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Abstract: Regular systems of weights are certain combinatorial and
arithmetic objects related to a generalization of Coxeter elements [S6,7,8
and 11], and introduced in motivation to understand the flat structure for
primitive forms for isolated hypersurface singularities [S3] (cf. [Man],[S11]).

In the present article, the theory is applied to explain the self-duality of
ADE (=simply laced Dynkin diagrams) and the strange duality of Arnold.
Beyond the original applications, the study gives further class of dual
weight systems, which, for instance, has close connection with Conway
group and seems interesting to be studied yet further.

On the other hand, the duality of weight systems has an interpretation
in terms of certain products of Dedekind eta functions. We give a conjec-
ture on the non-negativity of the Fourier coefficients of the eta-products.
The conjecture is solved affirmatively for the cases corresponding to ellip-
tic root systems [S4-V]. But the meaning is not yet clear.

Recently, one finds an equivalence between the duality in the present
article and certain string duality in mathematical physics [T].

*The present article is an extended version of [S10]. A precis has appeared in [S12].
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§0. Introduction

The present article gives a general frame work on the duality of reqular
systems of weights. For a sake of self-containedness, all proofs are given or
sketched except for some basic facts. For simplicity, we shall call a regular
system of weights a weight system unless otherwise is stated.

A weight system W := (a,b,c;h) is a system of 4 positive integers
with some arithmetic constraint (see (1.0)). To W, we attach a cyclotomic
polynomial py, called the characteristic polynomial of the weight system
(see (2.1)). The duality we study in the present article appears as a duality
between the cyclotomic polynomials. Let us explain this by examples.

Let h be a positive integer and let p(A) and ¢*(\) be cyclotomic poly-
nomials whose roots are h-th roots of unity. The polynomials can be
decomposed in the form:

eV =IO =)@ and " (\) = ]V = 1),

ilh ilh

where e(i),e*(i) € Z for i € N with i | h. We call ¢ and ¢* to be dual to
each other of level h, if the equality

e(d) + e*(hfi) = 0

holds for all i. We give two examples of such dualities between cyclotomic
polynomials, which motivated the present article.

1. The characteristic polynomial of the Coxeter element in the Weyl
group of a type A, (I > 1),D; (1 > 4) or E; (I = 6,7,8) is self-dual (see
Remark 0.1.1 and §11).

2. The characteristic polynomials of the Milnor monodromies ([M, §9])
for the strange dual pair of 14 exceptional unimodular singularity ([Al])
are dual to each other (see §12).

Both facts 1. and 2. can be easily verified by direct calculations. On
the other hand, the characteristic polynomials in the above 1. and 2. can
be realized as these attached to some special weight systems (see §9, 12).
Then the duality 1. and 2. are proven uniformly without using the classi-
fication as a consequence of a general frame work of the duality of weight
systems (§7 Theorem 7.10) developed in the present article §§3-7.
Beyond the above examples, the general framework gives further dual
pairs of weight systems (§7 Theorem 7.9). In particular, it is remarkable
that all weight systems of rank 24 are self-dual and have relationship with



Frame shapes of Conway group (cf. Appendix 1), whose study in connec-
tion with mirror symmetry seems highly interesting (cf. Appendix 2).
The duality between weight systems is reformulated (§7) as the duality
of the set M(p) := {i € Z~¢ | e(i) # 0}, since the set M (W) attached
to the characteristic polynomial for a weight system W admits a priori
description from the weights (§4) and carries a specific structure such as
a poset with 3 generators, classified into 14 types, and the sign of ey (7) is
determined by the level function n on the poset M (W) (Theorem 5.1-2).
The §§8-10 are devoted for a study of some numerical invariants at-
tached to a weight system: dual rank vy, genus ag, discriminants d(W)
and d*(W) and signature A(W), which are used in §’s 12 and 13.
Attached to the decompositions of p(\) and ¢*()), define the products:

no(r) = [[nlr) @ and () = [ (i)

ilh ilh

where n(7) = ¢/* ] (1 — ¢") for ¢ = exp(2mv/—17) is the Dedekind
n=1

eta-function. Then the duality between ¢ and ¢* is equivalent to:
No(=1/h7) - npu(7) - Vd = 1

where d is the discriminant. It is also elementary to see that the Fourier
coefficients at oo of such dual pair of the eta-products are non-negative.
Inspired by these facts, the §13 is devoted for the study of the eta-product
nw attached to oy of a weight system W. We show that ny is holomorphic
(resp. vanishing) at all cusps if and only if one has an inequality vy < 0
(resp. vy < 0). We ask:

Conjecture. The eta-product nw has non-negative Fourier coeffi-
cients at 0o if and only if vy is non-negative (i.e. nw is non-cuspidal).

For three elliptic weight systems EG, E~77, E’S and for a weight system (1, 1,2;5)
(whose eta-product is the one studied by Ramanujan), the conjecture is
verified by a use of Euler products for the associated Dirichelet series
(Example 14.3) (see [S4-V] for a complete treatment of the elliptic case).

Remark 0.1

1. The concept of a regular system of weights is an axiomatization of
weight systems of a polynomial of 3 variables defining a weighted homo-
geneous isolated surface singularity (see [S6,7,11], Remarks 1.3, 2.1,10.3,
§12 and Appendix 2). The present paper is constructed axiomatically
without assuming any knowledge of the back ground except for §12.



2. The duality for Coxeter elements explained here is equivalent to a
duality on Cartan matrix observed by Ochiai [Oc| (see §11).

Acknowledement. The interpretation of the duality in terms of eta-
products was suggested by G. Mason ([Ma]). The author is grateful to
him for the discussions.

§1. Regular system of weights

We recall basic definitions and results from [S6,7 and 8].
A system of 4 integers a, b, c and h satisfying 0 < a,b,c < h:

(1.0) W = (a,b,c;h)

is called a weight system, where a,b and c are called the weights and

hw = h is called the Cozeter number. Two weight systems are identified

when they have the same set of weights and the same Coxeter number.
For a weight system W := (a, b, c; h), we associate a rational function:

p (T" = T)(T" = T)(T" = T°)
(Te —1)(T° = 1)(T° — 1)

in an indeterminate 7. We say that W is regular, if xw (7T') has a pole at
most at T = 0, or equivalently, if 7"y (T is a polynomial in 7" [S6 (1.2)].
The regularity condition is reformulated in terms of elementary arith-
metics: a weight system (a, b, ¢; h) is regular, if and only if i) each of a, b,
and c divides one of h —a,h —b or h — ¢, and ii) every ged(a, b), ged(b, )
and ged(c,a) divides h. So, unless all weights are less than or equal to
h/2, there are two weights whose sum is equal to h. The weight system of
the latter case (e.g. b+ c = h) will be called of type Ay, where £ := h/a—1
for a reason explained below. As said in the introduction, from now on
we shall call a regular system of weights W simply a weight system W.
For a weight system W, it was shown [S6 (1.3) Theorem] that there is

(L1) \w(T) =T

a finite number of integers my, - - -, m, such that

(1.2) xw(T)=Tm + -+ T,

where

(1.3) p=puw = (h—a)(h—0b)(h—c)/abec

is called the rank of the weight system. The integers mq,---,m, are
called the exponents for the weight system W (see Remark 1.3). Oth-
erwise stated, we order them as m; < my < --- < m,. Since one has

T'xw(T~Y) = xw(T), one obtains: an additive duality of the exponents:
(1.4) mi +my—iy1=h fori=1--- p.
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The Laurent expansion of (1.1) shows that the smallest exponent my,
which we denote by ey, is given by

(1.5) ew:=a+b+c—h,

and that its multiplicity is 1 (i.e. my < mg and my,_; < m,, if p > 2).

For a positive integer d, the weight system (da,db, dc; dh) is regular
if and only if (a,b,c; h) is regular. So, we shall call a weight system is
primitive , if either when W is not of type A, and ged(a, b, c,h) = 1, or
W is of type Ay of the form (1,b,(+1—b;+1) for some b with 1 < b < /.
In fact, one has (a,b,¢) = 1 in both cases.

Primitive weight systems having only positive exponents are classified
are called of types A, (¢ > 1),D, (¢ > 4) and E, (¢{ = 6,7,8) according
to the identification of the set of exponents with that of corresponding
root systems (see [S6, §2] and §11). It is well known that the smallest
exponent for these cases is equal to 1 ([Bo, Ch.V,§6 6.2. Theoreme 1.
(1)]). In general, for a primitive weight system, it is an important question
whether the exponent equal to 1 or —1 exists (see Remark 2.1.3). In [S8
(2.2)], we answered to the question affirmatively as follows.

Theorem 1.1 Let W := (a,b,c;h) be a primitive weight system. Put
(1.6) a,, = the multiplicity of the exponent equal to m.

Then either a; > 0 or a_y > 0. That is:
(1.7) mult (W) :=a; +a_1 >0.

Here we call mult (W) the multiplicity of W. The multiplicity will be
identified with an exponent ey (h) (5.6). Then the above theorem will be
reproved as the positivity of the exponent ey (h) (see Theorem 5.1 and
Remark 5.4.1, cf. Remark 2.1).

Later in §6, a weight system W is called simple, if mult (W) = 1. The
following imediate consequence of Theorem 1.1 is used in §6.

Assertion 1.2 Let W be a primitive weight system, whose exponents are
positive. Then W is simple and the smallest exponent ey is equal to 1.

Proof.  Since a_; = 0, mult (W) = a; > 0 implies the existence of expo-
nent equal to 1. Of course 1 should be the smallest exponent. Then the
simplicity of the multiplicity of the smallest exponent (1.5) implies a; = 1
and hence the simplicity of W. 0



Remark 1.3 Let fi(2,y,2) = 3,104 Cijh®'y’ 2" be a weighted ho-
mogeneous polynomial in three variables (z,vy, z) of weights (a, b, ¢) with
the total degree h. Then, for a generic choice of the coefficients, the surface
Xw, defined by the equation fy (z,y, ) = 0 has an isolated singularity at
the origin if and only if the weight system (a, b, ¢; h) is regular (c.f. [A3],
[S6, theo. 3]). If one assume this fact, then (1.2) and (1.3) are trivialities,
since xw(7T) becomes a Poincaré polynomial for the finite dimensional
Jacobian ring Clx,y, z]/(0x fw, Oy fw, 0. fw) (up to the factor T°7).

§2 Characteristic polynomial gy ()

Let the notation be as in §1. The characteristic polynomial for a weight
system W is defined by

(21) ew (V) = ][ =),
where
(2.2) wi = exp(2mV/—1m;/h)  i=1,--,pu,

and m; are the exponents introduced in §1 (1.2). Let us prove gy € Z[A]
in the following (2.3)—(2.5). For k € Z consider the sum:

(2.3) Aw (k) =i+ +wh

In view of (1.2), one has Aw (k) = xw(w*) for w := exp(2mv/—1/h). On
the other hand, the substitution of T'= w* in (1.1) yields
(2.4)
h h h
ky — - _ — S
xw(w") = <5(ka mod h) " 1) (5(kb mod h) 2 1) (5(kc mod h) . 1>

where 6(x) := 1 or 0 according as x = 0 or else.

Proof of (2.4).  Let us show that the function ¢(T) := (T" —T%)/(T*—1)
takes value §(ka mod h)% — 1 at T = w*. Since T" takes value 1 at
T = w*, the values of the denominator and the numerator of ¥(7T) at
T = w" are the same but with opposite sign. If both are not zero, then
Y(w*) = —1. They are zero when w** = 1, i.e. when 6(ka mod h) = 1.
Then the value of ¢ is the ratio of the derivatives: (T" —T?)/(T* —1) =
(hTh=t — aT* 1) /aT* ' = h/a — 1. Performing similar calculations for
other factors of xy,, we complete the proof. [
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Comparing the fact Ay (k) = xw(w"*) and (2.4), we obtain
(2.5)

Aw (k) = (5(@ mod h)g - 1) <6(kb mod h)}—; . 1) (5(kc mod h)% - 1) .

Hence Ay (k) are rational numbers. So, one has oy € Q[\]. By definition,
pw is a monic polynomial and hence is a product of irreducible cyclotomic
polynomials (which are monic and integral). The (2.5) implies:

(2.6) A1) i=wi +--+w, = —L

Remark 2.1 Under the notation of Remark 1.3, the rank uy, is equal to
the rank of the middle homology group, or of the lattice of vanishing cycles
in a smoothing of Xy, and is called the Milnor number. The character-
istic polynomial of Milnor’s monodromy cy, acting on the lattice (which
is semi-simple of order h) coincides with o (A) ([M], [B]). The existence
of exponents 1 or —1, shown in (1.7), implies that the monodromy ¢y has
the h-th primitive root of unity exp(£2m+/—1/h) as an eigenvalue.

Conjecture. The eigenspace belonging to the primitive roots of unity
1s reqular in the sense that the eigenspace should not be contained in the
reflexion hyperplane w.r.t. any vanishing cycle if ag = 0.

(A modification of the conjecture is necessary if ag # 0). The con-
jecture is affirmatively answered for the positive definite cases ADE in
[Bo,Ch.V,§6] (cf. [S9]), for the positive semidefinite case E; for [ = 6,7,8
in [S4,1,§10] and for the 14 exceptional cases (unpublished note). The
conjecture has quite important consequence in the study of period map
associated to a primitive form [S3]. Namely, it implies the ezistence of flat
structure on the invariant ring of the monodromy group. (cf. [S4,9]).



§3 Cyclotomic exponents ey (§)

Any monic cyclotomic polynomial ¢(A) has a unique expression:

i e(?)
(3.1) eV =] (N -1)
ilh
for some integers e(i) € Z for i € N with i | h. (Here h is an integer such
that all roots of p(A\) = 0 are h-th roots of unity.) The exponents e(i) are
given by the following formulae:

(3.2) Z,u A(m/d),

dlm

(3.2)* A(k) = de(d)

d|k
for m,k € N. Here the summation index d runs over positive integers,

A(k) is the sum of k-th powers of roots of ¢(A) = 0 (cf. (2.3)) and u(d)
denotes the Mébius function in d € Z (cf. [H, ch.II)).

Proof. Both side of (3.2) are additive with respect to the product of
cyclotomic polynomials. Hence it is sufficient to verify the formula only
for o(A\) = A' — 1,4 € N. The LHS is id,,; (6 =Kronecker’s delta). Since
A(m/d) is i or 0 according as ¢ | (m/d) or not, the RHS is either 0 in case
i1m, or equal to i - Y u(d) where d runs in {d € Z>, : d | (m/i)} in case
i | m. Due to a property of the M&bius function ([H (2.2)]) this is zero
except for the case m/i = 1. The (3.2)* is obtained from (3.2) by a use of
the Mobius inversion formula. O

For a weight system W, we decompose the characteristic polynomial
ow as in (3.1). We shall call the exponent e(i) the cyclotomic exponent
for the weight system W and denote it by ey (7). So, combining (3.2) with
(2.5), we obtain explicit formulae for the exponents ey (7). Putting k =0
n (3.2)*, one obtains an expression of the rank:

(33 o =i ew (i)
ilh
which is nothing but the deg(¢w). The multiplicity of the root 1 in

ow(A) = 0is equal to ap+ay, = 2ao (recall the fact —h < myq,---,m, < 2h)
and is given by

(3.4) 209 = Y _ew(i).
ilh
The ay is called the genus of the weight system (cf. Remark 10.3.2).



§4 Poset M (W)

For a primitive weight system W, we attach a poset M (W) consist-
ing of some finite number of positive integers such that the cyclotomic
exponent ey can be regarded as a nowhere vanishing function on M (V).
From now on, we assume that the weight systems are primitive.

For h € Z-q, denote by Div (h) the poset consisting of all positive
integral divisors of h, where the incidence relation p < ¢ for p,q € Div (h)
holds iff p | ¢. So pV q :=lem(p,q) and p A q := ged(p, ¢). The unit 1
is the minimum and A is the maximum element in Div (h). For a triplet
p = (p1, P2, p3) of integers with p; > 2 (i = 1,2,3) and lem (p) = h, put

(4.0)  M(p) := the subposet of Div (h) generated by p; (i =1,2,3).

pi2g :=p1 V p2 V p3 = h}. So M (p) < 8. The projection map

That is: M(p) = {1,pi (1 <1 < 3), pij :==pi Vp; (1 <45 <3) and

(4.1) ®: Div(h) — M(p), d— max{¢e€ M(p):¢]|d}

is a poset homomorphism (i.e. the incidence relations are preserved).

Let u(&,n) for €,n € M(p) be the Mobius function (cf. [H]). That is:
/i is an integral valued function on M (p) x M (p) such that (€, n) = 0 for
§tm, n(€,€) =1 for & € M(p), and 3 g, 1(&A) = D¢y, 1(Am) = 0
for all £ and n € M(p) with 57‘&77 (here by the notation 5;77, we mean
£ | nand & #n). Let us extend the domain of 1 from M(p) x M(p) to

M(p) x Din(h) by putting (€. n) = 0 for (6.n) € M(p) x (Div(h)\M(p)).

Assertion 4.1 For any (§,n) € M(p) x Div(h), one has

(4.2) > uln/d) =7 n).

dln
ded1(¢)

Proof.  Consider a function f(£,n) :== > p(n/d) in (&,1) € M(p) x
€ldln

Div(h). Clearly, f(&,n) is 0 unless £ | n and is 1if & = . If f;n, then
there is a prime number p such that its exponent e in 7 is strictly larger
than that in £. Divide the set of running index d in the definition of
f(&,n) into three parts I, II and IIT according to the exponent of p in d
equals to e, e — 1 or less than e — 1. Owing to a property of the Mdbius
function, the sums over I and II cancel each other and each term of III

is zero, so f(&,m) = 0. Thus f(&,n) = d(£,n) (= delta function) for any



(&,m). Decomposing {d € Zso : £ d|n} = U ®7Y(N), one has the

&I
AEM (p)
formula:
(4.3) S pn/d) =68 n).

&lAIn dln,
AEM(p) ded—1(\)

Consider this as summation for a function in A € M(p) for each fixed 7,
and apply the inversion formula of Mdbius on M (p). O

Let W := (a, b, c; h) be a primitive weight system not of A;-type. Put

(4.4) h/a=pi/q, h/b=pa/qz and h/c=ps/q,

where RHS are reduced expressions: that is: p;, q; € Z~o with

(4.5) (pisqi) =1

for i = 17 2a3 SO, b = h/(h7 Cl), q1 = a/(h,a), b2 = h/(h7b)7q2 = b/(h7b)
and p3 = h/(h,c),q3 = ¢/(h,c). By definition, p; | h for i = 1,2,3. One
has inequalities and an equality among them:

(4.6) pi>2¢:>2 (i=1,2,3)

(4.7) lem (p1,pa,p3) = h

Proof. (4.6) is trivial from the fact: h/a,h/b,h/c > 2. Since p; |
h (i = 1,2,3), LHS of (4.7) divides the RHS. Primitivity of W implies
(a,b,c¢) = 1. This implies that the RHS divides LHS.

The regularity “(a,b), (b,c) and (c,a) divide h” implies the relation
(4.8) (gi,q;) =1 for 1< iij <3.

For a primitive weight system W, we put

[ {1,h} if W is of type Ay,
wo = { G
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Lemma 4.2 For a primitive weight system W, let i1 be the Mobius func-
tion (cf. [H]) for the poset M(W'). Let us extend the domain of i1 from
MW) x M(W) to M(W) x Div (h) by putting p(&,m) = 0 for (§,n) €
MW) x (Div (R)\M(W)). Then for any n € Div (h), the cyclotomic
exponent ey (n) defined in (3.1) is given by

(4.10) newm) = > Aw(OmEn),

geM(W)
where Ay (§) is given in (2.5).

Proof. Rewriting the formula (2.5) in terms of p; and ¢;, one observes
that the value Ay (d) for d € Div(h) depends only on ®(d), i.e. Ay (d) =
Aw (®(d)). So, formula (3.2) for ey (n) can be rewritten as

new(m) = > p(d)An/d) = p(n/d)A(d) = u(n/d)A(®(d))

dln dln dln
= 2 (A ) Y n/d) = Y (A©aEn). O
ceM(W dln ceM(W)
de@~1(¢)

As a consequence of the lemma, we see that the cyclotomic exponent
ew (n) is non zero only when n belongs to M(W). So, we shall regard the
exponent ey as a function on M (W). Nowhere vanishing property of ey,
as a function on M (W) will be proven in the next section.

65 The sign of the cyclotomic exponent

We introduce a level n (5.1) on the poset M (W), and classify the
isomorphism classes of the pair (M (W), n) into 14 types (Theorem 5.2).
The cyclotomic exponent ey is calculated as a nowhere vanishing function
on M (W) according to the types. We prove the basic result of the present
paper: the sign of ew (&) at € € M(W) is equal to (—1)"+! (Theorem
5.1). In particular, this includes the positivity of ey (h), since n(h) = 3.

The level of £ € M (W) is defined by

(5.1) n(§) = t{i € {1,2,3} : pi | )},

One has 0 < n(§) < 3 and n(§) = 0 (resp. 3) if and only if £ =1 (resp.
¢ = h). Tt is clear that £ | n implies n(§) < n(n) and the equality holds if
and only if £ = 7.
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Theorem 5.1 Let W be a primitive weight system.

1. The cyclotomic exponent ey (§) is non zero for all & € M(W). The
sign of ew (&) is equal to (—1)™&+L,

2. One has ey (€) = (—=1)"OF! for £ € M(W) if n(€) =0 or 1.

Theorem 5.1 is a consequence of the next classification Theorem 5.2.

Terminology: An isomorphism class of leveled posets (M (W), n) shall
be called a type, where two leveled posets are isomorphic if there is an
abstract isomorphism of posets which preserves the level.

Theorem 5.2 There are 14 types of leveled posets (M (W), n), which are
numbered from I to XIV. For each type, the cyclotomic exponent ey 1is
gien as a rational function in the coordinates p;, pij,h = pi2s and q1, g2, gs.

In the next Table A, we exhibit the 14 type posets together with their
cyclotomic exponents as the rational function in the coordinate, where

i) An element & € M (W) is represented by a vertex @ of a graph.
The vertices are ordered from left to right according to the level 0 < n < 3,

ii) An edge @—@ for &, me M(W) is drawn, if and only if ELn
and there does not exist ( € M(W) such that L.(Ln.

iii) The function attached near at a vertex @ is the exponent ey (§)
(in Table G, we shall describe the exponent in refined coordinates).

iv) The first 5 types I-V are called dual type for the reason explained
in Remark 2 at the end of this §.

Table A.

1 —p1P2/ P12

P1p2p3 / D123

1 —p2p3 / D23

—1 —p1p2/p12
1 \ D1 (Pz - 1)p3/QBp13

—(p2—1)/gs
12



II.

VL

VII.

VIIL @

—1 p1p2(p2 — G2 — Q3)/p12Q2Q3
P12 = P13 = p129

P2 = P3 = P23
—(PQ — Q2 — QS)/C]2Q3

1 —(p1—=1/a2  (p1 —1)(p2 — @2)/ 205

éz = D13 CPS = P23 = P13 = pl@

. (n+1)/h
@ (Pl = P2 = P3 = P12 = P23 = P13 = P123D

©)
®.

I
—_

(p2 — 1)pips/pis
P13 = P123

(5 G) )

—P2DP3 / D23

|
—_
E —

:7

D1 (p2p3 — P2 — p3)/p12
P12 = P13 = P123

—Pp2p3 / D23

E;_n

P1p2p3—p1p2 P2p3 — p3p1)/p12

/@12 = P23 = P13 = P123)

©XO)
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1
—1 @ p1(p2ps/qs — p2 — p3)/q3) /P12
IX. 0 P12 = P13 = P123 )

\

D3 = P23
—(p2 —1)/qs

\ —p1p2/p12 (pr—1)(p2 —1)/gs
. @3 = P23 = P13 = pl@

‘\ (p1 — 1)(p2 — 1)/q3 — P12/ P12
XI. @< ( P3 = P12 = P23 = P13 = P123)
]//

—(p1— 1)/

(p1 — 1)paps/q2qspas
P23 = D123

—(p1—1)/g3
1 . (p1 = 1)(p2 — @2 — 43) /0203
XIII. @ @ @2 = P3 = P12 = P23 = P13 = p129

p12 — 41— 42 /Q1Q2 pl - Q1)(p2 - Q2)/C]1Q2qg

1
XIV. @ P1 = P2 = P12 4@3 P23 = P13 = p123>

Proof of Theorem 5.2. The classification of the leveled posets is ele-
mentary and we give only an outline of the proof below. In fact, we classify
leveled posets (M (p),n) generated by three integers (p) = (p1, p2, p3) with
p; > 2, where the level is defined by (5.1). First, we list up all division
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relations among p;, p2 and ps, and then determine all isomorphism classes
of (M(p), n) for each case (by examining the division relations among p;;’s

and h). Up to a permutation of p;’s, we have the following cases.

[. There are no incidence relations among py, ps and p3 and also among
P12, P23 and ps;.
II. pggpg and there are no incidence relations between p; and p,, and
p1 and ps.
ITI. p, = p3 and there are no incidence relations among p; and ps = ps.
V. pl;‘«ép2;|£p3(: h)
V. p1=ps=ps(=h)
VI. There are no incidence relations among pq, ps and p3 and there are
a relations pi3 = pio3 = h.
VII. There are no incidence relations among pq, po and p3 and there are
relations p1o = P13 = p12o3 = h.
VIII. There are no incidence relations among p;, ps and p3 and there are
relations pio = pa3 = p31 = piaz = h.
IX. pg;‘ﬁp37 there are no incidence relations p; , p» and p3 and there is a
relation P3 | P12 SO that P12 = P13 = h.
X. There are no incidence relations among p; and ps, and there is a
relation pioLps and so py = h.
XI. There are no incidence relations between p; and p,, and there is a
relation p1s = p3 = h.
XII. pl;‘,ﬁpg and pI;Lpg, and there are no incidence relations among ps and
ps.
XL Pl;‘ﬁm =Ps.
XIV. p1 = pz;lép:a-

For any of the above 14 cases, the existence of a weight system W be-
longing to the type is shown by the following two steps: i) take (p) =
(p1, P2, p3) satisfying the conditions, ii) show that the weight system W :=

(P2p3, P3p1, P1P2; P1D2ps)/ ged(paps, pspr, p1p2) is regular and M (p) = M (W).

We prepare a lemma for a calculation of the cyclotomic exponent.

Assertion 5.3 Let W = (a,b, c; h) be a weight system and p1, p2, p3, q1, G2
and q3 be integers introduced in (4.4).

i) If a| (h—b), then py | p1 and q1 | (p2 — q2).
i) If n(p1) =1, thena | h,atb, atc and g = 1.

iii) If ps { pa, then ga | (p1 — q1)-
iv) If n(ps) = 3 (& ps = h), then (h,c) = 1 and q3 = ¢ divides either

P1 — q1 0T P2 — (qo.
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Proof. i) If a | (h —b), then (a,h) | b and hence (a,h) | (b, h). This
means py = h/(h,b) divides p; = h/(h,a). Since (a,h)q | (b,h)(p2 — ¢2)
and ¢; is prime to (b, h)/(a,h), one has q; | (p2 — q2).

ii) If n(py) = 1, then owing to i), neither a | (h — b) nor a | (h — ¢). So
the only possibility is a | (b — a). Then a { b otherwise a | (h — b).

iii) Due to i), bt (h — ¢). So either b | (h —b) or b | (h — a). Hence
either b | h and hence go = 1 for the first case, or g5 | (p1 — q1) for the
latter case.

iv) The fact p3 = h and h/c = p3/q3 imply iv). O

We return to the proof of Theorem 5.2. The calculation of ey (§) is
achieved by induction on the level n(§). More precisely, it is achieved
depending on the subposet M¢ := {n € M(W) :n | &}. The restriction of
the Md&bius function fi(-, &) of M (W) to M, is the M&bius function of M.

Case 0. n(§) =0.

In this case, £ = 1 and M, =(1) . Formula (4.10) implies 1 - ey (1) =
A(Dpu(1,1) = A(1) = —1 (2.6), and therefore

(5.2) ew(l) = =1 = (=1)"O+,

Case 1. n(§) =1.

By a permutation of the index, we may assume £ = p; and pat&, p3té.
In view of the Assertion 5.3 ii), one has a | h and £ = p; = h/a. So
a§ = h = 0 (h). On the other hand, b§ = hq¢/p2 # 0 (h) and € =
hqs€/ps #Z 0 (h). So A(§) = h/a—1=p; —1 (2.5). The poset M is equal
to @4@ and the Mobius function g(x,§) is o—5. So (4.10)

implies few(f) = A(f)/j(l?hpl) + A(l)ﬁ(l,pl) = (p1 — 1) - (‘1) = P1-
Hence

(5.3) ew(€) =1 = (~1)"O+,

Case 2. n(§) =2.
By permuting the indices 1,2 and 3, M¢ is one of the following 3 cases.

i) Me = ®<@D>@ with £ = p1p and ps3 | €.

—1
1 O. 1
\

The Mébius function i(x, &) is O<o{ © . Since py | & po | € and

¢1 = @2 = 1, one has a§ = hq:§/p1 = 0 (h) and b§ = hgé/ps = 0
(h). On the other hand, p3 1 £ and hence ¢ = hqs&/ps # 0 (h). Thus
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A(€) = —(p1 — 1)(p2 — 1) (2.5). So (4.10) implies Eew (&) = A(F(E, &) +
A(p)ii(p1, &) + Alp2)ip2, ) + A)E(1,) = —(p1— 1) (p2—1) — (p1 — 1) —
(p2 — 1) — 1 = —pyps. Hence

(5.4.1) ew(§) = —pip2/p12,

whose sign is obviously equal to (—1)™&+! = —1.

i) M, @4@—@ with f p2 p12 and p; | €.

The Mébius function fi(x*, &) is & o——5. Due to Assertion 5.3 ii)
and iii), g1 = 1, q2 | (p1—1) and A(p1) = p1 —1, A(p2) = —(p1 —1)(p2/q2 —
1) (2.5). Then (4.10) implies Eew (&) = A(§)pu(, &) + Alp)p(p1,§) +
AMp(L,8) = —(p1 = (p2/a2 —1) = (p1 = 1) =0 = —(p1 — 1)p2/¢o. Hence

(5.4.2) ew(§) = —(p1 — 1)/,

whose sign is obviously equal to (—1)™&+! = —1.

iii) Me =()——&) with € = p; = py = p12 and p; | £,
The Mobius function ji(x,§) is o——6. As before, one has A(€) =
—(p1/q1 — 1)(p2/q2 — 1) (2.5). Since p3 | p1 = pa, the Assertion 5.3 iii) im-
plies ¢1 | po—¢q2 and ¢2 | p1 — 1. The (4.10) implies Eew (§) = A(E)(E, &)+

AMp(1,8) = —(p1/ar — 1) (p2/2 — 1) +1 = = — @1 — ¢2) /(q1¢2). Hence

(5.4.3) ew(§) = —(§ — a1 — @)/ (q1q2).

Let us show the negativity of this. Note that W cannot be of type Ay, for
M (A,) does not contain the sub-diagram M. Hence one has p;/q; > 2
and pa/qa > 2. So £ — ¢1 — ¢2 > 0 and the equality holds only when
h/a = h/b = 2, which is the case of type Ay and cannot occur.

Case 3. n(§) = 3.

This is the case when £ = h = pj23. By a use of formula (5.6) at the
Remark 5.4.1., one may be able to reduce the proof of the positivity of
ew(h) to the existence of the exponents prime to the Coxeter number
which is readily proven in [S2, (2.2)] (quoted in (1.7)). But this is not
sufficient for our purpose, since we need an exact expression of ey (h) for
the later uses. So, we give here a direct proof of the positivity of ey (h).

There are 14 types of M, according to the table A. In all cases A(h) =
(p1/q1 —1)(p2/q2 —1)(p3/qs — 1) (2.5). Since the Mobius function depends
on the type of M, we calculate ey (h) separately in each cases.

I. Due to Assertion 5.3 ii), one has ¢; = ¢2 = g3 = 1.

_ —1
The Mé&bius function fi(x, k) is given by O@ o1 ° 1, so we have:
hew(h) = (p—1Dp2— s —1)+ 1 —Dp2— 1)+ (p1 — (ps — 1)
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+Pe =Dz =D+ P -1 +p2—1)+(p3—1)+1
= P1p2ps.

Hence

(5.5.1) ew (h) = p1paps/pies.

which is apparently positive.
IT. Due to Assertions 5.3 ii) and iii), one has ¢ = ¢ = 1 and g3 |

(p2 —1).

The Mobius function fi(x, k) is given by 00<_ /O>Ol , SO we
have:

hew(h) = (p1—1)(p2—1)(ps/qz — 1)+ (pr — 1)(p2 — 1)
+(p1 — ) (ps/qs — 1) + (p2 — 1)(ps/q3 — 1) + (p2 — 1)
= pl(pz - 1)P3/Q3~

Hence

(5.5.2) ew (h) = p1(p2 — 1)p3/ (p13gs),

which is apparently positive for ps > 2 (4.6).
III. Due to Assertion 5.3 ii) and iii), one has g1 = 1, ¢2 | (p2 — ¢3) and

q3 ’ (p2 - Q2)~
1

/
The Mobius function fi(x, h) is given by 10\.\0/01 , SO we
1

have: -
hew(h) = (p1—1)(p2/q2 — 1)(ps/qz — 1)

+(P2/2 — D(ps/az —1) — (p1 — 1) = 1
= pip2(p2 — @2 — 43)/(9243).

Hence

(5.5.3) ew (h) = pip2(p2 — @2 — q3)/ (P124243).

The same argument for iii) of n(¢) = 2 shows the positivity ey (h) > 0.

IV. Due to Assertion 5.3 ii) and iii), and ¢; = 1 and ¢ | (p1 — ¢1)-
The Mébius function ji(*, h) is given by 5 5 o cla, SO we
have: hew(h) = (p1 = 1)(p2/g2 = D)(ps/gs = 1) +(pr = D(p2/q2 = 1) =

(Pl - 1)(?2 - C]z)pg/(ng3). Hence
(5~5~4) ew(h) = (pl - 1)(])2 - Q2)/(Q2Q3)7
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which is apparently positive (see (4.6)).
V. The Mobius function ji(x, h) is given by 71%—}3, so we have: hey (h) =

(p1/@1 = V)(p2/q2 = 1)(p3/qs — 1) + 1 = pw + 1, where pyy is the rank of
the weight system W (1.3). Hence

(5.5.5) ew(h) = (pw +1)/h,
which is obviously positive. For later use, we describe ey (h) precisely. By
definition, @ = ¢1, b = ¢2, ¢ = ¢3 and (a,h) = (b,h) = (c¢,h) = 1. These
imply (a,b) = (b,¢) = (¢,a) = 1. We assume eitheri) a | A —b, b | h—c
and ¢ | h—a,orii)a|h—>bb|h—aandc|h—a. Let us study each
cases.

i) Put k:= (h—0b)/a, l:= (h—c)/b, and m := (h — a)/c. Solving this,

we see
(a,b,c;h)=(Im—m+1,mk—k+ 1kl -1+ 1;klm+1)/d,
where

d =

Im—m+1,klm+1)=(mk—k+1,klm+1)

El —1+1,klm+1)
Im—m+1mk—k+1)=mk—-k+1,kl—1+1)
=1+ 1,0m —m+1).

(

(

(
=
Then, since p = (h — a)(h — b)(h — ¢)/abc = klm, one has
(5.5.6) ew(h) = (klm +1)/h = d.

ii) Put k:= (h —0)/a, | := (h — a)/b. Solving this, we see

(a,b,c;h) = (L — 1,k — 1, dm; kl — 1)/d,

where

di=(k—1,kl—1) =1,k —1)= (k1,1 —1)
and m is a divisor of [ such that (m, (k —1)/d) = 1. Then one has
(5.5.7) ew(h) = (uw + 1)/h = lk/m — d.

VI. Due to Assertion 5.3 ii), one has ¢; = g2 = g3 = 1.

o 9 -1
~ . < :{ 1
The M&bius function fi(x, k) is given by~ ° 5 ! > , SO we have:

hew(h) = (p1—1)(p2—1)(ps —1)
+(p1 =Dz — 1)+ (p2 — D(ps — 1) + (p2 — 1)
= (p2 - 1)p1p3.
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Hence

(5.5.8) ew (h) = (p2 — 1)p1ps/p1s,

which is apparently positive.
VII. Due to Assertion 5.3 ii), one has ¢; = ¢2 = g3 = 1.

hew(h) = (p1—1)(p2—1)(ps —1)
+p2=Dps—1) —(pp—1) -1

= pl(pzps — D2 — p3)-

The Mé&bius function fi(x, k) is given by , sSo we have:

Hence

(5-5-9) GW(h) =N (p2p3 — P2 — p3)/p12-

Since py and p3 are not less than 2, ey (h) can be non-positive only when
P2 = p3 = 2, which contradicts to independence of p; and p,.
VIII. Due to Assertion 5.3 ii), one has ¢; = ¢2 = g3 = 1.

2 1
The Mébius function fi(*, k) is given by O%O , 50 we have

hew(h) = (p1—1)(p2 —1)(ps —1)
—(pr—=1)—(p2—1)—(p3—1) =2
= DPip2pP3 — P1P2 — P2pP3 — P1Ps.

Hence

(5.5.10) ew(h) = (p1p2ps — P1p2 — P2b3 — P1P3)/P12-

Positivity of ey (h) can be seen as follows. First, observe that p; is not
a prime number. (If p; were prime, then the equality p;2 = pi3 implies
p2 = p3. A contradiction!) By a permutation of indices we assume p; >
p2 > p3 > 6. Then ew (h) = (p1p2ps — pip2 — P23 — p1p3) /P12 > (6pipa —

p1p2 — p1p2 — p1p2)/P12 > 3.
IX. Due to Assertion 5.3 ii) and iii), we have ¢; = ¢o = 1 and ¢3 | p2—1.

.-
_ . 1
The Mobius function ji(x, h) is given by 0%07 so we have

hew(h) = (p1—1)(p2 — 1) (ps/qzs — 1)
+(p2 — D (ps/qs —1) — (p1 — 1) — 1
= D (Pzps/Q3 — D2 — Ps/%)-
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Hence

(5.5.11) ew(h) = pi{(p2 — 1)(ps — a3) /a5 — 1} /p12.

The positivity of this can be shown as follows. At least ey (h) is non
negative for (4.6). If it were zero, then p;, = p3/qs = 2 and hence p3 = 2
q3 = 1. This contradicts the independence of p, and ps.

X. One has a | h, b | h and ¢; = g2 = 1. Since ¢ = g3 divides either
h—a=ua(p1—1),h—b=>b(ps—1) or h —c and (¢, h) = 1, g3 divides
either p; — 1 or py — 1.

0
0 R
The Mébius function fi(*, k) is given by o<> , SO we have

hew(h) = (p1—1)(p2 —1)(ps/as — 1)
+(p1—1D(p2—1) -1
= (p1 - 1)(]?2 - 1)1?3/(13-

Hence

(5.5.12) ew(h) = (p1 — 1)(p2 — 1)/g3,

which is non less than min{p; — 1,p — 1} > 0.
XI. One has a | h, b | h and ¢1 = g2 = 1. g3 divides either p; — 1 or
po — 1 as in type X.

1 1
The Mébius function fi(*, k) is given by O<>O , 50 we have

hew(h) = (p1—1)(p2 —1)(p3/qs — 1)
—(p1=1)—(2—1)—1
= (p—1)(p2 — Vps/q3 — p1pa-

Hence

(5.5.13) ew(h) = (pr — 1)(p2 — 1)/q3 — p1p2/P12-

The positivity of ey (h) can be seen as follows. First, we examine special
case when one of p; and p, is equal to 2. Assume p; = 2. So h = p1o = 2ps
and we have ey (h) = (pa — 1)/gs — 1. There are two cases to consider:
a) g3 | (p1 —1). Then, g3 = p; — 1 = 1 and hence ey (h) = ps — 1 — 1.
This is non-positive only when ps = 2, which is impossible for p; = po, b)
g3 | (pa — 1). Since p3 = 2p, is an even number, g3 is odd. Since py and g3
are odd, (pa — 1)/g3 is an even positive number > 2.
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Next we consider the general case when pq, ps > 3. Let us show that
p3/qs > 2. Otherwise, p3/qz = 2 and so p3 = 2, g3 = 1. Then p; | p3 = 2

and py | p3 = 2 imply a contradiction: p; = py = p3 = 2. Assume
g3 | (p2 — 1) and put p; — 1 = rqz. So
hew(h) = (p1—1)psr —pi(rgs +1) = r{(p1 — 1)ps — p1g3} — ;1

> r{(p1 — )ps —p1(ps —1)/2} —
= r(p/2—-1)ps+(r/2 = 1)p
> p3/2—pi/2>0.

XII. One has ¢ =1, ¢2 | (p1 — 1) and ¢3 | p1 — 1.

0 1
The Mébius function fi(*, h) is given by © 1 < OAOI, so we have
hew(h) = (p1—1)(p2/q2 — 1)(p3/q3 — 1)
+(p1 = D2/ — 1) + (11 — D(ps/gzs — 1) + (1 — 1)
= (p1 — 1)paps/(q2q3)-

Hence

(5.5.14) ew(h) = (p1 — 1)paps/(q2q3pa3),

which is apparently positive.
XIII. One has ¢ = 1 and h = py = ps.
1

The Mébius function fi(*, k) is given by & o5 50 we have:

hew(h) = (p1—1)(p2/q2 — 1)(ps/q3 — 1) — (p1 — 1)
= (p1 — D)pa(p2s — @2 — 43)/(q243)-

Hence

(5.5.15) ew(h) = (p1 — 1)(p2s — @2 — 43)/(q243)-

Its positivity is shown by the same proof as in the case n(§) = 2 iii).

XIV. One has h =p3, ¢1 | p2 —q2 and @2 | p1 — @1

The Mobius function fi(*, h) is given by 3 P , SO we have:

hew(h) = (p1/q1 — D)(p2/q2 — 1)(p3/q3 — 1)
+(p1/qr — 1)(p2/q2 — 1)
= (p1—q1)(p2 — ©2)ps/ ((19243)-

Hence
(5.5.16) ew(h) = (p1 — q1)(p2 — 02)/(q1923),
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is apparently positive (cf. (4.6)).
These complete the proof of the Theorem 5.2. U

In the rest of §5, we discuss immediate consequences of Theorems 5.1-2.

1. Positivity of the multiplicity.

Recall the multiplicity (1.7) of a weight system W: mult (W) :=
a; +a-y = t{i € {1,...,u} | m; € {£1}}. Since a_; = apy1 by the
duality (1.4), this is equal to the multiplicity of roots exp(2wy/—1/h) in
the equation ¢u (A) =0 (2.1). So, by definition of exponent ey (h) (3.1),
one has

(5.6) ew (h) = mult (W).

Therefore, the positivity of ey (h) in the Theorem 5.1 is equivalent to that
of mult (W) and hence is equivalent to the existence of exponents prime
to the Coxeter number h (cf. Theorem 1.1). This fact for the classical
cases A;, D; and Ej is well known ([Bo, Ch5 §6 n°2 Thl (1)]) and plays a
basic role in the invariant theory for the classical root systems [Sp|[S9].

2. Definition of the dual type posets.

Let us call a poset (M (W), n) (but not W) of dual type, if there exists
an involutive anti-automorphism ¢ of M (W) (i.e. £ < n < «(§) > u(n),
and n(&) +n(u(€)) = 3 for &,n € M(W)). The next fact is an immediate
consequence of the classification.

Fact A leveled poset (M (W), n) is of dual type, if and only if one has
the equality:

(5.7) #H{ee MW)|n()is even } =8{{ € M(W) | n(&) is odd }.

In fact, the dual type posets are the types I, II, ITI, IV or V. An involution
is often given by «(&) := h/, but it is not always the case.

3. Determination of M (W) from ¢y .

Fact . The characteristic polynomial py determines the leveled poset
(M(W),n) together with the generator pi,ps and ps.

A sketch of proof. The decomposition (3.1) gives the set |M (V)| and
the parity of the level n(¢) for € € |[M(W)|. Put h := maz{|M(WV)|}.
Then, n(¢) = 1 for all odd parity elements except for n(h) = 3, and
n(€) = 2 for all even parity elements except for n(1) = 0. The generators
— (€1 n(€) = 1FULE | n(€) = 2, #M¢ < 3} U{E | nle) = 3, #M; < 4}
with multiplicity n(§) — #M¢ + 2 (except for the case XIV).
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Remark 5.4 1. The charaacteristic polynomial ¢y, determines W up to
finite, as follows. Since a; = ¢;h/p; (i = 1,2,3), one needs the data of ¢;
(1 =1,2,3) to recover the weights. If n(p;) = 1 then ¢; = 1. The formula
of ey (§) in Table A together with its value determines ¢; except for the
2 cases: III. the equality ga2gsew (p2 = p3) + p2 — g2 — g3 = 0 may have
multi-solutions, and V (cf. Proof of Theorem 5.2 for the case V).

2. The 14 types of posets are ordered according to their cardinality
and degeneration relations:

1 X e XIV.
\
I v VI 11 V.
- VI IX X1

vie— M ~

§6. Simplicity condition for the cyclotomic exponent

Definition 6.1 Let us call a weight system W to be simple, if ey (§) €
{1} for all £ € M(W). In view of Theorem 5.1.1, this is equivalent to:

(6.1) ew (&) = (—1)MO+

for all £ € M(W). We give a necessary and sufficient condition for W to
be simple in the following Theorem 6.2.

Theorem 6.2 1. A weight system W is simple, if and only if the multi-
plicity mult (W) (see (1.7) and (5.6)) is equal to 1.
2. If mult (W) =1, then M (W) is one of types 1, 11, 111, IV, V or XI.

Proof.  The condition mult (W) = 1 is necessary for W to be simple,
because of the relation ey (h) = mult (W) (5.6).

Assume mult (W) = 1 and let us show that ey (§) € {1} for all £ €
MW). If n(§) = 0 or 1, then ey (&) is automatically —1 or 1, respectively
(Theorem 5.1.2). If n(¢) = 3 then £ = h and ey (h) = mult (W) =1 by
the assumption. Therefore we have only to show:

a) ey (&) = —1 for £ € M (W) with n(§) = 2 assuming ey (h) = 1,
b) ew(h) > 2 for any W of non-dual type except for the type XI.
We use (5.4)—(5.5) and Table A without referring to them explicitly.
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Proof of a).
L. ey (h) = 1 implies p1paps = lem(p1, p2, p3). Hence, p1,pe and p3 are
mutually prime. Therefore ey (p;;) = —pip;/pi; = —1 for 1 <i # 5 <3.

I1. Since (py — 1)/qs is an integer, ey (h) = ((p2 — 1)/q3) (p1p3/p13) = 1
implies (p2 — 1)/qs = 1 and pips/p13 = 1. From the first equality, we
obtain ey (p3) = 1. From the latter equality, we obtain (p1,p3) = 1. Since

D2 | p3, one has (p1,p2) = 1 and ey (p12) = —p1p2/p12 = —1.

I11. Since (pa—qgo—q3)/q2qs is an integer, ey (h) = (p1p2/p12) (P2 — g2 —
43)/q2q3) = 1 implies —ew (p23) = (P2 —q2—¢3)/q2q3 = 1 and pip2/p12 = 1.

IV. ¢y = 1 and h = ap;. So p; | py implies b = (a,b)q2 and py =
pia/(a,b). Due to Assertion iii) and iv), one has ¢s | (p1 — 1), (c,h) =1
and ¢ = ¢3. Since (a,b,c; h) is regular, there are 3 cases to consider. 1)
c|h,ii) c|(h—=>0),iii) c¢| (h—a) and (b,c) | h.

i) ¢ = 1 and this case is included in ii). ii) ¢ | (b — b) = (h,b)(p2 — q2)
and hence g3 = ¢ | (p2 —¢2). Then ey (h) = ((p1 —1)/q2)((p2 —q2)/q3) =1
implies 1 = (p1 — 1)/q2 = —e(p2). iii) ¢ | (h —a) = a(py — 1). Since
(¢, h) = (g3,p3) = 1, s0 (¢,a) = 1 and therefore g3 | (p1 —1). On the other
hand (g2, q3) = 1 (4.8) together with ey (h) = ((p1 — 1)/q2q3)(p2 — q2) = 1
implies (p1—1)/q2qs = 1 and py—¢@2 = 1. The second equality together with
the general fact 2 < po/qo implies po = 2 and go = 1. Then2 < p; < py =2
is impossible so that this case cannot occur.

V. There is no element £ € M (W) with n(§) = 2.

Proof of D).

VI. Suppose ey (h) = 1. Then ey (h) > py — 1 implies po = 2. This is
impossible, since ps | p13 implies either py | p; or py | p3, which contradicts
the incidencialy independence of py from p; and ps.

VIL First note that pips > pia, else pips = P12 = p13 = P1p3/(p1,p3)
implies py | p3: a contradiction. For the same reason, p;ps > p13. These
imply that py and ps cannot be prime numbers. (If p, were a prime,
then p;py > p1o implies ps | p1.) So we have po, p3 > 4. One has ey (h) =
p1p2/pr2+pips/pis+pi{(P2—2)(p3—2) =2} /P12 > pip2/pra+pips/pis > 4.

VIII. Observe that any of p; is not a prime number. (Suppose p;
were a prime. Then pjo = pips equals p13 = pips implies ps = p3. A
contradiction!). By permutation of indices we may assume p; > py >
p3 > 6. Then ey (h) = (p1paps — pip2 — pap3 — P1p3) /P12 > (6p1p2 — p1p2 —
pip2 — p1p2) /P12 > 3.

IX. Since p1a = p1p2/(p1,p2), the formula for ey (h) is rewritten as

ew(h) = (p1,p2){ps/qs(1 — 1/py) — 1}. Suppose (p1,p2) # 1. Then sub-
stituting (p1,p2) > 2,p2 > 4 and p3/gs > 2 in the expression of ey (h),
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one obtains ey (h) > 1 and the equality ey (h) = 1 occurs only when
pe = 4 and p3/q3 = 2. Since (ps,q3) = 1, this implies g3 = 1 and
ps = 2, which contradicts py | ps. Therefore we have (p1,p2) = 1. Then
pip2 = p12 = p13 = p1ps/(p1,ps) and hence ps = pa(p1,ps). So we have

ew(h) = (p2 — 1)(p1,p3)/qs — 1. Since py # p3, we have (p1,p3) > 2.
Therefore ey (h) = 1 implies (p2 — 1)/qs = 1 and (p1,p3) = 2. But this

gives a contradiction, for (p;,ps) = 2 implies that p; and p3 are even and
hence (p1,p2) = 1 implies py is odd. Then g3 = ps — 1 is even and hence
(p2, q2) contains a factor 2 # 1.

X. Suppose ey (h) = 1. Since g3 divides either p; — 1 or py — 1, assume
g3 | (p1—1). Then ((p1—1)/q3)(p2—1) = 1 implies g3 = p; — 1 and p, = 2.
Since p; and py are independent, p; is odd. This is a contradiction, since
po | p3 implies p3 is even and g3 = p; — 1 implies g3 is even, contradicting
(p?n Q3> =1L

XI. There is no element & € M (W) with n(¢) = 2.

XII. Similar to IV, one has ¢; = 1,h = p1a, b = ¢2(a,b), ps = pra/(a,b),c =
g3(a; ), ps = pra/(a, c), and g3, g3 | (pr — 1). The fact lem(py, pa, ps) = h
implies a = lem(a/(a,b),a/(a,c)) and hence gcd((a,b), (a,c)) = 1. Then
paps/p2s = pa/(a,b)(a,c), where the factor a/(a,b)(a,c) is an integer.
Thus ew (h) = (p1—1)p2ps/qeqspes = {(p1—1)a/(a, b)(a, c)}p1/q2gs, where
the factor {*} is an integer and the denominator ¢,gs is prime to p;. Then
the fact ey (h) is an integer implies that goq3 divides the factor {*} and
that ey (h) is a multiple of p; > 2.

XIII. There is no element & € M (W) with n(§) = 2. Nevertheless, we
show ey (h) > 2. In this case, ¢ = 1 and h = pya. Since h = py = ps3, one
gets go = b and g3 = ¢. (g2, p2) = (g3, p3) = 1 imply (g2, pra) = (g3, p10) =
1. (b,c) | h implies (g2, q3) = 1. Consider the following cases: 1) b | (h—1)
and c| (h—a),ii)b| (h—a)and c| (h—10),iii) b| (h—a) and ¢ | (h—¢),
iv)b|(h—b)and c| (h—"0),v)b| (h—>b)and c| (h—c), vi) b| (h —¢)
and ¢ | (h — ).

i) g2 [ (p1 —1) and g3 | (p1 — 1), so (g2, ¢3) = 1 implies g2q3 | (p1 — 1).
Hence pr — g2 — @3 > @23 — @@ — @3 +1 > (g2 — 1)(gs — 1) > 0 and
ew(h) = ((p1 —1)/q2q3)(p2 — g2 —a43) = 1- (2p1 — g2 — q3) = p1 > 2.

i) g2 | (p1 — 1) and gs | (92 — ). S0 ew(h) = (p1 — 1)/a2)(p2 — 42 —
q3)/qs) = 1 implies p; — 1 = ¢ and ps — g2 = 2¢3. This is impossible, since
the last equality implies that p, and ¢, are simultaneously odd and hence
p1 = 1+ ¢o is even. This contradicts p; | po.

iii) go | (p1 — 1) and g3 | h, so g3 = 1. Then ey (h) > 2 can be shown
similar to the case i).
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iv) g2 | h and g3 | (p1a — q2), so g2 = 1. Then ey (h) > 2 can be shown
similar to the case ii).

v) g2 | hand g3 | h, so ¢a = g3 = 1. Then ey (h) > 2 can be shown
similar to the case 1).

vi) @2 | (pra—gz) and g3 | pra—qe. Put pra—gs = uge and p1a—qa = vgs.
Then (u—1)g2 = (v — 1)g3 and (g2, ¢3) = 1 implies the existence of r > 0
such that v — 1 = rq3,v — 1 = rgs and pia = rgeq3 + ¢ + g3. Thus,
ew(h) = (p1 — 1)r. Therefore ey (h) = 1 implies p; = 2 and r = 1. Then
pra+1=(g2+1)(gs+1) and p; = 2 imply that go and g3 are even numbers
contradicting (gz, q3) = 1.

XIV. Put p := p; = ps and d = (h,a) = (h,b) so that h = pd,a =
¢1d,b = god and (p,q1) = (p,q2) = 1. One has p3 = h = pd, g3 = ¢ and
(g3,pd) = 1. The regularity of the weight system implies that a,b and ¢
divide either h — a or h — b. Because of the symmetry among a and b, we
consider only the following 4 cases: i) a | (h—a),b| (h—10),c| (h—a), ii)
al(h—a),b|(h—a),c|(h—a),iii)al|(h—a),b| (h—a),c|(h—D>),iv)
a|(h—=>5),b|(h—>0),c|(h—a).

i) g1 =q2=1and g3 | (p —1)d and hence g3 | p — 1. Then ey (h) =
(p—1)(p—1)/qgs =1 impliesp—1=1and (p—1)/g3 =1. Sop =2
and ¢1 = g2 = qg3 = 1 and hence W = (d,d, 1;2d) is of type A,, which is
excluded from the consideration.

ii)gg =1, |p—1and g3 | (p —1)d and so g3 | p — 1. Since (b,c) =
(g2, q3) divides h = pd and (gs,p) = (g3,d) = 1, one has (¢2,q3) = 1. Thus
ew(h) = ((p —1)/q203)(p — ¢2) = 1 implies p — 1 = gaq3 and p — ¢ = 1.
For p/qs > 2, this is possible only when ¢o = 1 and p = 2 and therefore
g2 = q3 = 1. This case is excluded as type A, as in the case i).

iii) g1 =1,¢2 | p1 — 1 and g3 | p2 — ¢2. Thus ey (h) = ((p—1)/q2)((p —
¢2)/q3) = 1 implies p — 1 = ¢qo. Again p/qz > 2 implies p = 2 and
G =q=1. So W = (d,d, 1;2d) is of type A, and is excluded.

iv) i | (p—@),q2 | (p— @) and g3 | (p — q@1). Since (b, ¢) = (g2, q3)
divides h and (g3, h) = 1, one has (g2,q3) = 1. Thus ey (h) = ((p —
01)/4293)((p — ¢2)/q1) = 1 implies p — q1 = q2q3 and p — g2 = ¢1. This
implies g3 = 1. Together with the fact p/q1,p/q2 > 2 one has p = 2 and
G =q=1. So W = (d,d, 1;2d) is of type A, and is excluded.

These complete a proof of Theorem 6.2. 0

Some additional calculations to the proof of Theorem 6.2 enable to list
up all simple weight systems. Precisely, let us call a poset M (p) generated
by three integers (p) = (p1,p2,p3) simple, if there exists a weight system
W of multiplicity 1 such that M (p) = M (W), and call W a (simple) weight
system representing M (p). Then the next theorem gives a list of all simple
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posets together with a list of all weight systems representing them. For a
relation with geometry, see Corollary 10.2.2 and Remark 10.3.3.

Theorem 6.3 Consider the poset M (p) generated by three integers (p) =
(p1, P2, p3) with p; > 2. We give a list of: B
i) The arithmetic conditions for M(p) to be simple,

ii) The list of simple weight systems W representing M (p),
iii) The rank pw of weight systems W representing M ( 7
The results are separately stated according to type of M (p) .

L. The poset M (p) is simple of type I, if and only if

(6.2) (pi;pj) =1

forij=1,2,3 and i # j. The simple weight system representing M (p) is
unique and is given by

(6-3) W = (P1p2a P2P3, P3P1; p1p2p3)

(6.4) pw = (p1 —1)(p2 — 1)(ps — 1).
II. The poset M (p) is simple of type 11, if and only if
(6.5) pokps, (p1,ps) =1 and (ps—1,p3) =1

The simple weight system representing M (p) is uniquely given by

(6.6) W = (p3, p1ps/pa, (P2 — 1)p1; P1p3)

(6.7) pw = (p1 — 1)(ps —p2 + 1).
II. The poset M(p) is simple of type 111, if and only if
(6.8) p2=ps and (p1,p2) =1.
The simple weight system representing M (p) is given by

(6.9) W = (pa, p142, P1G3; p1D2)

for any positive integers qz and g3 such that po +1 = (g2 +1)(q3 + 1) and
(q2,q3) = 1.

(6.10) pw = (p1 — 1)(p2 +1).
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IV. The poset M (p) is simple of type IV, if and only if

(6.11)  pokpolps, (01— Lip) =1 and (po—p1+1,p3) = 1.
The simple weight system representing M(}_)) 15 uniquely given by

(6.12) W = (ps/p1, (p1 — 1)ps/p2,p2 — p1 + 15 p3)
(6.13) pw =ps —p2+p1 — L.

V. The poset M (p) is simple of type V, if and only if

(6-14) p1=p2=p3=:h
The simple weight system representing M(g) is either type An_1 or
(6.15) W=(Um—-—m+1,mk—k+1,kl—1+1;h)

for positive integers k,l and m with klm = h—1 and (Im—m+1,h) = 1.
VI, VII, VIII, IX, X, XII, XIII or XIV. The poset M(p) cannot be simple.

XI. The poset M(p) is simple of type X1, if and only if (p1,p2, ps) belongs
to one of the following three series:

(617) P1 = 2, P2 = 4k + 3, P3 = 2(4]€ + 3) fOT’ k € Zzo,
(6.18) p1=3, p2=3k+2, p3=303k+2) for k€ Zs>o,
(6.19)  pr=4, p=22k+1), p3=402k+1) for k€ Zo.

Then the simple weight system representing M (p) is uniquely given by

(6.20) W = (p3/p1,p3/p2: 43 D3)
for qs =2k + 1,3k + 1, and 4k + 1, respectively. The rank pw s given by

(6.21) ww =p1 +p2+p3— 1.

According to the series (6.18), (6.19) and (6.20), the representing weight
system W, its rank pw and its smallest exponent ey are given by
(6.22) W = (4k + 3,2, 2k + 1;2(4k + 3)),

pw =12k +10, ew = =2k, vw =4k and a9 =2, for k€& Z>o,
(6.23) W = (3k+2,3,3k+ 1;3(3k + 2)),

pww =12k +10, ew = =3k, vw =6k and a9g=2, for k€& Z>,
(6.24) W = (2k+1,2,4k + 1;4(2k + 1)),

pw =12k +9, ew = =2k, vy =6k and ag=2, for k€ Zy,
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Proof. 1. Simplicity of W implies pipaps = p123. Since ¢ = ¢ = q3 = 1,
weights a = h/p1,b = h/pa, ¢ = h/ps are uniquely determined.

I1. Simplicity of W implies g3 = po — 1, p1p2 = p12 and p1p3 = pios,
so (p1,p3) = (p1,p2) = 1 and (p2 — 1,p3) = 1. Since ¢ = ¢ = 1 and
g3 = p2 — 1, the representing weights system is given by a = h/p; =
p3, b= h/p2 = p1ps/p2 and ¢ = (p2 — 1)h/ps = (p2 — 1)p;. Conversely, for
given p with p25‘££3, put g3 := po—1. Then one has (g3, p3) = (p2—1,p3) =1
and q3/p3 = (pa — 1)/p3 < p2/ps < 1/2.

II1. Simplicity of W implies ps = ¢2qg3 + ¢2 + q3 and p1ps = p1a(= h).
Conversely, for a given p with the conditions, any positive integral solution
2, q3 of the equality ps + 1 = (g2 + 1)(gs + 1) with (go,qs) = 1 satisfies
(P2,q2) = (p3,g3) = 1 and the inequality ¢2/ps < (g2 +1)/(p2 + 1) =
1/(gs + 1) < 1/2 and the inequality ¢3/ps < 1/2.

IV. Simplicity of W implies g5 = p;1 —1 and g3 = ps — q2 = po — p1 + 1.
Since ¢; = 1, the weights are given by a = h/p1,b = q2h/ps = (p1 —1)h/p2
and ¢ = g3h/p3 = po—p1+1. Conversely, for a given p with the conditions,
put ¢ = 1,¢2 =p1 — 1 and g3 = pp —p1 + 1. Then (g2,p2) = 1, (g3, p3) = 1
al/ld G2/p2 = (P1—1)/p2 <p1/p2 < 1/2,q3/p3 = (P2 —p1+1)/p3 < p2/p3 <
1/2.

V. Recall the descriptions i) and ii) of the weight system of type V
in the proof of Theorem 5.1. The case i) yields the result. The case ii)
reduces to the type Ay, since ey (h) =1 implies 1 = 1" and k — 1 = d.

XI. Since n(p1) = n(p2) = 1 and n(p3) = 3, one has ¢ = ¢ = 1
and g3 = ¢ (Assertion §5). This implies (6.20). The (6.21) follows from
hew(h) = p— (pr — 1) — (p2 — 1) — 1 by putting ey (h) = 1.

We determine the set p1,ps, p3 and g3. In the proof of Theorem 5.1,
we have shown that ps/gs > 2. Since g3 divides either p; — 1 or p, — 1, we
may assume g3 | po — 1 and put py — 1 = rqs. So hew (h) = r{(p1 — 1)ps —
P1g3} — p1-

If p1 > 5, then

hew (h) = 1(4ps — 543) = 5 = h+ 1(ps — 25)5/2 + (r3 — 2)ps/2 — 5.

Since ps > 2¢s, the second term is positive. Since r3 —2 > 1 and p3/2 >
p1 > 5 the sum of the last two terms is non negative. This means ey (h) >
1. In the other words, if ey (h) = 1, then p, is either 2, 3, or 4.

Case p; = 2. Then h = p3 = 2py and py is odd number. Then
(ps,q3) = 1 implies g3 is odd so that r is a multiple of 2. On the other
hand, hew (h) = r{ps — 2¢3} — 2 and hence ey (h) = r(1 — q3/(rgs+)) —
1/(rgs+1) >r—1—1/(rgs+1). Therefore ey (h) = 1 implies r < 2 and
so r = 2. Then, we have

p1 = 2,p2 = 2¢q3 + 1,p3 = 4q3 + 2.
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Since g3 is odd, by putting g3 = 2k + 1 for k € Z>(, the representing
weight system is given by (6.22).

Case p; = 3. Then hew(h) = r{2ps — 33} —3 = h +r(p3s — 2q3 —
1)3/24 (r/2 —1)(ps + 3). Clearly the second and the third terms are non
negative for r > 2. The last term is positive if » > 2. Hence r is either
2 or 1. If r = 2, then e(h) = 1 implies p3 = 2¢3 + 1. On the other hand,
r = 2 means py — 1 = 2¢q3. These imply p3 = 2g3 + 1 = po, which is
impossible. Thus 7 = 1 and hew (h) = 2p;s — 3¢z — 3. Thus ey (h) = 1
implies p3 = 3(g3 + 1) and p3 = ¢3 + 1.

p=3p2=q+1,p3=3(z+1)

where g3 should obey conditions (p1, p2) = (ps3,q3) = 1. The conditions on
g3 means g3 # 0, —1 mod 3. By putting ¢35 = 3k + 1 for k € Z>,,

p = (3,3k +2,3(3k + 2))

the representing weight system is given by (6.23).

Case p1 = 4. hew (h) = r{3ps—4qs} —4 = h+r(ps—2¢3)2+(r—1)p; —4.
The second term is always positive. Since pl;‘épg and p; = 4, one has p3 > 4
so that the sum of the last two terms is positive when r > 2. Therefore,
if ey (h) = 1, then r = 1 and p3 = 2¢3 + 2.

p1r=4,p2=q3+1,ps=2q3+2

where g3 obeys conditions (p1,p2) = 2 and (ps, ¢3) = 1. The conditions on
g3 mean g3 Z 0, —1,—2 (4) and ¢3 #Z 0 mod 2. By putting g3 = 4k + 1 for
k € Z~o, the representing weight system is given by (6.24).

These complete the proof of Theorem 6.3. O

Corollary 6.4 The rank of a simple weight system is determined only by
its poset, independent of weight systems representing the poset.

Remark 6.5 Theorem 6.3 implies that a simple weight system s either
non-degenerate dual type or degenerate non-dual type X1, where a weight
system is called degenerate if it has exponent 0 (i.e. ag > 0).

The simple weight systems of type XI (6.22-24) seem to give an in-
teresting “series of moderate degeneration” of algebraic varieties. For
instance, the initial (kK = 0) weight system of the series is

Es: (3,2,1;6).

This is one of three elliptic weight systems corresponding to simply elliptic
singularities (see the remarks at the end of §11). The next (k = 1) weight
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systems in the series: (7,2,3;14), (5,3,4;15) and (3,2,5;12) are exactly the
list of degenerate weight systems having one negative exponent. They

correspond to homotopy K3-surfaces with elliptic fibrations studied in
[S7, §3].

§7 Duality among weight systems

In this section, we introduce a concept of duality between two weight
systems W and W* (Definition 7.5). The dual W* for a given W may not
exist always, but is unique if it exists and then W is the dual of W*. The
smallest exponent for W and W* coincide (Theorem 7.8).

We give a list of dual pairs of weight systems (Theorem 7.9). As a
consequence, we prove that a simple weight system with smallest exponent
1 or —1 has always the dual weight system (Theorem 7.10). This gives an
answer to our motivation explained at the introduction (see also §11-12).

Before we define the dual of a weight system, we define the dual char-

acteristic function ¢j, (\) for any W.

Definition 7.1 The dual characteristic function of W is defined by
(7.1) eV = [ [ =17,
ilh
whose total degree in A is called the dual rank of W and is given by
(7.2) o= = Zj ~ew(h/j)
ilh

€ Z. The dual rank may not always be positive, since ¢j;, may have poles.
We show in the next assertion that ¢f,(\) for any weight system W have
poles at most only at A\ = 1 of order 2ay.

First, we give a preliminary inequality. Note that the multiplicity of
the root exp(2my/—1/d) (d € N d | h) in the equation oy () = 0 for a
weight system W is 3~ ew(i). So we have an inequality:

(7.3) > ew(i) >0

d|i|h

for any d € Z~¢. The multiplicity of zeros (or, minus of the order of poles)
of i, (N\) at A = exp(2myv/—1/d) is given by the sum:

(7.4) — > ew(h/j)

dljlh
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Assertion 7.2

1. The sum (7.4) is non-negative for any d > 1 with d | h.

2. The sum (7.4) for d =1 taken with the minus sign is equal to 2ay,
where ag := #{ exponents equal to 0} (cf. (3.4)).

Proof. 1. Put { := h/d and rewrite the sum (7.4): fw (£) := — 32y ew (k).
Since fw (&) = fw (P(€)) for @ defined in (4.3), we have only to check the
non-negativity of fy (§) for & € M(W) with & # h. As in the proof of
Theorem 5.1, let us denote by M, the subposet of M (W) consisting of
elements low or equal than ¢ so that the summation index & in fyy (£) runs
over the set M¢. We proceed the calculation according to n(¢) = 0,1 or 2.

Case n(€) = 0. Clearly My = (1), fw(€) = —ew (1) = —(=1) =1 > 0.

Case n(¢) = 1. Me = D——© , 50 fw(€) = —ew(1) —ew(§) =
1 —1=0 (Theorem 5.1.2).

Case n(§) = 2. As in the proof of Theorem 5.1, we consider 3 cases.
In any case, recall the fact —ey (§) > 1 (Theorem 5.1.1).

Q
) Mg =D E=py).

Then fw(§) =—(-1)—(1)— (1) - ew(f) =—ew(§) —120.
i) Me = O——P)——©). Then fi (&) = —(=1) = 1 —ew () > 1.

iii) M = (D—©. Then fu () = —<—1) —ew(§) = —ew(§ +1=2.
2. The left hand side of (7.4) for d = 1 is equal to the minus of the

multiplicity of the root A = 1 in ¢y (A) = 0. Use the formula (3.4). O

The weight system W is called non-degenerate if the genus is zero: i.e.
ap = 0. So, the dual characterisitic function ¢}, (\) is a polynomial, if and
only if TV is non-degenerate. In general, (A — 1)?% ¢y} ()) is a cyclotomic
polynomial of degree vy + 2ay without a root A = 1. Let us introduce
dual exponents as follows.

Definition 7.3 The system of integers m; for 1 <17 < vy +2a, are called
the dual exponents, it 0 < m; < h for 1 <i < vy + 2a¢ and

v+2ap
(7.5) < IT - exp(%\/jlm;*/h))) = (A= 1)*gi (N).

=1

Remark 7.4 Since vy + 2ag is not less than the Euler number of h, it is
positive. But vy (= deg(y*)) may be negative (see the §8 for a formula
for vy). Nevertheless, one has the boundedness of vy from below.

(7.6) pw + h - vy > 0.
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Proof.  The LHS of (7.5) is 3 ;e s (2 — h?/i)ew(i). We decompose
the sum according n(i) = 0,1,2 or 3. The terms for n(i) =3 (i.e. i = h)
are cancelled automatically. So,

— _14+h%+ Z (i — h?/i) + Z (h*/i =) - lew (i)

n(i)=1 n(i)=2

The last term is automatically non-negative. Therefore, if the index set
I:={ie M(W) | n(i) = 1} for the second term is empty, the sum is
non-negative. Assume I # (). Then one has

- (Z¢_1> + h? (1—21/2’) + > (R fi—i) - few(D)]

i€l iel n(i)=2

The set I consists at most of three integers, which are non less than 2 and
mutually different (cf. (4.4)). So, the factor 1 — >, , 1/i can be negative
only when I = {2,3,5}. Then the explicit formula for ey, in Table A. I,
shows that ey (i) = (—1)"® and puw = v = 8. So, the formula (7.5) is
proven.

Definition 7.5 Let W and W* be weight systems and let ¢y and @+
be their characteristic polynomials, respectively. We say W s dual to W*,
if one of the following three conditions is satisfied.

i) ow # (ew)" and ow- = (pw)" (& (pw)" = pw).

ii) pw = (ew)* and W = W* except for the next iii).
iii) ow = (pw)* and W and W* are of the form (6.15) where the order
of the parameters k,[ and m is reversed.

By definition, W is dual to W* if and only if W* is dual to W. A weight
system of the case ii) is called self-dual. The case iii) is introduced from a
comparison with a duality in mathematical physics (see [T]). The defini-
tion of the duality can be reformulated in terms of cyclotomic exponents
as follows. The verification of the equivalence is left to the reader.

Definition 7.6 A weight system W is dual to W*, if and only if the
following conditions are satisfied.
i) the Coxeter numbers for W and W* coincide. Put h := hy = hy-.
ii) the involution ¢ defined by
u(d):=h/d for d e Div(h)
induces an anti-isomorphisms of the posets: M (W) ~
iii) for any £ € M (W), one has

(7.7) ew (§) + ew-(1(§)) = 0.

MW™).
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iv) If M(W) = M(W*), then either W = W*, or W and W* are of the
form (6.15) with reversed order of parameters k,l and m.

Followings are immediate consequences of the definition.

Assertion 7.7
1. Suppose that there is a weight system dual to W. Then W satisfies
the following 1)-iv).
i) W is non-degenerate: i.e. ag = # {0-exponents } (= genus) = 0.
ii) W is simple: mult (W) = ew (h) = 1.
iii) the poset M (W) is of dual type.
iv) the poset (M (W)) is represented by a simple weight system.
2. Conversely, suppose W is simple and 1(M(W)) is represented by a
simple weight system, then there is a weight system dual to W.

Proof. Assume an existence of a weight system dual to W.
i) Since ¢}, is a polynomial, one has ag < 0 and hence ag = 0.
ii) Using (7.7) and Theorem 5.1.3, ey (h) = —ew«(t(h)) = —ew=(1) = 1.
iii) Due to the Theorem 6.2 and above ii), ey (¢) = (—=1)"®. Then
deM(W)(_l)n(é) = D cemowy ew(§) = 2a9 = 0 (above i)). This is the
definition of the dual type poset (recall (5.7)).
iv) Obviously, ¢«(M(W)) is represented by a weight system W*, which is
dual to W. Apply above ii) to W* so that it is also simple.

Conversely, if W* is a simple weight system representing «(M (W)) (in
case L(M(W)) = M(W), choose W* carefully in accordance with ii) and
iii) of Definition 7.5). Then the simplicity of W* and W together with the
formula (6.1) implies the condition (7.7) and W* is dual to . O

Combining Assertion 7.7.2 with Theorem 6.3 (which gives conditions for
an existence of a simple weight system representing ¢(M (W))), one obtains
conditions for a weight system to have a dual. This has two important
consequences: 1) uniqueness of the dual W*, and ii) coincidence of the
smallest exponents for W and W*, as formulated in the next theorem.

Theorem 7.8

1. The dual weight system of a given weight system W (if it exists) is
uniquely determined by W. We denote it by W*.

2. If W is simple of types either 1 or 111 then W s self-dual. If W is
simple of type V, then W is either of type Ap_1 or of the form (6.15).

3. The smallest exponents for W and W* coincide with each other.
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Proof 1. Let W be dual to W*. If «(M(W)) = M(W), then W is
either self-dual or of the form (6.15) so the dual W* is uniquely defined. If
L(M(W)) # M(W), then we have to show the uniqueness of simple weight
system representing ¢(M(W)). Since M (W) is of dual type (Assertion
iii)), «(M(W)) is also of the same type and hence one of the types I ~
V. We know already by Theorem 6.3 (§6) that a poset of type II or IV
can be always represented by a unique simple weight system. Therefore,
it is sufficient to show that if M (W) is of type I, III or V, then one has
(M(W)) = M(W). Actually, this is proven in the next 2.

2. Let M(p) be simple and of type either I, III or V. We show
L(M(p)) = M(p) for each types separately.

I. Recall Table A I and Theorem 6.3 I. The simplicity of M (p) implies
P12z = p1ipaps and py; = pip; for i # j. Then, «(p;) (= piz3/pi) is equal to
p;i for {i,j,k} = {1,2,3}. This implies L(M( p)) = M(p).

ITI. Recall Table A III and Theorem 6.3 IIL. Since (p1, p2) = 1, ps = ps
and h = pips, one has ¢(p;) = pp. This implies t(M(p)) = M(p).

V. Since p; = py = p3 = h, clearly, (M (p)) = M(p).

3. If W is self-dual, then (W) = ¢(W*) and we finished the proof. If
W is not self-dual, then because of 2, M (W) is either of the form (6.15)
or of type II or IV. The smallest exponent (1.5) for the case (6.15) is given
by 1 — (k—1)(l — 1)(m — 1), which is invariant under the change of the
order of k,1 and m. We prove the equality e(W) = e(WW*) separately for
the types II and IV in the following Theorem 7.9. U

In the next Theorem 7.9, we list all dual pairs of weight systems and
their smallest exponents. The result is described in terms of the poset
M (p) generated by three integers p = (pi1,p2,p3) with p; > 2 (cf. §4),
where h = lcm (py, p2, p3), and ¢ is the involution ¢(§) := h/¢.

Theorem 7.9 Let M(p) be a simple poset generated by p = (p1,p2,P3)
with p; > 2 (cf. Theorem 6.3). For each type of M(p), we give a list of
i) the conditions for «(M(p)) to be simple, -

ii) simple weight systems W and W* representing M (p) and (M (p)),
iii) the smallest exponents € := ey = ey~ for W and W*,

iv) the condition for W to be self-dual.

L. Let M(p) be simple of type T (cf. (6.2)).
i) L(M(p)) = M(p). It is automatically simple.
ii) The weight system representing M (p) = M (p) is uniquely given by

(7.9) W = W* := (p1pa, p2ps, P3P1; P1P2P3).-

iii) ew="h-(1/p1 +1/p2+1/ps — 1),
iv) W is automatically self-dual.
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II. Let M(p) be simple of type 11 (cf. (6.5)).
i) «(M(p)) = M(p1, p3/p2,ps). It is simple if and only if

(7.10) (ps/p2 — 1,p3) = L.

ii) The weight system representing M(p) and t(M(p)) are uniquely given
by

(7.11) W = (s, p1ps/p2, (P2 = 1)p1; pips),
W* = (ps, p1pa, (p3/p2 — 1)p1: p1ps).

iii)

(7.12) ew =p3 — pi(p2 — 1)(ps/p2 — 1)

iv) The weight system W is self-dual if and only if

(7.13) P3 = ps.

III. Let M(p) be simple of type IIT (cf (6.8)).
i) o(M(p)) = M(p). It is automatically simple.
ii) The weight systems representing M (p) = (M (p)) are given by (6.9):

W =W?* = (p2, P1G2, P143; P1D2)-

iii) ew=—P1—1)P2— @ — @) +q@+ag.
iv) Any simple weight system representing M (p) is self-dual.

IV. Let M(p) be simple of type IV (cf. (6.11)).
i) L(M(p)) = M(ps/p2,p3/p1,p3). It is simple if and only if

(7.14) (ps/p2 — 1,p3/p1) = (Ps/PL — Ps/p2 + 1,ps) = 1.
ii) The weight systems representing M(p) and (M (p)) are uniquely given
by
(7.15) W = (ps/p1, (p1 — 1)ps/p2, p2 — p1 + 1;p3),

W* = (p2, (p3/p2 — 1)p1.p3/p1 — p3/p2 + 1;p3)).
i)
(7.16) ew =p3/p1— (p3/p2— 1)(p2 —p1 +1)

= p3 — p2p3/p1 — (P3/p1 — p3/p2 + 1)(p2 — pr + 1).

iv) The weight system W is self-dual if and only if

(7.17) PiP2 = Ps3-
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V. Let M(p) be simple of type V (cf (6.14)).

i) (M (p)) = M(p). It is automatically simple.

ii) The weight systems representing M(p) = o(M(p)) are either of type
Ap_1 or given by (6.15): - -

(7.18) W=(m—-—m+1mk—k+ 1kl —1+1;kim+1),
W* = (Ik —k+1,ml —+1,km —m+1; klm + 1).

iii) ew=1—(k—1)(—-1)(m—1).
iv) A simple weight system representing M (p) is self-dual if either it is of
type Ap_1 or of the form (6.15) and k = 1,1 =m or m = k.

VI-XIV. If M(p) is one of types VI-XIV, then it is not of dual type and
t(M(p)) cannot be represented by a weight system.

Proof. The calculations of 1), ii) and iv) are easy exercise by a use of
data and results of Theorem 6.3 §6. The only thing one need to show is
the coincidence of the smallest exponents of W and W* for types II and
IV. Recalling the formula € = a + b + ¢ — h for the smallest exponent, we
show the coincidence of the sum a + b + ¢ of the weights for each cases.

I. Recall Theorem 6.3 I and Theorem 7.8 2.

IT. Recall Table A II and Theorem 6.3 II. Since paLps, (p1,p3) = 1 and
h = pips3, one has «(p1) = p3, t(p2) = p1(p3/p2), t(p1p2) = p3/p2 > 2 and
u(ps) = p1. Put p} = p1, ph = p3/ps and py := p3. Clearly (pi,ps) = 1,
Pakp’y and pi Vph = pipy = pi(ps/p2). So, «(M(p)) = M(p'). The simplicity

conditions for M(p) are pi/pi(= ps/p1) # 1, (01, 05)(= (p1,p3)) = 1
and (py — 1,p3) = (p3/pa — 1,p3) = 1. The simple weight system W’
representing M (p') is uniquely given by W* = (ps, pip2, (ps/p2—1)p1; p1p3)
(cf. (6.7)). By a use of these expressions of the weights, we see that the
sum a + b+ c = p3 +pips/p2 + (p2 — 1)pr and @’ + b + ¢ = p3 + pip2 +
(p3/pa — 1)py coincide. This proves ey = epy+.

ITI. Recall Theorem 6.3 IIT and Theorem 7.8.2.

IV. Recall Table A, IV and Theorem 6.3 IV. Since 1 # piLpoLps = h,
one has 1 # ps/paLkps/pilps so that «(M(W)) is given by M(p') for pj =
h/ps2, Py = h/p1 and py = p3 = h. Then the simplicity conditions for M (p')
ist (py — 1,p5) = (p3/p2 — 1,ps/p1) = 1 and (py — py + 1,p5) = (p3/p1 —
p3/p2+1,p3) = 1. The weight system representing M (p') is uniquely given
by W* = (p2, (h/p> — 1)p1,h/p1 — h/p1 + 1;h) (cf. (6.13)). By a use of
these expression of weights, one see that the sum a+b+c= h/p; + (p1 —
Dh/ps+ps—pr+1and a’' + 0+ =py+ (h/pa — 1)pr +h/p1 — h/p2 + 1
coincide. This proves ey = epy+.

V. Recall Theorem 6.3 V and Theorem 7.8.2. 0
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As an application of Theorems 7.8 and 7.9, we obtain the following
duality among weight systems with the smallest exponent equal to 1 or
—1. This result is a starting point of the present work as explained in
introduction. In §12 and 13, we shall study these cases more closely.

Theorem 7.10 Let W be a primitive weight system.

1. If all exponents are positive, then W is self-dual.

2. If W s simple and non-degenerate with ey = —1, then it is dual
to a weight system with ey = —1.

Proof 1. Suppose that all exponents for W are positive. Due to
the positivity mult (W) > 0 (cf. (5.6) and Theorem 5.1 1) and non-
existence of exponent —1, there exists exponent equal to 1, which should
be the smallest. Then due to the simplicity of the smallest exponent (cf.
(1.5)), W is simple mult (W) = 1. Therefore, M (W) is either of types
I ~ V or of type XI (Theorem 6.2.2). But W cannot be of type XI, for
the smallest exponent for type XI is non-positive (Theorem 6.3 XI). The
weight system W is already self-dual, if M (W) is of type either I, III
or V (Theorem 7.8.2). Thus we have only to show that W satisfies the
self-duality conditions in Theorem 7.9, when M (W) is of type II or IV.

II. Recall descriptions (6.5), (6.6) of a simple weight system W of type
II. Note that the (7.10) gives the smallest exponent for W, even W* may
not exist. Put u := p3/ps—1 > 1 and v := py —1 > 1 so that (7.10) yields
puv = (u+ 1)(v+ 1) — . Let us show p; < 3. Otherwise p; > 4 and so
pruv >2u-20 > (u+1)(v+1) > (u+1)(v+ 1) — 1, a contradiction! If
p1 = 3 then (2u — 1)(2v — 1) = 1, whose only positive integral solution
isu=wv=1 If p =2 then (u—1)(v — 1) = 1, whose only positive
integral solution is © = v = 2. In both cases, one has u = v satisfying the
condition (7.11) of the self-duality.

IV. Recall descriptions (6.11), (6.12) of a simple weight system W of
type IV. Put u := p3/ps — 1 > 1 and v := py/p; — 1 > 1 so that (7.14)
yields e = (u+ 1)(v 4+ 1) — u(pyv + 1). This implies ((p; — 1)u — 1)v = 0.
Since v > 1 and v > 1, this is possible only when p; = 2 and v = 1. So
ps/p2 = 2 and hence W satisfies the condition p; = p3/ps (7.15) of the
self-duality.

2. Let W be a simple weight system with the smallest exponent equal
to —1. The simplicity implies that W is either of types I ~ V or type XI
(Theorem 6.2). But W cannot be of type XI, since the smallest exponents
for the type XI is a multiple of 2, 3 or 4 (Theorem 6.3 XI). If M (W) is of
type I, IIT or V, then W is already self-dual (Theorem 7.8 2). Therefore we
have only to show that the conditions for the existing of W* in Theorem
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7.9 are satisfied, if W is of type II or IV. It is already shown that the
smallest exponent of W* is equal to that of W (Theorem 7.9).

II. Recall again in the descriptions (6.5), (6.6) and (7.10). Since
p1(ps/p2 — 1)(p2 — 1) = p3 — € so that ps = e mod p3/ps — 1. So if e = +1
then (ps,ps/p2 — 1) = 1, which is the condition (7.7) for the existence of
simple dual weight system W*.

IV. Recall again the descriptions (6.11), (6.12) and (7.14). Since
(p3/p2 — 1)(p2 — p1 + 1) = ps/p1 — . Hence ps/p1 = € mod p3/ps — 1. So
if e = 41, then (ps/p2 — 1,p3/p1) = 1. Further, recall —(p3/p1 — p3/p2 +
1)(p2 —p1 + 1) = ps — paps/p1 — € = —€ + p3(1 — p2/p1). Hence (ps3/p1 —
p3/p2 4+ 1)(p2 — p1 + 1) = e mod p3. This implies that ps/p; — ps/p2 + 1
is a unit in the ring Z/Zps. Thus (p3/p1 — ps/p2 + 1,p3) = 1. Therefore
the conditions (7.12) for «(M (W)) to be representable by a simple weight
system W* are satisfied. 0

Example 7.11
1. Let p be any integer > 2 prime to 7. Put,

Wy = (7,p,3p;7p) and Wy := (7,p,2p;7p).

Then they have the same poset: M(W;) = M(Ws) = @ ,

where ey, (h) = —ew,(7) = 1 and ey, (h) = —en,(7) = 2 (use Table A
III). So, Wi is simple and self-dual but W, is non-degenerate but not
simple.

2. Many examples of simple non-degenerate weight system, which are
not dual to any other weight system, are given in the Appendix.

40



68 Dual rank vy and genus qg

In this section we give formulae of the dual rank vy and the genus ag
in terms of, so called, refined coordinates of W, (see (8.4) and (8.5)). As
a consequence, we get a criterion for vy to be positive or negative.

The refined coordinates for W is a system of integers p1, po, p3, u, v, w, m
and q1, ¢2, q3 describing the weight system W (see (8.1)-(8.3)). It is cum-
bersome to use such coordinates, but, the results in this and next sections,
in particular, the integrality of the discriminants (Theorem 9.2) are proven
only by a use of them. The results are closely related to our next goal on
eta-products in §14, but will not be used immediately. Therefore, some
readers are suggested to skip this and the next sections.

Let W = (a,b,c;h) be a weight system. Let pj,pe and ps be the
generators of the poset M (W) defined in (4.4)-(4.7). We consider the
following refinement of p; :

(8.1) p1 = prowm, Py = Powum and ps = Psuvm
where p1, P2, P3, 4, v, w and m are positive integers determined by the rule:
i) p1,p2 and ps are mutually prime to each other,
ii) u, v and w are mutually prime to each other,
i) (p1,u) = (P2, v) = (ps,w) = 1,
)

v (q1, prvwm) = (ga, ppwum) = (g3, psuvm) = 1.

We call the system of integers pi, pa, p3, u, v, w, m and ¢, g2, g3 the refined

coordinates for the weight system W. Refined coordinates exist uniquely
(put m := ged(pr,p2, ps), u = ged(pz/m,ps/m), v = ged(ps/m,pi/m)
and w := ged(p;/m, pa/m)). The word “coordinate” is justified, since the
weight system is recovered from the refined coordinates as

(8:2) h = p1papsuvwm, a = qipaPsu, b = q2Psp1v, ¢ = gzp1p2w,

or, equivalently

(8.3) W = (qp2p3u, @2P3P1v, G3P1Pp2w; P1p2P3uvwm).
The weight system W (8.3) is regular, if and only if the coordinates satisfy

V) q1,q2 and q3 are mutually prime to each other,
vi) either qi =1, pu=1& q |(wm—gq), or pu=1& q | (vm—gs),
vii) either qo=1, psv=1& ¢ | (um—¢qz), or pv=1%&qgp | (wm—q),

viii) either q3=1, pw=1& g3 | (vm —q), or pw=1& g3 | (um — go).
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For a proof, see remarks at (1.1) and (4.8).

Theorem 8.1 Let the notation be as above. Then one has

(8.4) vw = pibapsuvwm — (PaPsu/qr + P1Ppsv/qe + Pibaw/qs3)

+(p1u/qeqs + Dav/q1qs + P3w/q1q2)m — uwvwm? /q1¢ags.

(8.5) 200 = wvwm®/qgaqs — (u/q2qs +v/q1qs + w/qg2)m

+1/qu +1/qa +1/gs — L.

Proof. The proof depends on the type of W using the next Table G. One
has to verify that the formulae c¢) and d) in the table are the specializations
of the formulae (8.4) and (8.5) by applying the conditions a) in the table.
Details of the calculations are left to the reader. O

Table G.

For each type of weight system W, following data are exhibited.
a) Numerical conditions on the refined coordinates for W, and explicit
description of W.
b) Explicit formula of the cyclotomic exponents obtained by rewriting the
exponents given in the Table A,
c¢) Explicit formula of the genus obtained by rewriting (3.4),
d) Explicit formula of the dual rank obtained by rewriting (7.2)

Type I
aA) i #FLp#Lpp#FlLag=@=qg=1

W = (PaD3u, P3p1v, P1paw; P1P2P3uvwm,).
b) ew (h) = vvwm?, ey (p12) = —wm, ew (pa3) = —um, ey (p31) = —vm.
¢) 2ag = vvwm? — (u + v+ w)m + 2,
d) VW): —uvwm? + (P1PaP3uvw + Pru + Pav + P3w)m — (Papsu + P3prv +
pmp2w).

Type II.
)1 #Lpp=1Lp#FLuFlLw=1,¢=q¢=1q¢|un—1
W = (psu, Psp1v, q3D1; P1p3uvm).
b) ew(h) = (um — 1)vm/q3, ew (p12) = —m, ew(ps) = (um — 1) /qs,
¢) 2ap = (um — 1)(vm — 1) /g3 — m + 1,
d) vy = —uvm?/ g3+ (Prpsuv+pru/gs+v/qs+ps)m— (Psu+pspro+p1 /).
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Type III.

a)p1 £ Lpp=ps=lLu#lv=w=1,q =1¢|un—qgsq | um—q,
W = (u, gap1, q3D1; Drum).

b) ew (h) = m(um — g2 — ¢3)/q2a3, ew (p2) = —(um — g2 — q3)/ 4233,

c) 2a9 = (m — 1)(um — g2 — ¢3)/q243,

d) vw = —um?/qaqs+ (Pru+pru/geqs+1/g3+1/g)m— (u+p1/ g2+ P1 /43)-

Type IV.

a)pr=po=1,p3#Lbu#lv=w=1,q¢=1,¢|m—1,¢q |,
W = (psu, g2ps, q3; psum,).

b) ew(h) = (m — 1)(mu — q2)/q2q3, ew (p2) = —(m — 1)/qq,

C) 2a0 = (m - 1)(um — 42— 93)/612937

d) vw = —(m — 1)(um — upsqaqs — G2 — P3q3)/q24s,

Type V.
a)pr=pe=p3=lLu=v=w=1m#1,(m,q) =1,
W = (q1, g2, q3:m).
b) ew(h) = ((m — q1)(m — q2)(m — q3) /14293 + 1) /m
=m?/q1q2qs — (1/q1q2 + 1/qeqs + 1/qzq))m + 1/q1 + 1/q2 + 1/gs,
¢) 2a0 = m?/q1g2q3 — (1/1q2 +1/qoqs + 1/ qzqi)m+1/q1 + 1 /g2 +1/q3 — 1,
d)vw = —-m?/qees+1/aa+1/¢pe+1/a+1)m—1/g—1/¢—1/gs,

Type VL
a)pr#Lp=p#FLuFlw#lqg=qg=qg=1,
W = (psu, p3sp1v, prw; p1pzuvwm).
b) ew (h) = (vwm — 1)vm, ew (p12) = —wm, ew (pa3) = —um,
¢) 2ap = vvwm? — (u+v +w)m + 2.
d) vy = —wvwm? + (Prpsuvw + pru + v + psw)m — (Psu + Pr1Psv + prw).

Type VIL
AP A Lpp=p=lutloAlw£lq=qg=q¢g=1,
W = (u, prv, prw; pruvwm).
b) e (h) = m(uvwm — v —m), ey (pa3) = —um,
¢) 2ag = vvwm? — (u + v+ w)m + 2,
d) vw = —wvwm? + (pruvw + pru + v +w)m — (u + prv + prw).

Type VIII.

a) 131:p2:]73:1,u7£1>717£17w7£17(h:(D:%:l,
W = (u, v, w; uvwm).

b) ew (h) = vvwm? — (u + v + w)m,
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c) 2ap = uwvwm? — (u+ v+ w)m + 2,
d) vw = (1 — m)(muvw —u — v — w).

Type IX.
) #Lpp=ps=lLu#lv#lLw=1,¢=q¢gp=1,¢|un—1,
W = (u, p1v, gsp1; pruvm,).
b) ew(h) = m(uvm/qs —v/qs — 1), ew (p3) = —(um — 1) /gs,
c) 2ap = uvm?/qs — (u/qs +v/qzs + )m + 1/q3 + 1,
d) v = —uvm?/gz + (pruv + pru/gs +v/qz + 1)m — (u + p1v + p1/gs)-

Type X.
a) pr = P2 = Lps # Lu# Lv#lLw=1q=¢ =1,q | un—
lorvm—1
W = (psu, P3v, g3; psuvm,).
b) ew(h) = (um — 1)(vm — 1) /g3, ew (p12) = —m,
¢) 2ap = uvm?/q3 — (u/qz + v/qz + 1)m +1/q3 + 1,
d) v = —uvm?/qz + (psuv + u/qz + v/qs + p3)m — (Psu + psv + 1/qs3).

Type XI.

a)pr=pr=ps=LlLu#lLv#lw=1,q1=q¢g=1,¢3 | um—1orvm—1,
W = (u,v, q3; psuvm).

b) ew(h) = (um — 1)(vm — 1)/q3 — m,

c) 2a9 = uvm?/qs — (u/qs +v/q3 + V)m + 1/q3 + 1,

d) vw = —uvm?/qs + (wv +u/qs +v/q3 + 1)m — (u+v + 1/gs).

Type XII.
aA)pr=Lp#ELpFlLv=w=1Im#L,g=1L¢|m-1,¢|m-1,
W = (PaDsu, q2D3, q3D2; P2P3um,).

b) ew(h) = (m — L)um/qaqs, ew (p2) = (m —1)/q2, ew (p3) = (m — 1) /gs.
¢) 2a9 = um?/qaqs — (u/qaqs + 1/ + 1/g2)m + 1/qo + 1/gs,
d) v = (m — 1)(p2p3u + P3/q2 + P2/q3 — u/q2q3m)

/:)—Um2/(]2Q3 + (P2P3u + u/qaqs + D2/ q3 + P3/qz)m — (D2psu + D3/ qz +
P2/4q3)-

Type XIII.
a)pr=pr=ps=LuZlv=w=1m#1,¢ =1,
W = (u, g2, q3;um).
b) €W(h) = (m - 1)(um —q2 — Q3)/Q2CI3>
c) 2ag = (m — 1)(um — g2 — q3)/ G243,
d) Yw = —(m - 1)(um — 42— 43 — UQ2Q3)/Q2CI3
= —um?/qaqs + (u+u/qaqs +1/q3 + 1/q2)m — (u + 1/q2 + 1/g3).
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Type XIV.
A)pr=p=LpFllu=v=w=1m#Lq|m—q,q¢|m-—q,

W = (q1p3, 203, q3; D3m.).
b) ew(h) = (m —q1)(m — ¢2) /014203, ew (p1) = — (M — @1 — ¢2)/ g2,
¢) 2a0 = m?/q1q2q3 — (1/qoq3 +1/qugs + 1/ quge)m+1/q1 + 1 /g2 +1/q3 — 1,
d) vw = —m?/qigoqs + (D3 + 1/ 42q3 + 1/ 143+ D3/ qrq2)m — (D3 /¢ + D3 /g2 +

1/93)'

Corollary 8.2

i - >0 if m < p1PePsqiqaqs + (Pruqi + P2vge + Pswgs) /uvw — 1
<0 if m > p1PaPsqiqaqs + (Pruqr + P2vge + Pswgs) /uvw.

i) Ifvw =0, then either following a) or b) holds.
a) m =1 and W is either of types IV, VIII, XII, XIII or of type V with
¢ =1 7, type XI with g3 = 1, type XIV with q, or ¢ = 1,

b) m = {p1P2p3q1G2q3 + (Pruqy + P2vge + P3wqs) /uvw — 1}, where {x} =
the least integer non less than x.

Proof.  We regard vy, as if it were a polynomial in m of degree 2 by the
expression (8.4). Then the corollary is proven if we show that vy |,—0< 0
and vy |m=1> 0. In fact,

VW lm=0 = —(P2psu/q1 + p1P3v/qa + pr1pow/qs3) and

P1p2Psuvw — (PaPsu/qu + P1Psv/ e + Prp2w/qs)

+(P1u/q2q3 + P2v/q1q3 + P3w/q1q2) — vvw/q1G2q3

= (u—1/u) p1/qqz + (v —1/v) - Pa/gzq + (w — 1/w) - P3/q12
Fuvw[prgr — 1/vw)(Page — 1/wu)(Psgs — 1/uv) — 1]/q142q3
+1/uvwgq2qs.

vw |m:1

Apparently, vy |;m—o is negative. To show the non-negativity of vy |m=1,
we need some works. In the second expression of vy |,—1, only the second
term could possibly be negative. Let us list all such cases, and check
Uw |m=1> 0 in all cases.
i) case (P11 — 1/vw)(P2g2 — 1/wu)(Psgs — 1/uv) = 0.

This is the case either py = ¢t = v =w = 1,00 = ¢ = w =u =1 or
P3 = q3 = u = v = 1 (in fact, this happens for the types IV, XII, XIII and
some special cases of type V and XIV). It is easy to check directly that in
all those cases, one has vy |,=1= 0.
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ii) case 0 < (P11 — 1/vw)(Pagqa — 1/wu)(psgs — 1/uv) < 1.
a) If u=v=w =1, then p;q; > 2 for all i and hence vy |=1> 0,
b) If u > 1,v = w =1, then p1q; > 1. This is possible only for type III.
One has ¢ = 1 and vy [;n=1= (P1 — 1)(u(g2 —1)(g3 — 1) + (u — 1)(g2 +
qs)) > 0.
¢) If u,v > 1,w = 1, then at least two of p;q; are 1. All are 1 only for
the type XI. Then vy |p—1= (u —1)(v —1)(1 — 1/¢3) > 0 and = 0 only
when ¢3 = 1. Remaining cases are of type IX and X. Then vy |n—1= (u—
D(w(pr—1/g3)+p1/gs—1) > 0, or vy |me1= (v—1)(u—1)(p3—1/gq3) > 0,
respectively.
d) If w,v,w > 1, then p;q; = 1 for all i. This is possible only for type VIII
and then vy |p=1=0 O

Remark 8.3 The corollary i) does not state about case when m lies in the

interval (p1papsq1q2qs+(Pruqi+p2vga+pswgs) /uvw—1, p1papsqiqaqs(pruqi+
Dovqe + pswgs)/uvw). The corollary ii) b) states only the necessity for
vy = 0 but not the sufficiency.

§9. Discriminants d(W) and d*(W)

We introduce the discriminant d(W') and the dual discriminant d*(W')
for a weight system W as follows.

(9.1) d(W) = IT @,

(9.2) W)= [ (b/i)y .

iEM(W)

They will be used in the product formula (10.4) for the signature of W
and in the duality formula for eta-products (13.3) and (13.3)*. The goal
of this section is to prove that d(W) and d*(WW) are integers.

The next formula follows immediately from the definition.

(9.3) d(W) = h*o . d*(W).
Proof. d(W)/d*(W)= T (h)*w® = p%awo, O
ieM (W)

This formula, in particular, implies that square free factors of d(W)
and d*(W) coincide. Furthermore, it implies the next fact.
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Assertion 9.1 If W and W* are dual weight systems. Then,
(9.4) dW) =dW*) =d" (W) = d" (W)

Proof. The definitions of d(W*) and d*(W) coincides (see (7.7)). Re-
call that ap = 0 if the weight system W has its dual (see §7 Assertion
7.7.1. 1)). O

The main goal of the present section is the next theorem.

Theorem 9.2 The discriminants d(W') and d*(W) are integers.

Proof.  The theorem is a corollary of the next theorem, where we give
a formula (9.5) of the dual discriminant in terms of refined coordinate
(p1, D2, D3, U, v, W, M, q1, G2, q3) for W (recall (8.1)-(8.3)). We have only to
notify that the exponents (um — g2 — g3 + ¢243)/q2qs etc. in the formula
(9.5) are non-negative (obvious from the expression) and integral (for they
are, by definition (9.2), integral linear combinations of the cyclotomic
exponents, depending on the type of W). For d(WW) use (9.3). O

Theorem 9.3 Let W be a weight system. One has

(9.5)

d*(W) = ﬁgum—qz—qs-ﬁ-qzqa)/@qa _ﬁgvm—qa—q1+q3q1)/Q3Q1 _ﬁéwm—ql—qﬁql%)/qmz m.
Proof.  The proof depends on the type of W. In the following, we

calculate d*(W) for each type according to the data given in §8 Table G.

It turns out that the resulting expression of d*(W) is a specialization of the

formula (9.5). Details of the verifications are left to the reader. We check

the condition for d*(1W) to be equal to 1 in order to prove theorem-bis.

Typel. Onehaspy #1,ps#1,p3# 1 and ¢4 = qo = g3 = 1. Then,

(W) = pi™-py™ - p3"™ - prpepsuvwm/(1 - PaPsu - P3p1v - P1pow)
—um—1 —vm—1 —wm—1

= D P2 " Ps3 m.
This equals 1 if and only if m=u=v=w = 1.

TypeIl. Onehaspo =w=1,p1 #1,p3 # 1, u# 1 and ¢ = ¢q2 = 1.
Then,

W) = s b Bsuom /(1 - Psu - pspyv)

1
— ﬁgum—l)/qs 'ﬁgnfl m.

This can never be equal to 1.
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Type III. One has po = ps =v=w=1,p; # 1, u # 1 and ¢ = 1.
Then,

d*(W) — ﬁguquzfqzs)/qws -ﬁlum/(l . u)

ﬁgum—qz—qs)/qzqs - Py .

This can never be equal to 1.

Type IV. Onehaspy =po =v=w=1,p3 # 1, u # 1, m # 1 and
¢ = 1. Then,

d(W) =" V% - pyum /(1 - pyu) = py" V% .
This can never be equal to 1.
Type V. Onehasp; =ps=p3s=u=v=w=1, m# 1. Then,
d*(W) :=m.

This can never be equal to 1.

Type VI. Onehaspo =1,p1 #1, ps# 1L, u# 1, w# 1 and ¢ = ¢ =
q3s = 1. Then,

d*(W) = pg™ - pi"™ - pipsuvwm/(psu - p1psv - prw)
— ﬁgum—l . ﬁvfm—l -m.

This can never be equal to 1.

Type VII. One has po = p3 =1, p1 # 1, u # 1, v # 1, w # 1 and
@1 =q2 =q3 = 1. Then
um—1

d*(W) = pi™ - pruvwm/(u - prv - pyw = Py m).

This can never be equal to 1.

Type VIII. One has py =po=p3 =1, u# 1, v # 1, w # 1. Then
d* (W) :=wowm/(u-v-w) =m.

This is equal to 1 if and only if m = 1.
TypeIX. Onehaspo=p3=w=1,p#1L,u#1,v#1landqg =q = 1.

d*(W) — ﬁgum—l)/qi‘s . ﬁluvm/(u . 2311)) _ pgum—l)/qg, m.
This can never be equal to 1.
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Type X. Onehasp;=pp=w=1,ps#lL,u#1,v#1landq =¢q = 1.
Then,

d* (W) == py* - psuvm/(psu - psv) = pg~ ' - m.
Then d*(W) =1 if and only if m = 1.

Type XI. Onehaspy =ps =ps=w=1,u# 1, v # 1. Then
d* (W) :=uvm/(u-v) =m.

Then d*(W) =1 if and only if m = 1.
Type XII. Onehaspy =v=w=1,p2 #1,p3#1, m#1and ¢ = 1.
Then,

d"(W) = ﬁ:(amil)/qZ 'ﬁgmil)/qs - papsum/ (upaps)

_(m—1 _(m—1
_ p;(), )/ a2 -p; ILCR—

This can never be equal to 1.

Type XIII. Onehasp; =p, =p3s=v=w=1and u# 1, m # 1. Then,
(W) :=u-mju=m.

This can never be equal to 1.

Type XIV. Onehasp; =ppo=u=v=w=gqland p3 # 1, m # 1. Then
(W) = ﬁi(;qurqz)/qlqz - p3-m.

This can never be equal to 1.
This completes the proof of Theorem 9.3. [

Theorem 9.4 In the following, we give the list of weight system W with
d*(W) = 1. There are 4 types: type I, VIII, X and XI.

Among them, only the type I admits ag = 0, and hence, d(W') = 1.

1. Type I: W = (P23, P3P1, P1Da; P1D2P3)
for relatively prime integers py, pa and ps > 1. Then, ey (h) = 1 and
pw = (A" =1DA"=DA" =N =1)/(A=1)(A™ =) (A" = 1) (A" —1).
Soag=0and pu=v=(p—1)(v—1)(w—-1)>0.

2. Type VIII: W= (u, v, w; uwow)
for relatively prime integers u,v and w (> 1). Then ew(h) = uvw —
u—v—w and py = (AW — DWW — 1)(A — (A —1)/(A = 1).
Soay=vwww—u—v—w+2>0and p = (uwv—1)(vw — 1)(wu — 1),
v=uvw—u—v—w—1>0.
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3. Type X. W = (um,vm, w; uvm)
for relatively prime integers u,v (> 1) and w and an integer m > 1 with
wlu—1orw|v—1, (w,m)=1. Then, ey (h) = (u—1)(v—1)/w and
w = (0 — 1) (X0 — 1) (X0 — 1) /(A — 1) — 1), S0 ag = (u—1)(v -
D/w>0andp=(u—1)(v—1)(uvm—-1)/w, v=(u—1)(v—1)m—1> 0.

4. Type XL W= (u,v, w;uv)
for relatively prime integers uw,v (> 1) and w with w |u—1 orw | v — 1.
Then ey (h) = (u—1)(v—1)/w—1 and ey = (A* —1)*W=L\* —1)(\* —
1)/(A=1). Soag = (u—1)(v—1)/w >0 and p = (u—1)(v—1)(uv—w)/w,
v=uww—u—v—12>0.

Remark 9.5 1. It is a bit surprise to observe that the factors in the pow-
ers of u, v and w are canceled out in the formula (9.5) of the discriminant.
The author does not know a significance of this fact.

2. The formulae (8.4), (8.5) and (9.5) seem to suggest as if there
exists a virtual dual weight system W* for any W so that the formulae
describe universally some numerical invariants of W*. What is the natural
category, which contains weight systems as its subcategory and is closed
under the duality operation % 7

§10 Signature A(WV) of a weight system

We attach to a weight system W a finite set of integers A(W), which
we call the signature of W (the name has an origin in the signature for a
Fuchsian group, see remarks at the end of section). The numbers will be
identified with the Dolgachev numbers for the 14 unimodular exceptional
singularities in §13 in case of weight system with ey = —1. The goal of
this section is to show a product formula (10.4) for the signature.

First we fix notation. Let A and B be sets of finite positive integers,
where the same number may appear multiply. We denote A = B if any
integer, except for 1, appears in A and B with the same multiplicity. The
“=" obviously defines an equivalence relation. Put I1A := Hpe 4 b and
#' A :=the number of elements of A which is not equal to 1. By u * v
we denote v times copy of uw. For instance, {1,2,3,1,2,3} ={2,2,3,3} =
{2%2,3%2},#'{1,2,3,1,2,3} =4 and [I{1,2,3,1,2,3} = 36.

To a weight system W = (a, b, c; h), we attach two sets of integers:

(10.1)
AW) :=A{a; : a; t h,1 <i <3} {ged(a;, aj)*(m(a;,a;;h)—1): 1 <i<j <3},

):
(10.2)
A(W) -

={ai:n(pi) # 1,1 <i <3HI{(h/p)x(—ew(p)) | p € M(W),n(p) = 2}.
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Here, a; := a,ay = b and a3 := ¢, and m(k,;h) =
h = uk + vl}. We will show the equivalence: A(W)
equivalence class will be called the signature of W.

#H{(u,v) € 22, |
= A(W), and the

Theorem 10.1 Let W = (a,b,c; h) be a primitive weight system, which
is not of type Ay. Then

(10.3) AW) = A(W).

(10.4) TAW)=TAW) =a-b-c-dW)/h'*?0 =a-b-c-d*(W)/h.

Proof. Decompose A(W) = By II By and E(W) = B 11 Eg, where
By :={a;:a;1h,1 <i<3}, By :={ged(a;,a;)x(m(a;,a;;h)—1):1<i<
J <3}, By :={a; :n(p) #1,1 <i <3} and By := {(h/p) * (—ew(p)) |
p € M(W),n(p) = 2}. The proof of (10.3) is done by the following 3
steps: _ _ _

1. By C By. 2. By C By. 3. (BI\BI) = (BQ\BQ)

Proof of 1. Since h/a; = p;/q;, we may rewrite By = {a; : ¢; #
1,1 <4 < 3}. The fact that n(p;) = 1 implies ¢; = 1 (§5 Assertion 5.3 ii)),
implies B; C El.

Proof of 2. Take any element p € M(W) with n(p) = 2. With-
out a loss of generality, we assume that p = p;a = lem(py,pa). We
have a; = (h,a1)q1,a2 = (h,a2)qs and h = (h,a;)p1 = (h,az)ps. Note
that (h,a1)/(h,a1,as) and ¢o are co-prime, otherwise the common fac-
tor in go still devises h/(h,as), which contradicts to the definition of
gs. Similarly, (h,az2)/(h,aq,as) and ¢, are co-prime. Therefore (aq,as) =
(h,a1,a2) - (q1,q2). Since (q1,q2) = 1 (4.8), we have (ay,as) = (h, a1, as).
Therefore, h/p = h/1em(py, p2) = ged(h/p1, h/ps) = ged((h, ay1), (h,az))=
(h,ay,as) = (a1,az). We need to show that —ey (p) < m(aq,as; h). Actu-
ally, this will be proven in the next step 3.

Proof of 3. First, note that if n(p;) = 3 and ¢; = 1, then by definition
a; = q;h/p; = 1. Therefore, El\Bl =By :={a;:n(p)=2and ¢; = 1,1 <
i < 3}. On the other hand, let us show that if n(p;;) # 2 for 1 <4,j <3
with ¢ # j, then either (a;,a;) = 1 or m(a;,a;;h) < 1. By assumption
n(pi;) = 3 and hence h = p;; = lem(h/(h,a;),h/(h,a;)) = h/(h, a;, q;).
So (h,a;,a;) = 1 and hence (a;,a;) = (h,a;,a;) - (g:,q;) = (¢i,q;) and
h = (h,a;)(h,a;)k for some k. If (g;, q;) # 1, then h & (g;, ¢;) by definition
of g; (and g;). So h & (a;, a;) and therefore m(a;, a;; h) = 0. This implies
that B,\B, = B} := {(a;,a;)*(m(a;,aj;h) —1—ew(py) for 1 <i<j <3
with n(p;;) = 2}. So, let us prove Bf = Bj.
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Let p € M(W) and n(p) = 2. Assume p = pio. It is sufficient to show
m(ay,az;h) =1 —ew(p) +#{1<i <3| pi=p andg =1}

The proof is separated according to the type of the poset M, := {n €
M) | n | p}. There are 3 types to consider (cf. the proof of Theorem
5.1).

i) M, = @<?> In this case, g1 = ¢ = 1 but
®3

p # p; and p # po. Since h = pia = pob, there exists d € N such that

= dp1pa/(p1,p2),a = dpa/(p1,p2) and b = dp1/(p1,p2). So m(a,b;h) =
m(p1/(p1,p2), 2/ (P1,p2); P12/ (P1, P2)) = (P1,p2)+1 = p1p2/p12+1, which
is equal to 1 — ey (p) (cf. (5.2)).

i) M, = @—@7 . This case ¢ = 1 but p #

p1. Since h = pia = po(h,b), one has py/p; = a/(h,b) =: d and h =
pd(h,b),a = d(h,b) and b = go(h,b), where we note that g is prime to
po and hence to d. Since we know that gs | p; — 1, one has m(a,b;h) =
m(d, g2;p1d) = 1+(p1—1)/@2+0(g2—1) = 1—ew(p)+#{1 <i <3| pi=p
and ¢; = 1} (cf. (5.3)), where d(x) is either equal to 1 or 0 according as
x = 0 or not.

ii) M, = @—@ =p; = P2 :pm) . Since p = p; = py, one has
(h,a) = (h,b) = h/p which we denote by d. Then h = dp,a = dq¢;, and
b = dgs, where (q1,q2) = 1 (cf. the proof of step 2). Since we know
¢1 | p—qeand g2 | p— ¢ (cf. §5 Assertion iii)), one has ¢1q2 | p — ¢1 — ¢o.
Therefore m(a,b; h) = m(q1,q2;p) = 14+ (p — 1 — @)/ @12 + #{1 < i <
2 g=1) =1 cn(p) + #{1 <1 <3| p=pg =1 (cL. (54)).

This completes a proof of (10.3).

A proof of (10.4). Since a = q1h/p1,b = g2h/ps and ¢ = q3h/ps, one
has a - b - ¢ = quq2q3h®/p1paps. Therefore the right hand side of (10.4) is
equal to

a.b.c,d(W)/hl+2ao — M h2 d<W)/h2ao — M h2 H (p/h)ew(p).
b1p2p3 P1p2p3 pEM (W)

Decompose the last factor into H?Zl(Hn(p):j(p/h)eW(p)). The factor for
j = 0 or 3 is equal to h or 1, respectively. If n(p) = 1, then p = p;
for 1 < i < 3. Recalling the facts ey (p;) = 1 and ¢; = 1 for n(p;) = 1
(Theorem 5.1 2 and Assertion 5.3 ii), we write the formula as:

h h ~ ~ -
= I @ [] )@ =18, 1B, = LAW) = IAW).
g P e P
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This completes a proof of (10.4). O

Corollary 10.2
1. Under the same setting as in Theorem 8.1, one has

(10.5) #AW) = 2+mult (W) —2a9—#{1 <i <3| n(p;) #1,¢ = 1}.

2. Suppose W is simple (cf. §6 Theorem 6.3). Then

#HAW) =<1 ifag=1 and W is of type IX and k > 0

0 ifag=1and W s of type IX and k = 0.

The set A(W) is given as follows.

I {p1,p2,p3} ={h/a,h/b,h/c}.

1. {p1,p3/p2, (p2 — 1)p1 }.

HI. {p1,p192, P1G3}-

IV. {ps/p2, (p1 — 1)p3/pa, p2 — p1 + 1}.

V. A{q1,q,q3} = {a,b,c}.

X1 {qz} = {2k + 1}, {3k + 1} or {4k + 1} according as W is (6.22, 23
or 24).

{ 3 ifag=0 and W is of dual type

Proof. 1. From the expression (10.2) for A(W) and (10.4) one has

HAW) = #1<i<3| np)#La#1— D ewlp)

pEM (W)

n(p)=2
= 3— Y ew(p) —#{1<i <3| n(p) #£ 1,4 =1},
pEM(W)
1<n(p)<2

which implies the formula (10.5) (cf. (7.5) and (3.4)).
2. The (10.5) implies that ag is at most 1. Then W is either dual type
for ag = 0 or type IX for ag = 1 (see Theorem 6.3). O

Remark 10.3

1. Some particular cases of (10.4) were known (D], [O-W], [S5], [S6]).

2. The signature A(W) has an origin in a study of normal surface
singularity with a C*-action ([D1-2], [O-W], [P2-3], [S7, (5.6.5)]). Let a
weight system W = (a,b,c;h) be given. Consider an action of t € C*
on (z,y,2) € C* by t- (z,y,2) == (t%,tPy,1°2) and define a weighted
projective plane P(a,b,c) := {C3\{0}}/C*. A curve C in P(a,b,c) of
degree h is defined by a weighted homogeneous polynomial fy (z,y,2) =
Zai+bj+ck:h cijr'y’ 2.
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For a generic choice of the coefficients of fy,, the curve Cyy is smooth
if and only if the weight system W := (a,b,c; h) is regular, and its genus
is given by ag ([S6, theo. 3]). Consider the surface Xy, = {(z,y,2) €
C* | fw(z,y,2) = 0} with the natural projection Xy,o\{0} — Cw by
C*-action so that Cyy is an orbifold (where Xy0\{0} is smooth, for Cy,
is smooth). Any singular orbit of C*-action lies in the intersection of Cy,
with coordinate axises (,, ¢, and ¢, of P(a,b,c). There is a one-to-one
correspondence between the set A(W) and the set Cy N (¢, U 4, U L),
where the values of A(W) describes the order of the isotropy groups at
the points. The pair (ag; A(W)) of the genus ag of Cy and the set A(W)
of orders of isotropy groups, is called the signature of the orbifold Cyy.
In fact, Cw (resp. Xyw) can be realized as the quotient of the Riemann
sphere P for ey > 0 or the complex upper half plane H for for ey, < 0
(resp. —ew-th root of the canonical bundle of H) by the action of a
Fuchsian group of the signature (ag; A(W)) ([Mag,p98]) (resp. a lifting of
the Fuchsian group in the —ey-th covering of PSL(2,R) ([D1-3],[S7,85]).

3. The above corollary 2. implies that if W is simple,

an elliptic curve with 1 fixed point, if W is type I.X, k > 0

a rational curve with 3 fixed points, if W is dual type
Cu = {
an elliptic curve without a fixed point, if W is type Es.

Let us give an explicit weighted homogeneous equation of Cyy.

L aPt 4 yP? + 273 for (p;,p;) = 11 # .

IL 2P' + yP2 4 yzP*/?2 for pylips, (p1,ps) = 1, (p2 — 1,p3) = 1.

ML 2Pt +yz(y® +2%) for py = p3, (p1,p2) = L,pa+1 = (2 +1)(g3+1),
(42,93) = 1.

IV. 2P ayP> /P14y 2P3/P2 for pLpoLps, (p1 — 1,p2) = 1, (p2 — p1 + 1, ps) = 1.

V. yxF + 2yt + 2™ for (klm—1,lm—m+1) = (kim—1,mk—k+1) =
(klm —1,kl —1+1) = 1.

XL 22 + y(y?+ — 22 (y* 1 — N\22) for k € Z>p and A € C\{0, 1},
23+ P2 23 4 amy 2 for k € Zso and @ + 81 #£ 0,
(22 — y?* ) (2% — My ) + y2? for k € Zog and A € C\{0, 1}.

Note that except for the last type XI, each curve Cy, for the dual types
[-V is the quotient of the sphere or the upper half-plane by the triangle
groups (cf. [Mag, Chap.II])
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§11 The Cartan matrix of type ADE

First, we recall an observation of H. Ochiai [Oc| in its original form.
Denote by [n] the function ¢" — ¢~ in ¢q. Let C be the Cartan matrix of

type either Ay, Dy, Eg, Bx or Eg. Put (q) := det (ﬁ}[ C+ 2[) where T

is the identity matrix. Then ® decomposes into a finite product IT;[i/2]%

for suitable integers d; € Z. Then Ochiai’s observation [Oc| states:

i) if d; # 0, then ¢ | h, where h is the Coxeter number for C,

ii) d; € {—2,0,2} for any i € N,

iii) if 4j = h for i, j € N, then d; + d; = 0,

iv) d; # 0 for all divisors i of h if C'is of type Dy, Eg, F7 or Eg.

We translate the observation in terms of Coxeter element. Let Cox be

a Coxeter matrix for the Cartan matrix C' and let ¢(\) = det(A] —

Cox ) be its characteristic polynomial. The eigenvalues of Cox are w; :=

exp(2my/—1m;/h) for the exponent m;, i =1,---,£. So p()\) = H (A=
w;). Decompose it to o(N) =1L ‘h(/\l — 1) for some exponents e(i ) €Z.

Since Cox + Cox ~! is conjugate to C' — 21, one has

¢
O(q) = det ((q + ¢ I — Cox — Cox _1) = H(q +qt—w — wi_l)

i=1

14 ¢ 2
= H(q —willg—wja=q" (H(q — wi)> = (q)*/q"

_ ZH 26(1 _ H (<qz i 1)2/qi)e(i) _ H( i/2 1/qz/2)26 i)

ilh ilh ilh

= Tiis2ro,

ilh

where we used the fact ) ie(i) = I. Thus one gets d; = 2¢(7) for i € N.
So, the Ochiai’s observation is equivalent to the following statements.

i) i | h for e(i) # 0,

ii) e(i) € {0, £1} for any i € N,

iii) e(i) + e(h/i) =0 for i € Nie. p = @,

iv) Div (h) = {i € N:e(i) # 0} for any Dy, Fg, E7, Es.

These can be easily verified as follows. First, recall that there is a one
to one correspondence between the root systems of types A,, Dy, Eg, Er;
and Fg and the weight systems having only positive exponents in such way
that the set of exponents for them coincides. For such weight systems, one
can prove the i)-iv) as follows.

i) By definition, one has M (W) C Div (h) (§4).
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ii) This is the simplicity of W (§1 Assertion 1.2 and §6 Theorem 6.2).
iii) This is the self-duality of W (§7 Theorem 7.10.1).

iv) This is a consequence of the classification of weight systems with only
positive exponents, recalled in Table B.

Table B.
Name Weight d(W) A(W) golw()\) M((W)
1
A (b L+1—bl+1) L+1 ATl Q@ 1
A200-1) _1)(A2— /@\
D, (2,0—20—12((—1)) 4 22¢-2 G @\ 50=1)
£: odd @ 9 _(Z—l)
E 3.4.6:12 3 233 (A2— 1)(>\ D(A2-1) @ e @
. (3.4612) EE R Sl e
\@
E 4.6.9:18 2 234 (A18— 1)(>\ D(A%-1) @ 9 @
7 (4,6,9;18) P —1)(M—1)(A—1) \@
\@
9 @
30 5 3
Es  (6,10,15;30) 1 235 Gerpiniacies @\ '/*

Converse to the observation iv), a simple weight system W satisfies
Div(h) = M (W) if and only if W is one of the following cases.

L. (p2ps3, p3p1, P1P2; P1p2ps3) for three mutually different prime numbers
p1,p2 and p3. = (p1 — 1)(p2 — 1)(p3 — 1).

1. (p2, pipa, p1(p2 — 1); p1p3) for two different prime numbers p; and
p2. = (p1 — 1)(p3 — po +1).

L. (p2, p1go, P1q3; p1p2) for two different prime numbers py,py and
two positive integers go,q3 such that ps + 1 = (g2 + 1)(gs + 1). p =
(p1 = 1)(p2 +1).

IV. (p? p(p—1),p*>—p+1;p3) for a prime number p. p = p3—p*+p—1.

V. (Im—m+1,mk—k+1kl—1+1;p) for a prime number p and
three positive integers k, [ and m such that klm =p—1. p=p—1 = kim.

XI.

(p,2,(p—1)/2;2p) for a prime number p with p = 3mod4. u = 3p+1.

(p,3,p — 1;3p) for a prime number p with p = 2mod 3. u = 4p + 2.
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Proof. Leth = PP ... PkE * for prime numbers P, - - -, P, and positive
integers I, - - -, Ey. A priori, we see E; < 3, else the four elements P;, P?,

)

P? and P! in Div(h) cannot be realized in M(W). Clearly #Div(h) =

K3 K3

Hle(Ei +1). On the other hand, the possible values of #M (W) are only
2,3,4,5,6 or 8. Thus Div(h) = M(W) implies a very limited possibility
of F;. Let us list possibilities of pi,p, and p3 according to the value
N = #M(W).

N=2 Thenk=1and £y =1. 1i)p; = P,po =P and p3 = P;. Type V.
N =3. Then k=1and E; =2. ii) p = Pi,ps = P and p3 = P?, Type XIV.
iii) py = Pi,po = P? and p3 = P?, Type XIIL
These cases cannot be simple (Theorem 6.2).
N=4.iv) k=2 F =FEy=1. py = P;,ps = P, and p3 = P, P,. Type XL
V) k=2,FE,=FEy=1. py = P,ps = p3 = P, Type IlI]
vi) k=1 and E; = 3.
N =6. vi)k=2and By, = 1,Ey, = 2. py = P, pp = P, and p3 = PZ. Type IL.
N =8. k=2and E; =1, F; = 3. This is impossible.
viil) k =3 and £y} = Ey = E3 = 1. p; = Pi,ps = P5 and p3 = P3. Type L.
]

For a sake of Example 13.7, we list the 3 degenerate weight systems
having only non-negative exponents. They correspond to simply elliptic
singularities [S2]. So, let us call them elliptic weight systems. All elliptic
weight systems have the same signature: (ag; A(W)) = (1; ¢). The lattice
of vanishing cycles for them are described by elliptic root systems [S4].

Table C.

name W p d(W) exponents ow () M(W)

EG (1,1,1,3) 8 27 0,1717132527273 (Aj\:i)g C :

Er  (1,1,24) 9 32 0,1,1,2,2,2,3,34 QDD oy 0

ES (1,2,3;6) 10 36 0,1,2,2,3,3,4,4,5,6 (/\6_1)(,\3 1 (A\2-1) /@\
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§12 Strange duality of Arnold

We give an interpretation of the Arnold’s strange duality by the duality
of weight system. Still, the original duality remains somewhat mysterious.
First, we review the strange duality in its original form.

In [A1], Arnold classified unimodular germs of holomorphic functions.
They consist of three classes: 1) three simple elhptlc smgularltles Eﬁ, E7, ES,
ii) cusp singularities T}, for p,q,r € N with £ - + 1 . + 1 - < 1, and iii) 14
exceptional unimodular singularities. In each of 1 parameter family of the
14 singularities, there is just one singularity which is defined by a weighted
homogeneous polynomial f(x,y,z) of 3 variables. The corresponding hy-
persurface Xy (= the zero loci {(x,y,2) € C* : f(z,y,2) = 0} of f) has
the following description due to I.V. Dolgachev [D1-2]. The action of the
Schwarz triangular group I',, (with 1/p+1/¢ + 1/r < 1) on the upper
half plane H lifts to a free action on the half-space H := {(u,v) € C2 :
S(u/v) > 0} so that H/T is a complex 2-fold. By adding a cusp point O,
H /T'U{O} becomes an affine algebraic variety with an isolated singularity
at O. Dolgachev has shown that there are 14 triangular groups, for which
H/T U {O} becomes a hypersurface in C3, and which are exactly the 14
quasi-homogeneous exceptional singularities X,. The values p,q and r of
the triangle are called the Dolgachev numbers.

On the other hand, Gabrielov [G] has determined the intersection form
on the middle (= 2-) dimensional homology group of a smoothing X,
(= {(z,y,2) € C* | f(x,y,2) = 1} for the 14 exceptional unimodular
singularities (sometimes called the lattice of vanishing cycles for the sin-
gularity) as follows. We denote by 7, the based lattice, whose intersection
diagram is of the shape of the letter 7" with three branches of length p, ¢
and r (e.g. Fg = Togs, Fy = Tag4, etc). Then the intersection form for the

14 exceptional unimodular singularities are of the form 7,, + [ ? (1) 1,

where the integers p, ¢ and r are called the Gabrielov numbers.*)

Then Arnold [A1] called a strange duality: there exists an involution o
among the 14 exceptional singularities, by which the Dolgachev numbers
and the Gabrielov numbers interchange. The Dolgachev and Gabrielov
numbers are recalled in Table D. We include in the table the unique weight
system W attached to the singularity by the relation: X, ~ Xy (for the
uniqueness of W, see [S1, 4.3]).
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Table D.
Name, Weights, D #, G # Name, Weights, D #, G#

Uy (3,4,4;12) 444 444 Wi (4,5,10;20) 255 255
Sia (3,4,5;13) 345 345 Zis  (3,5,9;18) 335 247
Sii (4,5,6;16) 256 344 Zip  (4,6,11;22) 246 246
Q12 (3,5,6;15) 336 336 Z,  (6,8,15;30) 238 245
Qu (4,6,7;18) 247 335 Fy  (3,8,12;24) 334 239
Qo (6,8,9;24) 239 334 Ei3 (4,10,15;30) 245 238
Wiz (3,4,8;16) 344 256 By (6,14,21;42) 237 237

Remark 12.1 It was remarked by D. B. Fuks (cf. [A]) that the sum of
the Dolgachev numbers and Gabrielov numbers for the 14 singularities are
24 for all 14 singularities. This fact was interpreted by Dolgachev, Nikulin
and Pinkham in terms of duality between algebraic cycles and transcen-
dental cycles on certain K3 surfaces. This leads to further generalizations

of the duality by several authors [N][P1][L][E-W].

We now give an explanation of the strange duality in terms of weight
system. The first step is the characterization of the 14 weight systems in
Table D as follows.

Assertion 12.2 The weight systems attached to the 14 unimodular ex-
ceptional singularities are exactly the simple weight systems having —1 as
its smallest exponent.

This is a matter of calculation. Table E gives the list of such weight
systems together with the numerical data including the characteristic func-

(A%

tions and the posets. The “x” means that the weight system is self-dual.
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Table E.

Weight

*(3,4,4;12)

*(3,4,5;13)

(4,5,6;16)

*(3,5,6;15)

(4,6,7;18)

(6,8,9;24)

(3,4, 8; 16)

* (4,5,10,20)

(3,5,9;18)

*(4,6,11;22)

(6,8, 15;30)

pw  d(W)  A(W)

12

12

11

12

11

10

13

12

13

12

11

16

13

444

345

256

336

247

239

344

255

335

246

238

ow ()

A2—1)(\*-1)
N=-1)(A-1)

(A12-1)
O=1)

(A6 1) (A1)
DD

(AP-1)(X3-1)
1) (D)

AB-1)(A3-1)
) (D)

A1) (A*-1)(A3—1)

(iz— 1)()\8 1 1)

(AS-1)(A2-1)
M =1)(A-1)

(A20—1)(NP—=1)(\2—1)

(A0— 1)(»1 1 -1

(AB—1)(A2-1)
35 —1) (1)

(A2Z2-_1)(A2-1)
G-

(A30—1)(N5—1)(A2—1)

(A5—1)(AT0— 1)()\ 1)
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(3,8,12;24) 14 3 334 A1) (A3—1)(A2—1) @/

D)D) \@ %)

, -1 - (2-1) @
(4,10,15;30) 13 2 245 Op-lOnoe-L @\@ o

& ©

POsO0N
42 7_ 3_ 2_
#(6,14,21;42) 12 1 237 SriGe it (D3

It was shown that the set {simple weight system having —1 as its
smallest exponent} is closed under the involution W « W* (Theorem
7.10.2). Comparing Tables D and E, we obtain:

Assertion 12.3

2. The dual pairs W «— W* of the weight systems in Theorem 7.10.2
coincide with the dual pairs of strange duality of Arnold.

3. For the 6 self-dual weight system, one has the equality Div (h) =

It is a natural question whether the duality of weight system explains the
strange duality. To answer the question, we first notice a fact that the
Dolgachev # is elementarily determined by the weight system W.

Assertion 12.4
4. The set of Dolgachev numbers is equivalent to the signature A(W)
defined for the weight system W in (10.1).

Proof. This may almost be a triviality now, when we identify the
surface H/T' considered by Dolgachev and the hypersurface Xy \ {O}
in C3 defined by the weight system W (cf. Remark 10.3 at the end of
§10), where the isotropy groups of C*-actions on them has two different
expressions: one by the conjugacy classes of isotropy groups of the action
of I' on H, and the other by the singular orbits of C*-action on Xy \ {O}
given by the points Cy N (¢, UL, UL,)(~ A(W)). O

61



The following diagram symbolized the relations among the data we study.

duality of weight system

weight system W weight system W*
| aom | 079
Dogachev numbers Gabrielov numbers

strange duality

Here the left vertical arrow is explained by Assertion 12.4 and the first
horizontal arrow is explained in Theorem 7.10.2 (§7). The right vertical
arrow remains to be explained yet, which is proven by Gabrielov [Ga] de-
pending on the classification of the 14 unimodular exceptional singularities
as formulated in the next assertion.

Assertion 12.5
5. Let W be a simple weight system having —1 as its smallest exponent.
Then the lattice of the vanishing cycles for W is isomorphic to T+ +

0 1
1ol
So, if one can give a proof of the Assertion 12.5 directly without a use
of classification, then it completes the explanation of the strange duality.
So, we ask the following some more a general problem:
For a weight system W, describe in terms of W the lattice of vanish-

ing cycles together with the intersection form and the Milnor monodromy
action ¢ on .

Remark 12.6

1. Converse of the above problem: the data of the monodromy ¢ deter-
mine M (W) is true, since the characteristic polynomial p(\) := det(A —c)
determines M (W) (Theorem 5.1). Furthermore, according to Theorem
6.3, the datum of M (W) determines W up to finite ambiguities.

2. Experiences suggest that the Dolgachev numbers have similar-
ity with «(M(W)), whereas the Gavrielov numbers have similarity with
M(W). Can one clarify this as a mathematical statement?
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§13 Eta products for a regular system of weights

Let W be a regular system of weights. Inspired by finite group theory
([C-N], [Ma], [Ko]), we introduce products ny and nj;, of Dedekind eta-
functions. They are modular forms on the upper half plane H of weight a,
and —ag, respectively, which may have poles at cusps. The products ny
and (nj;;)~! are holomorphic (resp. vanishing) at all cusps if and only if
the dual rank vy is non-positive (rep. negative). The level and character
of the eta-products are explicitly given in Lemma 13.3. The products ny
and 7y, are combined by the involution 7 — —1/h7 (13.4). This leads to
an interpretation of the duality of weight systems in terms of n-products
(13.5) and (13.5)".

Let W be a weight system, and let ey, be the cyclotomic exponent
(3.1) of its characteristic polynomial ¢y (2.1). Define the products:

(13.1) H n(ir)ew

EM(W)

(13.1)* ni(7) = HU(jT)_eW(h/j)-
Jlh

Here (1) == ¢V T[0 (1 — ¢") with ¢ = exp(2my/—17) is the Dedekind
eta-function. We call ny and nj, the eta-products for W. The product
expansions of 7 is absolutely convergent for ¢ € C with |¢| < 1, so ny and
nyy are nowhere vanishing holomorphic functions in 7 € H := {7 € C :
$(7) > 0}. Since the order of the product in ny and 7nj;, can be changed
freely, one has some multiplicative expressions for the eta-products:

(13.2) nW(T) _ uw/24 H H 1_qn eW

EM(W)n

g/ H e (q")
n=1

oo Hw

= g/ H H(q" — exp(2mv/—1m;/h))

n=1 i=1

(132)* 77;[/(7_ _ VW/24H H n —ew (h/5)

jlh n=1
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g H i (g
v +2ag

”w/%H( H (4" = exp(2my/=Tm k) /(g" — 1))

where my,...,m, (4 = pw) and m7,...,m} ., (v = vw) are the expo-
nents and dual exponents for W, respectively (cf. (2.2) and (7.5)). Let us
give a relation between the two eta-products.

Assertion 13.1 The two eta-products nw and nj, are combined by the
imaginary transformation: T — —1/h7, as follows.

(13.3) mw (=1/h7) iy (7) = (7/V=1)" /3/d*(W).

(13.3)" mw (7) - iy (—/ht) = (V=1/7)" [/d(W).

where h = hyy is the Coxeter number (§1) and d(W) (resp.d*(W)) are the
(resp. dual) discriminant ((9.1), (9.2)) for the weight system W.

Proof. The transformation 7 — —1/h7 is involutive. Hence, in view
of (9.3), (13.3)* is a consequence of (13.3). So we prove only (13.3).

By a use of the well-known formula n(—1/7) = 1/7/v/—1n(7) for the
Dedekind-eta function, the first factor of (13.3) is calculated as:

w(=1/hr) = T n(=1/(hr/i))™"

eM(W)
ew (1)
= ]I <\/h7/i\/jl) (b fi)ew @
tEM(W)
= \/__ hT/\/— Hn jr)ew (/i)

jlh
= VA (b VD)™ ()

OJ
Suppose W and W* are weight systems which are dual to each other

(8§7). Then by definition of the eta-products, one has

(13.4) mw (1) = nyw-(7) and 1y (1) = nw-(7).

Combining (13.4) with (13.3) and (13.3)*, we obtain another expression
of the duality of weight system in terms of eta-products.
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Corollary 13.2 Let W and W* be dual weight systems. Then,

(13.5) mw (—=1/h7) -~ (1) = Vd .

Here d := d(W) = d(W*). Conversely, the (13.5) characterize the duality
between W and W* so far their poset is not self-dual.

Proof.  We have only to recall the fact: ) ew (i) = 2a9 = 0, since
W is non degenerate (cf. (7.5) and §7 Assertion 7.7.1 i)). The (13.5) is
equivalent to (7.7).
[
Next, we discuss the automorphic nature of the eta-products. For a func-
tion f(7) on the upper half plane H and for A = (*) € GL3(R) and
k€ Z put flp A:= det(A)*?(ct +d)~*f(A(r)) with A(7) = (a7 +
b)/(ct+d). If f is holomorphic on H and there exist k, N € Z~ such that
fle A=c(d)f for A€ Ty(N):={A=(*") € SLy(Z) : ¢ = 0 mod N}
where ¢ is a Dirichlet character mod N, then we call f an almost holomor-
phic automorphic form of weight k and character ¢ (or, of type (k,e)) on
the group I'o(N) (of level N). The eta-products ny and 1/ny~ are almost
automorphic forms of weight ag, since one has n |12 A = V(A) - for
VA € SLy(Z) where V(A) is a 24th root of unity whose explicit formula is
known (cf. [Ra, pl63]). An explicit description of level N and character
e of the eta-products are given in the next lemma (cf. [Sal2 §2 lemmal]).

Lemma 13.3  The eta-products nw (mw) and 1/nj,(m§,T) are almost
holomorphic automorphic forms of weight ag and character ey on the
group I'o(Nw), where my,, mjy,, ew and Ny are given as follows.

(13.6) my = 24/(ged(uw, 24), my, = 24/ ged(vw, 24)
(13.7) Ny = hmymjy,
(dsf(;l) > for d odd,
(13.8) ew(d) = J
< ) for d even.
dst

Here dgy is the square free part of the discriminant (9.1) and () is the
residue symbol defined as follows. If d > 0 and odd, it is the Legendre
symbol multiplicatively extended in d. If d < 0 then (§) = (ﬁ) ford <0
and ¢ >0 and (§) = —(ﬁ) ford <0 and ¢ < 0. Put (%) := 1.

65



The next lemma is the goal of this section.

Lemma 13.4  The eta-products nw (mt) and 1/ny,(m*1) are holomor-
phic (resp. have zero) at all cusp points € QU{oo}, if and only if v (W) <0
(resp. < 0).

Proof. The following fact may be well known among experts. For a sake
of completeness, we recall with a sketch of proof (cf. [H-M, Theorem 1]).

Fact. For all A = (¢ Z) € SLy(Z) (¢ # 0), nw(mt) |og A can be

developed in a Laurent series in the local parameter exp(2m+/—17/24mhyy,)
whose leading degree is given by c - ®w(c). Here for any & € Z, put

(13.9) £ Pw(§) = Z (h-(5,€)%/7) ew(3).

iEM (W)
Sketch of a proof of the Fact.
Put f(7) := nw(m7), where m = my. Let ¢ = A(y/~=Ioo) for
A= (") € SLy(Z) and ¢ # 0 be a cusp. For i € M(W), let (az f&) c

SLy(Z) (3 1) A, ie. 7By € SLo(Z) sit. (37 1) A= B, (5 3).
Comparing the determinant and the ged of the first column of both
hand sides, one gets mi = «;d; and (mi, c) = +a, respectively. Then

f(7) o A = H (n(mit) |12 A)evv(i)

iEM (W)

= 1 ((mi)_1/4-77(7) |1/2<n8i ?)A)ewm

iEM(W)

' ‘ ew (%)
= G- ] <77(T) 12 Bi (O{f ?))
iEM(W) !
_ A ew (%)
= Cy- H (77(7‘) |12 (Og ?ZZ))

iEeM(W)
= o I ((57+5) "
i€EM(W) ¢ ¢
= 04-exp<27r\/—_1< Z ((); >7/24) H Fi(r

(2

iEM(W) iE€M(W)

where C, Cy, C3 and Cy are non-zero constants and F;(7) is the unit factor

ew (i)
of (77(%7’ + %)) " , which can be developed into a power series in ¢; :=
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exp(2my/—17/68;) (i € M(W)) with constant term 1. Since &;|mi|m - hy,
all variables are positive powers of exp(2my/—17/24mhy) and [] F; is
expanded in its power series with a constant term 1. The degree of the
leading term of f(7) |4, A w.r.t. the variable is given by

Y (ai/5i)ew(i)>-mhw - ( 3 (a?/mz’)ew(i)>-mhw

i€EM (W) i€ M (W)

= > i oPew(i)i= e Pwle).

ieM(W)

OJ

We return to the proof of Lemma .

Since Py (1) = —vw (7.2) (that is: the order of pole of ny at an
integral cuspidal point is equal to vy ), it is necessary to be vy < 0 (resp.
< 0) for nw to be holomorphic (cuspidal). To prove the converse, it is
sufficient to prove the innequality:

(13.10) £ Pw() > & dw(l)
for any £ € Zo. By definition of @y, one has:
E-Ow() =& dw(D) = D (h-(5,6)%)i— & - (h/i) ew(i).
ieM (W)

We decompose the sum according to the level n(i) = 0, 1,2 or 3. The term
for n(i) = 3 (i.e. i = h) is cancelled automatically. So, the sum is equal to

e h—h— 3 (& (hfi)—h-(5,€)%/i)

n(i)=1

+ 3 (&€ (h/i) — b (6,€)%/i) lew(i)]

n(i)=2

+ 37 (€ (1.?) lew ()] - (h/i).

n(i)=2

The second and the third terms in the last expression are non-negative.
The index set I := {i € M(W) | n(i) = 1} consists at most of three
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integers, which are non less than 2 and mutually different (cf. (4.4)). So,
the factor 1 — - _;1/i of the first term can be negative only when
I ={2,3,5} and W is of type Es. The explicit formula of £ - @y (§) using
ew (i) = (—=1)" for i € M(Eg) = D(30) proves (13.10) for this case.
Altogether, the inequality (13.10) is proven.
These complete a proof of the lemma. U

In the rest of section, apart from duality, we ask a question on non-
negativity of Fourier coefficients of eta-products. The following is the main
conjecture.

Conjecture 13.5  Let W be a weight system. All Fourier coefficients
at 0o of n(hw -7)" -nw(T) are non-negative integers, if and only if vy > v.
All Fourier coefficients at oo of n(hw -1)* 05, (T) are non-negative integers,
if and only if pw > .

Specialization of the conjecture to v = 0 is the one given in the intro-
duction. Specialization of the conjecture to = 0 is the following fact.
Fact . Fourier coefficients at oo of njy, (T) are non-negative integers.

This fact is a direct consequence of a product formula of the eta prod-
ucts given below. Note that the formula says also that ny, has non-negative
Fourier coefficients at oo if W is non-degenerate. Since vy + 2a¢ > 0, this
is a particular case of the conjecture. It implies that the eta-product for a
weight system having its dual has non-negative Fourier coefficients at oco.

Assertion 13.6 Letmy,...,my, andmi,...,m; ., be the sets of reduced”)

exponents and dual exponents (Def. 7.3) for W, respectively. Then,

0 v+2ag
(1311) UW(T) = qﬂ(ﬂ)/m H ((1 2a0/ H g™ +nh > .
n=0

(13.11)* ny (1) = ¢"® /24H (1/1‘[ — gmitnh ) '

n=0

*) Here a reduced exponent m; is an integer 0 < m; < h, which repre-
sents an exponent m; mod (h).

Proof. 'We prove only (13.11). The proof of (13.11)* is proceeded
similarly. The multiplicity n(j) of a factor (1—g¢7) for j € Z~g in (13.2) is
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given by: n(j) :== Y.  ew(i), which clearly depends only on ged(j, h).
ieM(W),ilj

Recall the definition (7.1) for ¢}, (A), and the fact that n(j) is equal to

minus of the multiplicity of the h/ged(j, h) th primitive roots of unity in

the cyclotomic equation ¢, (A) = 0 (cf. (7.4) and Assertion 7.2). So the

factors for j with (n — 1)h < j < nh and n € N are given by

nh—1

(13.12) I a-¢)r —1/H g

j=(n—1)h+1

where we use a fact {m7j,... ,m:} ={h—mi, ..., h—m}}. If ged(j, h) = h,
then,

n(j) =n(h)= Y ewl(i) = 2aq

ieM(W)
These imply (13.11). O

Example 13.7 We illustrate the non-negativity of Fourier coefficients of
nw for the weight systems of types Fs, Fr, Eg and (1,1,2;5).

Let W be a weight system of type Es, Er, Eg or (1,1,2;5). Since
vy = 0, the eta-product ny (7) is a holomorphic automorphic form of
weight ag equal to 1 or 2, respectively (Lemma 13.3.3). Let Ly (s) =
Yoo ew(n)n~® be the Dirichlet series attached to the Fourier expansion
nw(mt) =" ew(n)g". We shall determine “Euler product expression”
of the Dirichlet series. This leads to an explicit formula for the Fourier
coefficients ¢y (n) and the non-negativity of them. Results are exhibited in
the following list. The Fourier expansion of the eta-product for the weight
system (1,1, 2;5) was studied by Ramanujan (who called the formula very
strange). The expression of some eta-products including EG by a use of
Eisenstein series was studied by Koike in connection with moonshine [Ko].

EG:W_(1,113)

i (3 )= n(97)° /n(37)

1
La ) = =ma =
1 1
- U a1l ==
p=1(3) p=2(3)
0 ifn>0,
8= { o, e 104 (1)) (1 (12 s,
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for N = 3"pi* - - prg™ -

-+ q;"" where p; is a prime number with p; = 1 (3)
and ¢; is a prime number with ¢; = 2 (3).

Er W =(1,1,2:4)
g, (87)=n(327)*n(167) /n(87)
:q3+q11+q19+2q27+q43+2q51+q59_‘_q67_‘_q75+._‘

1 1
b = 1l o= 1 ==
p=1(8) p=5,7(8)
1 1
M) N .

1 — —5)2 1 —5)2

pE3(8)< p ) p53(8)( +p )

0 ifn>0,

5, (N) = § 1TTiy e+ D1 = (~1)Z5 ) [T e+ 1)
[T, (1 + (=1)%)/2" otherwise,

i=1
Rt gttt Pt where p; is a prime number with
l 1 t 7

for N =2"pi" - pFql
pi = 3 (8), ¢; is a prime number with ¢; =1 (8) and r; is a prime number

with r; =5 or 7 (8).

Es: W =(1,2,3;6)
127) = n(727)n(367)n(247) /n(127)

6
Ui
q5 _|_q17_'_q29 +(]41 +q53 +2(]65 +q89 +q101 _|_q113 + .

My
1 1
R | e e
p=1(12) p=T7,11(12)
1 1
X H —s\2 H —s)2 /4
pES(lZ)( —r) pE5(12)(1+p )
0 ifnorn >0,
1
V) = I (n+ DO = (=)= [Ty (i 1)

[T, (14 (=1)%)/2" otherwise,

for N = 273" [T, p [1.e, ¢/ [1._, r5* where p; is a prime number with
pi =5 (12), ¢; is a prime number with ¢; = 1 (12) and r; is a prime number

with r; =7 or 11 (12).
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W =(1,1,2;5)
77(1,1,2;5)(7') =n(57)°/n(7)

1
torea) == ==

cormo ) =T (657 - ()" (- (2))

=1

for the prime decomposition N = Hle p;*. The Fourier expansion of the
eta-product 7 12,5y was studied by Ramanujan, who called it a “remark-
able identity” [R]. The weight system (1, 1,2;5) belongs to the 4th group
of Appendix 1.

Appendix 1. Weight systems of rank less than or equal to 24

This appendix is added after discussions with K. Harada, T. Kondo
and G. Mason. We compare the Frame shape (which is the same as the
cyclotomic exponents in the present paper) for conjugacy classes of the
automorphism group -0 of the Leech lattice, with that of direct sums of
weight systems having rank 24 defined below. We refer to [C-NJ, [H-L],
[K] and [Ma] for the Frame shape of classes of -0 and related subject.

By a direct sum of weight systems, we mean a symbol W1 @ --- @ W,
where W; are weight systems having the same Coxeter number. The rank
(resp. characteristic polynomial and discriminant) of Wy @ --- @& W, is
defined to be the sum (resp. the product) of these of the summands W;.

In the following, we list up direct sums of weight systems having rank
24 (which is proceeded by a help of Table F at the end of Appendix 1).
The list is divided into the four groups.

1) direct sum of weight systems having only positive exponents (cf. §10):

24A,, 124y, 8As, 644, 445 & Dy, 6Ds, 4Ag, 247 G 2Ds, 3As,
249 ® Dg, 4Dg, A1 ® D7 ® Es, 4E¢, 2412, 3Ds, A5 @ Dy,
Dyo ®2E7, A7 @ E7, 2D1a, Aoy, D1s @ Eg, 3Eg, Doy.

2) direct sum of dual pairs of simple weight system with ¢ = —1 (cf. §11):

2(3,4,4:12), 2(3,4,5;13), (4,5,6:16) & (3,4,8;16), 2(3,5, 6: 15),
(4,6,7;18) @ (3,5,9;18), (6,8,9:24) @ (3,8,12;24), 2(4,5, 10; 20),
2(4,6,11;22), (6,8,15;30) & (4,10, 15;30), 2(6, 14, 21; 42).
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3) weight system of rank 24 having negative exponents (cf: Table F):

(3,7,7:21), (3,7,11:25), (3,11,15:33), (4,7,12:28), (4,9, 18;36),
(4,14,23;46), (6,9,11;33), (6,10,23;46), (6,26,39;78),
(10, 14, 35; 70), (12, 15, 20; 60).

4) degenerate weight systems:

3Fs, 2Es ® 4Ay, Eg® 8Ay, 2E, ® 245, Er & 5As,
2F5 @ Dy, Es ® 245 ® Dy, (1,2,2;6) @ Dy, (1,1,2;5)

We observe the following facts on the table, which are verified directly.

1. The characteristic polynomial of a direct sum in the lists 1), 2) and 3)
is self-dual (in the sense at introduction),

2. The discriminant of a direct sum in the lists 1), 2) and 3) is a square.

3. The cyclotomic exponents of a direct sum in the list 1), 2) and 3)
appears as a Frame shape of an element of the Conway group -0,

4. All of self-dual Frame shapes for conjugacy classes of -0 appear in
this way, except for the 4 conjugacy classes: 6A = 631/142%, 10A =
10%5%/1222, 15D =30-10-6-2/1-3-5-15 and 184 =18-9/1 - 2.

5. All weight systems in the list 4) are degenerate (< the characteristic
polynomial has 1 as its roots < ag > 0). Therefore, they are not self-
dual and their cyclotomic exponents do not appear as a Frame shape of
the Conway group -0. The Fourier coefficients of eta-products attached to
them are non-negative integers.

Remark A.1
1. The self-duality of direct sums in the lists 1) and 2) is a consequence
of §7 Theorem 7.10.

2. The squareness of the discriminant for direct sums in the list 2) is
a consequence of §9 Assertion 9.1.

3. Let L = L1 & ---® L,, be the direct sum of the lattices L; of
vanishing cycles for W;. It may be an interesting question whether there
exists a unimodular lattice L such that L C L C L* (= the dual lattice
of L). In the case of 1), this is true because of the Niemeier lattice L. In
the case of 2), this is true because of the K3-lattice L. In the case of 3),
the discriminants are squares, but we do not know the answer.

In Appendix 2, we introduce an algebraic surface Xy for each of the
weight system W in the group 3) so that the lattice of the vanishing cycles
is realized as the lattice of transcendental cycles of the surface Xy
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4. The weight system (1, 1,2;5) in the list 4) has a negative exponent
—1. But since it is degenerate, we classified it in the group 4) but not in 3).
The eta-products for this case was studied by Ramanujan as remarkable
identity [R] (see also Example 14.3).

In Table F, we list up all weight systems of rank less or equal to 24
together with the data: rank py,, discriminant d(W), genus ag, signature
A(W), characteristic polynomial ¢y (A) and the poset M (W). We omit
the case € > 0 and the case ¢ = —1 of mult (W) = 1, which are already
listed in tables A, B, C and E. A weight system having a dual weight
system is indicated either by “x” (in case self-dual) or by “xx” (otherwise)
and the dual weight is given in the table.
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Appendix 2. Algebraic Surfaces for Weight Systems of Rank 24

To each W of the 11 weight systems of rank 24 in the list 3) of Appendix
1, we attach an algebraic surface Xy and its lattice Ly of transcendental
cycles of rank 24. In all 11 cases, the number of negative exponents is
equal to 2, and hence the signature of the quadratic of the lattice form is
(4,20). It is remarkable that, in all 11 cases, the discriminant of the lattice
is a square integer. It would be interesting to find a characterization of
these lattices.
First, we recall the list of the weight systems together with the data:
i) characteristic polynomial ¢, ii) discriminant d, iii) signature set A, iv)
volume vol, and v) exponents. Of course y = v = 24 and ag = 0.
(3,7,7;21)
0=21-7/3-1, d=49, A={7,7,7}, vol = 4/7,
exponents : —4,—1,2,3,3,5,6,6,8,9,9,10,11,12,12,13, 15, 15, 16, 18,
18,19, 22,25
(3,7,11;25)
0 =25/1, d=25 A={3,7,11}, vol =4/7,
exponents : —4,—1,2,3,5,6,7,8,9,10,11,12,13, 14, 15,16, 17, 18, 19, 20,
22,23,26,29
(3,11, 15;33)
0=33-3/11-1, d=9, A={3,3,15}, vol = 4/15,
exponents : —4,—1,2,5,7,8,10,11,11,13,14,16, 17,19, 20, 22, 22, 23, 25,
26,28,31, 34,37
(4,7,12;28)
0=28-4/7-1, d=16, A={4,4,12}, vol = 5/12,
exponents : —5,—1,2,3,6,7,7,9,10,11,13,14,14,15,17,18,19, 21, 21,
22,25,26, 29,33
(4,9,18;36)
©0=236-9-2/18-4-1,d=9,A={2,9,9},vol = 7/18,
exponents : —5,—1,3,4,7,8,11,12,13,15,16,17,19, 20, 21, 23, 24, 25, 28, 29,
32,33,37,41
(4,14,23;46)
0=46-2/23-1, d=4, A={2,4,14}, vol = 5/23,
exponents : —5,—1,3,7,9,11,13,15,17,19, 21, 23, 25, 27, 29, 31, 33, 35, 37, 39,
43,47,51
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(6,9,11;33)
¢=33-3/11-1, d=9, A=1{3,6,9}, vol = 7/18,
exponents : —7,—1,2,4,5,8,10,11,11,13,14,16, 17,19, 20, 22, 22, 23, 25, 28, 29,
31, 34,40

(6,10, 23; 46)
p=46-2/23-1, d=4, A=1{2,6,10}, vol = 7/30,
exponents : —7,—1,3,5,9,11,13,15,17,19, 21, 23, 23, 25, 27, 29, 31, 33, 35, 37,
41,43,47,53

(6,26,39;78)
0="78-13-3-2/39-26-6-1, d=1, A={2,3,13}, vol = 7/78,
exponents : —7,—1,5,11,17,19, 23, 25,29, 31, 35,37,41,43,47,49, 53, 55, 59,
61,67,73,79,85

(10,14, 35;70)
0="70-7-5-2/35-14-10-1, d=1, A={2,5,7}, vol = 11/70,
expomenents : —11,—1,3,9,13,17,19,23,27,29, 31, 33, 37,39, 41,43, 47,
51,53,57,61,67,71,81

(12, 15,20;60)
¢=060-5-4-3/20-15-12-1, d =1, A= {3,4,5}, vol = 13/60,
exponents : —13,—1,2,7,11,14,17,19, 22,23, 26, 29, 31, 34, 37, 38,
41,43,46,49, 53, 58,61, 73

According to §10 Remark 2, any weight system W = (a, b, c; h) defines
a smooth curve Cy in P(a,b,c) by a weighted homogeneous polynomial
fw of three variables (x,y, z) of weight a,b and ¢ and of total degree h.
The genus ¢g(Cy/) (which is shown to be equal to ag) turns out to be zero
for all of the 11 weight systems. The curve Cyy is given as an orbifold
I'w\H, where I'yy C PSLy(P) is a triangle group with the signature set
A(W). That is: there are 3 conjugacy classes of elliptic fixed points of
['w, where the set of orders of the fixed points is A(W). Since the poly-
nomial fy consists of 3 monomials (§10 Remark 3), fy is unique up to
constant factors on coordinates. The affine equation fyr = 0 in C3 de-
fines a surface Xy with an isolated singular point at the origin. The
map fir : C3\ X9 — C\{0} defines a Milnor fibration whose general
fiber Xy (given by the affine equation: fy, = 1) has a homotopy type of
bouquet of py number of 2-spheres [M]. We consider the middle (2-dim.)
homology group Ly := —Hy(Xw,Z). The rank(Lw) is given by puw,
and the sign (u4, o, pi—) of Ly is given by py = #{exponents between 0
and h}, o = #{ exponents equal to 0 or h}, u_ = #{ exponents which
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exceeds the above range }. In fact, uy = 16 +4, 0 = 0 and g = 4 in all
of the 11 weight systems. The discriminant of Ly is given by d(W).

In order to give a geometric description of the lattice Ly, we de-
scribe Pinkham’s compactification of the surface Xy, and its smooth model
(cf. [P1~3]). Let Xy be the surface in the weighted projective space
P(a,b,c,1) = C3UP(a,b,c) defined by the equation fy (z,vy,2) + w". So,
Xw = Xw U Cy, where Cyy = Xy NP(a,b,c). The singularities of Xy,
are cyclic quotient singularities exactly at the orbifold points of C'y by a
group of order given by the signature A(W). By blowing up them, we ob-
tain a smooth model )~(W of X, which turns out to be minimal, checked
case by case for 11 cases. Let D, = Xy \Xw be the total transform of
the curve Cyy in Xy. Let Z[D«] be the submodule of Hg()?w, 7)) spanned
by irreducible components of D.,. Then we have the description:

Lw = Z[Do)*.

(cf. [S7 (5.9.1)]). The determinant of the intersection matrix of the ir-
reducible components of D, is equal to the discriminant d(W') (checked
case by case). So the irreducible components are linearly independent in
Hy(Xw,Z). On the other hand, the Picard number for the del Sart surface

Xw turns out to be equal to rank(Z[Dy)) owing to an explicit formula
[Shi]. These altogether implies the next statement:

Assertion A.2 The lattice Ly is isomorphic to the lattice of the tran-
scendental cycles of the surface Xy whose discriminant is equal to d(W).

Furthermore, in 9 of the 11 cases, )ZW has Kodaira dimension 1 and
admits an elliptic fibration over a rational curve, and in the remaining two
cases, Xy has Kodaira dimension 2 and admits genus 2 or 3 fibrations
over a rational curve.

In Table H, for each of 11 weight systems W, we exhibit the data:

i) Weighted homogeneous polynomial: fy + w” defining Xy .

ii) The Chern numbers ¢ = K7 and ¢y, geometric genus p,, and the
Kodaira dimension s of the surface )?W.

iii) Intersection diagram of the exceptional set Fjy of the minimal reso-
lution of Xy is given by the figure in the left side. Irreducible components
of Ey are rational curves whose self-intersection numbers are given by the
numbers inside the circle. The coefficients of the canonical divisor of the
resolution are given near to the circle.

iv) The intersection diagram of D, is given by the figure in the right
hand side. Irreducible components of D, are relational curves. The co-
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efficients of the canonical divisor of the surface Xy, are given near at the
vertices.

Table H.

(3, 7, 7, 21) )}w = {1}7 + yg + 23 + w21 — 0}

(3,7,11;25) X, = {28 +y+ 22+ 22 +wP =0}

_5 =2 —1 0 1
-2 @—1 0_@ 0_@ 1_@ 2

(4,7,12;28) X, = {27 +y* + 22z + w* = 0}

No-0-0, oo

(4,14,23;46) X, = {2%y + vP2 + 22 + w' = 0}
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(10, 14, 35; 70) w = A{2T +y° + 22 +w™ =0}
Ko(Xy)? =1, CQ(X ) =35, py(Xu) =2, r(X,) =2

(Z@

D
ot

o000
r o = o0

09

(12,15,20;60) X, := {z® +y* + 23 + w® = 0}

Ky

(X0)? =2, (Xy) =34, py(Xu) =2, kK(X,)=2.
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