EXTENDED AFFINE ROOT SYSTEM IV
(SIMPLY-LACED ELLIPTIC LIE ALGEBRAS)

KYOJI SAITO AND DAIGO YOSHII

ABSTRACT.. Let (R, G) be a pair consisting of an elliptic root sys-
tem R with a marking G. Assume that the attached elliptic Dynkin
diagram T'(R, @) is simply-laced (see Sect. 2). We associate three
Lie algebras, explained in 1), 2) and 3) below, to the elliptic root
system, and show that all three are isomorphic. The isomorphism
class is called the elliptic algebra.

1) The first one is the subalgebra g(R) generated by the vac-
uum e® for a € R of the quotient Lie algebra Viy(g)/DVo(r) of
the lattice vertex algebra (studied by Borcherds) attached to the
elliptic root lattice Q(R). This algebra is isomorphic to the 2-
toroidal algebra and to the intersection matrix algebra proposed
by Slodowy.

2) The second algebra ¢(T'(R,G)) is presented by Chevalley
generators and generalized Serre relations attached to the elliptic
Dynkin diagram I'(R,G). Since the Cartan matrix for the ellip-
tic diagram has some positive off diagonal entries, the algebra is
defined not only by Kac-Moody type relations but some others.

3) The third algebra Eff % gar is defined as an amalgamation
of a Heisenberg algebra and an affine Kac-Moody algebra, where
the amalgamation relations between the two algebras are explicitly
given. This algebra admits a sort of triangular decomposition in a
generalized sense.

The first algebra g(R) does not depend on a choice of the mark-
ing G whereas the second ¢(I'(R,G)) and the third Ezf * gar do.
This means the isomorphism depend on the choice of the marking
i.e. on a choice of an element of PSL(2,Z).
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1. INTRODUCTION

We give a brief overview of the history, the motivation and the results
of the present article. Some readers in a hurry may choose to skip to
(1.3).

(1.1) Since the introduction, in the early eighties [Sa3-I], of the concept
of a generalized root system and, in particular, of extended affine and
elliptic (= 2-extended affine) root systems, there have been several
attempts to construct Lie algebras realizing a given root system as the
set of its “real roots”. The answers were not unique, since there seemed
no a priori constraint on the size of the set of “imaginary roots” and
of the center of the algebra. Let us recall some of these works.

The first attempt was due to P. Slodowy ([S13]), who looked at the
tensor of a simple algebra with the algebra of Laurent series of two
variables for simply-laced elliptic root systems (cf. Sect. 2). Wakimoto
[W] has constructed some of the representations of these algebras with
trivial center action (see also [ISW] for further development). The idea
was extended by U. Pollmann [P] to non simply-laced elliptic root sys-
tems, where she used the “twisted construction” using affine diagram
automorphisms and called the algebra biaffine algebra.

The next attempt was due to H. Yamada [Y1], who constructed the
tensor of the affine Kac-Moody algebra with the algebra of Laurent se-
ries of one variable by the use of vertex operators [F|, [FK]|, which are,
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in fact, certain infinite dimensional central extensions of the two vari-
ables Laurent series extension of simple algebras. He put a constraint
on the “size” of the center of the algebra (related to the marking on
the elliptic root system, cf. Sect. 2) on the algebra in order to get the
action of the central extension of the elliptic Weyl group. Still, the
occurance of an infinite dimensional center in the algebra was a puzzle
at the time.

The universal central extension of the tensor of a Lie algebra with a
commutative algebra was explained by Kassel [Kas] in terms of Kahler
differentials of the algebra. Moody-Eswara-Yokonuma [MEY] intro-
duced the name toroidal algebra for the universal central extension of
the tensor of a simple algebra with the algebra of Laurent series of sev-
eral variables. They gave vertex algebra representations of 2-toroidal
algebras (cf. also [BB], [EM]).

In [S12], [S14], Slodowy proposed to study a generalized intersection
matrix (g.i.m. for short) algebra modifying the Kac-Moody algebra
by admitting positive off-diagonal entries in the Cartan matrix, and
an intersection matrix (i.m. for short) algebra as the quotient of the
g.im. algebra by the ideal generated by the root spaces whose roots
have norms > 3. Then Berman-Moody [BM] showed by the method of
finite root system grading (cf. [BGK], [AABGP]) that the i.m. algebra
for a suitable choice of root basis of an extended affine root system
becomes the toroidal algebra.

The general idea of the construction of a Lie algebra g(R) for any gen-
eralized root system R comes from vertex algebras, as we now explain.
Generalizing the vertex representation of affine Kac-Moody algebras
[FK], [F], Borcherds defined the vertex operator action for any element
of the total Fock space Vj of level 1 representations of the Heisenberg
algebra attached to any given lattice @) [Bol, 2]. He has also axioma-
tized the structure as the vertex algebra V' and has shown that V/DV
carries a Lie algebra structure for the derivation D of V. Applying the
construction to the root lattice Q(R) for a generalized root system R,
we consider the Lie algebra Viry/DVg(r). Then, we define g(R) as its
Lie subalgebra generated by all vacuum vectors e® attached to (real)
roots a € R. In order to get finite dimensional root space decomposi-
tion of g(R), we extend the Cartan algebra b to a non-degenerate space
h, and the algebra generated by b and g(R) will be denoted by g(R).

The correspondence R +— g(R) works as follows. If R is a finite or
affine root system, then g(R) is the corresponding finite or affine Kac-
Moody algebra, respectively. If the root lattice is hyperbolic (Lorentzian),
the algebra becomes a quotient of the Kac-Moody algebra. If R is an
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extended affine root system, then g(R) becomes a toroidal algebra. In
general, the algebra g(R) has a root space decomposition (containing
R C Q(R) as its real roots) such that any root « has norm gg(a) < 1.
Thus, the algebra is a quotient of the i.m. algebra for a suitable choice
of a root basis.

Let us call, in particular, the algebra g(R) for a (simply-laced) elliptic
root system R a (simply-laced) elliptic Lie algebra. The justification
for this renaming of the 2-toroidal algebras comes from the study of
elliptic singularities (see (1.2) and its remark). The algebras considered
by Yamada and Pollman are quotients of the elliptic algebras.

(1.2) We turn to the question of presentations of the algebra g(R). If
the Witt index of the root lattice Q(R) is less than or equal to 1, then
the root system is either finite, affine or hyperbolic, so that it admits
Weyl chambers and hence has some particular (so called simple) root
basis. Accordingly, the algebra g(R) admits some particular (so called
Chevalley) generator system and is presented by Serre relations. It is
therefore natural to seek presentations of the algebra g(R) for a root
system R with Witt index > 2. In fact, for the 2-toroidal (= elliptic)
case, Moody-Eswara-Yokonuma [MEY] have already given an infinite
presentation of the algebra.

One of the main goals of the present article is to give another, finite,
presentation of the elliptic algebra by generalizing the Serre relations
(see (4.1) Definition 2) in terms of the elliptic Dynkin diagram ex-
plained below.

The elliptic root system R has a two dimensional radical and any one
dimensional subspace G of the radical is called a marking (cf. Sect. 2).
The pair (R,G) consisting of an elliptic root system with a marking
admits some particular root basis I'(R, G), called the elliptic Dynkin
diagram (Sect. 2, [Sa3-1]), even though there is no longer a good ana-
logue of the Weyl chambers. The intersection matrix attached to the
elliptic diagram, which we call an elliptic Cartan matriz, contains some
positive entries in its off diagonal part, so that it is not a generalized
Cartan matrix in the sense of Kac-Moody algebras [K]. Hence, the
“classical” Serre relations which describe Kac-Moody-algebras are not
sufficient to describe the elliptic algebra. Thus it is necessary to seek
some generalizations of the Serre relations attached to the elliptic dia-
gram.

A new impetus for the problem of reducing relations to the ellip-
tic diagram came from a description of the elliptic Weyl group. In
[SaT3-1I11], the elliptic Weyl group was presented via a generalization
of a Coxeter system. Namely, the elliptic Weyl group is generated by



EXTENDEDAAFFINE ROOT SYSTEM IV 5

involutive elements attached at vertices of the diagram and is deter-
mined by a system of relations which consist partly of the classical
Coxeter relations involving 2 vertices of the elliptic diagram, together
with some new relations involving 3 and 4 vertices of the diagram. The
quetion was raised whether one could find presentations of the elliptic
Lie algebras, the elliptic Artin groups and the elliptic Hecke algebras
whose their defining relations involve only the same 2, 3 and 4 vertices
of the elliptic diagram.

In the present article, we answer this problem affirmatively (see Re-
mark 2): the elliptic algebra ¢(T'(R, G)) is generated by a system of
Chevalley basis (i.e. slo-triplets attached at vertices of the elliptic dia-
gram ['(R, G)) and is defined by a generalization of the Serre relations
involving three or four vertices of the diagram (Sect. 4 Definition (4.1),
(4.1) Theorem 1). In the course of the identification of the algebra
¢(T'(R,@)) with g(R), we are necessarily lead to consider an amalga-
mation h% x g.¢ of a Heisenberg algebra h% and an affine Kac-Moody
algebra g,r which is again isomorphic to the elliptic algebra. This gives
the third description of the elliptic algebra. As a by-product of this
third presentation, the elliptic algebra obtains a sort of triangular de-
composition (5.2.2) (in [BB], Berman and Bilig use a similar triangular
decomposition of toroidal algebras to study of their representations).

Remark. The 2-extended affine root systems [Sa3-1] were introduced in
order to describe the (transcendental) lattices generated by vanishing
cycles for simply elliptic singularities [Sal], which is why we call them
elliptic root systems [SaT3-III]. In fact, the rank 2 radical of the root
system corresponds to the lattice of an elliptic curve, and a rank 1
subspace of the radical, called a marking, corresponds to a choice of
a primitive form ([Sa2]). The motivation for introducing the elliptic
algebra is to reconstruct the primitive form and the period mapping
for the elliptic singularities in terms of the elliptic algebra (cf. the
simple singularity case [Br], [S11, 2], [Ya2]). From the marked elliptic
root system, one has already reconstructed the flat structure on the
invariants of elliptic Weyl groups [Sa3-11], [Satl, 2] and the elliptic
L-functions [Sa3-V]. But we are still far from the goal.

Remark. The problems raised in [SaT3-III] on the description of the
elliptic Artin groups and Hecke algebras were affirmatively solved by
H. Yamada [Y3], where he rewrote in terms of elliptic diagrams the
presentation of the fundamental group of the complement of the dis-
criminant for simply elliptic singularities, given originally by van der
Lek. The relations for an elliptic Artin group naturally “cover” the
relations for an elliptic Weyl group. Still, the relationship between the



6 K. SAITO, D. YOSHII

presentations of the elliptic Weyl group and the Artin group and the
presentation of the elliptic algebra given in the present article is not
yet clear.

(1.3) Let us give an overview of the contents of the present article.

Section 2 reviews the material from [Sa3-I] on generalized root sys-
tems and elliptic root systems R and their diagrams I'(R, G) which is
necessary in the present article. Section 3 reviews Borcherds’ descrip-
tion of a lattice vertex algebra, and then introduces the Lie algebra
g(R) for any homogeneous generalized root system R. In (4.1), we
give a finite and locally nilpotent presentation of an algebra ¢(I'(R, G))
attached to a simply-laced elliptic diagram I'(R, G). There is a natu-
ral surjective homomorphism : ¢(I'(R, G)) — g(R) preserving the root
space decomposition.

The elements of ¢(T'(R, G)) whose weights belong to the marking G
span a Heisenberg subalgebra hZ%. Tt is a slight surprise that the Heisen-
berg subalgebra and the affine Kac-Moody subalgebra g,¢ (attached to
an affine subdiagram I'ys of I'(R, G)) in ¢(I'(R, G)) satisfy some quite
simple relations (4.3.6). We consider, in Sect. 5, the abstract amal-
gamation hZ% * g, of the two algebras obeying those relations. The
amalgamation is surjectively mapped onto ¢(I'(R,G)) preserving the
root space decomposition. We determine the set of roots and the mul-
tiplicities of the amalgamation algebra in (5.2)—(5.5). It turns out that
the set of roots of the amalgamation algebra and that of g(R) coincides
and the multiplicities for the amalgamation algebra do not exceed those
of the algebra g(R). This implies the isomorphism:

g(R) ~ ¢(T'(R,G)) ~ Hff*gaf.

Here we recall that the algebra g(R) does not depend on a choice of the

marking G, but the other algebras ¢(I'(R, G)) and hZ*g.; do depend on
the marking, i.e. on a choice of an element of PSL(2,7Z). This should
be understood by the following fact. Through the amalgamation, the
elliptic algebra obtains a triangular decomposition:

L + -
hat @ ng & ngy.

So, the ambiguity of the triangular decomposition of an elliptic algebra
(more exactly, the ambiguity of the subalgebra h% @ nf) depends on
an element of PSL(2,Z). Full study of this fact (i.e. PSL(2,Z) action
on the elliptic flag variety) may require another work, and is beyond
the scope of the present article.
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For the convenience of the reader, in Appendix C, we list the refer-
ence numbers for the relations of the algebras g(R), ¢(I'(R, G)), g(Aa),

gar = ¢(Tar), b4, Eff and Hff * gar studied in the present article.

Notation. (1) For a sequence of elements xi,xs,x3, -+, 2, of a Lie
algebra, put:

[mlax?axi’n"' ’xn] = [["'[[xlax?]:xi’)]f” ’xn—l]vmn]v

and call it a multi-bracket of length n. The element x; is called the
i-th entry of the bracket. For any s with 1 < s < n, by successive
applications of the Jacobi identity, one gets an identity:

[xthaxfﬂ?”' 7$m?/] = [1'1,"' 7 Ls—1,Y, Ls, LTs41," " " 7mn]
+[$1,"' 7xs—17[xsay]7xs+l7"' ,In]
+[$17"' 7x8717x87[x8+17y]7”' 7-7771]
+[$17"' 1 Ls—1,Lsy L1y " 7[xn7y]]

We shall refer to this transformation as “delivering y to the left”.
(2) For a subset S of a root system R in F', we put

+S:=SU(=5)=SU{-s|se S}

Notation. During the preparation of the article, the authors had dis-
cussions with our colleagues, to whom we are grateful. Among all,
we thank Boris Feigin, Jin-Tai Ding, Atsushi Matsuo, Kenji Iohara
and Yoshihisa Saito for their constant interest and help. We are also
grateful to Ron Donagi for a careful reading of the manuscript.

2. GENERALIZED ROOT SYSTEMS AND ELLIPTIC ROOT SYSTEMS

We recall the notions from [Sa3-I] on a generalized root system and
an elliptic root system and their classification by elliptic diagrams to-
gether with some facts about them which are necessary in the present
article.

(2.1) Let (F,q) be a pair consisting of an R-vector space F' and a qua-
dratic form ¢ on it with bounded rank (i.e. max{ rank of non-singular
susbspace of F'} < 00). The bilinear form [ : F'x F' — R is attached to
q by I(z,y) = q(z+y)—q(x)—q(y) and q(x) = I(z,2)/2. Let rad(q) :=
F* be the radical of q. The signature sig(q) = (pi4, po, pi—) is the triplet
with g4 := max{rank of positive (resp. negative) subspaces of F'} and
wo = rank(rad(q)). A vector a € F' is called isotropic if g(a) = 0
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and non-isotropic if q(a) # 0. Take a non-isotropic vector a. Put
a" = a/q(«a), then we have o¥¥ = a. Define the reflection w, on F' by
we(u) :==u — I(aV,u)a. We have w? = idp and [ ow, = I.
Definition. A set R of non-isotropic vectors of F' is called a generalized
root system belonging to (F,q), if it satisfies:
1) the additive subgroup Q(R) in F' generated by R is a full lattice
of F' (i.e. Q(R)@zR~F),
2) for all a and B € R, one has I(a",3) € Z,
3) for all a € R, the reflection w, preserves the set R,
4) if R = Ry U Ry and Ry L Ry with respect to q, then either Ry
or Ry is empty.

A root system R is called reduced if Qoo N R = 4+« for any o € R.
The subgroup Q(R) C F is called the root lattice for the root system
R. The group W (R) generated by the reflections w, for all « € R
is called the Weyl group of the root system R. Two root systems
are isomorphic if there is an isomorphism between the ambient vector
spaces which induces a bijection between the sets of roots. For any
subspace H of rad(q) which is defined over Q, the image set of R in
the quotient space F'/H is a root system, called the quotient root system
modulo H, and is denoted by R/H. In particular, R/rad(q) is called
the radical quotient of R. (A subspace H is called defined over Q if
HNQ(R) is a full lattice of H; for example, rad Q(R) is defined over
Q, i.e. radQ(R) :=rad(q) N Q(R) is a free abelian group of rank uy.)
Definition. We shall call a subset I C R a root basis of R, if
(2.1.1) 4) Q(R) =2z, i) W(R)=W(II) and i) R =W (R)II,
where ZI1 := 3~ .y Zow and W (II) := (w, | o € 1T).

Note that R = W(II)II alone implies the conditions i), ii) and iii).

One can show that the cardinality of the set of norms of roots {g(«) |

a € R} is finite and that the proportion g(«)/q(3) for any o, 5 € R is
a rational number so that the integer:

(2.1.2) t(R) :=lem{q(a) | @ € R}/ged{q(a) | a € R},

called the total tier number of the root system, is a well defined positive
integer. So, up to a constant factor, the bilinear form I may be assumed
to take rational values on Q(R). In particular, by choosing a constant
factor ¢ such that ged{c- q(«) | « € R} = 1, we define the normalized
forms:

(2.1.3) qr = cC-q, Ip=c-1

(the constant ¢ will be referred to as Igr:1). Then Q(R) becomes an
even lattice with respect to the form ¢r (and Ir). We shall always
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consider the vector space F' to be equipped with the integral lattice
structure Q(R) and the rational structure Fp := Q ®z Q(R). A root
system R is called homogeneous if t(R) = 1, and, hence, qgr(a) = %1
for a € R.

Let R be a root system. The set R := {a" | o € R}, called the dual
of R, is also a root system with respect to the same quadratic form gq.
It satisfies ¢(a”) = 1/q(«) for a € R, with t(RY) = t(R). The sets R
and R span the same vector space F, but the lattice Q(R") := ZR"
(equipped with the normalized quadratic form ggv = (Igv : I) - ¢
satisfying qr(a) - grv(a¥) = t(R)) may define a different Z structure
on F.

(2.2) We call R a k-eztended affine root system of rank [, if q is positive
semi-definite with rank(rad(q)) = k and rank(Q(R)) = 1+ k. Let us
recall briefly the classification of k-extended affine root systems when
k (=the Witt index of ¢) is less than or equal to 2.

One has the equivalence: #R < o0 <= #W(R) < o0 <= ¢ is
definite <= k = 0. This is the case studied in the classical literature.
The root systems are classified into types A; (I > 1), B; (I > 2),
(1>3),D (l>4), B (I1=6,7,8), Fy and Gs.

If £ =1, then R turns out to be an affine root system in the sense of
Macdonald [Mc] (cf. [K], [Mo]). These are classified by the types P,
where P is the type of the finite root system Ry := R/rad(q) and t; is
called the first tier number (an integer satisfying ¢;|t(R)).

If k=2, then R is called an elliptic root system. In most cases these
are classified by the types P1#2) where P is the type of the finite root
system Ry = R/rad(q) and t1,ty are called the first and the second tier
number (integers satisfying ¢1|t(R), to|t(R)).

In general, let R be a homogeneous k-extended affine root system.
Then by a suitable choice of the basis ay, - -, ay of the radical rad(q),
one has an expression of the set of roots
(2.2.1)

R = Ry @ Za1®--- & Lay

= {a+nma +---+ngag | € R, n; € Zfori=1,--- k}

where Ry is a “splitting sub-root system of R” defined in a positive
subspace Iy of F' and is isomorphic to the radical quotient finite root
system R/rad(q) of R.

If £ <1, then the Weyl group W(R) acts properly discontinuously
on a domain in F*. The fundamental domain of the action bounded by
the reflection hyperplanes is called a Weyl chamber. Then the set I'( R)
of those roots which are normal to the walls of a fixed Weyl chamber
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gives a simple root basis of R and defines the classical or affine Dynkin
diagram according as R is a finite or an affine root system. If £ > 2
then the Weyl group acts nowhere properly discontinuously on F' or F™*
so that there is no concept of a Weyl chamber. Nevertheless, for the
elliptic root system R (i.e. k = 2), by a use of a marking G (see (2.3)),
we introduce some particular root basis I'(R, G) of R which leads to a
definition of the elliptic Dynkin diagrams for (R,G). We recall some
more details on this in the following (2.3)-(2.6).

(2.3) Let R be an elliptic root system of rank /. That is: R is a general-
ized root system whose quadratic form ¢ is positive semi-definite with
a 2-dimensional radical. We have | = rank(F/rad(q)) = rank(F) — 2.
If R is elliptic, so is R".

Definition. A marking of an elliptic root system R is a rank 1 subspace

G of rad(q) defined over Q. The pair (R, G) is called a marked elliptic
root system.

The dual RY is also marked by the same space G. They define
different integral structures

(23.1) Za=Gz:=GNQ(R) and Za' =Gy :=GNQ(RY),

where a and a" are fixed, once and for all, integral generators of the
marking G satisfying a¥ : a > 0 (here a" is not (a)" for the operation
()Y defined in (2.1)). The marking G induces a projection

(2.3.2) e Q(R) — Qa := Q(R)/Gy.

The image R.; := R/G := mg(R) is an affine root system belonging to
the affine root lattice QQ,;. We assume R.s to be reduced. Once and for
all, for the rest of the present paper, we choose and fix a simple root
basis I'(R,¢) of the affine root system R, and a set I'yy C R such that
the projection mg induces a bijection mg|Tar — I'(Rag). In particular,
the intersection matrix (I(a”, 5))ager,, equals the affine Cartan matrix
(I(aY, 3))a,ser(r.)- The set 'y is unique up to an isomorphism of
(R,G). We identify 'y with the affine Dynkin diagram I'(R,¢), the
lattice @qer,Za with Quf, and the set of roots R N @®ger,, Zo with
R.¢, respectively. The following three properties are well known: i)
I'ys forms a basis of (), such that the affine roots R, are contained in

T U@y where Q== (£ Y aer; Zsoc) \ {0}, ii) there exist positive
integers {n, € Z-o}aer,, such that Zaeraf ne« is a generator of the
radical of Q¢ (null roots of Q). iii) There exists ag € Ty with ng, =1
such that T'y := Tyt \ {a} is a Dynkin diagram of the finite root system
Ry = R/rad(q) with the root lattice Q¢ := @®qer,Za. So, the root
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lattice Q(R) and the radical rad Q(R) split over Z as:

(2.3.3) Q(R) = Qu®Za= Qi ®ZbS Za,
(2.3.4) radQ(R) = 7Zb® Za,

where b is a lifting of the generator of the null roots in Q).

(2.3.5) b:= Z N QL.

a€cl ¢

Similarly, T'Y; := {a¥ | @ € Ta} C RY is bijective to a simple root
basis of the affine root system RY;,. So, we get a generator b :=
ZavGFYf nava of the radical of Q(RY;).

(2.4) We introduce the first and the second tier numbers ¢,%s of a
marked elliptic root system (R,G) and its dual (RY,G) as follows.
These will describe some subtle relations between the two integral
structures Q(R) and Q(R"), and will be used to define the type of
a marked elliptic root system.
(2.4.1)
t1(R,G) = (Y :b)-(Igv : I), t(RY,G):=(b:bY)-(Ig: 1),
t2(R,G) == (a" :a) - (Igv : I), t2(RY,G) :=(a:a")-(Ig:1I).

These are positive integers satisfying the relation
(2.4.2) t(R) = t1(R,G)-t1(RY,G) = t3(R,Q) - t2(RY, Q).

The isomorphism class of (R, G), in most cases, is determined by the
triplet (P, t1,t2) where P is the type of the finite root system R/rad(q)
and t; and t, are the first and the second tier numbers of (R, G), and
so, the symbol P2 is called the type of (R, Q).

Let us define some further numerical invariants which lead to the
diagram I'(R, G). For a € R, put

(2.4.3) k(a) =inflk € Zso |a+k-a€ R} and o :=a+k(a) a
(and define kY (") similarly for oY € RY). Then, one has the following
proportionalities: for o € Ty,

nov _ 0(R,G) k()  gr(a”)

na  qrv(@Y)’ k() 0(R,G)

Definition. The set of exponents (resp. dual exponents) of (R,G) is
the union of {0} and

(2.4.4)

(2.4.5) Mg 1= % Ny (resp. Meav = q
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for a € Tur. Let Mypax := max{m, | a € Ts} be the largest exponent.
Put

(2.4.6) Thax :={a € Tar | Mo = Mimax}, Diax = {0 | @ € Tiax }-

max

Finally, we introduce the finite set of roots:
(2.4.7) ['(R,G) =Ty UL}

max*

Fact 1. The set I'(R, G) forms a root basis of the elliptic root system
R.

Note that the proportionalities in (2.4.4) imply the proportionalities:
Moy /Mme = t1(R, G)-t2(R, G)/t(R) and therefore I'(RY, G) = (I'(R, G))".
The matrix (aap = I(a”,B))aser(re) is called the elliptic Cartan
matriz (which is not a generalized Cartan matrix in the sense of Kac-
Moody theory [K] because of the positive off-diagonal entry aq o+ = 2
for o € Tpax)-

(2.5) The elliptic diagram (which we shall identify with the root basis
I'(R, G) because of the following theorem) is defined by the following
rule:

i) vertices are in one-to-one correspondence with I'( R, G),

ii) the type of the bond between the vertices o, f € I'(R,G) is
defined according to the value a, g/as by the usual convention
(e.g. [B Chap.VI, §4 n°4.2]), except for the new additional
convention: a double dotted bond o===o0if a,3 = agn = 2
(i.e. between vertices a and a* for a € T'jay)-

Fact 2 ([Sa3-I] Theorem (9.6)). The elliptic diagram is uniquely deter-
mined by the isomorphism class of (R, G). Conversely, the elliptic dia-
gram I'(R, G) determines uniquely the isomorphism class of the marked

elliptic root system (R, G) together with a root basis which is identified
with the vertices of T'(R, G).

The theorem allows us to identify the elliptic diagram with the root
basis I'(R,G). Let us review the reconstruction of the root system
(R, @) from the diagram ['(R, G).

a) Consider the vector space F = @aer(r,e)Ra spanned by the
vertices of the diagram.
b) A symmetric bilinear form I:FxF—>R satisfying the rela-

tions % — G and I(a,a) > 0 for o, f € (R, G) exists
uniquely up to a positive constant factor.

¢) The reflection of F with respect to a € T(R, @) is denoted by
Ws. The pre-Weyl group W is the group generated by w, for
ael.
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d) The pre-Coxeter element ¢ € W is defined as the product of
W, ordered so that w,« comes next to w, for a € ' ..

Then one has:

(i) The eigenvalues of ¢ are given by 1 and exp(2mv/—1my/Mmax)
for a € T'y. X
(ii) The image of 1 — é™max is contained in rad(I) and is spanned by

o —a_ % for a, B € ax, where m!_ . = the least common

k() k
denominator of the mq,/Mumax for a € Tyt
Fact 3. Put F := F/(1— ¢™max)E' | I :=the form on F induced from I,
G := the subspace in F spanned by o — a for a € I'max and R :=the
image set of W -T'(R,G). Then R is an elliptic root system belonging
to (F,I) with the marking G. The image set in F of the vertices of
['(R,G) forms a root basis of the elliptic root system. The root lattice
in F' generated by I'(R, G) is given by
o —a -8
- a, ﬁ € Fmax )
W) k) | )

252 a2

(2.6) A marked elliptic root system (R, G) is called simply-laced if its
diagram I'(R,G) consists only of simply-laced bonds o o and of
doubly dotted bonds o===o.

Fact 4. A simply-laced elliptic root system (R, G) is homogeneous and
hence t(R) = t1(R) = t2(R) = 1, m}, .. = Mmaz (See Appendiz A for

max

explicit values), and k(o)) = 1 for a € R. The set of roots decomposes
(2.6.1) R = Ry+7Za = Ri+ 7Zb+ Za.

(25.1)  Q(R) = ZI'(R,G)/(

| @, 3 € Tax)-

The simply-laced elliptic root systems are of types Al(l’l) forl > 2,
Dl(l’l) forl >4 and El(l’l) forl =6,7,8, whose diagrams are exhibited
in Appendiz A.

3. THE LIE ALGEBRA g(R) ASSOCIATED TO A GENERALIZED ROOT
SYSTEM

The goal of this section is to introduce the Lie algebras g(R) and
g(R) attached to a generalized root system R as certain subalgebras
of Vor)/DVgry for the root lattice Q(R) ((3.2) Definition 1). Here
Vi is the lattice vertex algebra attached to a lattice () and D is its
derivation, studied by Borcherds [Bol], which we recall in the first half
of the section. For vertex algebras, see also [K2|, [MN].
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(3.1) First, we review the construction of the lattice vertex algebra
in our context. Let () be an even lattice with an integral symmetric

bilinear form I attached to a quadratic form ¢ such that ¢(x) = @

There is a canonical central extension: 0 — 7Z/27 — Q - @Q =0
defined by the skew symmetric form I mod 2. Fixing a section e : () —
Q a — e®, we have the product rule: e®e’ = r!(@Pefe where k
is the multiplicative generator of the center Z/27. Giving an additive
cocycle e : Q X Q — 7/27 such that e(«, 8)+e(8, ) = I(a, 3) mod 2 is
equivalent to giving a product rule: e®e? = k5(@Ae+# We shall often
use a Z-bilinear cocycle ¢ defined from an ordered basis aq,--- , «a, of
the lattice @ as follows: (o, ;) := I(, ;) mod 2 if i > j, otherwise
0. Then, we have £(«,0) = £(0,0) = £(0,a) = 0 for any o € @ and
e =1¢€Q. Let Q{Q} be the quotient of the group ring Q[Q] divided
by the ideal generated by 1+ k. The image of the section {e® | « € Q}
(denoted by the same symbol) gives a basis of Q{@Q} with the product
rule e®e? = (—1)s(@Heats,

Put Fjp := Q ®z Q and let F@ be a Q vector space equlpped with a
non-degenerate symmetric bilinear form I such that i) F@ contains Fp
as a subspace, ii) the restriction of I on Fy coincides with 1. Such an
Fy having the lowest rank (=rank(Q) + rank(rad(Q))) is unique, and
shall be called the non-degenerate hull of Fp. We identify F@ with its
dualspace F* by I : Fy — F; o — I(z)(y) = (I(z),y) :== I(z,y). Put
b= FQ = I(FQ) b= I(F@) (note that b is not the dual space Fgj of

Fg if I is degenerate) and h, I(z) € b for any x € Fy. We introduce
the form I* on b by I*(I(x), [( ) := I(x,y) for any z,y € Fg.
Let us define the space

WSVAS

(3.1.1) Vo ::S< @ b(— ))@Q{Q},

where S (@neZ>OH(—n)) is the symmetric tensor algebra of the direct
sum of an infinite sequence {h(—n)} ez, of copies of h (copies of an

element h € b are denoted by h(—1),h(—2),---). Then Vo has the
following structures.

i) As the tensor product of algebras, Vj is an algebra.

ii) For any h € h and n € Z, we define the left-operator h(n) on
Vg as follows: if n < 0 then h(n) is multiplication by h(n). If
n = 0 then h(0)e® = (h,a)e® for any a € Q. If n > 0 then
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h(n)e® = 0 for any o € Q. One has the rule: [h(m),g(n)] =
m5m+n,ol~*(h, g) for any h,g € b and m, n € Z.

iii) The algebra Vi has the Cartan involution w : w(e®) = e %,
w(h) = —h for any o € Q and h € b.

iv) There is the linear map deg : Vo — Vi such that dege® =
¢(a)e* and deg h(—n)v = h(—n)(nv + degv) for any a € Q,
h e H and v € V. We say u € Vg is of degree n if degu =
nu(n € 7).

v) The algebra Vg is Q-graded. That is: Vg = @aecq(Vg)a, where
(Vg)a = S(@nezwa(—n)) ® e*. An element u € (Vg), is said
to have grade «.

For any n € Z we define the n-th product, denoted by (n), of u =
hi(—ny) - hip(—ng)e* € Vi (hy,--- ,hi € b, @ € Q and k > 0)
(RS VQ by
(3.1.2)

uyv = the coefficient of z™"~! in

(2Q(h1(—n1), 2) - Q(hg(—ng), 2) exp (Q(ha(0), 2)) * 2) v,

where for h € H and n > 0, we put

(3.1.3)  Q(h(—n),z):= l' (i) (Z hD iy h(0) log(z)) .
n! \ dz : {
1#0
Here “2X7?7 is the “normal ordering of X 7, where one rearranges the
ordering of products in the formal expression of X in such way that
the creation operators h(—i) (i > 1) occur to the left of all annihilation
operators h(7) (i > 0) and e* occur to the left of all operators h(i) for
i € 7, and exp(ho(0)log(z))e’ = e?21(@A)  Extending (3.1.2) linearly
in u, the vector space Vg is equipped with countably many bilinear

operations (n). Then, the system of these operations defines the vertex
algebra structure on Vg ([Bol], [FLM]).

For any h € b, u € Vo and n € Z, we have h(—n)1yu = h(—n)u
(see (3.1.2)). So, Vg is generated as (—1)-th product algebra by h(—n)
and e® for h € H, n € Z-o and « € (). Define an operator

(3.1.4) D:Vog—=Vg, aw acyl.

Then, we have

(3.1.5) D(ugmyv) = (D) myv + uyDv.

In addition, for any h € H, a €@ and n € Zo,

(3.1.6) De® = ho(—=1)e®,  Dh(—n) =nh(—n —1),
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so D is a homogeneous operator of degree 1.

Fact 5 (Borcherds[Bol]). The product uyv foru,v € Vg induces a Lie
algebra structure on the quotient space Vo /DVy and a left Vo /DV-
module structure on Vg.

In this section, let us tentatively denote the algebra Vi, /DVy by g(@Q).

We shall use the same symbols to express an element in g(Q) as an
element in V. The Lie bracket of g(Q) is given by [u, v] = uyv. The
algebra g(@) inherits Z- and Q-grading structures since D is homoge-
neous and preserves the Q)-grading.

If u,v € Vg have degrees [, m € Z respectively then u, v has degree
Il +m —n — 1. So, the subspace of degree 1 is closed under the 0-th
product.

Fact 6. g(Q)1 = (Vo/DVy)1 ~ (Vo)1/D(Vp)o is a Lie subalgebra of
9(Q).

Here, we recall some terminologies from [K], [MP]. Given a Lie alge-
bra g and its abelian subalgebra b, we say an element x € g has weight
febp if [h,z] = (h, f)x for any h € h, and we say x is a weight vector
of weight f. Let g be the set of all elements which have weight f. Its
dimension dimg gr is called the multiplicity of f. If g¢ # {0}, f is called
a root and gy is called its root space. If g is spanned (as a vector space)
by root spaces, then we say that g has a root space decomposition with
respect to b.

Let u € Vg be an element of grade o € Q. Then h(—1)yu = (h, ®)u
for any h € b (use (3.1.2)). This means that the two concepts: weight
and grade coincide. Therefore g(@Q) has a root space decomposition
with respect to h(—1) and the root space g(Q), of @ € Q is g(Q)a =
(S/(D + ha(—1))S) @ e*, where we put S := S(®pez.,h(—n)). The
subalgebra g(@Q); also has a root space decomposition with respect to
h(—1). Note that g(Q); has no root o € @ such that g(«) > 1 (recall
that the degree of hy(—ny)--- hg(—ng)e® is ny + - - ng + q(a) > g(w)).
Some of the root spaces are described explicitly as follows.

B(@1)e = Qe for g(a)=1,
@(@)1)n = (b(=1)/Qu(=1))e* for q(u)=0.

A root o € @ such that ¢(a) =1 (resp. ¢(a) < 0) is called a real root
(resp. an imaginary root).

Let us list some bracket rules in g(@Q), which can be calculated from
the table of (0)-th products in Appendix B. We shall use them in the
present paper without mentioning it explicitly. Put @, = {a € Q |
q(a) =1}. Let o, 3 € Q, h,g€ b, h,g € hand p, A € rad Q.

(3.1.7)
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0. [A(=1),9(=1)] =0,
| [h(—1),e%] = (h,a)e?,
[h(=1),g(=1)e"] = (h, ) g(—1)e",
IL.1. [e¥ ef] =
0 if I(a,B) >0
(3.1.8) { (_De(a,ﬁ)ea—i-ﬁ if [((Lﬁ) =1
(—1)F@Phyy (—=1)etB if I(a, B) = —2
for «,0 € Q,
I1.2. ad(e®)'=havPef =0 if I(a,8) <0and a € Q,

ad(e”)’ 1
I, [h(—1)et, e?] = (=1)5W) (b, a)ertr,
IV, [h(=1)e, g(~1)e] = (—1) DT (h, )b (~ 1)er

(3.2) In this subsection, we attach a Lie algebra g(R) to any homoge-
neous generalized root system R belonging to the lattice Q(R). Recall
the even lattice structure /g on Q(R) (2.1.3). In the rest of this sec-
tion, we use the normalized bilinear form [g, but will denote it by [
for short.

Definition 1. Define subalgebras g(R) and g(R) of g(Q(R)) by

R) = (h(=1),e®|h€h, a€R)
321 g( ) ) )
( ) g(R) = (e*|a€R).

The algebra g(R) is a subalgebra of g(Q(R)); (since all the genera-
tors are in g(Q(R)); and (3.1) Fact 6) and inherits the Q(R)-grading
structure of g(Q(12))1. Since all the generators are weight vectors, the
algebra g(R) has a root space decomposition with respect to h. If «

is a root of g(R), then I(a,a) < 2. Note that g(R) = [g(R),g(R)],
g(R) = [g(R), g(R)] (use the bracket table (3.1.8)).

For S C R, we consider the subalgebra g(S) of g(R):
(3.2.2) g(S) = (e |aex9).

Assertion 1. For any subset S C R, one has g(S) = g(W(95)S). In
particular, if 11 is a root basis of R (in the sense of (2.1.1)), then
{e“ | a € £I1} generates g(R).

Proof. First we claim e“(® = const - ad(e®)~1@" el Tt is enough
to show ad(e*)1@"Mef £ 0 since the real root space is one dimen-
sional (3.1.7). If it were zero, we would get ¢/ = 0 by applying
(ade=)~1 (%A Tt is impossible, and claim is proved. We return to
the proof of (4). Any element of W(S)S is an image of S by successive
applications of reflections with respect to elements of S. Applying the
claim above successively, we obtain g(W(S)S) = g(5). O
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Let us consider the case when R is a homogeneous k-extended affine
root system of rank {. We shall call the algebra g(R) k-extended affine
Lie algebra. Notice that in this case the bracket table (3.1.8) restores
the structure of the Lie algebra g(R).

Lemma 1. The algebra g(R) decomposes to root spaces as:

(3.2.3)

IR =h-1)e ® Q"a @  (h(—1)/Qu(=1))e".
a€R perad Q(R)\{0}

If we replace b by b in (3.2.3), then we get an explicit description of
g(R).

The ranks of 6 and b are [ 4 2k and [ + k, respectively. So, we know
the multiplicity for any root of g(R): the multiplicity of o € R is equal
to 1 and the multiplicity of u € rad Q(R) \ {0} is equal to [ + k — 1.

According to the explicit expression of g(R) above and the bracket
table (3.1.8), it is easy to see that g(R) is isomorphic to the universal
central extension of the algebra gy ® Q[e*®, ...  e*%] for a simple Lie
algebra gr (use (2.6.1)). That is: g(R) is the k-toroidal Lie algebra in
the sense [MEY]. See Appendix D for more explicit description of g(R).

Assertion 2. If R is a simply-laced finite or affine root system, then
the algebra g(R) is isomorphic to a finite or affine Kac-Moody algebra,
respectively.

Proof. Take a simple root basis I" of R giving the finite, or affine Dynkin
diagram. Take a proper cocycle € (as in (3.1)). Then the Serre relations
are satisfied by the Chevalley generator system {a" := hov(—1), e, :=
e, fo = € “}aer and hov(—1) for a € I' are linearly independent.
Apply Gabber-Kac theorem. O

4. THE ELLIPTIC LIE ALGEBRA PRESENTED BY GENERATORS AND
RELATIONS

In the previous section, we have introduced the Lie algebra g(R)
attached to a homogeneous elliptic root system R. In this section,
we introduce the second Lie algebra ¢(I'(R, G)) = ¢(I") attached to a
simply-laced marked elliptic root system (R,G). The algebra ¢(T") is
presented by generators and relations determined by its elliptic dia-
gram I' = ['(R,G). In (4.1) Theorem 1, we state the main result of
the present article: the isomorphism of the two algebras, where the
surjectivity ¢ : ¢(T') — g(R) follows immediately from the definition.

The rest of this article is devoted to the proof of the theorem. This
section gives a preparation by studying some subalgebras of ¢(I"). In
(4.2), we study the subalgebras ¢(A) of ¢(I") attached to the A-parts
A of the diagram I'(R, G), which turn out to be the affine Kac-Moody
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algebras g(Ax) by a choice of a generator system Ax. In (4.3) we con-
sider the subalgebra l‘)aZf/ of ¢(T"), whose weight belongs to the marking
Za and which turns out to be a Heisenberg algebra.

(4.1) Let T'(R,G) be the elliptic diagram of a simply-laced marked
elliptic root system (R,G) (2.6). We construct the Lie algebra from
the diagram as follows. As in (2.5) a)-d), we reconstruct the root
lattice Q(R) (2.5.1) from I'(R, G), where I'(R, G) is identified with a
root basis of R as a subset of Q(R). Asin (3.1) put Fp := Q ®z Q(R)
and let (Fo, ] ) be its non-degenerate hull. The space F@ is identified
with its dual space b := HomQ(FQ Q) by | I: 2 — hy, where hy € b
is defined by hy(y) := I(z,y) for any y € Fgy. Recall a* — o = a (see
(2.4.3) and (2.6) Fact 4), and hence we have hysv — hov = hgv for any
a € Ipax.

Definition 2. The Lie algebra ¢(I'(R, G)) is the algebra presented by
the following generators and relations:

Generators: §and {E* | a € £['(R,G)}

Relations:
0. His abelian,
I. [h, E ] (h a)E?,
II.1. [E* E~%] = hyv,
[E*,EP] =0 for I(a,B)>0,
I1.2. (adEa) thavs® BB =0 for I(a,B) <0,
m. B EET =0 for f
@iy - ETERETI=O0 A

a j
[E E EBEW]—O
(B~ E*,E=°, E] =0
IV. ) [Eﬁ Eo‘ Jon EO‘]—O for ,
B ET BT ETY] =0 7o p

(B, B, 5% = B g ? *
[Ee, B~ B9 = B X

V.

where h runs over h in I, v, § run over £I'(R, G) in Tﬁ II, and o, 3,7
run over +I',¢ in ITI, IV and V.

Remark. The definition of a root system is invariant under the scalar
multiplication ¢l of the form [ for ¢ € Q\{0}. We shall use h,v instead

of h, for a € R so that the result does not depend on the choice of
¢ (recall from (3.2) that g(R) is constructed by the use of Ig). Then
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(hov,a) = 2. Similarly, h,v does not move after rescaling of I (see
(2.4.1)). See also the proof of (4.3) Lemma 4 H-II.

Remark. The relations O—II are the well known Kac-Moody type rela-
tions. The relations ITI-V are new relations caused by the new type
bonds o ===o in I'(R,G). Note that the relations III-V reduce to
the classical relations if we identify E¥%" with E*® for o € I'pax.

For a root lattice Q(R) = Qar ® Za of a simply-laced elliptic root
system R, we always use Z-bilinear cocycle ¢ satisfying: e(«o, —a) =
e(a,a) = e(a,a) = 0 for any a € £I'(R, G). The following is a con-
struction of such a cocycle €. Recall from the splitting (2.3.3) that the
set I'yU{a} forms a Z-basis of Q(R). Put I';U{a} = {a_1, a0, - ,au}
tentatively, and define

I(cy, ;) mod 2 if @ > 7,
(4.12) e, ) = { O( 2 otherwise.

Extend this Z-linearly to Q(R).
The following is the main theorem of the present article.

Theorem 1. The following correspondence extends to an isomorphism
frome(T'(R,G)) to g(R):

h +— h(-1) for heb,
E* — e for o€ xI'(R,G).

Here, the cocycle € is so chosen to satisfy e(a, —a) = e(a, a) = £(a, o) =
0 for any « € £T'(R, G).

The rest of this article is devoted to the proof of the theorem. In the
sequel, for short, we shall denote I'(R, G) by I', and so, ¢(I'(R, G)) by
e(D).

First, let us see that the correspondence (4.1.3) induces a homomor-
phism.

(4.1.3)

Assertion 3. The map defined in (4.1.3) extends to a surjective Lie
homomorphism ¢

(4.1.4) 0 ¥T(R,G)) — §(R).

Proof. We can check the vanishing of the p-images of the defining re-
lations (4.1.1) of ¢(T") using (3.1.8). The surjectivity follows from (2.4)
Fact 1 and (3.2) Assertion 1. See also Remark 3. 4

The algebra ¢(T") has the root space decomposition with respect to
h and the set of roots is contained in Q(R), since all the generators
are weight vectors (see the relations 0 and I) and their weights are in
Q(R). By definition of ¢ (4.1.3), we know a root space ¢(I"), is sent
to the root space g(R), for any root a.. There exists the involution w,
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called the Cartan involution, on ¢(I") defined by h — —h for h € b and
EY— E=% for a € £I'. This follows from the fact that the system of
the relations are invariant under the transformation.

As in (3.2.2), for a subset S C I', we consider a subalgebra e(.S) of
e(D):

(4.1.5) e(9) == (E% a € £85).
Note that e(S) contains h,v for any o € S because of the relation IT.1.

Assertion 4. If a subset S C I' is linearly independent in Fyp and its
intersection matriz (I(a”, 3))a,ges) forms a generalized Cartan matriz
in the sense of [K], then e(S) is isomorphic to an affine Kac-Moody
algebra constructed from the Cartan matriz, in other words, to g(S).

Proof. Under the assumption of linear independence of {h,v}aecs, it
is enough to show {E?, hov, E~%},cs satisfy the Kac-Moody relations
(after suitable changes of sign). But they do satisfy the relations 0-II.
(cf. (3.2) Assertion 2). O

Recall the projection 7g in (2.3.2) and let 7 be its restriction to
I'(R,G): m:T(R,G) — mg(Las). For any section ¢ : mg(Lag) — I of 7,
1(mq(Tar)) satisfies the condition of Assertion 4. So, e(t(mg(Tar))) is a
Kac-Moody algebra of simply-laced type.

(4.2) At the end of (4.1), we have found affine Kac-Moody subalgebras
of ¢(I") whose null roots are Z - (b + ma) for some m € Z. In this
subsection, we find affine Kac-Moody subalgebras of ¢(I") whose null
roots are the integral marking Gz = Za (2.3.1). This subsection is
aimed to show Lemma 2, which plays the crucial role in the sequel of
the proof of Theorem 1.

Definition 3. An A-part A of I'(R, G) is a union of a maximal linear
subdiagram A of I'yr and {a* | @ € Ay N Dax}. That is: A =
Aaf ) (Aaf N Fmax)*-

Explicit list of A-parts is given in Appendix A. Notice that for any
a,f € I'(R, G), there exists an A-part A which contains o and 3 (check

case by case, note that Agl’l) is not simply-laced).
For any § € A NT'L., the difference 5* — (3 is the generator a of
the integral marking Gz (2.3.1). We see that A generates an affine

root lattice of type AW (whose null roots are Gz) by introducing the
extension node

(4.2.1) ap = —a — Z a,

OéEAaf
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and introducing an affine root basis Ax 1= Aas U {aa}, whose diagram
is given below.

We have W(Ax)An = W(A)A (since —an = 8"+ 3 ca 15 @ I8
the highest root with respect to the root basis (A.s \ {5}) U {5*},
one has an € W(A)A. Conversely, —3* is the highest root with
respect to the root basis Aa \ {5}). The set {e* hov,e *}aca, U
{e*2, hay, (—1)s(@aen)e=eal forms a standard generator of the Kac-
Moody algebra g(An).

Lemma 2. For any given A-part A, there exists an isomorphism Y :

9(A) — e(A) which satisfies

T: hov(=1) — hg for o€ A,
T e —  B° for «a € £A.

Its inverse is the restriction of ¢ (4.1.4) on e(A).

Proof. Put Ayy = ANTya =: {aq,---,a,} such that I(o), ;1) = —1
fort=1,---,n—1. We fix an element o, € A NI and put Ay =
AsU{al}. Then, W(Ag)Ag = W(AA)Ax and hence g(Ag) = g(An)
((3.2) Assertion 1). Let us define a map Ty: {hov(—1), e* e | a €

(4.2.2)

YTs: hov(=1) — hav for a€ Ap,

(4.2.3) T, : e* — B° for a€e +AA.
where E+%2 are defined as follows:
Ees = p BT ... BTl BTOS prOstl L. FTon]
(424) E-oa — U,[Eal, . 7EOC571, Ea:, Eoes+1’ e Eom}_
Here vy are the constants in {£1} defined by the relations:
eaA = ’U+[€_al, . 76_045—1’ e_a;7 e_aS-Fl, e 76_a"]7
(4.2.5> e—0n  — v,[eal, . ,6%*1, ea;,€a5+1’ . ’ean]_

The proof consists of three steps. The first step shows the map de-
fined in (4.2.3) and (4.2.4) induces a homomorphism Y. The second
step shows the homomorphism Y satisfies (4.2.2). So, Ty is indepen-
dent of a choice of oy, € ANT L.k and let us call it T. We remark that,
as a consequence, £ are defined independent of a choice of a,;. The
third step shows ¢ o T = idg4), but this is clear after the first and
second step. O
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First step: Let us check the vanishing of the Y images in ¢(I") of
the defining relations of the affine Kac-Moody algebra g(Ax):

(4.2.6)
A-0. [hov(—1), hgv( 1)] =0,
A-I. [ ( 1) ]:< av>ﬁ>eﬂv
A-IL1. [e%e a] = (1) hov (1),
A-I1.2. (ade®)'~havBelf = for I(a, ) <0,
(e, ef] = 0 for I(a, ) >0,

where a, 5 € +Ax. To do this, we prepare the following assertion.

Assertion 5. (1) Let {(1,- -, Br} be a sequence of = Ag satisfying that
I(6:,8;) =0 for all 1 <i,j <k with |i — j| > 2 and I(B), Bit1) = —1.
Then,

(42.7) [E%, o % (B0 B = (<15 (g 4+ hgy),

(4.2.8)
for 1 <1<k,

-, EP] for i=1,

_[Eﬂl 7E/8k—1] for i=k.

.—|©

[E_ﬁi’ [E/Blj___ 7Eﬁk]] —

(2) If 1 < s < n, we have following relations in ¢(T):

(4.2.9)
B.1. [Eal e 7Ea5717Ea:7Ea5+17"' ,Ean;EaS] = 07
[ e ’E*as—l’E*Oé:’E*aerl, . ’E*an7E*Oés] — 07
B.2. [Eal T 7E'Oés—1’Ea;’EOés+17,” ;Ean;Eias] = Oa

[E o¢1 . ,E_as_l, E’—a§7E—Oés+l7 e 7E'_O‘n7E'0‘8] =0.
(3) If o, B € Tax satisfy I(aY, 3) = —1, then we have
[EYEP|=[E*,E°, [E E"]=[E* E7.

Proof. (1) These relations are inside an affine Kac-Moody subalgebra
of ¢(S) ~ g(95) for aset S C R (see (4.1) Assertion 4), so they hold up
to sign. Here, we calculate the sign carefully in g(S).

(4.2.7): Using (3.1.8) II.1 recursively, we have

[[em’ .. 7€/Bk]7 [67517 — 6*[31@“ — [(—1)016ﬁ1+"'+5k7 (_1>Ule*(51+"'+ﬂk)]

= (=D + -+ B)V(-1),

where, 01, 09 € Z/27 are determined by ¢ and further oy is calculated
as follows:

o = i+ 4 B, =P — - — Br)
= &(B1,B2) + (B2, B1) + -+ - + e(Br—1, Br) + €(Br, Br—1)
= Ir(B1,02) + -+ Ir(Br-1, Bk).
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(4.2.8): Similar to the proof of (4.2.7).
(2) B.1: Consider the first one. Delivering E® to the left, we have

{'"7 Ea8727 [Eas*la Eas]a Ea;? ] + [7 Eas*laEaa [Eas+1aEas]7 Eas+27 ]

For the first term, delivering £ to the left, we have

(L11)

[ 7Easf2’[Easfleasané]j...] 0.

For the second term, delivering [ E“+, E%] to the left, using the fact
that [ B, [ B+, E*]] =0 for i < s — 1 (the relation II-1), we have

[ , B2, [Eas,l, [Eaerl’EQS]]’EO‘:’...] + [ ’[Ea:’ [Eaerl,EQSH’...

The second term is 0 by the relation III. For the first term, delivering
E% to the left, we have

[...7[E0‘s—1’[EC“S+1,EO‘S]’E0¢;]7...] ="0.

The second one is similarly calculated.
B.2: The first one: Delivering £~% to the left, we have

Ea.s 1’[
Eas 2 [E'as 1 [ a Efas]],EaS‘“,---]

{ ] Eas+17...]
— [ [Eas 1 [EO‘ E— LEOCS+1]’...]
0.

The second one is similarly calculated to the first one.
(3) The first equality:

[Eﬂ*’ Ea] (X) [[E!fa’Ea*’ Eﬁ]’ Ea]
= [~hav, E*,EP| + [E~*, B~ | E°, E%]|
Cand 1y pet B9+ (B, [BP, B, B
= —[E*", EF).
The second equality is calculated similarly. U

We return to the proof of the first step. Let us check vanishing of
the Y, -images of the relations (4.2.6) in ¢(I"). This is clear for the
relations which does not contain ax. So we check only the relations
which contain aa.

A-0 and A-I: These are direct consequences of the relations 0 and
Iin (4.1.1).
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A-II.1: Let us denote the sequence ay, - - , a1, 0%, Qgy1,- -+, 0y by
ay,- -+ ,q, in the calculation below.
[Ees E~ea] = —vyu [E* - (B [ET o ETO]
(4.2.7)

=" —(=1)" v (hay + -+ hay)
= (=) vgv_hay.

Let us prove (—1)" v v_ = (—1)5@222) From the definitions of v
(4.2.5) and the proof of (4.2.7), one has

[U+€OZA,U,€_&A] = [eal’... 760471’ [6—041’... ’e—an“

— n—1
= (=1)" " hay (=1).
On the other hand, recall (3.1.8) I-2:

[v e v_e ] = (—1)5(°‘A’O‘A)U+U_hax(—l).

A-I1.2: First we assume the type of R is not Agl’l). In this case,
we can find oy € A N hax such that 1 < s < n. If i # s, then the
relation is inside a finite Kac-Moody subalgebra e(Ag \ {as}) (see (4.1)
Assertion 4). The norms of weights (1 — (hav, 8))a + 8 = a + w0 or
a + (3 of the relations A-I1.2 are qgr(a + wof3) = 2 — Ig(a, ) > 2 or
qr(a + B) = 2 + Ig(a, B) > 2, respectively. Such roots do not exist
in the finite Kac-Moody algebra, and Y-images of A-I1.2 vanish. If
i = s, then this case drops to B.1 or B.2 in Assertion 5 (2).

Let us consider the case Agl’l). In this case, 'yt = ['hax. By the use
of Assertion 5 (3), we have v E*es = [ ETo1 FFo2] = [ EFo pFoz),
These mean that this case can be reduced to the case i # s. These
complete the proof of the first step.

Second step: Let us see that the homomorphism Y satisfies (4.2.2).
It is enough to show Y (e**) = E%%: only for the fixed ay € ANT yax.-

Proof. If I(a",3) = —1, then using the facts [eTF e*F" e*] = e*
in g(A) (by (3.1.8)) and the relation V: [ ETA B8 p*e] = p*o” in
¢(T), we see that Yy(e*F") = EFF implies T,(e*") = E**". Apply
this to the fact that the set ANT' . is connected by simple bonds. [J

So, the next assertion finishes the proof of Lemma 2.
Assertion 6. E% = T (e%) and E=% = Y,(e~*). That is,

(4.2.10)
Eos = 7—_~_[E—a571’ .. ’E—al’ E—Om’ E_an’ R ’E—ozsﬂ]7
E—o = T_[EYs-1, ... (E0 Ees Eon ... (o],
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where 7. € {£1} are the constants in {£1} defined by

_ —as—1 .. -1 ,—QA L,—Qn . —Qs+1
- T+[€ o, € € € na , € S+]>
= T_[eaé‘*l’... ,eal’eaA’ean’... 760554»1]‘

(4211) T

Proof. Let us show the first one.
TV BT BT [Ber ... Fot ol Festi ... Fon],
E'*Oln7 . ,E*@s-kl]
= o [ETt e B2 [ [BY - Bon]] BT e BTt
= ru [ET - B2 [Eo2 ... EOn] ETOm ... Tt

e [[B% B Bea B Fsn
= 7'+U_[Ea;, Eos+1 .. ’Ean—l’ E—an71’ . ,E_a5+1]

= T_A,_U_Ea:,
where in (a), deliver [ E*',---  E*] to the left and use the relation
(4.2.8), in (b) and (c), use the relation (4.2.8).
Let us show 7,v_ = 1. From the definitions of 7, and v_ and pro-
ceeding similar calculations as above, one has
T+ea: — [670‘3—17 P 7670‘17 eiO‘A7 670‘"’ .. ’67(134_1]
= [676!5_17 e 7670‘1’1)_[60‘17 e ’eas—ljea:7eas+17 e ’ea’ﬂ]’
67()‘717 e 670‘8-0-1]
@ e,
This shows 7,v_ = 1, and finish the proof of Lemma 2. 0

Remark. In [S12], Slodowy has shown a weaker statement than that
of Lemma 2 that the diagram A, U {#*} is braid equivalent to the
diagram A, and hence the i.m. algebra for A, U {*} is isomorphic
to the Kac-Moody algebra for Ax.

(4.3) Let us construct elements of ¢(I') whose weight belongs to the
integral marking Gz = Za (2.3.1). For the purpose, let us define £
not only for a € I'a but also o € Ty \T'nax. First we recall o := a+a
((2.4.3), (2.6) Fact 4) and I' = T,y UT% . (2.4.7), where I'yax is a con-
nected subdiagram of the affine diagram I',;¢ such that the compliment
[ar \ Timax 18 & union Ui I'; of Aj-type diagrams (Appendix A). Let
ap € I'max be an element connected to a connected component I';. Let
the elements of I'; be ordered from the side o as a1, a9, -+ , oy, as in

the diagram below.
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Inductively, we define £ := [ E~%-1, E%-1, F%] and E~% = [ E%-1,
E~%-1 E=%]fori=1,--- k. Then we have [h, E**"] = (h, £a*) B+
for any h € H and « € I'y;. For any A-part to which « belongs contains
E*2" € ¢(A). One easily check (using the argument in the second step
of the proof of (4.2) Lemma 2) the correspondence:

(4.3.1) @ BXY et for v € T'ys.

Assertion 7. Let n be a positive integer and o € Ty, then,

[, e - e e =27 Thy(—1)ere,
Hl,_/ ——
4.3.2 X L
( 3 ) [ea7efa e ,eoz’efa — 2n_1hav(—1)€_ka.
Hl,_/ ——
Proof. One can show this by induction on k using (3.1.8). O

In view of Assertion 7 and (4.3.1), we make the next definition.

Definition 4. Define H{Ef@) for any a € I'yy and for any integer n € Z
by

HY) =9~ m-V[ g Ere ... e Ee]
(4.3.3) HW =2~ (mD[pe et .. pe gret],
HY = hyy,

where m € Zg, and for the first (resp. second cases), E* and E~¢
(resp. B and E~%") appear m times. Put H(_ZZV = —HC(XT@) for any
a € 'y and any n € Z.
Note that @(Hé@)) = hov(—1)e™ for any a € £'ys and n € Z \ {0}
(see (4.3.1)).
Lemma 3. For any given A-part A C T, Y in (4.2.2) satisfies:
hav(—l) [d hav,
(4.3.4) T e - B
hov(—1)e™ — HO([@),
where a runs over {+a,+a* |a € A} = £AU LA

Proof. 1t is clear from (4.2) Lemma 2, (4.3.1) and the definitions of
Hg’f/) [
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The algebra ¢(I") inherits all the relations in g(A) ((4.2) Lemma 2).
First we should list up some calculations in g(R) by a use of (3.1.8).
Assertion 8. Letn,m € Z, o, € R and h,g € §, then one has:
(4.3.5) -

H-TI. [h(=1)e™, g(—1)e™] = I*(h, 9)MOminoha(—1)emTmMe

o e h(=1)e™, g(=1)e™] =
2< @){g, o) e, hav(=1)elmme],
IT*.1. [h(—1)e", " e‘a] =
[A(=1)en, e7, e = (h, a)hov (=1)e™,
I1*.2. [h(=1)e" e e’ =0 for I(a,B3) > 0.

Proof. Direct calculation by a use of (3.1.8). See (4.1) Remark 3. [

Lemma 4. The following relations hold in ¢(T'):

(4.3.6)
H-I [ HY] = (hna)H™,
H-II.  [HYY HY) = 1(a", B)mb,ninohar,
e (B HEY Y = —31(8, )l (3, o) [ ot ™)
1*1. [HY, E° B =[HY, B B = I(a,3)H,
1*.2. [HY, BB =0 for 1(3,7)>0.

where h € H, n,m € Z and a, 3,7 € £ 4.

Proof. Since the formula H-IT in (4.3.6) contains a basis h,v, we treat
this case separately. The relation H-II in (4.3.5) is a specialization of
the relation IV in (3.1.8):

[B(=1)e™, g(~1)e") = Talh, 9)mbpsnoTa(a, ) (~1)em s

Replacing In by T([R = ¢ (2.1.3)), it becomes %f*(h, 9)MOminohav (—1)emme
since we have hq(—1) = hav( 1) (we use the normalized form Iz in
ﬁ(R)) and ¢- I = I* on b (use a¥ = ¢-a for @ € R). One has
LIV, 8Y) = I(aY, B) —](ﬁv a) € Z for any «, f € R. See also (4.1)
Remark 3.
H-I: Clear from the definition of Hé@ II*.1: Take an A-part A
containing {«, 5} (4.2). And apply (4.3) Lemma 3 for A. These are T-
images of the relations IT*.1 in (4.3.5), respectively. Similar argument
shows that we get the following relations:

(4.3.7) (1), E°) = 2( VB H, B
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(note that the relations can be induced from the relation I*). I* and
IT*.2: Use (4.3.7) for the first bracket and after that take an A-part A
of {#,7}. These are T-images of the relations I* and IT*.2 in (4.3.5),
respectively. O

(4.4) We introduce three Lie subalgebras of (I): h%, h% and gar. They

are the subalgebras generated by B° U {h,v}, B°U h and BT U B,
respectively, where

Z = 7)\{0),
(4.4.1) B0 = {H) |aeTyne},

BT = {E*| aeTul,

B~ = {E%|aely}

Lemma 5. (1) b% is a Heisenberg algebra:

(4_42) f)gf/ = Qhyv ® H?Z, hé?) where bg?) = @aer‘af@H(g@).

(2) b% is an extension of b%: % =h @ 2/ hi’}).
(8) gar = ¢(Tar) is isomorphic to the affine Kac-Moody algebra g(T ).
(4) €(T) is generated by b% and gas.

Proof. (1), (2): The relations H-I and H-II in (4.3.6) are the defining
relations for the Heisenberg algebra and its extension. Linear indepen-
dence of components of direct sum follows from linear independence of
their g-images. (3): See (4.1) Assertion 4. (4): It follows the fact that

for ao € T'y¢, one has [HSV),E"] = 2E%" and [HC(YCI),E_"‘] = —2E,
Let us show the first relation. By definition, we have [Hc(ylv),Ea] =
[E*", E~, E%]. Delivering E“ to the left, we get [ E*", —hov] ([ EY, E°]
0 since gr(a+ a*) > 1 and (4.3) Lemma 3) and it is 2E°". The second
relation is shown similarly. O

5. THE AMALGAMATION bff % gar OF AFFINE KAC-MOODY AND
HEISENBERG ALGEBRAS

We introduce the third Lie algebra Hazf*gaf attached to a simply-laced
marked elliptic root system as an amalgamation of a Heisenberg algebra
and an affine Kac-Moody algebra. The algebra admits a triangular
decomposition in a generalized sense. By definition, there is a natural
surjective homomorphism o : h% * g.; — ¢(I).
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_In this section, we prove that the three Lie algebras g(R), ¢(I") and

hZ * gar are isomorphic. The proof is achieved by showing the multi-
plicity of the root spaces of h% x g, does not exceed that of g(T').

(5.1) Let (R, G) be a simply-laced marked elliptic root system. Recall
the algebras b% and gus = e(Ia) ~ g(T'a) in (4.4). They have a
common abelian subalgebra b, := @oer,, Qhov.

Notation. By the amalgamation g, * go of two Lie algebras g; and go,
we mean the Lie subalgebra generated by g; (i = 1,2) in T'(g1 ® g2)/1,
where T'(V') means the tensor algebra of a vector space V' and I is the
both-side ideal generated by the elements ¢g; ® h; — h; ® g; — [ gs, hi]
for all g;, h; € g;. If, further, there are Lie algebra homomorphisms
w; g — 6 (1 = 1,2), we denote by g1 *4 g2 the Lie algebra defined
similarly but adding more relations ¢1(g) — ¢2(g) for g € g to the
generators of the ideal I. For an abuse of notation, we sometimes call
a quotient algebra of g; * go also an amalgamation of g; and g, and
denote it by g; * go.

Definition 5. We define the Lie algebra f)af* gar as the quotient algebra

of the amalgamation haf*baf gar Of baf and g,¢ divided by the ideal defined
by the following relations I* and IT*:

(5.1.1)
. (B HY HY) = —31(5",0)I(7",a)[ B, H("“”)L
Ir*1. [HY, B B =[HY, E° Ef] = I(a¥, B)H,

1m*.2. [HY EP EY]=0 for I(3,7)>0.

where o, 3,7 € £, m,n € Z and Hé()v) = hyv for any a € +1.

All the relations in (5.1.1) are satisfied in ¢(I") (0, I and IT are in
(4.1.1) and the rests are in (4.3.6)). So, due to (4.4) Lemma 5 (4), the
next fact follows.

Assertion 9. The natural homomorphisms in (4.4) from Eff and gar
to ¢(T") induce a surjective homomorphism

(5.1.2) 0 : blhxgy — &)

As a consequence of the above assertion, the three algebras Z f]
and g.r are considered as subalgebras of Hff * gar. We can consider
the root space decomposition of ng * gar With respect to E since all the
generators of Eff*gaf are weight vectors (Iin (4.1.2) and H-I in (4.3.6))
and their weights are in Qar @ Za = Q(R) (2.3.3). The set of all roots

is denoted by A. By definition, ¢ maps root spaces of hZ x g.¢ to those
of ¢(T).
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Due to the symmetry of the defining relations, there exists an invo-
lution w, called the Cartan involution, on Eff * gaf defined by h — —h
for h € H, Hg@) — —H(E;") for a € £y, n € Z and E* — E~¢ for
a € +I'y. The Cartan involution brings a root space of a to a root
space of —a.

(5.2) We study the root space decomposition of HaZf * gar With respect

to h. Recall the cones Qf; and Q; in the affine lattice Qu¢ (2.3). Put
(5.2.1) QY =QL®Za, Q" :=Za=Gy Q :=Q;®Za.

Lemma 6. The set of roots A ofaff *gat 15 contained in QTUQUQ™.
So we have the decomposition

(5.2.2) b * gar = bl ® n ® g,
where, ng, = @aeAngf(Hff % Gaf)a for o € {£1}. The ng; is an
ideal of the algebra ug; = (h%, ng) = b% O ng, generated by ng =
(E“ | a € oT'y) and is nilpotent in the sense:
(5:2.3) 00y ng) = {0} for o€ {1}
e
m-times

Proof. To prove this, we add notation to (4.1.1):
B = BTUBUB,

(5.2.4) G = BU{[Bi, - By | B, € BT UB’ k € Zo}
- U{[B1,-- By | B € B~ UDB°, k € Zso},
V= the subspace of hZ x g,¢ spaned by G.

It is enough to show [By,---,B;] € V where B; € B. We show
this by induction on k. Case k = 1 is clear. Assume case k, then
[Bi1,--+, By, Byga] = [ By, -+, Bi], Brya]. Expressing [By,---, By] €
V' as a linear combination of elements in G, it is enough to show fol-
lowing three cases: (i) [C,--+,C}, Byq] € V for any C)" € BT UB°
and any m € Z, (ii) [C],---,C,. Bji1] € V for any C; € B~ UB°
and any m € Zso, and (iii) [h, Bpy1] € V for any h € b. Case
(iii) is clear by I and H-I. Let us consider case (i). Case (ii) can
be shown similarly. If By, € BT U B, it is clearly in V. So we
assume B, , = Bpy1 € B7. Delivering B, to the left, we have

Sl Gl [CF Bl L G € B, [CF, By s in b
by II and the i-th term is in V. If H; := C;' € B9, the i-th term is
[+, G [Hi, By, Gy, -] If @ = 1, then using relations either

I*, IT*.1 or IT*.2 in (5.1.1), we can reduce the lst-term to the case



32 K. SAITO, D. YOSHII

< k. If i > 1, deliver [H;, B, ;] further to the left. Again, using
relations in (5.1.1), we can reduce the ith-term to the case< k. 0

As a consequence of Lemma 6, we can already determine some of
root spaces.

Lemma 7. (1) (b% * gat)o = b,

(2) ( af * Gaf )atna = Q[ B2, H((ﬁ)] for any a € Ty and n € Z,

(3) ( Bir * Baf)ma+na = 0 for any a € £, n € Z such that |m| > 2,
and for any n e 2.

(4) ( % Baf)na = @aeranH((ln) for any n € Z \ {0}.

Proof. Recall the relations in (4.3.6). (1) According to Lemma 6,
(6% % gar)o is spanned by b and elements [Hg;l), - ,Hgg’“)] for 3; € Ty
satisfying n;+- - -+ng = 0. If £ > 2, first bracket is in Qh,v by H-II. So
if k> 2, it is 0 by H-I. (2) For a € T, (Eazf*gaf)mrm is spanned by ele-

ments |- - ,H("s Y Ee H}{;S), ---]. That is: one entry is E* € B* and

the others are in ‘BO satisfying ny +- - - +ny = n. Using H-II and IT* re-
peatedly, we finally find it is either in QE* (if n = 0) or in Q [ £, Hg@)]
(if n # 0). (3) (f)af % Gaf Jmatna fOr m > 2 is spanned by elements

[A,E®, B, E®, -], where A and B are sequences of B°. Similarly to
the proof of (2) above, we know this becomes | E®, Hév)7 E% ...]and it
is 0 by IT*.2. (4) (Nazf*gaf)m is spanned by elements [Hé?% . 7H;(3§k)]’
where 31, , 0, € 'y and ny + - - - +ny, = n. Use H-IL O

(5.3) Let us study the root space decomposition in more detail by lifting
the actions of reflections on Q(R). Recall the reflection w, on Q(R)
with respect to @ € R and the Weyl group W (R) = (w, | @ € R) (2.1).
We define the action @, on b by @Wa(h) := h — (h,a)hav for any h € §
so that (wa(h), ) = (h,w.(B)) for any § € Q(R). Here, we lift the
action of the subgroup Wy := (was | a € Iyg) of W(R) generated by
reflections of elements in I'y. B

Fisrt note that the action of ad E* on h% x g, is locally nilpotent for
any o € £y

Proof. 1t is enough to show its nilpotency for any generators. For E,
see I, for B*, see II, and for B, see IT*.2. U
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Thanks to this fact, we can define the exponential of ad E*: exp(ad E®) :

Yoo %(ad E*)t for any o € +T¢. This is an automorphism of the al-

gebra hZ% x g,r. Composing these automorphisms, we define

(5.3.1) ne = exp(ad E*)exp(ad (—E~%))exp(ad E)

for any a € I'y¢. The following facts are more or less~standard: i) ng
is an automorphism of h% * gar Whose restriction on b is equal to Wey-
ii) no maps (h% * gar)s to (hZ * gar)w, s isomorphically for any a € Ty

and € Q(R).

Proof. i) This can be shown by a direct calculation (4.1) I. ii) Let
x € (b% * gat)p for B € Q(R). Then, for h € b, we have [h,n,(z)] =
na[ngl(h%x] = na[@gl(h),ﬂﬁ] = iﬂja(h)uﬁ>na<x>f <h’wa(6>>na(:p)'

Similarly we can show n;! maps (b% * gat)w.s to (hZ * gat)s- O

As a consequence, we obtain the following fact.
Fact 7. The set of roots A of Hff % Gar 18 Wag-tnvariant.

Define a height of an element z = Zaeraf Mo +na € Qu O Za =
Q(R) by

(5.3.2) h(z):= ) ma €L

a€el ¢

Let us call the element = positive (resp. negative) if h(x) > 0 (resp.
h(xz) < 0).

Lemma 8. The set of roots A is equal to the union RUrad Q(R). The
multiplicity of a root in R is equal to 1.

Proof. Consider the W orbit of any root x € A. If the orbit contains
an element y with h(y) = 0. Then y = na = z for some n € Z by (5.2)
Lemma 6.

If the orbit contains both positive and negative elements, then there
exist an element y in the orbit and a € I'y such that h(y) > 0 >
h(wa(y)). Express y =3 5. mgB + na, where all mg € Z are non-
negative and h(y) = > g mg. Then the coefficient m, only in the
expression of y can be non-zero, since all coefficients of w,(y) ==y —
(oY, y)a =3 ger o (o) MaB+(ma—I(a”, y) Ja+na are simultaneously
non-positive. So, y = mya + na and hence m, = 1 by (5.2) Lemma
7 (3). Thus, y € R (recall (2.6.1)) and hence z € Wy - R = R. The
multiplicity of (h% * gar), is equal to 1 because of (5.2) Lemma 7 (2).

Assume that all elements of the orbit W, - x have positive heights
and y € Wy - x attains the minimal height. Then, for any g € Ty,
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one has h(y) < h(wg(y)) = h(y — 1(y,8)B) = h(y) — I(y,B). So,
I(y,0) < 0. Using the expression: y = Zﬁeraf mgf + na , one has

I(y,y) = > _ger,, mpl(y, ) <0, and so, y € rad Q(R). The case when
all elements of W, - x have negative weight is reduced to the positive
case by the Cartan involution (5.1). O

A root in R is called a real root and a root in rad Q(R) is called an
imaginary root (see (3.1.7)).

(5.4) Let us denote the composition map ¢ o ¢ by &:

(5.4.1) Ei=po0: bl * g — 3(R).

The map £ preserves root spaces of Eazf * gt and g(R).

For any a € R and p € rad Q(R), we define elements in E)zf * Jar S
follows:

E* = the element of the root space (bff * Gaf ) o
(5.4.2) which is mapped to e* € g(R),, by &,
HY = (1)) B Broe],

These are well-defined since the restriction of § on a real root space
(hZ * @gaf)o is isomorphic by (5.2) Lemma 8 (for definition of ¢, see
(4.1.2)). This definition is consistent with the generators E* for o €
+T,¢ by definition of ¢. Note that H!, is a weight vector of weight x
and {(HY,) = hov(—1)e* by (3.1.8) IL.1.

Assertion 10. Inside the algebra Eazf * gat, one has the following for-
mulae for any o, 3 € R and p € rad Q(R).
(5.4.3)

R-0 HY=H" for neZ,

R-I. ()[R, £ = (h,a)E*,  (2) [thSV] = <h>N>H§Va
0 if I(aY,5) >0,
R-II. [E* Ef={ (=1)F@AEe+b if [(a¥,B3) = -1,
—1)DHITT if IV, 8) = -2,
R-III. [HY,, Ef] = (—1)=WA[(aV, B)ErH*,

R-H. —-H" = H"

aV:

Proof. R-0: Recall the note after the definition (4.3.3) and (5.2) Lemma
7 (4).

R-1. (1), R-II. Case I(a¥, ) = —1 and R-III: Recall (5.3) Lemma
8.

R-I. (2) and R-II. Case I(a”, ) = —2: Recall the definition (5.4.2).

R-II. Case I(a",3) > 0: Recall (5.3) Lemma 8.
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R-H: We have [ H",, E®, E-°] = [[H",, E°], E~%]—[H", [ E*, E~]]
where the second term is 0, since [ E*, E~%] = +H’, = +h, (R-0)
and [hov, HY ] = I(o¥, p)HY, (R-I (2)) = 0. Applying R-III in both
hand sides, this implies the equality: —[E~*t# E®| = [E*tH E~°].

By definition (5.4.2), this implies R-H. O
Remark. A careful calculation using relations (5.4.3) shows a formula:
(5.4.4)

R-H-I1I [Hgv, HEV] — ](Oé\/7 ﬁ)(_l)E(Nﬂ/)(_H&il/y)v + ngy)

Put T'%, := T'yy U {§*} for a fixed element § € [',;. We have #I°, =
[+ 2.

Assertion 11. The algebra Eff * gar 1S generated byH and {E* | o €
+19¢}

Proof. We have to show that Hgi) fora € 'y and n € Z' = Z\ {0} are
generated by {E® | a € +£I'%;}. The elements H (gf Y are generated, since
one has [E~9, E] = H%;, = —H\, (R-0 and R-H) and [ E°, E"] =
Hy' = Hé; 2 (R-0). Using the fact that I'yr is connected by simple
bonds and using the relations IT*.1 in (5.1.1), we see all the HSVEI)’S
(v € Ty) are generated. We have [E*, H" HEY] = —2[ B, HHY)

oV

by I* and [ B~ H"*Y E=o] = —2H"*Y by IT*.1. Hence, by induc-
tion, we see H C(ﬁ) is generated for all &« € I'yy and n € Z. 0

Assertion 12. The set {H" | a € I’} spans (b% * Gaf)u fOr p1 €
rad Q(R) \ {0}.

Proof. Take an element [E7, - - | EP¥] such that 8;+---+3, = p where
Bi,-++, B € £I%. One has k > 1 since p is not a real root. Then,

Bi+-+ B =p— B and [E®, .- EP-1] € (bZ % ga),_p,. Since
i — B is a real root, [E%, ... EP-1] € QE# P the multi-bracket
belongs to Q[ E#~Fr EP] = QHgZ' Use R-H if necessary. O

(5.5) We consider the multiplicities of imaginary roots. We already
know the multiplicity of an imaginary root p of height 0 (i.e. u €
Gz, = Za) is equal to [ +4 or [ + 1 according as ¢ = 0 or not (see (5.2)
Lemma 7 (1), (4)). So, let us consider an imaginary root u = mb+ na,
form € Z, m # 0 and n € Z. We have lower band of the multiplicity of
i, which is [ + 1 by (3.2) Lemma 1. On the other hand, the root space
is spanned by [ + 2 generators {H” | a € T%}. So the next lemma
determines the multiplicity of pu.
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Lemma 9. The set {H" | a € T} are linearly dependent for p €
rad Q(R) \ Za.

Proof. We prepare two assertions for the proof.

Assertion 13. Let m € Z-g and o € T'ys. Then, Hg@b € gar- Fur-

thermore, there exists a sequence 31, , B in Ua such that HTY =
const.[ EPt ... | EPv].

Proof. Note that mb— « is a real root of the affine root system R(I4).
So E% and E™~% are the elements of g,;. Additionally, £~ has the

expression: E™~% = const.[EP ... EPk-1] for some 3; € Ty, since
mb — « is positive with respect to the root basis I'y;. [l
Assertion 14. Let A := {y,x1,--- ,x,} be a sequence of elements in

a Lie algebra g. Then,

[y7 [:L'la"' 73771,]] = Z Z m((;;)[zg_z()l),"‘ ,Zg_l()n),l'i],

i=1 0c€eS,

where m$) ’s are some integers independent of y and x;’s and {z%i), N N

A\ A{x;} fori=1,--- n.

Proof. Induction on n. It is clear for case n = 1. Assuming case n, let
us show case n + 1:

[Z/> [xh e 7xn7xn+1]] - [y7 [xh e 7xn]7xn+1] - [ywrn—i-lu [xla T 7xn]]

=>.>. mg)([[zc(:()w o 7Zc(rl<)n>’$i]’xn+1] - [wz(f()nf“ ,wc(fl()m,x@-]),

i=1 0SS,

here {20 ... O ._ G IR N
where {Zl ) ) An } K {97$17 73711}\.{371}7 {wl ) y Wn } T {[yaxn—&-l]a
x1, 2} \ {x;} and some integers m& fori=1,--- . nand o € &,.
And use the fact that [Pv [yaxn—i-l]?Q] = [P7yaxn+1)Q]_[P7 Tn+1,Y, Q]

U

We return to a proof of Lemma 9.

Put u = mb + na for m € Z\ {0} and n € Z. We may assume
that m > 0 due to the Cartan involution w (5.1). First we consider
the case n > 0 (the case n < 0 can be shown similarly). According
to Assertion 13, take a sequence 3y,---, 0k in [y such that H® =
const.[ EPt ... | EPr]. Its &-image is hsv(—1)e™. We can assume the
constant = 1 in our following proof. The &-image of [ B, E=°, -+ | E°",
E~°] (E° and E~° appear n times) is 2" *hsv(—1)e™®. The fact that
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[hev(=1)e™ hsv(—1)e™] = 2nh,(—1)e™me £ ( gives us a non-zero
element which has the form
[[E(;*,E,(;’_” ’Eé*’EféL [Eﬁl’... ’E/Bku =

_[[Eﬂly... 7Eﬁk], [Elg*’E,g,”' 7E6*7E75H7

whose &-image is 2"nhgv(—1)e™ ™ Apply Assertion 14 to LHS of
(5.5.1), and from the definition of HY, in (5.4.2), we conclude that
this element is in @,er,, Q HZLVH”“. On the other hand, apply Assertion
14 to RHS of (5.5.1), then, similarly, we conclude that this element
can be written as c(;*HgZQ*”a + cs H" ™. We have ¢z = 2"n # 0 and
cs = —2"n. So, we find a non-trivial linear relation among the basis
H", for a € T?,.

Secondly, we consider the case n = (. Recall that the null vector b
can be expressed by b = Y o naa (2.3.5). Wehave Y7 1 naho(—1)e™ =
0 (see (3.1.7)). The LHS is inside g(I'y¢). Recall that the subalge-
bra g.s = ¢(I's¢) is isomorphic to the affine Kac-Moody algebra g(I'.¢)
by the restriction of £, and that {(H™) = h,v(—1)e*. So, we have
Zaeraf noH™ = 0. We find again a non-trivial linear relation among
the basis. This completes the proof of Lemma 9. U

Lemma 9 together with (5.1) Assertion 9, (4.1) Assertion 3, and (3.2)
Lemma 1 proves the isomorphisms of all the three root spaces

(5.5.2)

(5.5.1)

9(R)a %E(F(Ra G))a %(~azf * Gaf )a

for a € A = RUradQ(R). In fact, in vierw of (3.2.3), we have the
relation:

(5.5.3)
R-H*. anHgv =0 = anav cQu for c,€Q.
a€ER acR
These prove our main result (4.1) Theorem 1 and

Theorem 2. Three Lie algebras §(R), ¥(I'(R, G)) and b% xgar attached
to the marked elliptic root system (R, G) are isomorphic.

APPENDIX A. TABLE OF DIAGRAMS OF SIMPLY-LACED MARKED
ELLIPTIC ROOT SYSTEM

1) m; := mg, : the exponent of ;.
2) Explicit description of 'y and I'pax.
3) The A-parts.
Type Al(l’l) (1>2).
1)mi=1(02>d>1);ml .. = Myax = L.
2) Tur = {ao, -+ ,aq}, Tiax = {0, -+, oy}
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3) I(R,G)\{aj,aj} for j =0,--- 1
)

Type D"V (1 > 4).
Dme=1,m=1,m=22<i<l—-1),m_1=1m =1,

ML = Mmax = 2.
2) Faf: {Oéo,"' ,041}7 Fmax: {042,"' ,041_2}.
3) {Oé(),Oél,OZQ,Oé;}, {al—27a212705l—17al}7

{ap, a}U{ai,af |i=2,--- 1—2}forpe {0,1},q € {I—1,1}.

Type Eél’l).

Dmo=1,m =1, me=2 m3=3 my=2 ms=1,mg=1;
Moy = Mmax = 3.

2) Faf = {aﬂa e 7a6}, 1—‘max = {Ofg}.

3) {ao, a1, a2, a3,03, a6}, {0, a3, 0, a3, au, a5, g},

*
{0417 Qg, O3, Q30y, A5, 046}'

oz e
(7)) (03]

Qs QY (671

Type Eél’l).

1) mozl,m1:1,mg:2,m3:3,m4:4,m5:3,m6:2,
my; = 1;
Moy = Mmax = 4.

2) Faf = {Oég, e ,Oé7}, 1—‘max = {054}.

3) {05170427053705%0525@7}7 {040,046,045,044,041,047},
{a’la052705370547051705570567050}'
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a; a5 g 0

O O
O O
(8% a7

Type Eél’l).

1) mozl,m1:2,m2:3,m3:4,m4:5,m5:6,m6:4,
mr = 2, mg = 37
Moy = Mmax = 6.

2) Faf = {Oé(), s ,Oég}, Fmax = {(1/5}.

3) {az, a6, a5, a3, ag}, {ao, a1, g, a3, ay, as, oF, ag},
{040,041,0427@3,0447045,043,0467047}-

(o’ 0y a3 Qo aq Qg

APPENDIX B. TABLE OF 0-TH PRODUCTS
Let a, 8 € Q and h, g EH.

if I(a,B) >0,
i) (eo‘)(o)e/” = (—1)5(‘“"3)60”“5 it I(a,p) =—1
(—1)F @B hy(—1)e B if I(a, B) = —2,

i) (e (h(=1)e”) =
0 it I(a, ) > 1,
—(=1)5@P)(h, a)ertP it I(a,03) =0,
(=D (h(=1) = (h, ) ha(=1))et? if I(a,B) = —1,

iit) (A(—=1)e*)o)(g9(~1)e”) =
0 it I(a, ) >2

(—1)= @A (— (h,a + B) + I*(h, g)) e’ if I(a,8) =1,
(~1e (= (g.a)h+ (o + B)g+

((hya + B){(g, @) + I*(h, 9)) ha ) (=1)e*™? if  I(a, B) = 0.

Y

iv) ((e") ) PP =0 for g(a)=1and I(a, ) <O0.
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APPENDIX C. LiST OF RELATIONS

— Relations in the lattice vertex Lie algebra g(Q) = Vg /DVy:
(3.1.8) 0, I, I1.1, IL.2, IIT and IV.
— Relations for the elliptic Lie algebra ¢(I'(R, G)):
(4.1.1) 0, I, IT.1, I1.2, TIT, IV.1, IV.2 and V.
— Relations for the affine Kac-Moody algebra g(Ax):
(4.2.6) A-0, A-I, A-IL.1 and A-IL2.
— Relations for the affine Kac-Moody algebra g.s = e¢(I'ar) ~
g(raf):
(4.1.1) 0, I, I1.1 and IL.2.
— Relations for the Heisenberg algebras h% and hZ%:
(4.3.6) H-T and H-IL.
— Amalgamation relations among h% and gas:
(4.3.6), (5.1.1) T*, II*.1 and IT*.2.

— Relations among root spaces of Eff * Paf:
(5.4.2), (5.5.4), (5.5.3) R-I, R-II, R-III, R-H, R-H* and
R-H-II.

APPENDIX D. AN EXPLICIT DESCRIPTION OF g(R)

Recall from (2.2) that there exists a sub-diagram I'y of 'y for a
finite root system Ry so that the root lattice has the splitting Q(R) =
Qr®ZbBZa (2.3.3) and the set of roots decomposes as R = Ry ZbdZa
(2.6.1). Then, one can find basis A, and A, of the non-degenerate hull

Fy of Fy (3.1) such that
Fo=Fp ® QA ® QA,,

where

I(Ag,a) = I(Ay,b) =1, I(Ag,b) = I(Ay,a) = 0and I(Ag, I) = I(Ay, Iy) = 0.

Recall the identification: h: Z:;Q —~b; x — h, such that (h,,y) =
I(z,y) for x,y € Fp. Then we put:

0 0
Vo v v — \V —_— = =
da’ := hyv, db’ = hyv, ' 9a ha,, 5% hya, and
br = ® Qhov, go:=Qe” for « € Ry

a€els

Then the elliptic algebra is given by
§(R) = Qi © QF ® Gacr, (9o © Q™ ™)) @

da" +QdbY b
@mﬂ’bEZ (bf S¥ Q((Q;nZavgnde)> & @emaJrn .
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The non-degenerate full H of B, the Heisenberg subalgebra h%, the

af

affine Kac-Moody subalgebra g,; and “nilpotent” subalgebras nj are
given by the followings.
~ 0 0 v y
h = Q7 DQ= Dby ®Qda” © Qdb",
oa 0b
b = Qda'® @ (@ QdbY)®e™,
nezZ\{0}
gt = @ (0.0Qe™)® & (hr®e™) b Qdb,
a€Ry mezZ\{0}
+ mb +a +a
n;, = D a®e T Qe & D a®@Qle %
el a€R; meZ\ {0} (g Q™) acRE (8. © Q™)
® ((h ®Qda") ® Qe™ ® Q[ e*]).
meZ\{0}
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