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Abstract. The descriptional composition is a method to fuse two teandfor-
mation algorithms described by attribute couplings (A@jlaite grammars over
terms) into one. In this article, we provide a general caiegbframework for the
descriptional composition based on traced symmetric numhaategories and
thelnt construction by Joyal et al. We demonstrate that this fraonkewan han-
dle the descriptional composition of SSUR-ACs, nondeteisitic SSUR-ACs,
quasi-SSUR ACs and stack ACs.

1 Introduction

Descriptional compositiorf5—7] is a method to fuse two term transformation algo-
rithms described by attribute couplings (ACs; attributargmars (AGs) over terms)
into one. The AC yielded by the descriptional compositiompates the composition
of two ACs without constructing the intermediate data dures passed between two
ACs; hence it saves time and space in many cases. The deswilgtomposition was
first introduced as an optimisation method for compilersdbed by ACs [6]. Around
the same time Bartha introduced a similar composition ntkefioo linear attributed
tree transformations [1]. Later, it was realised that the ff@nework can be used to
represent functional programs with accumulating parara¢®, and the descriptional
composition inspired various fusion transformations aftstunctional programs [17,
19].

The descriptional composition was first given for the ACssisting only of term
constructors [6]. Later, extensions of the ACs have beedieuin [16, 18, 2]. In [2],
Boyland and considered an extension of ACs with conditi@xalressions. In [16],
Nakano introduce stacks to ACs so that complex parsing imumetan be expressed. In
each work, the descriptional composition was also conedlty these extended ACs.
In general, the descriptional composition is sensitivelmlanguage describing ACs,
and it tends to get involved when expressive power of thedagg increases.

The question we address here is to find a mathematical frarkeivat can uni-
formly treat these extension of ACs and the descriptionalasition. In this paper, we
propose such a general categorical framework based ongbeytbftraced symmetric
monoidal categorieTSMCs) and thént constructiorby Joyal et al. The key observa-
tion in the categorical treatment of AGs, ACs and the desionpl composition is that
every AG determines a traced symmetric monoidal funEtor£(2) — Int(C) where
L(2) is a free TSMC over a signatugg and every AC satisfyingyntactic single use
condition (SSUR)which is the essential condition for the descriptional position



to work, determines a traced symmetric monoidal fun@Gar £(2) — Int(L(4)). In
general, composing ACs is an intricate task, but with thigcfarial presentation, the
descriptional composition becomes the composition oftionsg and it is trivially asso-
ciative. This story scales up to the TSMCs with extra stmeguprovided that thint
construction is also extended to such TSMCs; examplesdeatondeterministic ACs,
guasi-SSUR ACs (anfiane version of SSUR AC), and ACs with stacks [16].

We note that in this paper we adopt mathematical structdrasadmit circular
terms/ recursive computation (namely TSMCs), then discuss AGglandescriptional
composition over them. Hence the issue of well-defineneskedmeaning does not
occur; every AG assigns a meaning to a given term.

Conventions and Notationi® this article all signatures are many-typed first-ordegn
We reservet, X, = for ranging over signatures. Bye > ando € 2*+*"~f we mean that
p is a type of2 ando is an operator of types, - ,pn — p. We declare the signature
for binary trees, cons-lists and natural numbers by

Ztreez {{*}9 L*v N**—Mﬁ}v Zlist = {{*}9 []*9a- (_)*_)*}9 Znatz {{*}7 Z*vs*—w}

For a typeo € X and sequence &f-typesps, - -+, pn, by TZ (o1, -+ , pn) we mean the
set of oper®-terms that may contain some variable®f typep; (1 <i < n). We then
extend this notation for a sequenee, - - - , o, of Z-types by Ty """ ™(py,---,pn) =
T3 (o1, -+ »pn) X - x TS"(p1, -+, pn). By Z* we mean thak’ contains a special type
#. We assume that the readers are familiar with the concegyrafmetric monoidal
categories [15].

2 Classical Attribute Couplings and Descriptional Compodion

A classical attribute grammar (AG) for a signatutés a tripleA = (1, S, a) where for
each type € 4, |p andSp are sets of domains of inherited and synthesised attriputes
and for each operatar € 4°+ > a4 is a function called thattribute calculation
rulet:

3 :Sp1 X - XSpnXxlp— Spxlpyx---Xlpp. (1)

This function captures the input-output relation of a cotafian unit that processes
bidirectional information flow (Figure 1, left). Given#term M, we connect the as-
signed computation units according to the shap#lafFigure 1, right). The function
corresponding to the entire circuit is the meanififM] assigned taM by the AGA.
Depending on the configuration of the attribute calculatioles, such function may
not exist in general, but if any combination of attributeccadtion rules does not yield
cyclic information dependency (such AGs are caled-circular), the functionA[ M]
uniquely exists for anyvl. See [12, 13] for the detail.

An attribute coupling(AC) from 4 to 2 is a special AG such that the set assigned
to lp (resp.Sp) is a setTy*’" of tuples ofX-terms for somery,---, 0 € X, and
each attribute calculation rule comprises onlyZebperators rather than arbitrary func-
tions. Briefly speaking, ACs are AGs constructfigerms. We can extract the essential

1 This form of attribute calculation rule is call@bchmann normal forrfj.
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Fig. 1. Attribute Grammars

information from such AGs and redefine ACs frahto 2 as the tupleA = (I, S, a),
where for each typp € 4, |p andSp are sequences af-types, and for each operator
0 € AP+ PP g4 is a tuple of (openY-terms:

a, € TZSp,lpl,...,lpn(Spl’ cee Spn, |p)

We writeAC(4, 2) for the set of ACs from to 2. We assume that AC$,(S, a) between
the signatures containing the special type # safigfy: € andS# = #. With this con-
vention we can view every non-circular A@ from 4* to 2* as a term transformation
functionTA : T# — TZ., defined byl A(M) = A[M].

LetA e AC(4*,2%)andB € AC(2*, Z*) be non-circular ACs. We seek for an AC
B© A such thafl (BO A) = TBo TA. In general such AC may not exist, but whéin
satisfies a condition callesy/ntactic single-use restriction (SSURE can buildB © A
by thedescriptional compositigrwhich we illustrate below.

Suppose that the attribute calculation rules/bnd B look like the left of Figure
2. There, A assigns to al*-operatorf a computation unit that constructs -terms,

BOA

B
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Fig. 2. The descriptional composition

which is drawn as a circuit. Similarly8 assigns to &*-operatota a computation unit
b, which is just drawn as a round box. We now replace each witledmight hand side
of the attribute calculation rule off with bidirectional wire, and replace eagh-term
constructors by the computation unit assigned to that cocisir by 8. The result of
this replacement is drawn on the right of Figure 2, which isew @ttribute coupling
from 4* to £*. This is the descriptional compositidh© A.

The hidden point in the above process is that the computatigrfcircuit) assigned
by A should not contain any branching wires nor terminals. Thisdcause we do not
know how to make branches and terminals bidirectional (feé@). This suggests that
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Fig. 3. How to Make Branches and Terminals Bidirectional?
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Fig. 4. Type System and Axiom faf ()

each attribute calculation rule assigned.Ayshould use each variable exactly once,
and an AC satisfying this linearity condition is called SSBR. We will see its precise
definition in Section 2.2, and reformulate it as an AG in adineecursive language,
which we introduce below.

2.1 The Linear Recursive Languagef(X)

We introduce a simply-typed first-order linear languagenwicursive declarations
called £(2). It has only one form of raw-expressions:

ﬂXl,-..’Xn.|ety1: My, - - W= Miinz, -, Zm,

and they are given a types,--- ,on — 71, -+ ,Tm by the type system in Figure 4,
where U and D are typing contexts defined by

U=T1U---Ulhu{zs i1, ,Zm: Tm}
Dz{xl:o'l»""Xn:o'n»yl:pl""»yl .pl}v

such thatx;, y;, z. and variables itf’y, - - - , I'y are diferent from each other. The leading
A of expressions is a formal binder fgy, - - - , X,, rather than the lambda abstraction in
the lambda calculus. Expressions are treated maghglquivalence.

Expressions of£(2) are identified by the rules in Figure 4, where the sequence of
variable declarations aftégt is abbreviated aB. The first axiom allows us to permute
D without dfecting the meaning of expressions. In the second axidjmv/v] denotes
the sequence of variable declarations obtained by regadim D with w. This axiom
allows us to forward/ tow whenv = wis contained irD.

Here are some examples 6{2.c)-expressions:

Fm AX. lety=N(IL,X),l =Liny:* — =
Fm AX Y, 2. letw = N(X, W), | = L,v=N(,2) iny,V: sxx — %=, 2



Note that in (2) the variabler can not be used for output due to the linearity constraint.
This means that when the underlying signature has a binamatgr then there is a way
to discard inputs.

QOutput

Fig. 5. Network of a£(X)-expression

We can draw a network for eacf(2)-expression. Let us consider drawing the net-
work of (2). We put the input variablesy, z on the bottom and output variableass
on the top, then draw a node for each occurrence of an opénatfoe declaration part
of the expression. We then draw edges between vertexes nbtles according to the
usage of variables. Due to the linearity constraint, thened branching edges in the
network.

2.2 SSUR-ACs as Attribute Grammars in£(X)

An AC (1, S, a) € AC(4,2) satisfies SSUR if each attribute calculation rule satisfies
following condition. We let be the length o8p, lp1,--- , lpn, and writer; (1 <1 < 1)
for thei-th component of this sequence. We prepare sequén¢gs< i < 1) of 2-types
such thatSp;, - - - , Spn, lp is a permutation of the concatenatidh, - - - , . We then
ask the attribute calculation rule to be in the following set

80 € TR(I) x -+ x TR(T), 3)

and, moreover, in eadkth component of, each variable occurs exactly once.

We observe that there is a one-to-one correspondence besueh a tuple and a
L(X)-expression of typ&py,- -+, Spn, lp — Sp, lp1,-- -, lpn. We exploit this corre-
spondence to redefine the concept of SSUR-AC.

Definition 1. An SSUR-AC from to X' is atriple (I, S, a) where for each typg € 4, Ip
and S are sequences af-types, and for each e A4+ #™P g, is an L(X)-expression
oftype @ : Sp1, -+, Spn, lp = Sp,lp1,- -+, lpn. We writeSSURAC (4, X) for the set
of SSUR-ACs from to X'. Whend, X contains the special typg we assume that every
SSUR-ACI, S, a) from4 to 2 satisfies # = e and S# = #.

We note that this correspondence is not surjective;(@3 permits circular expressions
(like Figure 5) that can not be expressed by SSUR-ACs.



3 Categorical Aspect of Attribute Couplings

3.1 [L(2) as a Traced Symmetric Monoidal Category

We next view£(2) as a category. We regard a sequepgce - p,, of types in2 as an
object, and an equivalence class of expressions ofgypeos as a morphism frorp to
o. The composition is defined by

(Ax.letDiny)o (Az.let D’ inw) = Az. let D[w/x], D" in y[w/X];

here we assume that every bound variable in the above eigmésslistinct from each
other. The category’(X) has an evident strict symmetric monoidal structure. The un
object is the empty sequence and the tensor product of tvextshis the concatenation
of them. The tensor product of two morphisms is defined by imgryvo expressions:

(Ax.letDiny)®(1z.letD"inw) = Ax,z.let D,D’ in y, w.

The symmetry morphismis given b, y . let e in y, X.

In addition to this, the followingrace operatorconstructs recursive declarations in
expressions. Let, y, z w be sequences offiierent variables, ang, o, T be sequences
of types such thak| = |pl, |7 = |, [yl = Wl = |7|. We define thérace operatottry, , as
follows:

tr (A, y.letDin zw) = Ax . lety=w,Din z

Proposition 1. The category/(X) together with the above-mentioned strict symmetric
monoidal structure and the trace operator form a tracedcstsymmetric monoidal
category (see Appendix A for the definition).

We call a strict symmetric monoidal functor between tracedtsSMCstracedif it
preserves the trace operator in an evident way (see App&)diwe write TSMCs
for the category of traced strict symmetric monoidal smategories and traced strict
symmetric monoidal functors between them.

3.2 Monoidal Attribute Grammar

We “categorify” classical attribute grammars. We replaets $y objects in some ¢
TSMCs, each attribute calculation rule (1) byGamorphism, and Cartesian products
with tensor products. We then obtain the concephohoidal attribute grammaj11].

Definition 2. Let C € TSMCs. A monoidal attribute grammgMAG) for 4 in C is
a triple (1, S, a) where for each typpe € 2, lp and S are C-objects (of domains of
inherited and synthesised attributes), and for each ogerate 4°*™¢ g, is a C-
morphism of typeg@: Sp1®---®Spn®lp = Sp®1p1®---& | pn. We writeMAG (4, C)
for the set of MAGs fod in C.

Some instances of MAGs are studied in [11]; in the categ@y PO of pointed CPOs
andw-continuous functions, monoidal attribute grammars atevedent to Chirica and
Martin’s K-systems [3]. The categofigel of sets and relations has traced biproducts
[10], and MAGs in this traced symmetric monoidal categorg lacal dependency



graphs which are the standard tool to represent dependenciegbstthie attributes
in attribute calculation rules. MAGs over the compact ctbstucture orRel arerela-
tional attribute grammar$4]. In addition to this, by comparing Definition 1 and 2, we
conclude that SSUR-ACs are MAGs £(2).

Proposition 2. SSURAC(4,2) = MAG (4, L(2)).

3.3 MAGs as Algebras in Int(C)

Below we give two equivalent concepts of MAGs: one is algsbrathe categories
obtained by Joyal et al.'tnt construction, and the other is traced strict symmetric
monoidal functors of type(2) — Int(C), whereC € TSMCs.

LetC € TSMCs. The categorynt (C) is defined by the following data: an object is
a pair (A", A*) of C-objects, and homsets are defined by

Int (C)((A~,A*),(B",B")) =C(A*®B,B*® A").
The categorynt (C) is symmetric monoidal:
lnt) = (les1e),  (A,A")®(B",B") = (A" ®B,A"® BY).

The categorynt (C) has acompact closed structuf@.0], which yields thecanonical
trace operatomwith respect to the above symmetric monoidal structure Aggeendix
A). Thus the mappin@ — Int (C) extends to an endofunctor ovEEMCs, and more-
over, to a monadiGt, N, M) overTSMCs. 2

We extend the concept afalgebra from the set-theoretic one to the categorical one.
A X-algebra in a monoidal catego@yis a pair @, a) whereA is a family of C-objects
indexed by>-types andxis a family of C-morphisms indexed b¥-operators, such that
& : Ap1®---® Apn — Ap for each operatoo € 2rr*=r, We write Alg - (C) for the
set of 2-algebras inC. The concept of-algebras has another presentation: there is a
natural bijection betweest-algebras irC and traced strict symmetric monoidal functors
from L(4) to C:

Alg ,(C) =~ TSMC(L(4),C). (4)

Let (I, S, a) be a MAG for4 in C € TSMC . We define’p to be the pairlp, Sp) of
C-objects (note that it is an object int (C)). Then for each operatare 2+ *~* the
C-morphisma, is anint (C)-morphism:

2 €C(Sp1® -~ ®Spn®1p,Sp®1p1® - ® lpn) = INt(C)(Ap1 ® - - - ® Apn, Ap).

This means that every MAG determined-algebra A, a) in Int (C). Conversely, every
A-algebra inint (C) immediately determines a MAG i@. To summarise,

MAG (4, C) =~ Alg ,(Int (C)) ~ TSMC(L(4), Int(C)) (5)
SSURAC(4, X) = TSMC(£L(4), Int(£(X))). (6)

2 The strictness condition is essential fot to be a monad oveFSMCy.



These three equivalent forms havetelient advantages. The first form is the actual
data we write when concretely defining attribute grammahe 3econd form is used
to explain the initial algebra semantics of attribute graamenIn the third form, we
can easily discuss the composition of attribute grammaestrahsparently switch the
representation of monoidal attribute grammars below.

We now define the transformation of terms induced by ACs.#et (I,S,a) €
SSURAC(4*,27). The transformation ofi-terms induced byA, written TA, is the
function sending € L(4%)(e, #) to the uniqug € L(Z*)(e, #) such thaN gz = A(f).
Suchg always exists abl is full and faithfull [10].

4 Descriptional Composition
We begin with a categorical formulation of the descriptloc@mposition of SSUR-

ACs. LetA € SSURAC(4,2) andB € MAG (2, C), regarded as functors. We define
their categorical descriptional compositi®i© A to be the compositB” o A:

L) —Z Int (L))

X

L) It (C)

B

where () is the Kleisli lifting of the monadnt. The composition is a MAG foE in
C. The following theorem is almost immediate.

Theorem 1. 1. For anyA € SSURAC(4,2),8 € SSURAC(Z2, 5) and any MAG
C € MAG (£,C) we haveC © B) © A = C © (B© A).
2. SSUR-ACs are closed under descriptional composition.
3. ForanyA € SSURAC(4*,2*) andB € SSURAC(2*,5*), we have Bo TA =
T(B© A).

We extend this formulation of the descriptional compositio a more general set-
ting where traced strict SMCs are equipped with “extra $tngs”, such as nondeter-
minism, undefined values, stacks, etc. We assume that aaggutstrict SMCs with ex-
tra structures form a categolSMC?, and it comes with an adjunctiofr (+ U, 5, €) :
TSMC; — TSMC,. We also assume that there is a liftihg’ of Int acrossU: the
lifting is given by a monadlit’, N’, M) : TSMC, —» TSMC4:

TSMC, —™ . TSMC/,

TSMCs ———— TSMC;
such that for every’ € TSMCj, U(N.,) = Nyc andU(M{,) = Myc . Below we
call the above situation aextension of TSMCsind express it by a tup® = (F 4

U,n, € Int’,N’, M’); we may omit writingy, €, N’, M’ when they are not referred in the
context.



Definition 3. Let& = (F 4 U, Int’) be an extension of TSMCs. S&AMAG for 4 in
C € TSMCy is just a MAG for4 in UC. An&-AC from4 to X is just a MAG for4 in
UF L(4). We writeE-MAG (4, C) andE-AC (4, X) for the sets 0E-MAGs andS-ACs,
respectively.

From (5) and (6)E-MAGs and&-ACs correspond to traced strict symmetric monoidal
functors:

E-MAG (4, C) = TSMC(£L(4), Int (UC)), 7)
E-AC(4, %) =~ TSMC(L(4), Int (UF £(2))). (8)

LetA € 8-AC(4,2) andB € &-MAG (X, C), regarded as functors. We define their
descriptional compositiof? © A to be the composi@# o A:

L) —2  ~ Int(UF L))

NUF£()

UFL()

nLe) T x

£(2) Int(UC) = UInt’(C)

whereB = Uepy(cy o UFB.

For signatured, 2 containing the special type #, we assume that e#esy&E-AC(4, ),
regarded as a functor, satisfigf#) = Nurre)(n2e)(#)). The transformation off-
terms induced byA, written TA, is the function sending € £L(4)(e, #) to the unique
g € UFL)(, ngw#)) such thatNyr ) (g) = A(f). Such uniquey always exists
asN is full and faithful [10]. We note thal A yields morphisms iJ F £(4) because
the attribute calculation rules il may construct somg-terms containing the extra
structures provided bl £(4).

Theorem 2. Let& be an extension of TSMCs.

1. ForanyA € E-AC(4,2), B € &-MAG (2, £) and any MAGC € E&-MAG (&, C) we
have(C©B)©A=C©O (BO© A).

2. &-ACs are closed under descriptional composition.

3. ForanyA € &-AC(4*,2") and B € &-AC(2*, =) regarded as functors, we have
B(TA(T)) = T(BO A)(f).

In the subsequent sections, we show that some useful estensf (SSUR)-ACs
can be captured as attribute couplings in extensions of TSMf@m the above general
theorem, the associativity of the descriptional compasitthe closure proprety of ex-
tended ACs under the descriptional composition and thectiress of the descriptional
composition for such ACs.



4.1 Descriptional Composition for Nondeterministic MAGs

We look at an example of an extension of TSMCs arising fromrarsgtric monoidal
monad T, , u, 1, $) overSet 2 Given such a monad, for a categdtywe define a new
categoryT.(C) by the following data|T.(C)| = |C| andT.(C)(A, B) = T(C(A, B)). The
identity and composition operation is defined by the follogvscheme:

T(@id$
idl® = 12 11 10)AA)

comP® = T.(C)(B.C) x T.(C)(A B) > T(C(B.C) x C(A, B)) \™ T (C)(A. ©).
This construction is well-known ashange-of-basi enriched category theory.

Proposition 3. Let T : Set —» Setbe a monoidal monad. Then the mappg> T.C
extends to a monad, overTSMCssuchthat ToInt =Int o T,.

Proof. Itis routine to check thak..(C) is a TSMC whert is so. We show thdnt (T..(C)) =
T.(Int(C)). First, the collection of objects in both categories ayead; just pairs ofC-
objects. Next, both categories have identical homsetsuseca

Int (T.(C))((A™,A),(B~,B")) = T.(C)A*®B~,B"®A")
=T(C(A*®B,B*®A7))
=T(Int(C)((A~, A*),(B™, BY)).

The compact closed structuresim (T..(C)) andT.(Int (C)) are the same.

From this, we obtain the Eilenberg-Moore adjunctri U : TSMC!- — TSMCj,
and thelnt construction lifts oveSMC/" thanks tolnt o U = U o Int. Hence we
obtain an extensiorH -+ U, Int) of TSMCs.

Example 1.We write # : Set — Set for the covariant powerset monad. L&t e
TSMCs. A monoidal attribute grammat (S, a) for 2’ in P..(C) assign<-objectsl p, Sp
to eactp € X, and aP.(C)-morphism

8 € P.(C)(Sp1®---®Spn®1p,Sp®lp1®---® I pp)

to eacho € X1 rn=P; this means that ®.-MAG assigns an attribute calculation rule
nondeterministicallyo each operator i&. For instance, we considefa-AC from X4
to 2jist determined by
|(>l<) = E, S(*) = *,
az={[]}, as={Ax.lety=0:xiny),(Ax.lety=1:Xiny)}
This AC maps each natural numi&)(2) to the set of all binary digit with length,
expressed as a morphistip; of typee — x.

3 This is equivalent to a commutative monad [14].



4.2 Descriptional Composition for quasi-SSUR ACs

In [18], a relaxation of the syntactic single use restrictalledquasi-SSURS given. In
such ACs, the usage restriction of variables is changed fexaictly once” to “at most
once”. We give a categorical account of the descriptionaipasition for quasi-SSUR
ACs in the framework of extensions of TSMCs.

We extend the correspondence between SSUR-ACs and MAGs&nTMCs to
quasi-SSUR ACs. We introduce a new languat(&) by 1) modifying the typing rules
of £(2) so that variables can be discarded, and 2) adding a constdat eachp € 2.

1. We replace the typing rule df(2) in Figure 4 as follows:

I'rveMi:pr -+ NreMi:ip UCD
kv AX.letyr =Myg,--- ,yi=Mjinz: o1, ,0n > T1,-** , Tm

The point is that some defined variables may not be used [b). Because of this
modification, the following is now a well-typed expressiorthe new type system:

Fm AX.leteine:p—e (x| =|pl).

We write this expressiom,,.
2. We add ta£(2) a constantL, : p, denoting “undefined”, for eagh € ~. We then
extend this to any sequenceXitypes by

Lopppn=(Ae.letxg =Ly, -, Xn= L, IN X1, -+, Xn).

We define quasi-SSUR ACs as ACs ow&(2) instead of£(Y).

Definition 4. A quasi-SSUR AC from to X is a triple (I, S, a) where for each type
p € 4, lp and S are sequences af-types, and for each & A4°v P g, is an
A(X)-expression of typesa Sp1,---, Spn, lp = Sp, lp1,-- -, lpon.

We next introducéipointed traced strict SMAt is a triple C, T, L) whereC €
TSMC; andT, L areC-object indexed families of morphisnt, : A — | and_Lp :
| - Asuch that

Ti=id;, Tae=Ta®Tg, L =id, Lagg=Ta® Te. 9

We write TSMC¢ for the category of bipointed traced strict SMCs and tradeidts
symmetric monoidal functors preserving bipoints. Ther@igvident forgetful functor
U* : TSMC; — TSMCg, and it has a left adjoirf® : TSMCs — TSMCy{ that freely
adds morphismsa : | —» AandTa : A — | for each objech, subject to the equations
in (9). Furthermore, thént construction can béfted over TSMC¢. For a bipointed
strict TSMC (C, L, T), we defindnt (C)-morphismSLEA_,N) andeA_,N) by

LZA_M =1a @ Ta, TZA_M =Ta ® La-.

Then we definént *(C, L, T) to be the tuplelat (C), L', T’). One can easily check that
this is a bipointed traced strict SMC.



Proposition 4. The mapping(C, L, T) — Int*(C, L, T) extends to a lifting oint
across U. Thus the tripleS® = (F* 4 U*, Int*) forms an extension of TSMCs.

Proposition 5. The tuple(A(X), {Lp}pex-, {Tplpex+) is a bipointed strict TSMC, and it
is isomorphic to RL(2)).

Corollary 1. Quasi-SSUR ACs a*-ACs.

4.3 Descriptional Composition for Stack AGs

In[16], Nakano introduced an extension of AC caligdck ACwhere we can use stacks
in attribute calculation rules. He then showed that thekstas satisfying certain lin-
earity condition are closed under descriptional compasitinspired by his extension,
below we give a corresponding categorical extension of A@k stacks by setting-
up an appropriate extension of TSMCs. Our approadierd from Nakano’s work as
follows: 1) the concept of stack ACs given below allow statkde stack elements,
and stack elements to contain tuples rather than singlesgierand 2) we represent the
empty stack by undefined stack and combine stack deconstructors (head, tail) into
single operatodec.

Below we introduce a languag¥2) and capture the stack ACs satisfying the lin-
earity condition as AGs (). First, we define the s&f(X)| of types ofS(2) to be
the set of finite sequencesbitypes and stack typ&s™. Stack types can be nested, but
C can not be the empty sequence. Its formal definition is:

SN =I1SQ); IS@No>B:=p|C” (peX,CelS))-

ForC € |S(2)|, by x : C we mean the typing environmert : By, -, X, : B, where
Bi € |S(2)lo. The set of terms is defined by

M:=Ax.letD,---,DinXx
D:i=x=x|X=0(X--,X) | X=Lc|X=consc(X,X) | X, X = decc(X)

whereo ranges over operatorsandC over|S(2)[{. The typing rules o§(2) extends
A(X) with cons anddec:

BelSX)o  BelSR)o 0 € ZPrpn—p
X:Brg x: B te Lp: B X1 :p1 > Xn i onFE O(Xe, -+ , X)) 1 o
CelS2) C=#e Cel|S2) C=+e
X:Cy:C®rgconsc(X,y):C® x:C®trgdecc(X):C,C*®
NreM:Cy -+ INrFeM:C UCD

Fm AX . letyy = Mq,--- ,yy=Mjinz:C" - C”
where U=T1U---UTlu{z:C'Jand D= {x: C,y; : Cy,---,y : C}, and
each variable iny,---, Iy, X, Y, z is different from the other. The set of axioms for
S(2)-expressions extends the one &%) with
let X,y = decc(2),z=consc(X',Y),Dinv=Iletx=x,y=y,Dinv
let X,y =decc(2),z= L,Dinv=letx=1,y=1,Dinv
let X,y = consc(2),Dinv=IletDinv (X,y¢ FV(D)UvV,z#Y).

whereC ranges overS(2)[;.



Definition 5. A quasi-SSUR stack AC frafrto 2 is a triple (I, S, a) where for each type
p € 4, lp,Sp € |S(2)|, and for each operator @ A" ~P a4 is anS(X)-expression
oftype @ : Sp1, -, Spn, lp = Sp, lp1,-- -, lpn.

Example 2.This example is from [16]. We consider a quasi-SSUR stack et ¢on-

verts reverse-polish notations to ordinary expressiorescivisider two signatures

Zp = {{x}, {push; ™", add"™", mul*>*, ret™*}} (ne N),
2o = {{=}, {num*, add™ ™", mul™*~*}} (n e N).

The signature, is for the reverse-polish notation of expressions. Forimse,
push;(push,(pushs(add(mul(ret)))))

denotes (52)«3. The stack ACI(, S, a) constructinge-terms corresponding to reverse-
polish expressions is the following (type annotations amnitted):

I = (%), 0% = %
8num, = AS1,1 . letip = cons(nump, i) in S, i1
Badd = AS1,1 . let hy, ty = dec(i), hy, t2 = dec(ty), i1 = cons(add(hy, hy), t2) in s, 101
Amul = ASy, i . let hy, t; = dec(i), hg, t2 = dec(ty), i1 = cons(mul(hg, hy),i2) in S, i1
Qret = Ai . leteini.

Definition 6. Atraced strict SMC with stacis a tuple(C, L, T, (), cons, dec) where

— (C, 1, T)is abipointed SMC,

— (-)® :|C|] - |C] is a mapping and

— consy : X®X® — X* anddecy : X® — X ® X* are C-object indexed families of
morphisms such that

decx o consy = idygx~, dec; =cons| =id,
decyx o Ly = Lxo ® Ly, Tx 0CONSY = Txe ® Txe.

We write TSMC? for the category of small traced strict SMCs with stack aratéd
strict symmetric monoidal functors preservingT, cons, dec.

There is a canonical forgetful functaS : TSMC§ — TSMCg, and this has a left
adjointFS : TSMCs — TSMCZ. Next, letCS = (C, 1, T, (-)®, cons, dec) € TSMC?.
We define a mapping-)™" overlint (C)-objects andnt (C)-morphisms as follows:

(A7 AT = ((A)™, (AY)™)

J—EA‘,A*) =1l ®Ta-, TEA‘,A*) =Ta+ ® La-,

CONS(p- a1y = CONSA- @ dECA-,  dEC(p- o+) = dECA+ ® CONSA-.

We then writelnt S(CS) for the tuple (nt (C), L', T/, (=)™, cons’, dec’).

Proposition 6. The mappingCS — IntS(CS) extends to a lifting ofnt across UP.
Thus the tripleSS = (FS 4 US, IntS) forms an extension of TSMCs.



Proposition 7. The tupldS(2), L, T, (-)®, cons, dec) is a traced strict SMC with stack,
and is isomorphic to E(£()).

Corollary 2. Quasi-SSUR stack ACs a&S-ACs, and they are closed under the de-
scriptional composition.

5 Conclusion

We presented a categorical framework for capturing vareusnsions of ACs and
their descriptional composition. By setting up approgriextensions of TSMCs, non-
deterministic ACs, quasi-SSUR ACs and quasi-SSUR stack @&€&<xovered by our
framework. The framework uniformly guarantees the assioitiaof the descriptional
composition and the closure property of extended ACs uridedéscriptional compo-
sition.

Acknowledgementhe author is grateful to Susumu Nishimura and Craig Pasiro f
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A Traced Symmetric Monoidal Categories and the Int
Construction

We recall the concept of traced symmetric monoidal categ@ndnt construction by
Joyal et al [10]. Below we mainly considstrict symmetric monoidal categories for
legibility. A trace operatoion a symmetric monoidal categor§.(, ®, o) is a mapping
tr’g,c : C(B® A,C®A) - C(B,C) satisfying the following equations: We simplify

(Naturality) hotrgo(f)og=1trg o (h®A)o fo(geA)
(Dinaturality) t§.(C®g)o f) = tra.(f o (B®Q))

(Vanishing ) the(f) = f

(Vanishing I1) 3 (9) = tra 5 (trega peal9)
(Superposing)  fl,cg.p(B® ) = Botrd, f
(Yanking) taa(oan) = id.

Fig. 6. Axioms for Trace Operators

the superposing axiom in [10] using naturality and dindttyr{8]. A traced symmetric
monoidal categor{TSMQ is a pair of a symmetric monoidal category (SMC) and a
trace operator on it. We say that a strict symmetric mondidiattor F : C —» D
between TSMCE, D is tracedif F preserves traces, that Bir(f) = tr(F f).

Joyal et al. gave a free construction, callet], of tortile monoidal categories from
traced monoidal categories. In this paper, we regard thistoaction as a monad on
TSMCs. Let C be a TSMC. We define the categdnt (C) by the following data. An
object is a pair A", A™) of C-objects, and a morphism fromA{, A”) to (B*,B") is
a C-morphismf : A* ® B —» B* ® A~. The composition ofnt (C)-morphismsf :
(A*,A”) —» (B*,B") andg: (B*,B") — (C*,C") is define by the following trace:

gof =tRec cron (([d®0) 0 (g@id) o (id® o) o (f @id) o (id ® 0)).
Categonyint (C) has the following symmetric monoidal structure:
hntey = (1), (A", A7) Qi) (B',B") =(A"®B",A"®B").
The trace off : A® C —» B®Cis given as follows:
tr(f) = 1525 goga-((ids: ® e a- ®idc-) o f o (idar ® op- ¢+ ® idc-))

The following theorem is a consequence of the structurerimedor traced symmetric
monoidal categories [10].

Theorem 3. The mappind — Int(C) extends to a monad oFSMC,.



