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Abstract. We extendthe studyof the relationshipbetweerbehavioual equiva-
lenceandtheindistinguishabilityrelatior{4, 7] to thesimply typedlambdacalcu-
lus, wherehigherordertypesare available. The relationshipbetweenthesetwo
notionsis establishedn termsof factorisability4]. The maintechnicaltool of
this study is pre-logical relations[8], which give a precisecharacterisatiorof
behaioural equivalence We thenconsidera higherorderlogic to reasonabout
modelsof the simply typed lambdacalculus,and relatethe resulting standard
satishctionrelationto behaioural satishction.

1 Intr oduction

Thisworkis acontributionto theunderstandingf therelationshigbetweerbehavioual
equivalenceandthe indistinguishabilityrelation Thesenotionsarosefrom the study
of dataabstractionin the context of algebraicspecificationsBehavioural equivalence
identifiesmodelswhich shav the samebehaviour for ary programyielding anobserv-
ablevalue.Thisformalisesanintuitive equivalencebetweertwo programmingerviron-
mentsthat shav the samebehaviour to programmerstegardlesof differencesn the
representationf non-obserabledatatypes.The indistinguishabilityrelationis a par
tial equivalencerelationwhichidentifiesvaluesin amodelthatareinterchangeableith
eachotherin ary programcontext. This providesanabstracwiew of the programming
ervironmentbasedn behaiour, ratherthandenotation.

Thesetwo notionsare usefulwhenreasoningaboutspecificationsandtheir rela-
tionshiphasbeenstudiedin a seriesof papersbeginningwith [4] by Bidoit, Hennicker
andWirsing. They establishedhekey ideaof factorisabilityto relatebehaiouralequi-
alenceand the indistinguishabilityrelation. Their framework is infinitary first-order
logic over X' algebrasHofmannand Sannella[7]extendedthe logic over X' algebras
to higherorderlogic, which enableausto quantify over predicatesand axiomatisethe
indistinguishabilityrelationwhenthe underlyingsignatures finite.

We further extendthe target of reasoningo a languagehaving higherordertypes
andfunctions.Higherorderfunctionsenableus to write program-parameterisguto-
grams,and are usefulin programdevelopment.Thuswe are interestedn reasoning
aboutspecificationsn suchlanguages.

In this paper we take the simply typed lambdacalculusas the formalisationof
higherordertypedlanguagesandgive the semanticof the lambdacalculusby typed
combinatoryalgebras which subsumewide rangeof semantidramavorksincluding
Henkinmodels typeframesandfull-type hierarchies.



Once we introduce higherorder types, we needto considerhow to extend be-
havioural equivalenceandtheindistinguishabilityrelationto higherordertypes.In the
studyof thesimply typedlambdacalculus thereis a well-known extensionmethodus-
ing exponentialrelations(the following shavs the caseof binaryrelationsbetweertwo
combinatoryalgebras4 andB; we canextendthis to n-ary relations):

R=" = R" 5 R” = {(f,9) € A= x B> |W(z,y) € B . (fa.qy) € R"'}

andtheresultingrelationis calledalogical relationif it relatestheinterpretationsn A
andB of eachconstantHowever, in this study logical relationsarenot adequatdor a
coupleof reasons:

1. Reachabilityatfirst-ordertypescannotbe extendedo higherordertypesusingthe
exponentialrelation. We seethis by an example;let us considerthe simply typed
lambdacalculuswith zeroandsuccessgmamelyz™t ands™* "% \We give the
semanticof the lambdacalculusby the full-type hierarchy A full-type hierarchy
constructedrom A" = N. We write S for the setof reachableslementsat
typer. We canreachary n € N by theterms™(z), thusS™** = Amat, However
the unarylogical relation R constructedrom R™* = S"e¢ doesnot give reach-
ability correctly at higherordertypes,since Rret—naet = Anat=nat pyt clearly
Snat—)nat C Anat—)nat.

2. Logical relationsare not suitableto characterisébehaioural equivalence.A re-
strictednotionof behaiouralequivalencecalledclosedobsenationalequivalence,
wasstudiedn [10]. Mitchell shavedrepresentatiorindependenctheoent if there
existsabinarylogicalrelationbetweertwo modelssuchthattherelationis bijective
on the obsenabletypes,thenthesetwo modelsare closedobsenationally equiv-
alent.He shavedthatthe corverseis alsotrue whenthe underlyingsignaturehas
only first-orderconstantsHowever this is not satishctoryfor two reasonspneis
the above restrictionto first-orderconstantsandthe otheris thatin generallog-
ical relationsdo not composedespitethe fact that behaioural equivalenceis a
transitive relation.

To solve theseproblems we usepre-logical relationg8] by Honselland Sannella
insteadof logical relations.They area generalisatiorof logical relation,andhave sev-
eral characterisations relationis pre-logicaliff it satisfieshe basiclemma(theorem
1 below), and a pre-logicalrelation canbe seenasa correspondencin the senseof
Schoett[12]petweentwo combinatoryalgebrasRoughly a pre-logicalrelationis are-
lation satisfyingR™™™ C R™ — R . Thuspre-logicalrelationsallow flexibility at
higherordertypeswhile logical relationsaredeterminediniquelyat all typesfrom the
relationsat basetypes.Of courselogical relationsareincludedin pre-logicalrelations,
but alsothereachabilitypredicateandotherrelationsareincludedin this class Another
adwantageof pre-logicalrelationsis thatthey areclosedundercompositionwhichis a
desirablepropertyfor characterisindpehaioural equivalence.

This paperis organisedasfollows: section2 introduceshasicdefinitionsof the sim-
ply typedlambdacalculus pre-logicalrelationsandpartialequialenceelations(PERS).
Section3 establishes relationbetweerbehaioural equivalenceandexistenceof pre-
logicalrelations We alsointroduceanothemodelequivalenceandshow thatit is equiv-



alentto behavioural equivalenceln sectiond we studypropertief theindistinguisha-
bility relation,whichturnsto beapre-logicalPERovertheunderlyingmodel.In section
5we show thatbehaiiouralequivalencds factorisabldy indistinguishability We move
to higherorderlogic andits semanticsn section6. We introducetwo semanticspne
is the standardmodel and the otheris the relative modelw.r.t. somePER. We shav
thatthe quotientmodelof higherorderlogic by a PERandthe behaioural modelw.r.t.
the PERarelogically equivalent.We prove this by shaving thatthey arebehaiourally
equivalentw.r.t. booleanobsenations.In section7 we apply theseresultsto reasoning
aboutspecifications.

2 Preliminaries

2.1 Syntaxof the Simply Typed Lambda Calculus

Definition 1 (Higher-Order Signature). Let U be a set. We definethe set of types
Typ(U) byBNF7 ::= b | 7 — 7 wheeb € U. A higherordersignature(or simply
signaturg is a pair of sets(U, C') where U givesthe setof basetypesandC C Cyp x

Typ(U) givesthe setof typedconstantfor someuniverseCy of constansymbols\We
write ¢™ for thepair (¢, 7) € C. Wefix a higherordersignatue X' = (U, C). We often
write Typ(X) for Typ(U).

We assumehat readersare familiar with the simply typedlambdacalculus.The cal-
culus consideredin this paperis the minimal fragment;it hasonly — types. The
lambdatermsare built on a countablyinfinite setof variablesX. We definea con-
text by a partial function I : X — Typ(X). Two contets I" and A are sepanted
if dom(I") N dom(A) = 0. For T C Typ(X), we sayI" is a T-contet if for all
z € dom(I"), I'(x) € T .Wesayl' - M : 7 is awell-formedtermif I"' - M : 7 is
derivedonly from theinferencerulesof the simply typedlambdacalculus.

2.2 Semanticsof the Simply Typed Lambda Calculus

In this study we take typed combinatoryalgebrasas the basisfor the semanticsof
the simply typedlambdacalculus.The reasonis twofold: oneis thatthey aregeneral
enoughto subsumentherclasseof models,suchasHenkin modelsandtype frames,
andthe otheris thatcombinatoryalgebrasandthe notion of pre-logicalrelation,intro-
ducedlater, are compatible.Indeedthe classof combinatoryalgebrass closedunder
quotientby pre-logicalPERs(propositioi2).

We write Csk for theextensionof asetof constantg” with S, K combinators:

CSK —CuU {S(T—>7-'—>TI/)_>(T—>T’)—>T—>-,-H | T 7_/’7_11 € Typ(E)}
U{K™7 27 | 7,7 € Typ(2)}.

Definition 2 (Typed Combinatory Algebra). A X-typedcombinatoryalgebrgor sim-
ply combinatoryalgebrais atuple A = (4, e .4, (—).4) sud that:

1. AisaTyp(X)-indexedfamily of sets(called carriersets.



2. Theapplicationoperatorof[' is afamily of functionshavingtype A™"" — A™ —
A" foranyr, 7 € Typ(X).

3. ¢ € A" foreadhc” € Csk.

4. Thecombinatossatisfyequationd exey = x andSepeger = pere(ger) for
anyz,y, p, q,r in appropriatecarrier sets(supescriptsand subscriptsare omitted
for readability).

We write e 4 as a left-associativenfix operator. We may omit supescripts and sub-
scriptsif they are obviousfromthe context. Scriptletters (A4, B, - - -) are usedto denote
combinatoryalgebras while the carrier setsof thesealgebras are referred by normal
letters (4, B, - - -). We write CA (X)) for thecollectionof X¥'-combinatoryalgebras.

Definition 3 (Henkin Model/Type Frame/Full Type Hierar chy). A combinatoryal-
gebra A is called:

— a X-Henkinmodelif extensionalityholds:Vf,g € A7 . VxeA™ . feqz =
geazr)=f=g. ,

— a X-typeframeif A777 C A™ —» A™ andf e 4z = f(z).

— a X-full typehierarchyif A7~ = A™ — A™ andf ez = f(z). Wenotethata
full-type hierarchy is uniquelydeterminedy the carrier setsfor basetypes.

Examplel. Thefollowingis ahigherordersignatureXs.; = (Use:, Cset) for thefinite
setsof naturalnumbers.

Uset = {bool, nat, set}
Cset — {tbool’ ﬂ:bool7 notbool—)bool) Onat’ Succnat—>nat’ eqnat—>nat—>bool7

mset’ {_}nat—»set’ (_ U _)set—)set—»set,ﬁlter(nat—>bool)—>set—>set set—)bool}

,isempty
Theconstanfilter takesa predicatep andasets andyieldsthe setwhich consistf the
elementdn s satisfyingthe predicatep. The constanisempty judgeswhethera given
setis emptyor not.

We introducetwo full-type hierarchiesd,.; andB,.; over X,.;. In A, basetypes
areinterpretedas A%2¢! = {#, ff}, A"4¢ = N, As¢t = P(N). We interpretfilter and
isempty in A,.; asfollows:

filtera,,, f X ={z € X | f(z) = ¢t}
isempty 4, X =t < X =10

Theinterpretatiorof the otherconstantss naturallydefined.
In By, basetypesareinterpretedas B%¢! = {#, ff}, Bn3t = N, B¢ = N —

set set set

Bbeel In this interpretationasetX C N is representedy its characteristidunction
éx : N — Bbool Weinterpretfilter andisempty in By, asfollows:

(filterg,,, pflz =t < plx)=tAflz)=1
isemptys  f =1t <= VzeN. f(x) =ff

Theinterpretatiorof the otherconstantss naturallydefined.



An ervironment(rangedover by n, p) over a combinatoryalgebraA is a partial
function X' — U, cpyp(s) A7- We write € AT for an ervironmentn suchthat

dom(n) = dom(I") andn(z) € AT'®@ for all z € dom(n).

Givena combinatoryalgebraA, we caninterpretwell-formedlambdatermsin A
by the meaningfunction.A[—]—, which mapsa well-formedtermI" + M : 7 andan
ernvironmentn € A’ to avaluein A™. The meaningfunctionis definedby induction
on the derivation of well-formedlambdaterms,andusesa trick of compilinglambda
abstractiorusing .S and K in a combinatoryalgebrawheninterpreting\z™ . M. For
details,seg[2, 11].

Proposition1. (SemanticSubstitution Lemma) Let I" and A be sepaatedcontexts,
Irz:7hHM:7 andAF N : 7 bewell-formedterms,p € AT andy € A4. Then
A[M]p{z — A[N]n} = A[M[N/z]]pUn.

Definition 4 (X-homomorphism). A X-homomorphisnis a Typ(X')-indexedfamily
of functions{h”™ : A” = B"},cryp(x) Sut thatfor all ¢” € Csk, h™(cy) = cp
andfor all 7,7/ € Typ(Z),z € A7 andy € A", h™ (z o4 y) = h™7 (z) o3
h™(y). A X-isomorphismis a X-homomorphisnk sud that 4™ is bijective on each
T € Typ(X). Wewrite 4 = B if there existsa X-isomorphisnbetween4 and 5.

2.3 Pre-logicalRelations

First,somedefinitions.A relationbetween4 andB (written R C Ax B)isaTyp(X)-
indexed family of setsR satisfyingR™ C A” x B7 for all 7 € Typ(X). We write
(n,n') € R if n € AT 9 € BT andfor all z € dom(I"), (n(z),n'(z)) € R,
The compositionof relationskR C A x B andR' C B x C is definedby type-wise
compositionof R andR'. Theexponentialrelationof R™ andR™ is definedby

R" - R™ = {(f,9) € AT x BT |V(z,y) € R" . (foaz,g0BY) ERT’}.

Pre-logicalrelationswere proposedby Honselland Sannella[8],and are a gener
alised notion of logical relations.In this paper we adoptthe following definition of
pre-logicalrelations?

Definition 5 (Pre-logicalRelations[8]). ArelationR C A x B is pre-logicalif

1. "™ C R™ — R™ , or equivalentlyfor all (f,g) € R"=" and(z,y) € R", the
pair (f e 4 x,g ®5 y) isincludedin R™, and
2. forall ¢™ € Csk , thepair (c7, cg) isincludedin R”.

We contrasthe above to the definition of logical relations.A logical relationis a type-
indexed family of binary relationsR satisfyingR™—” = R™ — R™ andfor each
c™ € C,(c}y,cp) € R™. Thuswhenwe give alogicalrelation,we performthefollowing

! Originally pre-logicalrelationswere definedover lambdaapplicatie structureswhich is a
generalclassof set-theoretianodelsof the simply typed lambdacalculus.In the casethat
the underlyingmodelsarecombinatoryalgebrasthe definition coincideswith definition5 as
obseredin [8].



stepswefirst give arelationR on basetypes, thenextendit to higherordertypesusing
the above schemeand checkwhetherthe interpretationsn A and B of eachof the
constantsarerelatedby R. In contrastthedefinitionof pre-logicalrelationslacksright-
to-left inclusionin the above schemé. Thusit allows flexibility of choiceof relations
athigherordertypes.We notethatlogical relationsarealsopre-logicalrelations since
theabove schemdmpliesthattherelation R relatesS, K combinatorsatall types.
In [8] variouscharacterisationf pre-logicalrelationsarestudied Onenotablechar

acterisatioris via thebasiclemma.

Theorem1 (Basic Lemma for Pre-logical Relations[8]). Let R C A4 x B. Then
Y(n,n'") € RT .(A[M]n, B[M]n') € R™ holdsfor anywell-formedtermI" - M : 7 if
andonlyif R is a pre-logical relation.

Anothernotablepropertyof pre-logicalrelationsis thatthe compositionof two pre-
logical relationsis againa pre-logicalrelation.

Theorem 2 (Composability of Pre-logical Relations[8]).Let R C A x BandR' C
B x C bepre-logical relations.ThenR o R' C A x C is a pre-logical relation.

2.4 Partial EquivalenceRelations

Recallthat a PER (rangedover by E) over A is arelation E C A x A suchthat
for all - € Typ(X), E™ is symmetricandtransitive. We write the domainof E™ by
|[E™| = {x € A" | (z,z) € E"}. ThenE" isjustanequialencerelationover|E"|, so
we write [z] for the equivalenceclassof © € |E7| by E™ and A/E™ for the quotient
|E7|/E".

Whena PERE C A x A is pre-logical(or logical), we call E a pre-logical (or
logical) PER The quotientof a combinatoryalgebraby a pre-logicalPERis againa
combinatoryalgebra.

Proposition2 ([8]). Let E bea pre-logical PERover A.

1. Thetuple(A/E, %, [(—) 4]) wher[z]x[y] = [z e 4 y] iSa X-combinatoryalgebra.
We call thisthe quotientof A by E, andwrite it by A/ E.

2. LetI’ v M : 7 bea well-formedtermandn € A/ET. Then A/E[M]n =
[A[M]p] whee p € AT andp(x) € n(z) for all z € dom(I).

Definition 6 (Projection). We definetheprojectionrelation7(E) C A/E x A asthe
following Typ(X)-indexedfamily of binary relations:

II(E) ={([e],e) € AJE™ x AT | e € |E"|}.
Lemma 1. TheprojectionII(E) is a pre-logical relation.

Proof. Clearly II(E) relatesall constantsn Csi. From the definition of pre-logical
PERs,FE is closedunderthe applicationoperator Thereforell (E) is soaswell. O

2 Indeed the reversedirectionis requiredto hold only for lambda-definablelementsecause
of the presenc®f the combinatorsn the setof constants.



3 Behavioural Equivalenceand Pre-logicalRelations

Behavioural equivalencedentifiestwo modelsshaving the samebehaiour in response
to all obsenations.Eachobsenation compareghe valuesof two termsof obsenable
types,whosevaluesare directly accessibldo programmersThis definition of obser
vation formalisesthe useof experimentsto detectthe differenceof behaiour of visi-
ble datatypesbetweentwo models.Thus,intuitively speakingf two modelsare be-
haviourally equivalent,they provide the sameprogrammingervironmentto program-
mers,eventhoughthey may have differentimplementation®f invisible datatypes.

We establisha link betweerbehavioural equivalenceandpre-logicalrelations.The
resultis a naturalextensionof [8] to allow free variablesof obsenabletypes,andan
extensionof [12] to handlehigherordertypes.

Thedefinition of behaioural equivalenceis adaptedrom [7]. Thereareotherpos-
sibilities for the treatmenbf free variables put we do not discusghem.For detail, see
[7]. We fix asetOBS C Typ(X) calledthe observabletypes We first introducean
auxiliary notionof O BS-surjectve ervironment.

Definition 7. An OBS-surjectize ervironmentbetweend and B is a tuple (I, p, p')
wheee I' is an OBS-context and p € Al andp’ € B! are ervironmentssud that
im(p) = U, cops A” andim(p’) = U, cops B

Wesay.A is OBS-countableif theset| ) ., 54 A" is countable

We notethatif thereexistsan OBS-surjectve ervironmentbetweenAd andB, then. 4
andB areOBS-countableThisis dueto the cardinalityof the setof variables.

Definition 8 (Behavioural Equivalence).We say .4 and B are behaiourally equi-
alentw.r.t. OBS (written A =pps B) if there exists an OBS-surjective erviron-
ment (I p, p') betweend and B sud that for any~ € OBS andwell-formedterms
I't M,N :7,wehaveA[M]p = A[N]p < B[M]p' = B[N]p'.

We also give anotherformalisationof behaioural equivalence.We first introducea
programequialencen a model,thenwe saytwo modelsarebehaiourally equivalent
if theprogramequialencein bothmodelscoincides.

Definition 9. 1. LetI' bean OBS-contet, € OBS andI' - M, N : T bewell-
formedterms.Wewrite A = I' - M ~ N : 7 if for all 5 € AT, we have
A[M]y = A[NTy.

2. Wewrite A ~pps Bif A = B” for anyr € OBS, andfor anyOBS-contet I,
T € OBS andwell-formedtermsI" - M,N : 7,wehaved =TI+ M ~ N :
T < BEIT'FM~N:T.

We introduceobservationalpre-logical relationsto characteriséoehaioural equiva-
lence(c.f. Schoetts correspondence[12])

Definition 10 (Observational Pre-logicalRelations).Anobsenationalpre-logicalre-
lation R C A x B w.rt. OBS is a pre-logical relation sudh that for all - € OBS,
R™ C AT x BT isabijection.

Proposition3. LetR C A x BandS C B x C beobservationapre-logical relations
wr.t. OBS. ThenR o S is an observationapre-logical relationw.r.t. OBS.



Thefollowing theoremcharacterisebehaioural equivalencen termsof obsenational
pre-logicalrelations Simultaneouslyit shavsthatthetwo formalisationsf behaioural
equivalencecoincide®

Theorem 3. Thefollowing are equivalent?

1. 4 =0OBS B.

2. AandB are OBS-countableand A ~pps B.

3. A and B are OBS-countableand there is an observationalpre-logical relation
R C Ax Bwrt. OBS.

Proof. (Sketch)(1 = 2) Theassumptiorimpliesthatthereexistsan O BS-surjective
environment (I, p, p'). Fromthis, A and B are O BS-countable We then definefor
eachr € OBS,h™ : A" — B” by h"(a) = p'(z,), wherez, € dom(I") is avariable
suchthatp(z,) = a. We canshov b7 is well-definedandgivesanisomorphismNext
weshovB |= A+ M ~ N : 7impliesd = A+ M ~ N : 7; thereversedirection
is by symmetryLetn’ € B2. Fromthedefinitionof O BS-surjective ervironment,for
all z € dom(A), thereexistsy, € dom(I") suchthatn'(xz) = p'(y,). Thenwe define
anervironmenty € A4 by n(z) = p(y,) anda variablerenamings by o(z) = y,.
Now we have A[Mo]p = A[M]n = A[N]n = A[Nac]p. Thisimplies B[M]n' =
B[Moa]p' = B[No]p' = B[Ny from A =oBs B.

(2 = 3) From A ~ops B, we canchoosebijectionsRj for eacht € OBS
satisfying (A[M], B[M]) € R for all § - M : 7. Thenit is easyto seethatthe
following relationR C A x B is anpre-logicalrelation:

R™ = {(A[M]p, B[M]p') | 'isanOBS-context A I' = M : 7 A (p,p') € RY)

whereR” is clearlyabijectionfor eachr € OBS.

(3 = 1) SinceA andB are OBS-countablefor eachr € OBS andeachpair
(e, f) € R7, it is possibleto assigna distinctvariablez? ;. Thenwe definean OBS-
surjective environment(Z, p, p') by I'(z7 ;) = 7, p(z] ;) = eandp'(z] ;) = f. The
goal A =pps B followsfrom lemmal. O

Example2. We constructa logical relation Rse; C Aser X Bser from the following
relationsat basetypes:

Rbool — Idbool Rnat — Idnat
Rt = {(X,¢) € P(N) x (N = B") |Vz.2 € X < ¢(z) = tt}

We caneasilyshow that R relatesthe interpretatiorof all constantsandby definition,
it is bijective on {bool, nat}. Thereforewe have Ases =(p001,nat} Bset-

Example3. In [9], the notion of constructve datarefinemenis formalisedin termsof
the existenceof a pre-logicalrelation. They demonstratehat an implementationy of

3 The proof of theorem3 doesnot rely on particularpropertiesof combinatoryalgebrasThus
we canexpectthatit holdsover lambdaapplicatie structures.
4Infact2 <= 3 still holdswhendroppingthe conditionthat.4A andBB areOBS-countable.



realnumbercomputatiorin the programmindanguagd®CFformsa datarefinemenin

theirsensefor any modelB of PCF thereexistsamodel.A of realnumbercomputation
suchthat.4 andB|s (thed-reductof B) areclosedobsenationallyequivalentw.r.t. bool.

To shaw this, they give anactualconstructionof A andR C A x B|s from ary PCF
model B, where R is a pre-logicalrelation but not a logical relation. For details,see
[9]. We believe thatwe canreplaceclosedobsenationalequivalencewith behaioural
equivalenceandwe canstill constructamodel. A suchthat A =013 Bls.

4 Indistinguishability Relations

We introducean equivalenceof valuescalled indistinguishabilitybasedon their be-
haviour ratherthantheirdenotationWe regardtwo valuesn amodelas‘behaviourally”
indistinguishabléf they areinterchangeabli any program.Thisis shovn by perform-
ing a setof experimentswe fit onevalueinto a programyielding a visible result,and
seewhetherary differenceis detectedvhenwe exchangehe onewith theother If two
valuespassthe above experimentover all possibleprogramsthenwe saythatthey are
indistinguishableThis identificationof valuesis more suitableto provide an abstract
aspecbf specifications.

Thereareseveralwaysto formalisetheabove idea.In this paperwe adoptthe same
definitionof indistinguishabilityas[7] for combinatoryalgebras.

Definition 11 (Reachable).LetT € Typ(X). Avaluev € A™ is OBS-reacableif
there existsan O BS-contet I, a well-formedtermI" - M : 7 andp € AT sudthat
v =A[M]p.

Definition 12 (Indistinguishability Relation). Let T € Typ(X). We saytwo values
v,w € A7 areindistinguishablgwrittenv ~7; w) if they are O BS-reacableandfor
anyOBS-contextI', ' € OBS, p € AT andwell-formedterm I,z : 7 - M : 7/, we
haveA[M]p{z — v} = A[M]p{z — w}.

Theindistinguishabilityrelationis definedon eachcombinatoryalgebraThus= gives
riseto a family of PERsindexedby CA (X'). Theresultsin this sectionare provedfor
only onecombinatoryalgebraput readersnayregardthemasstatementor thefamily
of indistinguishabilityPERSs.

In Ase, ¢ ~5%'  y impliesz = y. We notethat ~%" is a partial equivalence
relationbut notatotal onesinceinfinite setsof naturalnumbersarenotOBS reachable.

Theorem4. Theindistinguishabilityrelation~ 4 is a pre-logical PERsudh that~7, =
Id4- forall - € OBS.

Proof. (Sketch)lt is easyto seethat~ 4 is a PERwhich relatesall constantsandis
Id” for all 7 € OBS. We show it is closedunderapplication.We assumawj("'f
andzx7y. Let I' bean OBS-context, 7" € OBS, I,z : 7' = M : 7" beawell-
formedtermandp € AL, Sincee is O BS-reachableywe canwrite e = A[E]n with a
well-formedterm E andan ervironmentsuchthatdom (p) N dom(n) = @. Thenfrom
propositionl andzx"y, we have A[M]p{z — e e z} = A[M[Ew/z]](p U n){w —
z} = A[M]p{z — eey}. Wecansimilarly swape andf. Thusweobtaineoxxjfoy.



By analogywith theterminologyof denotationatemanticsa X'-combinatoryalgebrais
fully abstiact whenthe indistinguishabilityrelationon .4 andthe set-theoreti@quality
coincide(theproofis omitted).

Theorem5. ThequotientmodelA/= 4 is ~-fully abstact, i.e. for all 7 € Typ(X)
anda,b € (A/x4)",a=biffa R jmq b

5 Factorisability

We have seentwo approacheso obtainabstractmodelsof specificationsbehaioural
equialenceon the onehandandindistinguishabilityrelationon the otherhand.Both
of them naturally arisefrom the motivation of reasoningaboutspecificationsrom a
behavioural point of view. Thuswe areinterestedn consideringheir relationship.The
key ideais the notion of factorisability[4].

Definition 13 (Factorisability). Let E bea CA (X)-indexedfamily of PERsand= be
anequivalenceelationover CA(X). Then

— =isleft-factorisableby E if for all A,B € CA(X), A/E4 = B/Eg = A =B.
— = is right-factorisableby E if for all A,B € CA(X), A = B = A/E4 =
B/Eg.

We say= is factorisableby F if bothof theabove hold.

In this sectionwe shav that behaioural equivalenceis factorisableby the indistin-
guishabilityrelation.Firstwe prove left-factorisabilty

Theorem6 (Left-Factorisability). A/~ = B/~ = A =oBs B.

Proof. A/~ = B/~p implies A/~4 =ops B/~p. Fromtheorem4, we have
A/%A =oBs A andB/zB =ops B. ThusA =pps B by transitiity. O

In [7], HofmannandSannellaepresentetheindistinguishabilityrelationandthe “ex-

periments”for behaioural equivalencein a higherorderlogic, then shoved that the
satisfiability of the experimentscoincidein eachmodelwhen quotientsof two mod-
elsareisomorphic.However this approactseemsnot to work in this paper sincetheir
methoddepend=on the finitenessof specificationdo representhe indistinguishabil-
ity relation,while combinatoryalgebrashave a countablyinfinite numberof typesand
S, K-combinators.

Theproof of right-factorisabilityis essentiallythe sameasthe onein [7].

Theorem7 (Right-Factorisability). A =ops B = A/~ = B/~3.

Proof. (Sketch)From A =pps B, thereis an obsenationalpre-logicalrelation R C
A x Bw.r.t. OBS. Now we definearelationh C A/~ 4 x B/=p:

h" = {(A/~A[M]p, B/~[M]p") | I isanOBS-contetAl’ - M : 7A(p, p') € RT'}

We canshaw thath givesa partialinjectionin bothdirections.Moreover, all elements
in A/~ 4 andB/~p are OBS-reachableThereforeh™ is total and surjectve, i.e. is
bijective for eachr € Typ(XY). It is easyto seethath is a X-isomorphism. O



6 Higher-Order Logic to ReasonAbout Higher-Typed Languages

We considera higherorder logic to reasonaboutspecificationsin the higherorder
typedlanguagesWe introducetwo modelsof the higherorderlogic; oneis the stan-
dardmodel,which equateswo programsvhenthey have the samedenotationsandthe
otheris the behaiioural model,which equateswo programsvhenthey have the same
behaiour. Thelattermodelis usefulwhenwe reasoraboutspecificationdasedn be-
haviour of programsWe thenrelatestandardsatishctionandbehaioural satishction.

6.1 Syntax

The higherorderlogic consideredn this sectionis designedo reasonaboutcombi-
natory algebrasover a signatureX’. Thusthe logic hasconstantsor the application
operatore and.S, K -combinatorsorrespondingo thosein combinatoryalgebras.

The syntaxof the higherorderlogic canbe formalisedin the framawork of the
simply typed lambdacalculus—itis just a lambdacalculusover a certain signature
(whichis anextensionof X') providing atype of propositionsandconstantgor logical
connectves.

Although we can reusedefinitions, syntax and terminology of the simply typed
lambdacalculuswe re-definghemfor higherorderlogic to makeit clearwhich calcu-
lus we aretalking about.We usea differentfunctiontype symbol=- insteadof —, and
write Typ~ (U) for thesetdefinedby BNF ¢ ::= b | ¢ = ¢ whereb € U.

Definition 14 (Higher-Order Logic). Thesyntaxof higherorderlogic over X is given
bythesyntaxof thesimplytypedlambdacalculusoverthesignatue X'yor, = (Unor, CroL)
definedby:

Unor = {2} U Typ(¥)
Cror = {29792 U {=79" | ¢ € Typ~ (Unor)}
U {OT_’TI:”:MJ | T, e Typ(E)} UCsk

We mayomittypesof constantsn supescriptsif they are obviousfromthe context. The
constants), = and e are usedasinfix opemators.

We call typesof X'gor formulatypes(rangedover by ¢) andtermsof X0, formulas
(rangedover by F). In this logic, alambdaterm M is representetty aformula Mg,
whichis acombinatoriarepresentationf M by constantsn Csx ande™ 7 =7=7"

Lambdaabstractiomplus logical constantsd and= are powerful enoughto derive
otherfamiliar logical constantsuchastt, ff, —, A, V, # andquantifiersvz : ¢ . F' and
Jdz : ¢ . F. See[1] for thedefinitionandthe axiomsfor thelogical constants.

Example4. Thehigherorderlogic consideredn this sectionis dedicatedo reasoning
aboutthe combinatoryalgebragroviding the semanticof the lambdacalculus.Thus

the higherorderlogic hasthe axiom scheméor S and K combinatorgseedefinition

2). We may needto add extra axiomsdependingon the propertiesof the underlying
combinatoryalgebra.lf oneassumeghatit is a Henkin model, one addsthe axiom

schemeof extensionalityVe,y : 7 —» 7 . (Vz:7.ze2=ye2) Dz =y.



In thehigherorderlogic over X,.;, we would lik e to assumeheinductionprinciple
for typenat:

Vp:nat=Q.p0D (Vz:nat.pz D p(succex)) D Vz :nat.pz.
We canalsospecifythe behaiour of constantslike

isempty o ) = #
Vp, q : nat — bool, s : set . filter @ p o (filter @ ¢ @ 5) = filter @ g o (filter e p @ )

Proof systemdfor the higherorderlogic andits soundnessnd completenessre not
coveredin this paper For detailssee[6].

6.2 Standard Satisfactionand Behavioural Satisfaction

We apply the semantidramework of the simply typedlambdacalculusto give seman-
ticsto thehigherorderlogic. A modelof the higherorderlogic, say. M, is built ontop
of acombinatoryalgebrad. Constansymbolsfor combinatoryalgebrasuchas s, K
ande areinterpretedby the correspondinglementsS 4, K 4 ande 4. Do not confuse
theunderlyingcombinatoryalgebra4 andthe model M of the higherorderlogic.

We introducetwo models.Oneis the standad modelwhich interpretsQ asthe
two-pointset2 = {i, ff }, thefunctiontype=- astheset-theoretidunctionspacep as
the (curriedform of) booleanimplicationand= asthe (curriedform of) characteristic
functionof set-theoretiequality

Definition 15 (Standard Model). The standardmodel £ 4 of the higherorder logic
over A is a Ygor-full typehierarchy overLﬁ = 2 and L7 = A" togetherwith the
following interpretationof thelogical constants:

SPTEER () (y) =tt <= (=t = y=1t)
Q
=077 (p)(y) =t <= z =y
LTI (1) (y) =z eay

cr, =cy (c" € Csk).

We saythata closedformula F' :  is satisfiedwritten A |= F) if LA[F] = #.

The othermodelis the behavioual modelw.r.t. a pre-logicalPER E over A. The
standardmodelis not appropriatevhenwe wantto reasonaboutspecificationsup to
theirbehaiour ratherthantheirdenotationThisis becaus¢éheequalitymaydistinguish
two differentdenotationsventhoughthey have the samebehaiour. The behaioural

modelsolvesthis problemby interpretingeachpredicatetype ¢ as|E¢| whereFE is the
extensionof E to all predicateypesusingthe exponentialrelation,andthe equalityas
theequivalencerelationE over | E|. In particulay E is oftentakenastheindistinguisha-
bility relationover .4 (seetheoremd).



Definition 16 (Behavioural Model). Givena pre-logical PER E over A, we definea
PERE over carrier setsL 4 asfollows:

En = Ido, E = E7, E¢:>¢ = E¢ _>E¢

Thenthe behaioural model £ of the higherorder logic over A with respecto E is
givenbya Xgor-typeframe(LE, (—) =) whee (LE)¢ = |E¢| and(-) .z givesthe
interpretationof thelogical constantsasTollows:

D?ﬁ:m:m(:c W)=t < (z=tt =y =1)

)
=FZ7 @) =t = @) e B
)

We saythata closedformula F : €2 is satisfiedw.r.t. E (written A = F) if LE[F] =
it.

We shaw thatthestandardnodelover.4/ E andthebehaiouralmodelover A w.r.t.
E satisfythe sameformula(c.f. theorem3.35in [7]). We noticethatthisis implied by
Lae =gay L5, sincefrom £ 4,5 =(qy L4, for all closedformula F, we have
LaplF] = La/elt] =t < LE[F] = L5]t] = t.

Theorem8. L4/ =10} L.

Proof. (Sketch)We constructan obsenationalpre-logicalrelation R C L4,/ X cx
w.r.t. {Q} by theorem3. First we shav that thereis a family of isomorphismsh? :

Lf‘/E = Li/F‘ﬁ for the carriersetsof £ 4/5. Let I® C LY x |E”| betheinclusion

relation. Thenthe pre-logicalrelationin questionis given by the compositionrelation

he o (E)? o I¢ C LY x |E°|. O

Corollary 1. For all closedformulaF : 2, A/E = F iff A =F F.

7 Reasoningabout Specifications

We revisit the modeltheoryof behaioural andabstractoispecificationstudiedin [4].

Behavioural equivalence=p g is factorisableby the indistinguishabilityrelation ~

(theorem6), andfor ary 4 € CA(X), A/~ is fully abstracttheorem5). The latter
implies that ~ 4 is a regular relation® One importantconsequencérom this setting
is the following relationshipbetweenbehaioural and abstractospecification Due to

spacdimitations, we only statethe theoremwithout giving the definitionsof symbols.
For details,see[4].

> A CA(X%)-indexedfamily of PERSE is regularif A/ E.4 is fully abstrac(see[4]).



Theorem9 (Bidoit etal. [4]). LetSP = (X, &) bea specificationwhere & is a setof
formulasin the higherorderlogic over X'. Thenwe have:

Mod(behaiour SP w.r.t. =
Mod(abstractSP w.r.t. =pops

Abs=°55 (FA~(Mod(SP)))
Mod(behaiour SP/~ w.r.t. )

)
)
)
)

Th™(Mod(behaiour SP w.r.t. t)) = Th(FA~(Mod(SP)))
Th¥(Mod (abstractSP w.r.t. =ops)) = Th(Mod(SP/=))
Proof. Seetheorenmb.16,6.8and7.4in [4]. O

Related Work

Thework by Bidoit, HennickerandWirsing[4] establishedhekey ideaof factorisability
torelatebehaiouralequivalenceandtheindistinguishabilityrelation,andthey usedthis
to reasoraboutthe semanticof behaioural andabstractospecificationsSubsequent
work by Bidoit and Hennicler[3] discussed proof methodfor shaving behaioural
equialencein first orderlogic, and consideredinitary axiomatisatiorof behaioural
equality The above work is extendedby Hofmannand Sannella[8]to higherorder
logic. This work is an extensionof their work from first-order ¥'-algebraso combi-
natoryalgebrasBidoit andTarlecki[5] gave a cateyoricalgeneralisatiorf [4]. Seethe
endof section5 for commenton therelationshipto the presenpaper

Our characterisationf behaioural equivalences relatedto Mitchell’s representa-
tionindependenctheorem[10]HonsellandSannella[8femovedtherestrictiononthe
constantdy using pre-logicalrelationsinsteadof logical relations.This papershowvs
a similar resultaboutbehavioural equivalence which subsumeslosedobsenational
equialence.

In [5], Bidoit andTarleckigive arelationshipbetweerbehaioural satishction,be-
havioural equivalence jindistinguishabilityand correspondenceis an abstractsetting
using concretecateagories (a faithful functor to the category of (type-indexed) sets).
By instantiatingtheir concretecatayorieswith variousreal examples,suchasthe cat-
egory of multi-sortedalgebrasandregular algebraswe canderive suitablenotionsof
behaioural equivalencejndistinguishability etc.andtheoremson them.

We can instantiatetheir abstractframenork with the category of X'-combinatory
algebrasCA.(X), and obtain variousresultson behaioural equivalenceand indis-
tinguishability Pre-logicalrelationscorrespondo spangmoreover correspondences),
andpre-logicalPERscorrespondo partialcongruences theirterminology Categyory
CA () satisfiescertainproperties thuswe canobtaina theoremcharacterisindgoe-
havioural equivalencevia correspondencegseetheoren8 of [5]).

Their definitionsof indistinguishabilityand behaioural equivalenceare abstract:
they definethe indistinguishabilityrelation~ 4 asthelargestcongruencever thefull
subobjec{|.A|oss).a of A. Thenbehaiouralequivalences definedby A = ps B iff
A/= 4 =2 B/=p. In contrastjn this papemnwe give anexplicit definitionof behaioural

® Category CA(X) admitsrenamingandhasfull subobjectsandsurjectie quotients All full
subobjectsare compatiblewith CA.(X)-morphismsPullbackspresere surjectie quotients,
andquotientsarefully compatiblewith subobjectsn CA (X).



equialenceandindistinguishabilityandshow therelationshipbetweerthemin anele-
mentaryway.

8 Conclusion

We have extendedthe study of the relationshipbetweenbehavioual equivalenceand
indistinguishability{4, 7] to thesimply typedlambdacalculuswherehigherordertypes
areavailable.We characteriselehaiouralequivalencebetweertwo combinatoryalge-
brasby pre-logicalrelations,andshavedthatbehaioural equivalenceis factorisecby
indistinguishability We alsoshavedthat standardsatishctionover 4/ E is equivalent
to behaioural satishctionw.r.t. aPERE over A.

It is interestingto restrictthe classof modelsfrom combinatoryalgebrago Henkin
models,wherethe extensionalityaxiom holds. This changeghe propertiesof the class
of models;in particularit is not closedunderquotientby pre-logicalPERs.It will be
interestingto seehow behavioural equivalenceandthe indistinguishabilityrelationare
characteriseth the classof Henkinmodels.
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