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This is a partial exposition of [S4, S5, S6], which study the space of representations
of a (finitely generated) group I' in SLy and GLs in an attempt of its application in
geometry: Teichmiiller spaces, knot theory, hyperbolic manifolds, moduli spaces, - - -,
etc. (see for instance, [A], [Be], [Br], [C-C-G-L-S], [C-S], [F-K], [G], [H], [H-L-M],
[H'K]v [J_W]7 [K]7 [KJ]7 [KO]7 [KI‘], [Ma]v [Mu]7 [N'Z]7 [0]7 [8]7 [S—S], [T]7 [W]7 [We]a
[Wol, [Y], - - -, etc). For simplicity, we omit the case for GLs in the present exposition.
Let us explain the main result of the present paper.

Let I" be a group. The purpose of the present paper is to introduce the character
variety Ch(I', SLy) in order to parameterize conjugacy classes of representations of I’
in SLy in a functorial way. At first, the character variety is introduced as a scheme
over Z, independent of the coefficient ring of representations in question. Then, the
scaler field is specialized to R to obtain results on representations in SLo(R) and in
SU(2) with respect to the classical topology. Let us explain this briefly.

Let Hom(I',SL,) be the functor R € {commutative rings with 1} — Hom(T,
SL.(R)) € {sets}. The functor is representable (see §1.3 Lemma) and so, for an
abuse of notation, we denote by the same Hom(I',SL,) the scheme over Z repre-
senting the functor. The group scheme PGL, acts on Hom(I',SL,). Whether the
universal categorical quotient Hom(I', SL,,)// PGL,, (Mumford [Mul]) defined over
Z, exists or not seems to be a hard and unsolved question. Instead of asking di-
rectly for the quotient space, we introduce i) the character variety Ch(I",SLsy) to-
gether with its discriminant subvariety Dr as schemes over Z abstractly, and i) the
PGLg-invariant morphism mr: Hom(T',SLy) — Ch(T', SLsy), for which we prove that
i) the restriction of mr on the complement of mp'(Dr) is a principal PGLa-bundle
with respect to the etal topology, and ii) the inverse image wp"(Dr) is a subfunctor
of Hom(T', SLy) consisting of abelian or reducible representations. This implies that
the complement Hom*(T', SLy) := Hom(T, SLy)\7 ' (Dr) consists of absolutely irre-
ducible representations, and that Hom™(T", SLy) has the universal categorical quotient
space Ch*(I",SLg) := Ch(I', SLy)\ Dr defined over Z. Then the result is specialized
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to R-coefficient. Namely, the complement Ch*(I",SLy)(R) := Ch(I", SLy)(R)\ Dr(R)
of the real discriminant decomposes into a disjoint union of two semialgebraic open
components Hr(R) and Tr(R) such that i) Hom*(T', SLy)(R) is a principal PGLy(R)
bundle over Hr(R), and i) Hom™(I", SU5(C)) is a principal PU(2) bundle over Tr(R),
respectively. This fact has an application: the Teichmiiller space 1y,, carries a natural
semi-algebraic structure defined over Z [S5].

The §1 prepares notations of a representation variety Hom(I', SLy) defined over
Z.. The §2 studies the PGLo-invariants of My x Ms as the building block. The
universal character ring R(I",SLy) is introduced in §3, and we put Ch(T',SLy) :=
Spec(R(I",SLy)). The principal PGLg-bundle structure on Hom™(I", SLs) over Ch*(T,
SLy) with respect to the etal topology is formulated in §4 Theorem A, and that with
respect to the classical topology is formulated in §5 Theorem C.

§1. Universal representation of a group I in SL,

This section is devoted for a preparation of notion and terminology for the repre-
sentation varieties. One is referred to [Prl, Pr2] [L-M] etc.

1.1. Let I" be a group. As in the introduction, for a fixed n € Z~y, Hom(T', SL,,) is
the functor: R € {commutative rings with 1} — Hom(I",SL,,(R)) € {sets}. In order
to fix the notation for the present paper, we state precisely the representability of the
functor in the next lemma.

Lemma (the representability of Hom(I', SL,)).

(1) For the given I and n > 1, there ezists a pair (A(I',SL,),0) of a commutative
ring A(I',SL,,) with 1 and representation o: I' — SL,,(A(T",SL,,)) such that for
any commutative ring R with 1, the correspondence:

(1.1.1) € Hom"™(A(T,SL,), R) — ¢ oo € Hom?(I',SL,(R))

15 a bijection.

(2) The pair (A(T",SL,), o) is unique up to an isomorphism of the ring A(T",SL,,)
which commutes with the universal representation o.

(3) If T is a finitely generated group, then A(T,SL,) is a finitely generated ring
over Z. and hence is noetherian.

The lemma is proven by routine arguments. Here we give an explicit description
of (A(T",SL,,), o) without a proof. For each v € I', consider a n x n matrix:

(1.1.2) o(7) = (ai(V); je1. m

Then A(T", SL,,), called the universal representation algebra, is generated by the entries
a;(I')i,j=1,---,n~y €T, and divided by the ideal generated by all entries of the
matrices o(e)—1I, (I, = the n xXn unit matrix) and o(vd)—o(y)o(d) and det(o(v))—1.

(1.1.3) A(T',SL,,) := Z[a;j(y) fory e "'and 1 < 4,5 < n]/I,
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where
I:= (aij(e) — 0ij, aij(70) — Zazk v)ai(0), det(o(y)) — 1
for 1 <i,j Snand%&EF).

By definition, the map o: v € I' — o(v) € SL,(A(T',SL,)) is a representation of T,
which is called the universal representation of ' in SL,,.

1.2. Let PGL, be the group scheme ([SGAIII]), whose coordinate ring A(PGL,)
is given by the subring Ay(GL,) of the coordinate ring A(GL,,) := Z[z;; 1 < i,j <
Ndet(x) (here X := (z45)7,_,) of GL, consisting of homogeneous elements of degree
0. The adjoint action of PGL,, on Hom(I', SL,) is written in terms of its dual action:

(1.2.1) Ad: A(T,SL,) — A(T,SL,) ®z A(PGL,),

sending an entry of o(7) to the same entry of X 'o(7)X. Obviously, the coefficients
of characteristic polynomial of o(v) for v € I' are invariants under the adjoint action.

1.3. ;From now on, we switch to the case n = 2. Let us list up some relations
among the PGLo-invariants tr(o (7)) for v € I'. The first one is trivial:

(1.3.1) tr(o(e)) = 2.

The next one follows from the Cayley-Hamilton relation: o(v)* + det(o(y)) - I =
tr(o(7)) - o(y). Multiply o(y~!§) from right and take traces. So we obtain:

(1.3.2) tr(o(y0)) +tr(o(y19)) = tr(a(y)) - tr(o(6))
for v and 0 € T" (cf. [F-K, formulas (2), pp.338]).

§2. PGLy-invariants for pairs of 2 x 2 matrices

We study the invariants of the diagonal adjoint action of PGLy on the space My x My
of pair (A, B) of 2 x 2 matrices. The morphism 7: M, X My — A® given by (A, B) —
(tr(A), tr(B),tr(AB),det(A), det(B)) is shown to be the universal quotient map (§2.3
Lemma A,B). The discriminant A for 7 is introduced (§2.4 Lemma C) so that the 7
is a principal PGLy-bundle on the complement of the discriminant loci A = 0 (§2.5
Lemma D). These are building blocks of character variety defined over Z.

2.1. Let My x My be the space of pairs of 2 x 2 matrices. The X € PGLsy
acts on (A, B) € My x M, from the right diagonally by letting (A, B) - Ad(X) :=
(X'AX, X 'BX). So we have the dual action on the coordinate ring:

(211) Ad: Z[MQ X MQ] — Z[MQ X Mg] XKz A(PGLQ)

sending an entry of (A4, B) to the corresponding entry of (A, B)-Ad(X) where Z[Mj X
Ms,] is the polynomial ring generated by 8 entries of (A, B).
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2.2. Let us consider the morphism
(2.2.1) 71 My x My — A’ := Spec(Z[T, D)),

where Z[T, D] denotes the polynomial ring Z[T}, Ty, T3, D1, D5] of the 5 indeterminates
and 7 is associated to the ring homomorphism:

(2.2.2) v: Z[T, D] — Z[M; x M),

given by «(1T) = tr(A), «(T3) = tr(B), «(T3) = tr(AB), «(D;) = det(A) and
t(Dy) := det(B). The morphism 7 is G,,-equivariant and PGLy-invariant, since ¢
is homogeneous w.r.t the weights deg(7}) = deg(72) = 1 and deg(73) = deg(D;) =
deg(Dsy) = 2, and the Image(¢) is fixed by the PGLy-action pointwisely.

2.3. The next lemma is easily proven by a use of Euclid division algorithms.
Lemma A. Z[Ms x M| is a free module over Z[T, D].

As a consequence of the Lemma A, Z[My x M,| is faithfully flat over Z|T, D].
In particular, the map ¢ (2.2.2) is injective, and we regard Z[T, D] as a subring of
Z[My x Ms]. More strongly, the next lemma says that it is the universal invariant
subring with respect to the PGL-action.

Lemma B. Let R be any Z[T, D]-algebra with 1. Then

PGL
(2.3.1) R~ (R @zrp) ZIMy x Mp]) "

Here, the PGLy action on Z[My X M| is extended to the tensor product by letting
PGLs act trivially on R.

Remark. (1) It is classically well known that Q[My x M,|P9L2 is generated by traces
tr(W) for W € { the monoid generated by the A and B} ([G-Y], [Prl, Pr2]). This
is not true for the Z-coefficient. For instance, the relation 2 det(A) = tr(A)% — tr(A4?)
implies the algebraic dependence of tr(A?) and tr(A) if char = 2, whereas det(A) and
tr(A) are universally algebraically independent as shown in Lemma B.

(2) Donkin [D] has shown that Z[M,, x --- x M,]P9t is generated by tr(/i\W) for

i=1,---,nand W € { the monoid generated by Ai,---,A,,}, where we denote by
M, x --- x M, the space of m-tuple n x n matrices (Ay, -, A4,).

a b
d Y
that A*A = AA* = det(A)l, and A+ A* = tr(A) L.

2.4. For a matrix A =

the adjoint matrix A* is the matrix [—dc _ab] SO

Definition. The discriminant for 7 is the polynomial in Z[Msy x M,] given by:

(2.4.1) A(A, B) := tr(ABA*B*) — tr(AA* BB")
=T2Dy + T2Dy + T2 — TYTyTs — 4D, Ds.
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A justification for this name is given in the next Lemma C. Let J be the ideal of
Z[My x Ms] generated by all 5 x 5 minors of the Jacobian matrix of 7:

1 0 0 1.0 0 0 0

a(T17T27T37'D17D2) 0 ) ; - ; ) ;
=le g f h a ¢ b df.

da.b,edie fogih) g 20 Zp a0 0 0 0
000 0 0h —g —f ¢

Lemma C. The intersection of the Jacobian ideal J with the invariant
subring Z[T', D] is a principal ideal generated by the discriminant.

(2.4.2) JNZ[T, D] = (A).

2.5. Let us denote by Da the divisor in A% = Spec(Z[T, D]) defined by the principal
ideal (A). Owing to the (2.4.2), the Jacobian criterion implies that the restriction of
the morphism 7 (2.2.1) on the complement of 7=(Dx)

(251) ﬁ'AI M2 XMQ\?Til(DA> —>A5\DA

is smooth. More strongly, we show in the next lemma, to which the proof of main
theorem A in §4 is reduced.

Lemma D. The morphism (2.5.1) is a principal PGLy-bundle with respect to the
etal topology.

§3. The universal character ring R(I",SLy)

The universal character ring R(I', SLy) is introduced in this § by generators and
relations in terms of I'. The goal of this § is the formula (3.4.3), which is used in the
proof of the main theorem B in §4 essentially.

3.1.

Definition. The universal character ring R(I',SLy) of representations of T in SLy is
generated by the indeterminates s(y) for v € I' and divided by the ideal generated
by s(e) — 2 (e = the unit of I') and by s(7)s(d) — s(78) — s(y~1d) for all v,6 € T

(3.1.1) R(I',SLy) :=Z[s(7),7 € T] /(s(e) — 2,5(7)s(5) — s(9) — s(y'3)) .

3.2. The ring R(I",SLy) is finitely generated over Z, if ' is finitely generated as
shown in the next lemma. Such finiteness was asserted for the ring of traces of SLy
by Fricke [F-K] and proven in [H1, H2, (2.f)], [Hol, Ho2, Theorem 3.1] and [C-S]. We

formulate the finiteness in terms of the universal character ring.

Proposition. Let A be a linearly ordered subset of I', which generates I'. Then
R(T",SLy) is generated by G := Upen{s(a1 -+ am)|a; € A, < -+ < ay, } over Z.

Corollary 1. If the group T' is finitely generated, then the R(I',SLy) is a finitely
generated ring over Z. Hence it is noetherian.
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3.3. For a and g €T, define the discriminant A(a, 3) € R(I',SLy) by
(3.3.1) Ala, ) :=s(afa 1371 -2

=s()? +5(0)* + s(aB)” — s(a)s(B)s(af) — 4.

This definition of A is parallel to that in (2.4.1). In fact, we shall confuse them in
a proof of main theorem B in §4. The polynomial has been studied extensively by
R. Fricke [F] and others.

3.4. An importance of the discriminant is explained in the next lemma, which plays
an essential role in a proof of the main theorem B in §4.

Definition. Let M be a R(I", SLy)-module. A map h: I' — M is called a form with
values in M, if for any v and 6 € ' one has a relation:

(3.4.1) h(v6) + h(y~'8) = s(7)h(9).

Lemma. Let h be a form with values in M. Suppose h(e) = h(a) = h(8) = h(af) =
0 for some o and B € I'. Then for any v € I' one has

(3.4.2) A(a, B)h(y) = 0.
Therefore, the images of the values of h by the localization M — Maa.p) are zero.

Corollary. For any o, 3,7 and § € T', one has the bilinear expression of s(~0)
(3.4.3)

O~

Alap)

in the localization R(I',SLa)a(a,), where T € My(R(T',SLy)) is a 4 x 4 matriz such
that T - (s(§&;))i jo1 = =, B) Iy for & =e,6a = o, 63 = and &4 = off.

(s(7), s(ve), s(vB), s(vaB)) - T - *(5(0), s(ad), s(B), s(crf39))

This corollary is the key step to obtain the universality of the character ring, since it
implies that the system (s(7y),7y € I') satisfies any algebraic relations which is satisfied
by the system (tr(o(vy)),y € I') of characters, so far as A(a, () is invertible for some
a,fel.

3.5.

Remark. The study of the algebra of traces (=characters) of representations of a
group I' into SLy started by Voigt and Fricke and is developed by many authors
Helling, Horowitz, Magnus, Bass, Lubotzky, Procesi, Platonov and others. See refer-
ences of the quoted papers.

- Let F}, be a free group generated by n elements. Magnus called the homomorphic
image of the ring R(F),,SLy) in the ring of functions on the representation space
Hom(F},, SLy(C)) the ring of Fricke characters [Ma]. We do not know whether the
homomorphism has non trivial kernel or not.
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§4. The invariant morphism 7

In the present §4.1, we introduce the character variety Ch(I',SLs), the PGLs-
invariant morphism 7r: Hom(I',SLy) — Ch(I',SLs) and the discriminant Dr. The
inverse image 7' (Dr) consist of the representations p such that p(I') is either abelian
or reducible (§4.2 Assertion). Then the first main results of the present paper are
formulated in 4.3 theorem A and 4.4 theorem B, which say that the complement
Ch*(T", SLy) := Ch(I", SLy)\ Dr of the discriminant is the regular orbit space of PGLy-
action on absolutely irreducible representations Hom™(I', SLy) := Hom(I",SL2)\
m _1(D1").

4.1. Let I' be a group. Put
(4.1.1) Ch(I", SLy) := Spec(R(I",SLy)),

where R(I",SLy) is defined in §3.1. Recall the fact that Hom(I", SLo) is identified with
the affine scheme for the universal representation ring A(I", SLy) (cf. §1.3 Lemma).
Then the invariant morphism

(412) Tr - HOHI(F, SLQ) — Ch(F, SLQ)
is defined through the ring homomorphism:

®: R(I,SL,) — A(T,SLy)
s(v) = tr(o(y)

Comparing relations (3.1.1) with (1.3.1) and (1.3.2), @ is well defined. The discrimi-
nant subvariety in Ch(I", SLy) of the morphism 7 is defined as

(4.1.4) Dr:= (1 V(A(«, )

a,pel’

where the discriminant A(a, §) € R(I",SLs) is defined in (3.3.1).

(4.1.3)

4.2. First, in the next lemma we characterize the inverse image m'(Dr) of the
discriminant loci in terms of representation of I'.

Assertion. Let p € Spec(A(T',SLy)). Then p belongs to m*(Dr), if and only if
the image o,(I') in SLy(k,) of the group I' is either abelian or reducible, where k,
is the fraction field of the integral domain A(I',SLs)/p and o,: I' — SLy(k,) is a
representation obtained by a specialization of the universal o at p.

4.3. Let us state the first main result of the present paper.

Theorem A. The restriction of the invariant morphism wr to the complement of the
inverse image mp " (Dr) of the discriminant is a principal PGLy-bundle with respect
to the etal topology defined over Z.

Proof. By definition of Dr, one has an affine open covering Ch(I', SLy) \ Dr = U, ger
Spec(R(I",SL2) A(a,3))- Then the proof is reduced to each affine open piece, stated as
a consequence of the next Theorem B. [J
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4.4. For any fixed pair  and 3 of I', consider the PGLj-equivariant morphism
Hom(T',SLy) — My X My and a morphism h,g: Ch(T,SLy) — A® = Spec(Z[T, D))
defined by the coordinate ring homomorphisms given by

(4.4.1) A— o(a) and B — o(f),
(4.4.2) Ty — s(a), Ty — s(B), T3 — s(af), Dy — 1 and Dy — 1.

Then the next diagram becomes commutative
HOIIl(F, SLQ) E— M2 X M2

(4.4.3) lm lfr
Ch(T,SLy) —— A% = Spec(Z[T, D])

Here we remark that the discriminant A(a, 3) (3.3.1) is the pull back of A(A, B)
(2.4.1). For an abuse of notation, we shall denote both of them by A.

Theorem B. The diagram (4.4.3) is Cartesian on the complement of the loci A = 0.
That is: the localization by A of the homomorphism

(444) \I/aﬁl R(F, SLQ) ®Z[272] Z[MQ X Mg] — A(F, SLQ)

(obtained from (4.1.3), (4.4.1) and (4.4.2)) is an isomorphism.

Theorem A follows from the theorem B applied with §2.5 Lemma D. The theorem B
is proved by a construction of the inverse homomorphism for the localization (¥, 3)a
of (4.4.4) by A. This is equivalent to the construction of a representation o* for a
prescribed system of “characters” s(y) v € I' and a pair of matriz (A, B) € My x My
(over the same point of A°\{A = 0} ) such that tr(c*(7)) = s(v) and (c*(a),0*(3)) =
(A, B). Actually, this is achieved by the formula:

1
()= =~ (I, A, B, AB) - T - !
o (7) A(Oéﬁ)< 2,4, Dy ) (8(7)7 S(a7)75(ﬂ7)75(05ﬁ7))7
where T' is the same matrix in My(R(I',SLs)) as in (3.4.3). The multiplicativity
o*(79) = o*()o*(0) is shown by an essential use of the formula (3.4.3).

§5. Representation variety with real coefficients

We specialize the result in the previous § to R-coefficient case. The second main
result of the present paper is formulated in 5.5 theorem C, which says that the com-
plement Ch(I", SLs)(R) of real discriminant Dr(R) decomposes into two semialgebraic
sets, which are regular orbit spaces of PGLy(R) action on Hom™(I", SLy(R)) and PU(2)
action on Hom™(T', SU5(C)), respectively. For the purpose we analyze the discrimi-
nant A over R (§5.3 Lemma E). See also [K1, K2, K3, K4], [G1], [H1] and [Ko] for
the geometry of the discriminant.
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5.1. Consider the invariant map 7 (2.2.1) over the real number field R.
(5.1.1) 7(R): My(R) x My(R) — A®(R) := Hom(Z[T, D], R)

given by (A, B) := (tr(A), tr(B), tr(AB),det(A), det(B)). Consider also the real loci
of the discriminant A (§2.4).

5.2. Let us introduce an open semialgebraic subset of A%(R) :

(5.2.1) Da(R) == {p € A*(R) : A(p) := (D) =0}
where
(522) 51 = T12 - 4D1, (52 = T22 - 4D2 and 53 = T32 - 4D1D2.

are the discriminants for the characteristic polynomials of A, B and AB respectively.
The following facts are shown by direct elementary calculations.

Lemma E. i@ is a convex connected component of A>(R) \ Da.
i) A°(R) \ Ta = 7(R) (Ma(R) x My(R)).

Let us decompose the space A®(R) into semialgebraic sets:
(5.2.3) A*(R) = Dy 1 Hy 1 T,

where Hp := A(R) \ (Da IT1T4) is a union of connected components of A(R) \ Da.
Then the lemma E E can be paraphrased as: Image(7(R)) = Da II Ha.

5.3. For any given a, 3 € I', consider the homomorphism F, — I' associating the
two generators of Iy to a and . This induces the diagram (4.4.3) over R:

Hom(T', SLy(R)) —— Hom(Fy, SL2(R)) C Ma(R) x My(R)

(5.3.1) J”“R) J“R)
Ch(T, SLy)(R) —— AS(R)

ha,p

where the morphism h,, g is defined by (4.4.2) and Ch(I', SLs)(R) = Hom(R(T', SLs),
R) is the real character variety. The fact that the diagram (5.3.1) is Cartesian outside
of the loci A = 0 (§4.4 Theorem B) together with Lemma E implies the following
disjoint decomposition:

(5.3.2) Ch(T,SLy)(R) = Dr(R) I Hp(R) O Tr(R),
where

(5.3.3)
Dr(R) := {t € Hom(R(I",SLy), R) | hap(t) € Da(R) for Yo, 3 € T'}

Hr(R) := {t € Hom(R(T,SLy),R) | Yo, 8 € T such that h, 4(t) € [TA}
Tr(R) := {t € Hom(R(I',SLy),R) | Yo, 3 € I such that h,s(t) € TZ} .

By definition, Dr(R) is Zariski closed. Hp(R) and T3(R) are open semialgebraic
(Due to the basis theorem of Hilbert, one can find a finite system {(ca, ;) }ies such
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that Dr(R) = ({A(w, ;) = 0}. Then for the same index set I, one can show the
iel

equalities: Hp(R) = Ujer h;} i(HA)’ Tr(R) = User h;}ﬁi (Th))-

5.4. Let us determine the image set of 7p(R) as a semialgebraic set (up to the

discriminant) in the next lemma. It is proven by a use of the fact that (5.3.1) is
Cartesian (§4.4 Theorem B) together with the lemma E.

Lemma F. Let 7p(R) be the invariant morphism (4.1.2) defined over R. Then
(5.4.1) Image(mr(R)) \ Dr(R) = Hp(R).

A meaning of the set Tr(R) is given by the next lemma. Since SU(2) C SLy(C),
the restriction of 7p(C) induces the following map:

(5.4.2) ur Hom(',SU(2)) — Ch(T,SLy)(R).

p = s(y) = tr(p(v))
Lemma G. The image set of the morphism ur is given by
(5.4.3) Image(ur) \ Dr(R) = Tr(R).

5.5. This is the goal of the present paper. Combining the above (5.4.1), (5.4.2) with
the §4 Theorem A, we obtain principal bundles by the natural adjoint action with
respect to the classical topology.

Theorem C. The restrictions of the maps mp(R) (4.1.2) and ur (5.4.2) to the sub-
set of absolutely irreducible representations Hom™(I', SLo(R)) := Hom(I', SLy(R)) \
7' (Dr(R)) and Hom*(T',SU(2)) := Hom(T,SU(2)) \ ur'(Dr(R)) are a principal
PGLy(R)-bundle and a principal U(2)/ U(1)-bundle over the open semialgebraic sets
Hr(R) and Tr(R) (5.3.2) of the real character variety Ch(I",SLo)(R) respectively.

PGL2(R)
— 5

mr(R): Hom* (T, SLa(R)) Hr(R),

ur: Hom* (T, SU(2)) 2250, 1 (R).

The value of a coordinate s(y) € R(I',SLy) at a point of the base space is equal to the
character tr(p(7y)) for any representation p in its fiber.
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