) and Va® # —4 (p)} = {17,73,89,97,193,233, 241,281,369, ---}. One has the
abelianization:

1— Z/2Z — Gal(E[;/Q) — (Z/8Z)* — 1,

where the kernel Z/2Z is generated by o1 p5.

vi) Representation
p is the irreducible two-dimensional linear representation of Gal(Er/Q).

o) = (5 1 )oston) == (0 ) oston) == (9 ) oo =2 (5 ).

Here, the sign + may be chosen independent and arbitrary.

III. Types Bél’l), C§2’2)

i) characteristic functions
erir(N) = (A = 1)*A =17 =00 (V) = e (V)
Prir(N) = A =1\ =17 =00 (V) = Goen (V)
ii) elliptic eta-products

nr11(T) := n(487)3n(247)"1 = N0 (247) = o) (247)
— PP — PP 101 9125 | g149 _ 1T3 197 245 | 269 203 | (31T 4 9 365

frrr(T) :=n(247)%n(487)~! = g (247) = 1) 2.2 (247)
3 3

= =307 + ¢ 207 4 2077 — 21— 415 L 100 94193 4 94241 4 44265 _ (289 | 9313
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iii) Level N, m"*?, m* and character

* N -2
Nrrr = 1152, m?;all =24, mp =24, eru(d)=¢ep(d) = (7) '

errr(1) =err(11) = errr(17) = €177(19) = 1,
8111(5) = 8]][(7) = 8[]1(13) = 6[]](23) = —1.

iv) Dirichlet series

Linte) = Y2 (L) - L(s.n)
Eirs) = 5 (L(sup™) 4 Lis, o))

where for xy € {£}

Oy 1 1
Hepth= I o=y I a5y

p=1(24) p=1(24)
a=3z2(p) azVz2(p)

1 1
X
M o= L ey
v \%
1 1

p=7,13,23(24) = p p=11,170r19(24)

v) Kummer extension and Galois group

. V3+14++v=3- -1
Err = QW-1,vV=2,V=3,¥a) = Q((as, ¥a) D Ef?; = Q((a4) for (oa = W) :
Gal(Er1r/Q) =<01B,050,05v, 07,011,013, 017,019,023 | 05y = 05, € center,

2 2 9 _ 92 _ 2 2 _
oip =07 =013 =033 =1, o5y =05y =018

0705y = 011, 01305U = 017, 02305U = 019,

+1
07013023 = 05 >,

where 015 stands for a Frobenius for the primes p in B := {p € Z~¢ | prime number p = 1
(24) and V22 # a (p)} = {193, 337,409, 433,457,601, 673, 769,937, 1129, 1153, 1249, 1297, - - -},
and o5 and o5y stand for Frobenius for the primes pin U := {p € Z+~¢ | prime number p =
5(24) and } = {5,29, 149, 269, 317, 389, 509, 677, 701,1013,1061, 1109, 1277, 1201, 1493, 1613, 1733, - - -
and V := {p € Z~¢ | prime number p = 5 (24) and } = {53,101, 173,197,293, 461, 557,653, 773,
797,821,941, 1181, 1229, 1373,1637,1709, 1949, 1973, - - -}, respectively. One has the abelian-
ization:
1 — Z/2Z — Gal(Er11/Q) — (Z/24Z)* — 1,
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where the kernel Z/2Z is generated by o15.

vi) Representations: p(*) are the irreducible two-dimensional linear representations of
Gal(Er11/Q), which are complex conjugate to each other. For y € {£}

10 vt o L0

10 (0 -1 01
p(X)(O-ll) = :l:X\/_]_ (0 _1> , p(X)(Ul3) = :|:X —1 (1 0 > ) P(X)(0'17) =+ (_1 0) 9
0 1 0 1
p(x)(glg) = +yv—1 (1 0) : p(X)(o'23) =4 (1 0) )

IV. Types: D"

i) characteristic functions

prv(A) = @pon(A) = A =1D*a—1)7?
prv(A) = @pan(A) = (A - DN —-1)72

ii) elliptic eta-products

nrv (7) :=n(87)*n(4r) "% = Npe.n (47)
g2+ ® + 20"+ 207 + 307 + 202 + 2¢°7 + 2™ + 2¢% 4 10 4 273 ...

v (1) =n(r)'n(21) "% = Mpgn (7)
= 1-4(1-@ ¢ +20° — P+ ® —2¢"0 +2¢" — g1 +2¢1T — 18 —2¢20..) .

iii) Level N, m"?, m* and character
Niy =8, it =4, miy =1, en(@d) =eivid) = ().

51\/(1) = 1, 51\/(3) =—1.

iv) Dirichlet series

LIV(S) = L(S, 1)L(S,€]V),
R 1— 21—5
L]V(S) = —4mL(S7 1)L(S=‘SIV)7

where for € € {1,e7}

1 1
Lis,) = ] [ ——
1 _ —S 1 _ —S

peiiny L TP S L elp
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v) Kummer extension and Galois group
Ery = E% = Q(V—1) = Q(¢4), where (4 =+/—1.
Gal(Ery /Q) =< 03 | 03 =1 >= (Z/4Z)*

vi) Representation
p=1derv,

where 1 and ey are the trivial and non-trivial characters on (Z/47Z)*, respectively.

V. Types: Gél’g), Gg?”l)

i) characteristic functions

pv(A) = ov(A) = oo (A) = pgen(A) = (A =1(A-1)

ii) elliptic eta-products

3
<
—~
2
Il

(187’)7](67’) = TIGél’S) (67’) = nG’és’l) (67’)

3 3

(187’)7](67’) = ﬁGS,s) (67’) = ﬁGés’D (67’)

= =P = 0 P 2 — PT 2 — B — T — 2 T 1 g

iii) Level N, m"*?, m* and character

-3
Ny =108, mit =6, mi =6, av<d>=a;<d>=(—)'

iv) Dirichlet series

Ly(s) = Ly(s) = L(s.p)
1 1 1
= H (1 —p=5)2 H - —2 H —p~2s’
p=1(6) (1-p7) p=1(6) L+p=+p spE5(6)1 P
2=323(p) 2#Va3(p)

v) Kummer extension and Galois group
By :=Q(V=3,V2) = Q((s, V2) D EY = Q((s), where (5= (1+V=3)/2.
Gal(Ev/Q) =< 018,05 | UZIJ’B = Ug = (O‘1305)2 =1>,
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where o1 g stands for a Frobenius for the primes p in B = {p € Z~¢ | prime number p =1
(6) and Va® £ 2 (p)} = {7,13,19,37,61,67,73,79,97,---}. One has the abelianization

1—Z/3Z — Gal(Ey/Q) — (Z/6Z)* — 1,

where the kernel Z /37 is generated by o1 p5.

vi) Representation
p is the irreducible two-dimensional linear representation of Gal(Ey /Q).

s = (51 5 ) sten= (9 4):

VI. Type Eél’l)

i) characteristic functions
pvi(A) = ppon(A) = A =1’ -1)~!
pvi(A) = Ppon(A) = A =Dt A=1)°
ii) elliptic eta-products

nvr(t) == n(97)3n(3r)"! = nEél,l)(gT)

— q+q4+2q7+2q13+q16+2q19+q25_|_2q28_|_2q31+2q37+2q43+3q49+___.

(7)) =n(r)*n(B37) " = igan(7)
— 1_3<q_2q3+q4+2q7_2q9_2q12+2q13+q16+2q19_4q22+q25.'_>'

iii) Level N, m"*¢, m* and character
red * * -3
NV_[ — 9, mVI — 3, mVI — ]., €V](d) — EVI(d) — — .

Svj(l) = 1, 8\/[(2) =—1.

iv) Dirichlet series

LV[(S) = L(S, 1)L(S,€V),
- 1-3'"
LV](S) = —BWL(S, 1>L(8,€V),

where for € € {1,ey}

L(s,e) = H 1 H 1;

p=1(3) p=2(3)




v) Kummer extension and Galois group
By = EY; = Q(V=3) = Q(Gs), where (3= (-1++v=3)/2.

Gal(Ey;/Q) =< 03 | 05 =1 >= (Z/3Z)*

vi) Representation
p=1@eys

where 1 and ey are the trivial and non-trivial characters on (Z/3Z)*, respectively.

VIL. Type EMY

i) characteristic functions
pvir(A) = ¢pon(d) = A =1 =1(A-1)7"
Pvi(N) =¢pan(N) = (A =1\ =D\ = 1)~
ii) elliptic eta-products

v (1) =n(327)*n(167)n(87) ™" = nza.0 (87)
— q3 +q11 +q19 +2q27+q43 +2q51 +q59 +q67+q75 +q83 +99 +q107 +2q123'”

v (r) =n(r)*n(2r)n(4r) ! = TA]ES,U(T),
— 1_2(q+q2_2q3_q4+2q6_q8+3q9_2q11 _2q12_q16+2q17+3q18...) )

iii) Level N, m"*?, m* and character
red * * —2
NV][:32, mVH:& mVI[::L, €VI[(d):E (d): —_— .

evir(l) =evir(3) =1, evir(5) =evr(7) =—1.

iv) Dirichlet series

1 _
Lyvii(s) = 1 (L(s,1)L(s,evir) — L(s,xvir)L(s,evirxyrr)) »
R 1 — 21725 1
Lyii(s) = —QﬁL(S,XVH)L(S,EVUXVH),

where we put L(s, 1) = L, (s), L(s,evr) = L_4(s), L(s,xvrr) = Ly_(s) and L(s,evirxy ;) =
L__(s), and for e, x € {£1}

1 1 1 1
Ls) = ] I == I == Il =~

1—p—s
p=1(8) p=3(8) p=5(8) p=T7(8)
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v) Kummer extension and Galois group
By = E{“/bU =Q(vV-1,v-2) = Q({s), where (gz= (\/§+ V=2)/2.
Gal(BEv11/Q) =< 03,05,07 | 07 = (0,0;)° = 030507 = 1 >= (Z/8Z)"
vi) Representations
P =1@evi, p7) =xvi®evi- X‘_/}m
where eyrr, xvir and ey - X‘_,} ; are the non-trivial characters on the Galois groups
(Z/8Z)* ) < 03 >, (Z/8Z)* ] < 05 >= (Z/AZ)* and (Z/8Z)*/ < o7 > corresponding to
the quadratic fields Q(v/—2), Q(v/—1) and Q(+/2), respectively.

VIIL. Type E"Y
i) characteristic functions
pvi(N) = ¢pon () =\ =D’ = DA = DA = 1)~
Pvirr(N) = ¢pon (V) = A =D =D = HA" = 1)~

ii) elliptic eta-products

v (1) =0 (727)n(367)n(247)n(127) "1 = o (127)
— q5 +q17 +q29 +q41 +q53 +2q65 +q89 +q101 +q113 +2q125 +q137 +q149 cen

v (7) =n(r)n(2r)n(Br)n67) " =iyan (1)
= 1 (420 — ¢* = 3¢° +2¢° + 4¢° — 2¢"0 + 2¢"% — 6 — 4g"T — 4g™® + 442 .. ) |

iii) Level N, m"*?, m* and character

* X —1
Nvirr =72, miff =12, mip =1, evir(d) = epp;(d) = (7) '

evirr(l) =evir(d5) =1, evir(7) =evrr(11) = —1.

iv) Dirichlet series

1
Lyrrr(s) = 1 (L(s,1)L(s,evirr) — L(s,x)L(s,ex™ ")),
R 11— 21—8 1— 32—25
Lvir(s) = 31 -9 [_32 L(s,1)L(s,¢)
3142

— 2Tt I(s,x)L -1
2 1+2—S (S7X) (578X )7
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where we put L(s,1) = Lii(s), L(s,evirr) = L_4+(s), L(s,xvrirr) = Ly_(s) and
L(s,evrirxyy) = L——(s), and for e, x € {£1}

1 1 1 1
L. - L - S
= T T T Tl
p=1(12) p=5(12) p=7(12) p=11(12)

v) Kummer extension and Galois group
Evir = B o= Q(W=1,v=3) = Q(C12), where (12 = (V3+V-1)/2.
Gal(Ev1ir/Q) =< 05,07,011 | 07 = (0404)* = 0507011 = 1 >= (Z/12Z)*
vi) Representations

P =1@evirr, P =xvi ®evir- X\_/.lrna

where ey rrr, xvrirr and eyyrr - X\?} ;7 are the non-trivial characters on the Galois groups
(Z/12Z)* ] < 05 >= (Z/AZ)*, (Z/12Z2)* ] < 07 >= (Z/3Z)* and (Z/12Z)* ] < 011 >
corresponding to the quadratic fields Q(v/—1), Q(v/—3) and Q(/3), respectively.

§4. Fourier Dirichlet coefficients for an elliptic root system of codimension 1

We give the final step of the proof of the goal theorem stated at Abstract. That
is: we prove that the Fourier coefficients of the non-cuspidal elliptic eta-product are non-
negative. At the end of this §, we give Table 4 of explicit formulae for the Fourier-Dirichlet
coefficients of 1-codimensional elliptic eta-products.

(4.1) Due to the results (2.9) Lemmas 4 and 5 and their Cororally, the marked elliptic
root systems (R,G), whose associated eta-product is non-cuspidal, are characterized by
V(r,c) = 0 and are classified into types Dfll’l), Eél’l), Eél’l) or Eél’l). Due to (3.2) main
Theorem, the Dirichlet series L (g )(s) for such root system (R, G) is either of the forms:

1) L(s,1(rc)L(s,erq)) for DY and Eélvl) 7
2) i (L(87 1(R,G))L<57€(R7G)) - L<S,X(R7G))L(S7X(]%7G)€(R7G))) fOr E’gl,l) and Eél’l),

where 1(r g), €(r,q)s X(r,) and X(_RI’G)e(R’G) are characters on Gal(E(g,g), Q) ~ (Z/mfj}gG)Z)X
taking values in {£1}, and the L(s,1(gr.g)), L(s,er,q)), --- etc are the Dirichlet L-
functions attached to the characters 1(g gy, €r,qg), - etc with the trivial Euler factors
for the primes p in {p | prime with p|m€§°fg)} = {p | prime with p|N(g c)} C {2,3} (recall
(2.7.4) and Fact 2. ii) after Table 2).
Let a marked elliptic root system (R, G) with v(,g) = 0 be given. We divide the set
red

of all rational prime numbers with p / MR e into 4 groups according to the values of
characters (g, ) and xg ) (here, we interpret x(r,g) =1 in case 1)):
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P, :={p€Z-y| prime s.t. p )(mred and 5(R,G)<p)

P.:={p€Zo| prime s.t. p fm™ and ere () =-1, Xrac) (p) =1}
P, :={p€Z.y| prime s.t. p fm and  era)(p) =1, x(rc)(P) = —1}
P :={p€Zso| prime s.t. p fm™ and e () = -1, x(rae) () = —1}

In the case 1), one has

X(r,c)(p) =1}

red

Lr,cy(s) = L(s,1(r,c))L(5,€(r,c))

:<H 1 Il 1 )(pgll—lp‘snl+1p‘s)

(411) peEP] 1 _p_s pEP: 1 _p_s pe P
- H 1—p )2 H 1—p
pEP; pEP.

The Dirichlet coefficients of each of the Euler factor in the last expression are non-negative
due to the expansions: 1/(1 —¢)? =>>° nt" tand 1/(1 —t%) = 2, t*"

In the case 2), one has

(4.1.2)
Lra(s) =

>~ =
—

L(s, 1(r,c))L(s,e(r,c)) — L(8, X(r,c)) L(5, X[é,gﬁ(R,G))}

B 1{( 1 T 1 1 I 1 )
4 peP; 1=p~ peP: 1=p~ pe Py L=p~ pEP 1=p~
( 1 H 1 1 H 1 )
—S —S — —S —S
peP; 1- p peP; 1 +p pEP, 1 p pEP. 1 +p
1 H 1 H 1 H 1 )
(peP11 P pePel_p_ pePX1+p_ pePsX1+p_
( 1 T 1 1 1 1 ) }
—S —S —S — —S
pEP 1- p peP; 1 TP pEP, 1 TP pEP. 1 p
1 1 1 1
_ZH 2H1_ — H 1_p—25{H (1_p—s>2_H<1+p_5)2}'
pGP pEP; pGPEX pE Py pE Py
As in the case 1), the Dirichlet coefficients of each of the Euler factor Hpe P, W,

1 1 . . . ..
Hpe P15 and Hpe P, 7% In the last expression are non-negative. The Dirich-

let coefficients of the term [[, p, s~ for a finite set of primes p; € P, and positive
integers k; € Z~( in the Euler factors HpGPX m and HpEPX m are [ [, k; and

(—I)Zz‘ hitd [ L; ks, respectively. So, the difference (1— (—I)Zi Ritly I L; %4, is non-negative.
This completes the proof of the non-negativity of the coefficients of Lz ¢ (s). Q.E.D.

Thus, the proof of the goal theorem stated in the abstract is completed.
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(4.2) The above proof uses the fact that an Euler factor for the bad prime p | N, is trivial.
We give 3 examples (from Conway group [Ko|) of holomorphic non-cuspidal eta-products
whose Fourier coefficients at oo contain negative integers because of bad Euler factors.
Put  pl:=A\-1)5(A=1)/(A3 =1)3(\% —1)2,

2= (X2 = 1)(A — 12 (M2 = 1)3 /(A — 1)(A = 1)(AS = 1)? ,

P3:=(AN2 =13 = 1)(A2 =12/ A= 1) (A3 = 1)(\* = 1)2
Then py,, = 24, v,, = 0 and hence my,, =m; =1 for ¢ =1,2,3. The eta-products:

nei(T)=q -+ +q¢" —¢®+2¢" —¢® +¢” + ¢ +2¢"° — -,

Ne2(T) = a4+ + ¢ —¢* +° +2¢" + ¢ +¢° — ¢ +2¢" — -

Me3(T) = a0+ ¢ =+ ¢ +2¢° = ¢° +¢° + ¢" +2¢"° — ¢'* +2¢"% — -
are holomorphic ((2.8) Lemma 2) but non-cuspidal (for v,; = 0) forms of weight 1 and levels
N=6,12,12, respectively. The attached Dirichlet series have the Euler product expansions:

1 1 1 1
L = - - - -
@1(3) 14+92-51—3s H (1 _ p—s)Z H 1 — p—25’
p=1 mod (6) p=5 mod (6)

1+2.27% 1 1 1
L = S — - -
@2(3) 1+2-5 1—3-s H (1 _ p—s)Q H 1 — p—25 )

p=1 mod (6) p=5 mod (6)
1 1 1 1
L = S — S —
@3(8) 1—92-51+43"s H (1 _ p—s)Z H 1— p—2s’
p=1, 5 mod (12) p=7, 11 mod (12)

whose Euler factors for the bad primes 2 or 3 create negative Dirichlet coefficients.

Table 4. Fourier Dirichlet coefficients for 1-codimensional elliptic root systems

As a consequence of Table 3, we give a table of explicit formulae of the Fourier coeffi-
cients ¢(n) for 1-codimensional elliptic eta-product 1, o) (m7) = >, c¢(n)q". The table is
divided into 8 groups according to Table 3. For each group, we recall the type of elliptic

red

root systems, elliptic eta-product and m™¢¢ := 24/gcd(24,u(R G)) € Z-o (2.7), and then,
we give the formula for the coefficients c¢(n) for n € Z~( using following notation.

Notation for Table 4. Let m™¢ € Z+( be given as above.
i) Put P; := {p € Z | a prime number with p =i mod m"®?} for i € Z with 1 <i < m"®?
and (m™?,i) = 1. We denote by p; an index which runs through the set P;.
For a subset A of P;, we denote by p; 4 an index running through the set A.
ii) By >_; (resp. I[;) and by >_; , (vesp. []; 4), we mean the summation »_ p
(resp. the product [], cp ) and also 3°, 4 (vesp. [, ,ca)-
iii) By [I, p?i, we mean a finite product (i.e. almost all k; are equal to 1) of the form

H;Zl pf]] where p; ; (1 < j <) are mutually different prime numbers in P;. Therefore,
any positive integer n € Z~ has the unique prime decomposition:

(T4.1) n= 11 (H p§i> :

1Si<mred,(mred7i):1 7
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Let us call the expression (T4.1) the prime decomposition of n relative to m"*?.

iv) Forl € Z, (é) and (é) are the Legendre symbols modulo 2 and 3, respectively:

. _ 1 4f =1 mod 3,
(%) = {1 Z.f li L mod 2, and (é) = 0 i«f =0 mod 3,
0 if 1=0 mod 2, 1 if 1l=-1 mod 3.

I. Types: BéQ’l) C§1’2) BC(2’2) (1) Gél’l) Gé?”?’) Fil’l) FAEQ’Q)
nr(7) :=n(127)% = Yo, cr(n)g”, m?ed = 12.

Let n = [ Ap1 il Bp]Cl P 1L o5 T, 957 T4, P53 (ki € Zso) be a prime decom-
position of n € Z~ relative to m?ed =12 (T4.1), where A := {p € Z~( | prime numbers,
p = 1(12) and 3z* = 12(p)}, and B := {p € Z- | prime numbers, p = 1(12) and
Va* # 12(p)}. Then one has

cr(n) = H(lﬁ,A +1) H ((k1,B + 1)(_1)k1’3)
1,A 1,B

() (20) (250) %),

1,1)* 2,1 2.4 1,2 2,1
II. Types A" oY peld g2 pEb
nrr(7) == n(167)n(87) = 32, crr(n)g,  mis? =8.

k k .
Let n = [[, 404 [ligPi's [1s 25 T1: 2 1. 057 (ki € Z>o) be a prime decom-
position of n € Z~g relatlve to mmd =8 (T4.1), where A := {p € Z~( | prime num-

bers, p = 1(8) and J2® = —4(p)}, and B :={p € Z~ | prime numbers, p = 1(8) and
Va® §é —4(p)}. Then one has

crr(n) = J[kra+D]] (k1,5 +1)(=1)"7)

1,A 1,B

e ) () o)

1,1 2,2
III. Types B{"Y, c?
nir(7) = n(487)°n(247) " = 3, errr(n)g”,  migt = 24.

k k k k k k k
Let n = I, api 4 [l ppis s ups s v psy H7p7 11y P01t [Tis pis” Tz P17
ILi plfég [Los pkz?’ (k, € Z>) be a prime decomp051t10n of n € Z+ relative to m75¢ = 24
(T4.1), where A := {p € Z~( | prime number, p = 1(24) and 3z* = (p)}, B:={p € Z~¢ |
prime number, p = 1(24) and Vz? # (p)}, U := {p € Z~¢ | prime number, p = 5(24)} and
V :={p € Z~¢ | prime number, p = 5(24)}. Then one has

crrr(n) = g (C(H(n) - c(*)(n)>
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where

C(X)(n) — H(k17A+1)H<(le+1 le H k5+1 ) (ZkSU ZICsV)
5

1, 1,B

ﬁ (k7—|—1> <k:13+1) (k:23+1)
13,2 2 2
1—7[ (<k11+1) (k172+ 1) <k:192+ 1) (_1),%#%#%)

for xy € {£}. Note that c¢(n) = 0if >, ks is even. In particular, ¢(n?) = 0 for all n € Z-o.

IV. Type Dfll’l)
nrv () =n(27)'n(T) "> =3, erv(n)g”,  miy =4

Let n = H1p]1€1 Il p’§3 (ki € Z>p) be a prime decomposition of n € Zq relative to
m7¢d =4 (T4.1). Then one has

crv(n) = H(lﬁ-i-l)H(kg;l)»

1 3

V. Types GS’“"), Gé?”l)
v (1) == n(187)n(67) = 3, cv(n)g”, mirt =6.

Letn =[], Apkl it Bpkl J 15 pE® (k; € Z>0) be a prime decomposition of n € Z

relative to m{}ed =6 (T4 1), where A := {p € Z-( | prime numbers, p = 1(6) and
323 = 2(p)}, and B := {p € Z~¢ | prime numbers, p = 1(6) and Vx> # 2(p)}. Then one
has

vt = Tloas DT (25 ) T1(%57).

1,A 1,B
VL. Type E"Y
nvi(r) :=n097)*n(37) = 32, evi(n)g™,  miff = 3.

Let n = Hlp H2p (ki € Z>p) be a prime decomposition of n € Zq relative to
mi¢d =3 (T4.1). Then one has

cvitn) = TToa+ 0T (23),

1 2

VIL. Type EMY
nvrr(7) == n(327)*n(167)n(87) " = 30, evir(n)g",  miffy =8
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Let n = [1, p% T1s 25 1, p&° T1, p%" (ki € Z>0) be a prime decomposition of n € Z

relative to m{¢% =8 (T4.1). Then one has
1
cvir(n) = 1 <c(+)(n) - c(_)(n)>
where
" ks + 1\ (k7 +1
cX(n) = Hk1+1H (ks +1)x H 5 5 ,
1 3 5,7

for x € {£}. Note that ¢(n) =0 if >, k3 is even. In particular ¢(n?) =0 for all n € Z~.

VIII. Type FEMY
nvir(T) = n(727)n(367)n(241)n(127) "1 = Yo cevirr(n)g, m’{,eIdH =12.

Let n = [T, 05" [ 98 1, p5" 14, P2 (ki € Z>o) be a prime decomposition of n €
Z- relative to mied,, = 12 (T4.1). Then one has

cvrrr(n) = 411 (c(+)(n) — c(*)(n)>

where

() = H<k1+11;[ ((ks + 1)x H(k72+1> (’f112+1),

7,11
for x € {£}. Note that ¢(n) =0 if > k5 is even. In particular ¢(n?) = 0 for all n € Z+,.
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