SEMI-ALGEBRAIC GEOMETRY OF BRAID GROUPS

KYOJI SAITO

0. INTRODUCTION

The braid group of n-strings is the group of homotopy types of movements of n
distinct points in the 2-plane R?. It was introduced by E. Artin [1] in 1926 in order
to study knots in R3. He gave a presentation of the braid group by generators and
relations, which are, nowadays, called the Artin braid relations.

Since then, not only in the study of knots, the braid groups appear in several
contexts in mathematics, since it is the fundamental group of the configuration
space of n-points in the plane. Early in 70’s the braid groups are generalized
to a wider class of groups, the fundamental groups of the regular orbit spaces of
finite reflection groups (Brieskorn [6]), which are called either the generalized braid
group (Deligne [3]) or the Artin group (Brieskorn-Saito [2]). The regular orbit
space turns out to be an Eilenberg-MacLane space (Deligne [3], c.f. Brieskorn-
Saito [2]). Through the study of holonomic systems on the Eilenberg-Maclane
spaces, representations of the generalized braid groups are studied (Kohno,...). Also
through the braid relations, the actions of braid groups on triangulated categories
are studied (Seidel-Thomas,...). Still, we are far from full understanding of their
representations.

As for the study of the Eilenberg-Maclane spaces, it was from the beginning a
question raised by Deligne, Brieskorn, Saito,...to find the paths in the Eilenberg-
MacLane spaces which give a generator system of the Artin groups satisfying the
Artin braid relations. In this note (based on [4]), we will give two answers to this
question. We approach the problem by the semi-algebraic geometry of the orbit
space induced from the flat structure on it [7].

1. ARTIN GROUPS OF FINITE TYPE [2]

Definition. Let II be a finite index set. A symmetric matrix M = (m;;); her is
called a Cozeter matriz if

1) mg; = 1 for ¢ € 11,

ii) myj =my; € Lo for i # j €11,

iii) indecomposability: if I =I][J s.t. m;; =2foriel, jeJ

=I=0orJ=0.
To such Coxeter matrix M, we associate two groups presented as follows.

e An Artin group

AM) :=(g1,--- 91| 9i9j-.- = gjgi... for ¥i,j €1I)
N~ =
my; mij
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e A Coxeter group

W(M) :=(a1,...,a | a;a;...=aja,... for Vi,j €II,
—— N —
my g Lz

a? =1 fori € II)

By the definition, there is a natural surjective homomorphism:
A(M) —» W(M).

It is well known that the list of finite Coxeter groups give a complete list of finite
reflection groups. They are classified by the symbols A4; (I > 1), B; (1 > 2), D; (I >
4), Es, E7, Es, Fy, Go, H3, Hy, I2(p) (p > 3) ([5])-

If W(M) is a finite group, A(M) is called of finite type. In this note, we shall
consider only Artin groups of finite type.

We shall denote by Ay or by A(W) the Artin group A(M) for W := W (M).

Ezample. Let II = {0,1,...,1} and the Coxeter matrix is given by

1 i=j
mij =4 3 |i—j|=1
2 Ji—jl =2

Then, one has the most classical examples:

e W(M) = &;41= symmetric group of [ + 1 elements, where the generator
a; (1 <14 <) corresponds to the transposition of ¢ — 1th and ith elements,

e A(M) = B(l + 1)= braid group of I + 1 strings, where the generator g;

(1 <4 < 1) corresponds to the “half-braiding” of ¢ — 1th and ith strings
(see figure below).

F;ﬁ 1. Composition of broids i qenerator §; (=1, £)

t, Lk Wt
r Y .- ﬁ' 1
\
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2. TOPOLOGICAL REALIZATION OF ARTIN GROUPS [5], [6]

We realize the Artin groups as the fundamental group of certain complex con-
figuration spaces [6].

First, recall the vector representation of the Coxeter group [5].

Let Viw := >, Res be the based real vector space of rank [, is equipped
with a symmetric bilinear form B(eq,eg) = cos(m/mqag) for o, € II. For each
« € 11, we consider a reflection on Vi; w.r.t. e, defined by: s, (u) = u—2B(u,eq)eq

whose reflection hyperplane H, is given by the (eq)*.

Theorem (Tits). The correspondence a, — So (o € I1) induces an injective ho-
momorphism W (M) — GL(V'). By this embedding, let us regard W := W (M) a
finite subgroup of GL(V') generated by reflections. Let R(W) be the set of all reflec-
tions in W (which is a union of conjugacy elements of the generators s, (o € 11)).
Then the action of W on the set of connected components of Vi \U, g Hsr (called
chambers) is simple and transitive.

SER

Next, we describe the configuration space as the quotient variety of Vi by the
finite reflection group W-action. We give two descriptions of the quotient variety:
one set-theoretic, the other categorical (the latter is also necessary, since we shall
consider it over the field R which is not algebraically closed).

First, we recall the invariant theory for the W-action on the (real) polynomial
function ring S(Vj;,) (c.f. [5]). Chevalley Theorem states that the W-invariants
S(Vii )W is generated [ := #II algebraically independent homogeneous elements,
say P1,...,P,of degreemy +1=2<---<m;y+1=h:

The set of W anti-invariant polynomial (=the polynomial which alter its sign by
the action of a reflection) is a rank 1 free module over S(V;i,)" generated by

H-f:a@"”H)
h a(X1,.... X))

where fs is a linear form defining the reflection hyperplane H; of a reflection s, and
X1,...,X; is a linear coordinate system of Vir (here and in sequel in the present
note, for simplicity, we disregard the positive or non-zero constant factor in such
calculations). The square of the anti-invariant is an invariant:

? 2

N AL
SER(W) (X1, X0)
called the discriminant. As an element in S(V,)", we develop it in a polynomial
in P
Aw = AgPl + A\ P -+ A for A; €R[P,..., P4).

Then, it is a highly non-trivial fact that the leading coefficient Ay is a non-zero
constant ([5],[7]) so that Ay, at the origin has multiplicity .
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1 A set theoretic description of the quotient variety: since the invariant poly-
nomial P; (1 < ¢ <) defines a function on the orbit space Viy,c/W for Viyc =
Vw ®gr C. The polynomial map (P, ..., P,) induces the homeomorphism:

~ l

Vwe/W (PryossP1) ¢

U U
Useron Hoo)/W = Dwei={zeC' | Aw(z) = 0}

Obviously from the definition of Ay, the image of the reflection hyperplanes is the
zero loci of Ay, which is denoted by D¢ and is called the discriminant loci. A
theorem of Steinberg states that a point in Viy,c is fixed by a non-trivial element
of W iff it belongs to a reflection hyperplane. This means that the space of regular
(=fixed point free) W-orbits in Vi ¢ is homeomorphic to the complement C'\ Dy ¢
of the discriminant loci.

2. A schema-theoretic description of the quotient variety: we consider the affine
scheme defined over R and its divisor:

SW = Vw//W:SpeCR[Pl’-"7B]
U U
Dy = {Aw =0}

e An advantage of the categorical quotient. Since C is algebraically close, the set of
C-rational points of Sy and Dy is naturally bijective to the set theoretic quotient
space C! and Dy, respectively:
Swe (= Hom(S(Vi;)W,C)) ~ (!
@] @]
Dwc (= Hom(S(Vi)" /(Aw),C)) Dw.c

However, the set theoretic quotients Viy,r/W and (U,e paw) Ha,r)/W of real vector

1

space and real reflection hyperplanes are only a (semi-algebraic) small part of the
R-rational point sets of Sy and Dy, respectively.
SW,R (Z HOHI(S(V*)W, R)) ~ R! 375 VWJR/W
U
Dwr (=Hom(S(Vi)" /(Aw),R)) D (Userw) Har)/W (O# if 1> 2).

In fact, since W acts simple and transitively on the set of chambers, the set theo-
retical quotient (Vive \ Usepawy Hsr)/W is homeomorphic to a chamber, and is
bijective to a connected component of the complement of the real categorical quo-
tient space Sw,r \ Dw,r, which we shall denote CY), and call the central component.
The set theoretic quotient of the real reflection hyperplanes (e gy Hsr)/W is
the boundary of the central component CJ,.

We illustrate these phenomena by the example of type As.

Fig 3. _anbal componert

®a
H;\/ALR E— 'Sﬁz, R

H,
\' L &
%@ 5 4/,/

Here, LHS of the figure indicates the real vector space Vi and its reflection hyper-
planes, and RHS indicates the real categorical quotient variety Sy r together with
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the real discriminant loci Dy r. Then shadowed aria is the central component,
whose closure is the set theoretical quotient space of Viy k.

Let us state two basic theorems on the topology of the complex regular orbit
space Sw.,c \ Dw,c, where the first one is due to Brieskorn [6] and the second one
is due to Deligne [3].

Theorem. 1. The fundamental group of Sw.c \ Dw,c is isomorphic to the Artin
group Aw (e.g. the fundamental group of Ss,.,c \ Ds,,,c is isomorphic to the
braid group A(S;41) = B(l+1)).

2. The higher homotopy groups vanish: m;(Sw.c \ Dwec,*) =0, i = 2,3,....
(i.e. Swc \ Dw, is an Eilenberg-MacLane space.)

Remark. 1. The above theorems are proven by a use of the monoid of galleries
(sequences of chambers which are adjacent successively) so that the isomorphism
in 1. is not explicitly given by a path in the Sw,c \ Dw,c. Therefore, Brieskorn,
Deligne and several other people asked the question:

Question. Find a system of paths, say v1,...,7 in Sw,c \ Dw,c such that their
homotopy classes gives the generator system gy, . .., g; in the Definition of the Artin
group.

Remark. 2. We note that the concept of a polyhedron K dual to the chamber
decomposition of Vi plays a crucial role in Theorems 1 and 2. Here, a dual poly-
hedron is a convex hull in Vir of a W-orbit of a point in a chamber C. So, the set
of vertices of K is in one to one correspondence with the chambers in Vi, the set
of edges of K is in one to one correspondence with the faces (of chambers) in Viy,
..., the open cell K corresponds to the origin of Viy.

Let us explain by the example.

A dual polyhedron K for the type As is .F[?{ ¥. Dual polyhedren.

)
illustrated as the closed hexagon (with W Az
its interior). Clearly, one has: 6 vertices
of K < 6 chambers, 6 edges of K < 6
faces of chambers, the open hexagon <
the origin of Vy,. LA

Let us explain (indicate) by this picture, relations of K and Theorems.

e Relation with Theoremhl. ) ¢ e ed .
There are two W-orbit classes of the edges of K
. 5 fo T ) )
Fﬁ ' _E@M_r/_s_eﬁ ' Which correspond to two generators, say a and b, of

a B(3). There is one W-orbit of faces of K (actually,

0 2 the hexagon), which corresponds to the braid rela-
tion aba = bab.

e Relation with Theorem 2.

In the proof of the contractibility of (Sw,c\Dw,c)”~ by Deligne, the contractibility
of K is essentially used.

In this note, We will give two answers to the above question by constructing the
dual polyhedron by a use of certain semi-algebraic geometry on Sy .
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3. PRIMITIVE VECTOR FIELD D AND A G,-ACTION ON Sy [7]

We introduce a G,-action on Sy, which is transversal (in several strong senses,
which we do not explain in the present note) by an integration of a particular vector
field on it. Let Derg(S[V*]") be the S(V;, )" -module of polynomial coefficients
vector fields on Sw. Since S(Vi;)V is a graded ring, the module is also graded
(e.g. deg(aipi) = —deg(P;) = —(m; + 1)). Then, it is easy to see that the lowest
graded piece of the module is a rank 1 vector space generated by

0

D=_—
op,

(where we recall that we have ordered as deg(Py) < --- < deg(P;) = h). In fact, D
is, up to a constant factor, independent of a choice of the generator system Py, ..., P,
of invariants. We shall call D a primitive vector field. (Proof. Let us take another
system of generators S[V*]W = R[Q,...,Q;] with deg Q; = deg P; = m;+1. Then
the chain rule of the derivatives shows that

0 0Q; 0 0Q; ; S .
— = (here,—= = 0 for ¢ < [ since it is of negative degree)
om T 2 ono, oF,
_ 0@ 0 e 2
0P, 0Q, S 0Q,

Formal group action

We, now, introduce a formal group action on Sy := Vi //W by the integration
of the primitive vector field D. Actually, it is globally defined as a G,-action (which
we shall call the 7-action) as a translation of the last coordinate Pj:

T =exp(eD): G, x Sw
A X (Pla"'apl)

Sw
(Pr,....,P_1, P+ )\

—
—

Vr/W is the closure of the central com-

Remark. ponent in Sy . Then, as illustrated in 4
the figure for the As-type, the quotient
set is not invariant by the action!

Recall that the set theoretic quotient F?g 6 Pimjtive vector fiel
”
4+

tAa

Remark. There is a one to one correspondence between the set of connected com-
ponents of Sy r \ Dwr and the set of conjugacy class of involutive elements of W.
E.g. &3: {1}, {oi;}

Remark. A Coxeter element of W is, by definition, a product (in any order) of a sys-
tem of reflections whose reflection hyperplanes give a system of walls of a chamber
in Viy. The conjugacy class of the Coxeter elements is uniquely defined indepen-
dent of the ambiguities in the above definition. The order of a Coxeter element,
say ¢, is denoted by h. Then, the primitive hth root of unity is an eigenvalue of ¢ of
multiplicity 1, and the eigenspace belonging the eigenvalue is regular (in the sense
that it is not contained in any reflection hyperplane) (see [5]). More precisely, we
can show that the inverse image in Vv ¢ of the one dimensional 7-orbit 7(G,) - O of
the origin in Sy decomposes into a union of lines, each of which is the eigenspace
of a Coxeter element for the eigenvalue of hAth primitive root of unity.
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4. MAIN THEOREMS [4, THEOREM A, B]

We formulate two theorems on certain semi-algebraic geometry in Sy g and in
Viv,r, respectively. In order to formulate the result, let us prepare a notation

olE) the connected component in Swr \ Dwr containing
W " the half line 7(+R+¢)O.

Theorem. 1. For A € Ry, consider the intersection of three components

Jw(A) :=C% N (=X -y noroy -l
Then, Jw (\) is a connected component of the complement of three discriminants:
Swr \ (DWJR UT(A)Dwr U T(—A)DW7R>, and is homeomorphic to a parallelotope
[0, A]'. The origin O is a vertez of Jw () and let ao = ao(\) be the vertez of Jy ()

anti-podal to the origin. The edges of Jw (\) adjacent to ao(\) are indexed by 11
and are transversal to the discriminant Dy g.

2. The inverse image Ky (\) in Viyr of the parallelotope Jy (X\) by the quotient

map Tw : Vivr — Swr 15 a semi-algebraic polyhedron which is dual to the chamber
decomposition of Vyy.
Remark. The set of vertices of the polyhedron Ky (A) are mapped to the vertex
ao(N) of Jw(N). The trace of the vertices AOT := {ao(\) | A € Ryo} is a half
line, called the half vertex orbit azis (in fact, one has an a priori description of the
vertex orbit axis by a use of Coxeter element [4], playing a crucial role in the whole
theory).

We illustrate the results of Theorem 1. and 2. by the example of type As;. A
more precise figures for the types As and Bs are given in Appendix 2 and 3.

The figure in RHS draw the real discriminant D, r and its translations to a
positive direction A and to a negative direction —A. The shadowed aria is the
2-dimensional parallelotope Ja,(\). The figure in LHS draw the union of the re-
flection hyperplanes UH,r = WZ;(D 4,,&) and the inverse images of the shifted
discriminants. The shadowed aria is the two dimensional dual polyhedron K 4, ().

Fig 7. Bhedra J,(3) amd Ko

ML &

The proof of Theorems is based on some more basic result on the semi-algebraic
description of the 7 action, and is indicated in 6. To obtain a comprehensive
description and understanding of the polyhedron, we should study not only the
polyhedron K}'(\) := Ky (\) in the real vector space Viyr, but also its twin
polyhedron K ;Vl()\) in the imaginary vector space /—1Vjyg. For the details, one
is referred to [4] and its complete version, which is in preparation.
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5. APPLICATIONS [4, §4]
(THE DESCRIPTION OF A GENERATOR SYSTEM OF 71 (Sw,c \ Dw,c, *))

As the applications to the Theorems 1. and 2. in previous section, we give two
answers to the question posed at the end of section 2. (and in the introduction).

Theorem. 3. Let Jy ()\) be the parallelogram in Theorem 1. Let v; (i € I1) be the
edges of Jw()\) adjacent to ao. For (i € 1), choose a path 7; in the complezification
vic of vi (i.e. an open Riemann surface in Sw,c containing ;) which is based at
ao and turning around the point Dywr Ny;c once counter-clockwisely (see Fig.).

Fg 8. The genetators T 4 ™

Then the correspondence g; € A(W) — 4, (i € I1) induces the isomorphism:

~

AW — 7T1(Sw7c\DW,C,aO).
9i = Vi

The fundamental group of a complement of a divisor has another presentation by so
called Zariski-van Kampen method (see Le and Cheniot [ ]). We give a comparison
of the Zariski-van Kampen type generator system and our generators system.

Theorem. 4 (Zariski-van Kampen type generators) Take any general point x in the
central component CY),, Then the real orbit T(R) - * intersects with the discriminant
Dwr atl = #I1 points. Let I+ = (#7(£Rsq) %) N Dy s.t. | =1"+1". Consider
the paths 61, ..., 51++ (resp. 6y ,...,0,_) in the half complexification T(H) - * (resp.
7(—H)-* based at the point * and turning once around each point at the intersection
T(Rso) - * N Dwr (resp. 7(—Rsg) - * N Dwr), where H:={\ € C| Im(X) > 0}.
Fig 9. The gl 5; of ™
.@—Po»’é * ‘el"P"“’LL

W ——V———

gy Y\ URy)-*

Since the base points ao and x lie in the same contractible set C’SV, one has a
canonical isomorphism: w1 (Sw.c\Dw.c, ao) ~m1(Sw.c\Dw.c, *). Then one has:
1. The isomorphism induces a bijection between the generator systems:

(Fi|i €T} ~ {6%q,..., 64,0 1,...,6- - }.

2. The generators 51”, . ,67_} and oy ,...,0,_ are mutually commutative among
themselves, respectively.
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6. PrROOF ([4, THEOREM C])

Theorems 3 and 4 are consequences of Theorems 1 and 2 (in a stronger form,
proof is omitted, see [4]). Theorems 1 and 2 are consequences of the linearization
of the real discriminant loci, roughly formulated in a Theorem in this section (to
be exact, the formulation is not sufficient for the application). Interested reader is
referred to [4] for a complete formulation and a proof.

We prepare some notations.

1. The G,-quotient space Ty and the bifurcation divisor By

Let us introduce an affine scheme over R:
Tw := Sw//7G, = Spec R[Py, ..., P_1]

and define the quotient map =, : Sy — Ty . The restriction 7, |p,, is a finite cover
over Ty, which is branching along a divisor By, C Ty where By is defined by the
resultant (discriminant) of the discriminant Ay = AOPll + A1P;71 4+.--4+ A as a
polynomial in one variable F;:

0A
5<AW78FI);V>:W§W§ GR[Pl,...,_Plfl],

where RHS is the decomposition of
LHS according to the multiplicities: 2,
3,...of the factor wo, ws,... (there is
no reduced factor due to the transver-
sality of the 7-action to the discrimi-
nant).

The divisor By, = {w, = 0} is
called the pth bifurcation loci, and we
define the bifurcation divisor By :=
Up>3 By p. The sub-divisor By, >3 :=
UP;3 By, is called the caustics.

Recall the vertex orbit half axis AO™, discussed in Remark of section 4. Let us
denote by O := m,(AO™) its projection image in the real form Ty r of Ty and
call it the vertex orbit half line. It is a highly non-trivial fact that OT C Bwar
but Ot N By, >3r = 0. Therefore, we can define

Key concept: The central region:

Ew = the connected component of Tyyr \ Bw,>3r
containing the vertex orbit half line OF.

We shall see that Ew is a simplicial cone of dimension | — 1, whose faces are
indezed by the edges of the Dynkin-Cozeter graph T'(W) for the type of the Coxeter
group W (in fact, this is the back ground for the fact that the generator system 7;
(i € II) in Theorem 3 satisfy the Artin-braid relations. In order to formulate the
result, we prepare some more notation.

2. Linear model space
Let us introduce a based vector space, where the basis are indexed by the set II:

VH = EBQGHGG “ Vg
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Let us define the diagonal action of G, on Vi1 by letting A € G, acts on # € Viy by
t—=t+ XY crva Let us introduce the quotient space:

VH = VH/Ga . Z Vo -

aclIl

Let Ay (o € II) be the dual basis of the basis v, so that any element i € Vi is
expressed as ) iy Aa(0)va (i.e. Ao (o € II) are coordinates for Vi1). Note that
Aas = Aa — Ag (a # B €II) form a root system of type A;_1 on Vi.

Solving the algebraic equation Ay, = 0 in the indeterminate P;, we obtain [
number of (multivalued) algebroid functions on Ty ¢ branching along Bw, qd,c-
In fact, by choosing the half vertex orbit line OF, as for the base point of the
multivalued functions, we can naturally index the algebroid functions by the set IT
[4]. That is: we have the “decomposition” of the discriminant polynomial:

Aw = AP+ AP 4+ A
= Ao lloen(P = @al(Pr,..., P-1))
—_—

algebraic functions

Theorem. Consider the multivalued algebroid maps® cyw and by defined by the
correspondences

cw 0 A =P — @, aell

bW : /\aﬁ:(pﬁfﬁpa, a,ﬁEH

which makes the following diagram® commutative:

SW l>‘7n

\Lﬂ'r iGa ZaePz‘ Vo
b

Tw —> V.

The restriction of the maps to their real forms cwr : Swr — VHJR and by :
Twr — Viir induce the following semi-algebraic isomorphisms of the central com-
ponent and the central region to certain linear simplicial cones:

cwr : CY J-{EEVH,R:AQ<O fora €Ilj, Ay >0 MQEHQ}
bwr : Ew o-{t€Vir:Aap >0 fora €y, €lly,af € Edge('(W))}

where I1; (1 =1,2) is a decomposition II = TI; [ 1o

such that each 11; is totally disconnected subset of the - =T
vertices of the Cozeter-Dynkin graph T'(W) (see the Fig 1. Deampesilin T
figure for the example of type Eg), and o € {£1}. TT.

The sign factor o can be determined exactly [4]. The E;:

linearization maps ca, and ba, are illustrated in Ap- T

pendiz 1 (taken from [4]).

x) To be exact, the maps cy and by should be defined on a suitable covering
spaces of Sy and Ty, and the branch of the maps in consideration should be
specified. In [4] (and in the forthcoming paper in preparation), we proceed this by
two means either by a use of suitable topological covering spaces with some careful
consideration of base points, or by a use of suitable finite algebraic covering. Both
are technically complicated and we do not go into any details in the present note.

~
~
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