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Abstract. We extendthestudyof therelationshipbetweenbehavioural equiva-
lenceandtheindistinguishabilityrelation[4, 7] to thesimply typedlambdacalcu-
lus, wherehigher-ordertypesareavailable.The relationshipbetweenthesetwo
notionsis establishedin termsof factorisability[4]. The main technicaltool of
this study is pre-logical relations[8], which give a precisecharacterisationof
behavioural equivalence.We thenconsidera higher-orderlogic to reasonabout
modelsof the simply typed lambdacalculus,and relatethe resultingstandard
satisfactionrelationto behavioural satisfaction.

1 Intr oduction

Thiswork is acontributionto theunderstandingof therelationshipbetweenbehavioural
equivalenceandthe indistinguishabilityrelation. Thesenotionsarosefrom the study
of dataabstractionin the context of algebraicspecifications.Behavioural equivalence
identifiesmodelswhich show thesamebehaviour for any programyielding anobserv-
ablevalue.This formalisesanintuitiveequivalencebetweentwo programmingenviron-
mentsthat show the samebehaviour to programmers,regardlessof differencesin the
representationof non-observabledatatypes.The indistinguishabilityrelationis a par-
tial equivalencerelationwhichidentifiesvaluesin amodelthatareinterchangeablewith
eachotherin any programcontext. This providesanabstractview of theprogramming
environmentbasedon behaviour, ratherthandenotation.

Thesetwo notionsareusefulwhenreasoningaboutspecifications,andtheir rela-
tionshiphasbeenstudiedin a seriesof papersbeginningwith [4] by Bidoit, Hennicker
andWirsing.They establishedthekey ideaof factorisabilityto relatebehaviouralequiv-
alenceand the indistinguishabilityrelation. Their framework is infinitary first-order
logic over

�
algebras.HofmannandSannella[7]extendedthe logic over

�
algebras

to higher-orderlogic, which enablesus to quantifyover predicatesandaxiomatisethe
indistinguishabilityrelationwhentheunderlyingsignatureis finite.

We furtherextendthe targetof reasoningto a languagehaving higher-ordertypes
andfunctions.Higher-orderfunctionsenableus to write program-parameterisedpro-
grams,and are useful in programdevelopment.Thus we are interestedin reasoning
aboutspecificationsin suchlanguages.

In this paper, we take the simply typed lambdacalculusas the formalisationof
higher-ordertypedlanguages,andgive thesemanticsof the lambdacalculusby typed
combinatoryalgebras, whichsubsumeawide rangeof semanticframeworksincluding
Henkinmodels,typeframesandfull-type hierarchies.



Once we introducehigher-order types,we needto considerhow to extend be-
havioural equivalenceandtheindistinguishabilityrelationto higher-ordertypes.In the
studyof thesimply typedlambdacalculus,thereis awell-known extensionmethodus-
ing exponentialrelations(thefollowing showsthecaseof binaryrelationsbetweentwo
combinatoryalgebras� and � ; we canextendthis to � -ary relations):
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andtheresultingrelationis calleda logical relation if it relatestheinterpretationsin �
and � of eachconstant.However, in this study, logical relationsarenot adequatefor a
coupleof reasons:

1. Reachabilityatfirst-ordertypescannotbeextendedto higher-ordertypesusingthe
exponentialrelation.We seethis by an example;let usconsiderthe simply typed
lambdacalculuswith zeroandsuccessor, namely 9;:=<?> and @�:=<?> � :=<?> . We give the
semanticsof the lambdacalculusby the full-type hierarchy. A full-type hierarchy
constructedfrom

# :=<?> �BA
. We write C � for the set of reachableelementsat

type D . We canreachany � !EA
by theterm @ : � 9 � , thus C :=<?> �F# :=<?> . However

the unarylogical relation
�

constructedfrom
� :=<?> � C :G<?> doesnot give reach-

ability correctlyat higher-order types,since
� :G<?> � :=<?> �H# :=<?> � :G<?> but clearlyC :=<?> � :=<?>"I # :G<?> � :=<?> .

2. Logical relationsare not suitableto characterisebehavioural equivalence.A re-
strictednotionof behaviouralequivalence,calledclosedobservationalequivalence,
wasstudiedin [10]. Mitchell showedrepresentationindependencetheorem; if there
existsabinarylogicalrelationbetweentwo modelssuchthattherelationis bijective
on the observabletypes,thenthesetwo modelsareclosedobservationallyequiv-
alent.He showedthat theconverseis alsotruewhentheunderlyingsignaturehas
only first-orderconstants.However this is not satisfactoryfor two reasons;oneis
the above restrictionto first-orderconstants,andthe other is that in generallog-
ical relationsdo not compose,despitethe fact that behavioural equivalenceis a
transitive relation.

To solve theseproblems,we usepre-logical relations[8] by HonsellandSannella
insteadof logical relations.They area generalisationof logical relation,andhave sev-
eralcharacterisations;a relationis pre-logicalif f it satisfiesthebasiclemma(theorem
1 below), anda pre-logicalrelationcanbe seenasa correspondencein the senseof
Schoett[12]betweentwo combinatoryalgebras.Roughly, a pre-logicalrelationis a re-
lation satisfying

� ������
	J � � �K� ��

. Thuspre-logicalrelationsallow flexibility at

higher-ordertypeswhile logical relationsaredetermineduniquelyat all typesfrom the
relationsat basetypes.Of courselogical relationsareincludedin pre-logicalrelations,
but alsothereachabilitypredicateandotherrelationsareincludedin thisclass.Another
advantageof pre-logicalrelationsis thatthey areclosedundercomposition,which is a
desirablepropertyfor characterisingbehaviouralequivalence.

Thispaperis organisedasfollows:section2 introducesbasicdefinitionsof thesim-
ply typedlambdacalculus,pre-logicalrelationsandpartialequivalencerelations(PERs).
Section3 establishesa relationbetweenbehavioural equivalenceandexistenceof pre-
logicalrelations.Wealsointroduceanothermodelequivalenceandshow thatit is equiv-



alentto behaviouralequivalence.In section4 westudypropertiesof theindistinguisha-
bility relation,whichturnsto beapre-logicalPERovertheunderlyingmodel.In section
5 weshow thatbehaviouralequivalenceis factorisableby indistinguishability. Wemove
to higher-orderlogic andits semanticsin section6. We introducetwo semantics;one
is the standardmodeland the other is the relative modelw.r.t. somePER.We show
thatthequotientmodelof higher-orderlogic by aPERandthebehaviouralmodelw.r.t.
thePERarelogically equivalent.We provethis by showing thatthey arebehaviourally
equivalentw.r.t. booleanobservations.In section7 we apply theseresultsto reasoning
aboutspecifications.

2 Preliminaries

2.1 Syntaxof the Simply Typed Lambda Calculus

Definition 1 (Higher-Order Signature). Let L be a set.We definethe set of typesM%NPO � L � by BNF DRQSQ �UTV+ D � D where
TW! L . A higher-ordersignature(or simply

signature) is a pair of sets
� L �YX	� where L givesthesetof basetypesand

X J X[Z\&M%NPO � L � givesthesetof typedconstantsfor someuniverse
X]Z

of constantsymbols.We
write ^ � for thepair

� ^ � D �%!_X
. We fix a higher-ordersignature

�`�F� L �YX	� . We often
write

M%NPO �8�a�
for

M%NPO � L � .
We assumethat readersarefamiliar with the simply typedlambdacalculus.The cal-
culus consideredin this paper is the minimal fragment; it has only

�
types.The

lambdatermsare built on a countablyinfinite set of variablesb . We definea con-
text by a partial function c�Qdbfe MgNPO �8�a�

. Two contexts c and h areseparated
if i jGk � c �"l i6j=k � h �m�Bn

. For o J M%NPO �8�a�
, we say c is a o -context if for all/p! i jGk � c � , c �0/��V! o . We say cUqsrtQuD is a well-formedterm if cvqsrtQ�D is

derivedonly from theinferencerulesof thesimply typedlambdacalculus.

2.2 Semanticsof the Simply TypedLambda Calculus

In this study, we take typed combinatoryalgebrasas the basisfor the semanticsof
the simply typedlambdacalculus.The reasonis twofold: oneis that they aregeneral
enoughto subsumeotherclassesof models,suchasHenkin modelsandtype frames,
andtheotheris thatcombinatoryalgebrasandthenotionof pre-logicalrelation,intro-
ducedlater, arecompatible.Indeedthe classof combinatoryalgebrasis closedunder
quotientby pre-logicalPERs(proposition2).

We write
X"w;x

for theextensionof asetof constants
X

with C �2y combinators:

Xzw;x��{X}|~� C"� ���	��
��	��
 
���� � ���	��
��0�	���	��
 
,+ D � D6� � D6� � ! MgNPO �8�a�?7
|]��y ���	��
��	� + D � D � ! MgNPO ���a�?7;3

Definition 2 (TypedCombinatory Algebra). A
�

-typedcombinatoryalgebra(or sim-
ply combinatoryalgebra) is a tuple � ����#��?�������5�%�5�z�

such that:

1.
#

is a
MgNPO ���a�

-indexedfamilyof sets(calledcarriersets).



2. Theapplicationoperator
� ��� ��
� is a familyof functionshavingtype

# ���	��
 ��# � �
# ��


for any D � D � ! M%NPO ���a�
.

3. ^ �� !$# �
for each ^ � !$Xzw;x

.
4. Thecombinatorssatisfyequations

y{�/"��1\��/
and C ���"��������E�"�����'���P����

for
any

/,��1���,�2���2�
in appropriatecarrier sets(superscriptsandsubscriptsareomitted

for readability).

We write
� �

as a left-associativeinfix operator. We may omit superscriptsand sub-
scriptsif they are obviousfromthecontext. Scriptletters ( � � � ������� ) are usedto denote
combinatoryalgebraswhile the carrier setsof thesealgebrasare referred by normal
letters (

#��Y(��������
). We write �V� ���a�

for thecollectionof
�

-combinatoryalgebras.

Definition 3 (Henkin Model/Type Frame/Full Type Hierar chy). A combinatoryal-
gebra � is called:

– a
�

-Henkinmodelif extensionalityholds:
-P�����a!~# ���	��
 3u��-/~!)# � 3=�����~/_���� � /��������$���

.
– a

�
-typeframeif

# ���	��
,J # � ��# ��

and

�\� � /��{�'��/��
.

– a
�

-full typehierarchyif
# ���	��
 ��# � ��# ��


and
�V� � /��{�'��/�

. Wenotethata
full-typehierarchy is uniquelydeterminedby thecarrier setsfor basetypes.

Example1. Thefollowing is ahigher-ordersignature
���5� > ��� L ��� > �YXz�5� > � for thefinite

setsof naturalnumbers.

L �5� > � ��T¢¡�¡�£5� ��¤G¥ � @�¦�¥ 7X"��� > � ��§ §�¨�©Y©�ª«�5¬ ¨8©2©�ª �.�®�§�¨8©Y©5ª��V¨�©Y©�ª«�2¯ :G<?> ��°.±�²�² :=<?> � :G<?> ��³�´ :=<?> � :=<?> ��¨8©Y©5ª5�n �5� > �.�;��7 :=<?> � �5� > �����s|µ�%� ��� > � �5� > � �5� > ��¶P· §5³�¸ � :=<¢> ��¨8©2©�ª��0�
��� > � �5� > �?¹ °�³=º�»�§�¼ �5� > �V¨�©Y©�ª 7

Theconstant
¶P· §5³�¸

takesapredicate
�

andaset @ andyieldsthesetwhichconsistsof the
elementsin @ satisfyingthepredicate

�
. Theconstant

¹ °�³=º�»�§�¼
judgeswhethera given

setis emptyor not.
Weintroducetwo full-type hierarchies� �5� > and � �5� > over

����� > . In � ��� > , basetypes
areinterpretedas

# ¨8©Y©5ª�5� >
�½�G¾�¾¢��¿m7;�2# :=<?>�5� >

�`As�Y# �5� >�5� >
�FÀW�0Am�

. We interpret
¶P· §5³�¸

and¹ °�³�ºV»�§�¼
in � �5� > asfollows:

¶P· §5³=¸��'Á�Â�Ã'� b �Ä��/~! b +��'��/�[� ¾�¾?7
¹ °2³�º�»�§�¼ � Á�Â0Ã b ��¾�¾sÅ\� b ��n

Theinterpretationof theotherconstantsis naturallydefined.
In

(��5� > , basetypesareinterpretedas
( ¨�©Y©�ª�5� >

�Æ�;¾�¾?��¿µ7G�Y( :=<¢>��� >
�vAs�2( ��� >�5� >

�`AÇ�( ¨8©2©�ª�5� > . In this interpretation,a set b J A
is representedby its characteristicfunctionÈÊÉ Q AË��( ¨8©Y©5ª��� > . We interpret

¶P· §5³�¸
and

¹ °2³�º�»�§�¼
in � ��� > asfollows:

��¶P· §5³�¸�Ì Á�Â�Ã6�Í�P�,/��Ä¾�¾ÎÅa�Ï�4��/���Ä¾�¾�Ð��'�0/��[��¾�¾
¹ °�³=º�»�§�¼ Ì Á�Â�Ã �$�Ä¾�¾ÎÅa� -�/$!~AÑ3��'�0/��[�E¿

Theinterpretationof theotherconstantsis naturallydefined.



An environment(rangedover by Ò �2Ó ) over a combinatoryalgebra � is a partial
function bÔe Õ �=Ö=×�Ø�Ù �SÚ �

# �
. We write Ò !Û#%Ü

for an environment Ò suchthat

i j=k � Ò �[� i j=k � c � and Ò ��/�z!)#gÜ ��Ý � for all
/~! i j=k � Ò � .

Givena combinatoryalgebra� , we caninterpretwell-formedlambdatermsin �
by themeaningfunction ��Þ Þ �zß ß8� , which mapsa well-formedterm cUqsrtQuD andan
environment Ò !R#%Ü

to a valuein
# �

. The meaningfunction is definedby induction
on the derivationof well-formedlambdaterms,andusesa trick of compiling lambda
abstractionusing C and

y
in a combinatoryalgebrawheninterpreting à / � 3 r . For

details,see[2, 11].

Proposition1. (SemanticSubstitution Lemma) Let c and h beseparatedcontexts,c �2/ QuDµqÎrÏQuD � and h½qÎáâQ�D bewell-formedterms,
Ó_!ã#gÜ

and Ò !s#�ä
. Then��Þ Þ r ß ß�Óu��/�å� ��Þ Þ á ß ß Ò 7�� ��Þ Þ r`Þ á�æ /6ßSß ßSÓ�| Ò .

Definition 4 (
�

-homomorphism). A
�

-homomorphismis a
MgNPO ���a�

-indexedfamily
of functions

��ç � Q # � �K( � 7 �=Ö=×�Ø�Ù �SÚ � such that for all ^ � ! XzwGx
,
ç � � ^ �� �Í� ^ �Ì

and for all D � D � ! M%NPO ���a�.��/{!}# ������

and

1R!}# �
,
ç ��
 ��/$���s16�V�½ç ���	��
 ��/�[��Ìç � �016�

. A
�

-isomorphismis a
�

-homomorphism
ç

such that
ç �

is bijectiveon eachD ! MgNPO �8�a�
. We write ��è� � if there existsa

�
-isomorphismbetween� and � .

2.3 Pre-logicalRelations

First,somedefinitions.A relationbetween� and � (written
� J � & � ) is a

MgNPO ���a�
-

indexed family of sets
�

satisfying
� �EJ # � &s( �

for all D ! M%NPO ���a�
. We write� Ò � Ò � �a!���Ü

if Ò !}#gÜ"� Ò � !�(VÜ
andfor all

/�! i jGk � c � , � Ò ��/�¢� Ò � ��/����!���Ü ��Ý � .
The compositionof relations

� J � & � and
� � J � &µé

is definedby type-wise
compositionof

�
and

� � . Theexponentialrelationof
� �

and
� ��


is definedby

���V������
P�Ä�;������� �"!$#%���	��
ê&)(*���	��
4+¢-'�0/,�21 �"!~����3����Í���$/,�5����ÌV1 �"!$����
«7G3
Pre-logicalrelationswereproposedby HonsellandSannella[8],andarea gener-

alisednotion of logical relations.In this paper, we adoptthe following definition of
pre-logicalrelations.1

Definition 5 (Pre-logicalRelations[8]).A relation
� J � & � is pre-logicalif

1.
� ���	��
'J � � ��� ��


, or equivalentlyfor all
�����5�6�z!m� ������


and
��/4��16�ë!m� �

, the
pair

���Í� � /4�5��� Ì 16�
is includedin

� ��

, and

2. for all ^ � !~X wGx
, thepair

� ^ �� � ^ �Ì � is includedin
� �

.

We contrasttheaboveto thedefinitionof logical relations.A logical relationis a type-
indexed family of binary relations

�
satisfying

� ���	��
 ��� � �t� ��

and for each^ � !$X

,
� ^ �� � ^ �Ì �"!$� �

. Thuswhenwegivealogicalrelation,weperformthefollowing
1 Originally pre-logicalrelationsweredefinedover lambdaapplicative structures,which is a

generalclassof set-theoreticmodelsof the simply typed lambdacalculus.In the casethat
theunderlyingmodelsarecombinatoryalgebras,thedefinitioncoincideswith definition5 as
observedin [8].



steps:wefirst givearelation
�

onbasetypes,thenextendit to higher-ordertypesusing
the above schemeand checkwhetherthe interpretationsin � and � of eachof the
constantsarerelatedby

�
. In contrast,thedefinitionof pre-logicalrelationslacksright-

to-left inclusionin theabove scheme.2 Thusit allows flexibility of choiceof relations
at higher-ordertypes.We notethatlogical relationsarealsopre-logicalrelations,since
theaboveschemeimpliesthattherelation

�
relatesC �Yy combinatorsat all types.

In [8] variouscharacterisationof pre-logicalrelationsarestudied.Onenotablechar-
acterisationis via thebasiclemma.

Theorem1 (Basic Lemma for Pre-logical Relations[8]). Let
� J � & � . Then-'� Ò � Ò � �ë!µ��Ü]3�� ��Þ Þ r ß ß Ò � ��Þ Þ r ß ß Ò � ��!m� �

holdsfor anywell-formedterm cÄq$rìQGD if
andonly if

�
is a pre-logical relation.

Anothernotablepropertyof pre-logicalrelationsis that the compositionof two pre-
logical relationsis againapre-logicalrelation.

Theorem2 (Composability of Pre-logicalRelations[8]).Let
� J � & � and

� � J� &Wé
bepre-logical relations.Then

�}í"� � J � &�é
is a pre-logical relation.

2.4 Partial EquivalenceRelations

Recall that a PER (rangedover by î ) over � is a relation î J � & � suchthat
for all D ! MgNPO ���a�

, î � is symmetricandtransitive. We write the domainof î � by+ î � +G�Ä��/m!m# � +;�0/,��/��! î � 7 . Then î � is just anequivalencerelationover
+ î � + , so

we write Þ /6ß for the equivalenceclassof
/�!Ä+ î � + by î � and

# æ�î � for the quotient+ î � + æ�î � .
Whena PER î J � & � is pre-logical(or logical), we call î a pre-logical (or

logical) PER. The quotientof a combinatoryalgebraby a pre-logicalPERis againa
combinatoryalgebra.

Proposition2 ([8]). Let î bea pre-logical PERover � .

1. Thetuple
�0# æ�î �«ï� Þ �5�%� � ß�� where Þ /uß¢ï Þ 1GßP� Þ /g� � 1;ß

is a
�

-combinatoryalgebra.
We call this thequotientof � by î , andwrite it by �*æ�î .

2. Let cðqÛr Q�D be a well-formedterm and Ò !ñ# æ�î Ü . Then �\æ�î�Þ Þ r ß ß Ò �
Þ �WÞ Þ r ß ßSÓGß

where
Ó�!$#%Ü

and
Ó��/�z! Ò �0/�� for all

/~! i jGk � c � .
Definition 6 (Projection). We definetheprojectionrelation ò � î � J �*æ�î & � asthe
following

M%NPO ���a�
-indexedfamilyof binary relations:

ò � î �5�V�Ä�;� Þ ¦ ß8� ¦ �]!)# æ�î �a&$#%�a+ ¦ !E+ î �u+ó7;3
Lemma 1. Theprojection ò � î � is a pre-logical relation.

Proof. Clearly ò � î � relatesall constantsin
X wGx

. From the definition of pre-logical
PERs,î is closedundertheapplicationoperator. Thereforeò � î � is soaswell. ôõ

2 Indeed,the reversedirectionis requiredto hold only for lambda-definableelementsbecause
of thepresenceof thecombinatorsin thesetof constants.



3 Behavioural Equivalenceand Pre-logicalRelations

Behaviouralequivalenceidentifiestwo modelsshowing thesamebehaviour in response
to all observations.Eachobservationcomparesthe valuesof two termsof observable
types,whosevaluesaredirectly accessibleto programmers.This definition of obser-
vation formalisesthe useof experimentsto detectthe differenceof behaviour of visi-
ble datatypesbetweentwo models.Thus,intuitively speaking,if two modelsarebe-
haviourally equivalent,they provide the sameprogrammingenvironmentto program-
mers,eventhoughthey mayhavedifferentimplementationsof invisibledatatypes.

We establisha link betweenbehavioural equivalenceandpre-logicalrelations.The
result is a naturalextensionof [8] to allow free variablesof observabletypes,andan
extensionof [12] to handlehigher-ordertypes.

Thedefinitionof behavioural equivalenceis adaptedfrom [7]. Thereareotherpos-
sibilities for thetreatmentof freevariables,but we do not discussthem.For detail,see
[7]. We fix a set ö ( C J MgNPO ���a�

calledthe observabletypes. We first introducean
auxiliarynotionof ö ( C -surjectiveenvironment.

Definition 7. An ö ( C -surjective environmentbetween� and � is a tuple
� c ��Ó���Ó � �

where c is an ö ( C -context and
Ó�! #%Ü

and
Ó � !�(*Ü

are environmentssuch that÷ k ��Ó �[� Õ ��Ö=ø4ù w # � and
÷ k ��Ó � �]� Õ �=Ö=ø,ù w ( � .

We say � is ö ( C -countableif theset Õ �=Ö=ø,ù w # � is countable.

We notethat if thereexistsan ö ( C -surjective environmentbetween� and � , then �
and � are ö ( C -countable.This is dueto thecardinalityof thesetof variables.

Definition 8 (Behavioural Equivalence).We say � and � are behaviourally equiv-
alent w.r.t. ö ( C (written �Kú ø,ù w � ) if there exists an ö ( C -surjectiveenviron-
ment

� c ��Ó���Ó � � between� and � such that for any D ! ö ( C andwell-formedtermsc{q)r � áûQ�D , wehave�WÞ Þ r ß ßSÓa� ��Þ Þ á ß ßSÓFÅa� ��Þ Þ r ß ßSÓ � � ��Þ Þ á ß ßSÓ � .
We also give anotherformalisationof behavioural equivalence.We first introducea
programequivalencein a model,thenwe saytwo modelsarebehaviourally equivalent
if theprogramequivalencein bothmodelscoincides.

Definition 9. 1. Let c be an ö ( C -context, D ! ö ( C and cÛqür � áýQPD be well-
formedterms.We write � + � cþqFr è áÔQ%D if for all Ò !U#%Ü

, we have��Þ Þ r ß ß Ò � ��Þ Þ á ß ß Ò .
2. We write � è ø4ù w � if

# � è� ( �
for any D ! ö ( C , andfor any ö ( C -context c ,D ! ö ( C andwell-formedterms cUqpr � áÿQ�D , we have � + � cÛqpr è á QD Åa� � + � c{q)r è áHQ�D .

We introduceobservationalpre-logical relations to characterisebehavioural equiva-
lence(c.f. Schoett’s correspondence[12]).

Definition 10 (Observational Pre-logicalRelations).Anobservationalpre-logicalre-
lation

� J � & � w.r.t. ö ( C is a pre-logical relation such that for all D ! ö ( C ,� �\J # � &$( �
is a bijection.

Proposition3. Let
� J � & � and C J � &�é

beobservationalpre-logical relations
w.r.t. ö ( C . Then

�Rí C is an observationalpre-logical relationw.r.t. ö ( C .



Thefollowing theoremcharacterisesbehaviouralequivalencein termsof observational
pre-logicalrelations.Simultaneously, it showsthatthetwo formalisationsof behavioural
equivalencecoincide.3

Theorem3. Thefollowing areequivalent:4

1. ��ú ø,ù w � .
2. � and � are ö ( C -countableand

# è ø,ù w � .
3. � and � are ö ( C -countableand there is an observationalpre-logical relation� J � & � w.r.t. ö ( C .

Proof. (Sketch)(
� �����

) Theassumptionimpliesthatthereexistsan ö ( C -surjective
environment

� c ��Ó���Ó � � . From this, � and � are ö ( C -countable.We then definefor
eachD ! ö ( C ,

ç � Q # � ��( �
by

ç � � ¤ �]��Ó � ��/ < � , where
/ < ! i j=k � c � is a variable

suchthat
Ó��0/ < �z� ¤ . We canshow

ç �
is well-definedandgivesanisomorphism.Next

we show � + � hÆqµr è áÇQ6D implies � + � hÆqµr è áÇQ6D ; thereversedirection
is by symmetry. Let Ò � !~(*ä

. Fromthedefinitionof ö ( C -surjectiveenvironment,for
all

/µ! i j=k � h �
, thereexists

1
Ý
! i j=k � c � suchthat Ò � ��/�z� Ó � ��1 Ý

�
. Thenwe define

an environment Ò !ü# ä
by Ò �0/����UÓ��01

Ý
�

anda variablerenaming� by � �0/����`1
Ý .

Now we have �WÞ Þ r�� ß ßSÓã� ��Þ Þ r ß ß Ò � ��Þ Þ á ß ß Ò � ��Þ Þ á�� ß ßSÓ . This implies ��Þ Þ r ß ß Ò � ���Þ Þ r�� ß ß�Ó � � ��Þ Þ á�� ß ß�Ó � � ��Þ Þ á ß ß Ò � from ��ú ø,ù w � .
(
�E���	�

) From � è ø,ù w � , we canchoosebijections
� �Z

for each D ! ö ( C
satisfying

� ��Þ Þ r ß ß8� ��Þ Þ r ß ß �m!�� �Z
for all

n qÄr Q"D . Then it is easyto seethat the
following relation

� J � & � is anpre-logicalrelation:

���V����� ��Þ Þ r ß ßSÓ�� ��Þ Þ r ß ß�Ó � �]+ c is an ö ( C -context
Ð c�q�r Q=D Ð½��Ó���Ó � �z!)� ÜZ �

where
� �

is clearlya bijectionfor eachD ! ö ( C .
(
�_��� �

) Since � and � are ö ( C -countable,for each D ! ö ( C andeachpair� ¦ �Y�P��!ã� �
, it is possibleto assigna distinctvariable

/ � � � 
 . Thenwe definean ö ( C -
surjective environment

� c ��Ó���Ó � � by c ��/ � � � 
 ��� D ,
Ó��/ � � � 
 ��� ¦ and

Ó � �0/ � � � 
 �����
. The

goal ��ú ø4ù w � follows from lemma1. ôõ
Example2. We constructa logical relation

���5� > J � �5� > & � �5� > from the following
relationsatbasetypes:

�	¨8©2©�ªP��� i ¨8©Y©5ª �U� :=<?> �� i :G<?> �� �5� > � ��� b � È �"!WÀW��Am�"&Î��AË��( ¨8©2©�ª �"+¢-/W3�/~! b Åa� È ��/��]�Ä¾�¾?7
We caneasilyshow that

�
relatestheinterpretationof all constants,andby definition,

it is bijectiveon
��T¢¡�¡�£�� ��¤;¥ 7 . Thereforewehave � ��� > ú�� ¨8©Y©5ª � :G<?> � �

�5� > .
Example3. In [9], thenotionof constructivedatarefinementis formalisedin termsof
the existenceof a pre-logicalrelation.They demonstratethat an implementation� of

3 Theproof of theorem3 doesnot rely on particularpropertiesof combinatoryalgebras.Thus
we canexpectthatit holdsover lambdaapplicative structures.

4 In fact ������� still holdswhendroppingtheconditionthat � and � are ����� -countable.



realnumbercomputationin theprogramminglanguagePCFformsadatarefinementin
theirsense;for any model � of PCF, thereexistsamodel � of realnumbercomputation
suchthat � and � +  (the � -reductof � ) areclosedobservationallyequivalentw.r.t.

T.¡�¡�£
.

To show this, they give anactualconstructionof � and
� J � & � +  from any PCF

model � , where
�

is a pre-logicalrelationbut not a logical relation.For details,see
[9]. We believe thatwe canreplaceclosedobservationalequivalencewith behavioural
equivalenceandwecanstill constructamodel � suchthat ��ú�� ¨8©2©�ª � � +  .
4 Indistinguishability Relations

We introducean equivalenceof valuescalled indistinguishabilitybasedon their be-
haviour ratherthantheirdenotation.Weregardtwo valuesin amodelas“behaviourally”
indistinguishableif they areinterchangeablein any program.Thisis shown by perform-
ing a setof experiments;we fit onevalueinto a programyielding a visible result,and
seewhetherany differenceis detectedwhenweexchangetheonewith theother. If two
valuespasstheaboveexperimentoverall possibleprograms,thenwe saythat they are
indistinguishable.This identificationof valuesis moresuitableto provide an abstract
aspectof specifications.

Thereareseveralwaysto formalisetheaboveidea.In thispaperweadoptthesame
definitionof indistinguishabilityas[7] for combinatoryalgebras.

Definition 11 (Reachable).Let D ! MgNPO ���a�
. A value ! !}# �

is ö ( C -reachableif
there existsan ö ( C -context c , a well-formedterm cÄq_r Q�D and

Ó$!_#%Ü
such that

! � �WÞ Þ r ß ßSÓ
.

Definition 12 (Indistinguishability Relation). Let D ! M%NPO ���a�
. We saytwo values

! �#"v!Î# �
are indistinguishable(written !%$ �� " ) if they are ö ( C -reachableandfor

any ö ( C -context c , D � ! ö ( C ,
Ó)!m#%Ü

andwell-formedterm c ��/ QGD$q$rìQGD � , we
have ��Þ Þ r ß ßSÓÊ��/�å� ! 7�� �WÞ Þ r ß ßSÓÊ��/$å�&"	7

.

Theindistinguishabilityrelationis definedon eachcombinatoryalgebra.Thus $ gives
riseto a family of PERsindexedby �*� ���a�

. Theresultsin this sectionareprovedfor
only onecombinatoryalgebra,but readersmayregardthemasstatementsfor thefamily
of indistinguishabilityPERs.

In � ��� > , / $
��� >�'Á�Â0Ã 1

implies
/ � 1

. We note that $
�5� >�êÁ�Â�Ã is a partial equivalence

relationbut notatotalonesinceinfinite setsof naturalnumbersarenot ö ( C -reachable.

Theorem4. Theindistinguishabilityrelation $ � is a pre-logical PERsuch that $ �� �
� i('*) for all D ! ö ( C .

Proof. (Sketch) It is easyto seethat $ � is a PERwhich relatesall constantsand is� i � for all D ! ö ( C . We show it is closedunderapplication.We assume¦+$ ���	��
� �
and

/ $ �� 1 . Let c be an ö ( C -context, D � � ! ö ( C , c � 9üQdD � q�r QdD � � be a well-
formedtermand

Ó$!_#gÜ
. Since ¦ is ö ( C -reachable,we canwrite ¦ � ��Þ Þ î ß ß Ò with a

well-formedterm î andanenvironmentsuchthat i j=k ��Ó �,l i j=k � Ò ���Än
. Thenfrom

proposition1 and
/ $ �� 1 , we have ��Þ Þ r ß ß�ÓÊ� 9 å� ¦ �"/,7�� �WÞ Þ r`Þ î " æ�9 ßSß ß«��Ó�| Ò �¢�,"�å�

/�7�� ��Þ Þ r ß ß�Óu� 9 å� ¦ ��1�7 . Wecansimilarly swap ¦ and
�

. Thusweobtain ¦ � / $ ��
� ����1 .ôõ



By analogywith theterminologyof denotationalsemantics,a
�

-combinatoryalgebrais
fully abstract whentheindistinguishabilityrelationon � andtheset-theoreticequality
coincide(theproof is omitted).

Theorem5. Thequotientmodel �*æ-$ � is $ -fully abstract, i.e. for all D ! M%NPO �8�a�
and ¤ �?Tg!Î��# æ-$ � � � , ¤ ��T

iff ¤.$ ��0/2143 T
.

5 Factorisability

We have seentwo approachesto obtainabstractmodelsof specifications;behavioural
equivalenceon the onehandandindistinguishabilityrelationon the otherhand.Both
of themnaturallyarisefrom the motivation of reasoningaboutspecificationsfrom a
behaviouralpointof view. Thusweareinterestedin consideringtheir relationship.The
key ideais thenotionof factorisability[4].

Definition 13 (Factorisability). Let î bea �*� ���a�
-indexedfamilyof PERsand ú be

an equivalencerelationover �*� ���a�
. Then

– ú is left-factorisableby î if for all � � � ! �V� ���a�
, �*æ�î � è� ��æ�î Ì ��� ��ú�� .

– ú is right-factorisableby î if for all � � � ! �*� �8�a�
, �âúû� ��� �*æ�î � è��ëæ�î Ì .

We say ú is factorisableby î if bothof theabovehold.

In this sectionwe show that behavioural equivalenceis factorisableby the indistin-
guishabilityrelation.First we proveleft-factorisabilty.

Theorem6 (Left-Factorisability). �*æ5$ � è� ��æ-$ Ì$��� ��ú ø4ù w � .

Proof. �*æ-$ � è� ��æ-$ Ì implies �*æ-$ � ú ø4ù w �ëæ5$ Ì . From theorem4, we have�*æ-$ � ú ø4ù w � and ��æ-$ Ì ú ø,ù w � . Thus ��ú ø4ù w � by transitivity. ôõ
In [7], HofmannandSannellarepresentedtheindistinguishabilityrelationandthe“ex-
periments”for behavioural equivalencein a higher-order logic, thenshowed that the
satisfiabilityof the experimentscoincidein eachmodelwhenquotientsof two mod-
elsareisomorphic.However this approachseemsnot to work in this paper, sincetheir
methoddependson the finitenessof specificationsto representthe indistinguishabil-
ity relation,while combinatoryalgebrashave a countablyinfinite numberof typesandC �2y -combinators.

Theproof of right-factorisabilityis essentiallythesameastheonein [7].

Theorem7 (Right-Factorisability). ��ú ø,ù w � ��� �*æ-$ � è� �ëæ5$ Ì .

Proof. (Sketch)From �Ëú ø,ù w � , thereis an observationalpre-logicalrelation
� J

� & � w.r.t. ö ( C . Now we definearelation
ç J �*æ-$ � & ��æ-$ Ì :

çu���Ä�;� �\æ-$ � Þ Þ r ß ßSÓ�� ��æ-$ Ì Þ Þ r ß ßSÓ � �4+ c is an ö ( C -context
Ð c{q)r Q�D Ðz�0ÓÊ�2Ó � �z!$� Ü 7

We canshow that
ç

givesa partial injection in bothdirections.Moreover, all elements
in �*æ5$ � and ��æ-$ Ì are ö ( C -reachable.Therefore

ç �
is total andsurjective, i.e. is

bijective for eachD ! M%NPO �8�a�
. It is easyto seethat

ç
is a

�
-isomorphism. ôõ



6 Higher-Order Logic to ReasonAbout Higher-Typed Languages

We considera higher-order logic to reasonaboutspecificationsin the higher-order
typedlanguages.We introducetwo modelsof the higher-orderlogic; oneis the stan-
dardmodel,whichequatestwo programswhenthey havethesamedenotations,andthe
otheris thebehavioural model,which equatestwo programswhenthey have thesame
behaviour. Thelattermodelis usefulwhenwereasonaboutspecificationsbasedonbe-
haviour of programs.We thenrelatestandardsatisfactionandbehaviouralsatisfaction.

6.1 Syntax

The higher-order logic consideredin this sectionis designedto reasonaboutcombi-
natory algebrasover a signature

�
. Thus the logic hasconstantsfor the application

operator
�

and C �2y -combinatorscorrespondingto thosein combinatoryalgebras.
The syntaxof the higher-order logic can be formalisedin the framework of the

simply typed lambdacalculus—it is just a lambdacalculusover a certainsignature
(which is anextensionof

�
) providing a typeof propositionsandconstantsfor logical

connectives.
Although we can reusedefinitions,syntaxand terminologyof the simply typed

lambdacalculus,were-definethemfor higher-orderlogic to makeit clearwhichcalcu-
lus we aretalking about.We usea differentfunctiontypesymbol

�
insteadof

�
, and

write
M%NPO76 � L � for thesetdefinedby BNF

È Q�Q �{T%+ È � È
where

Tg! L .

Definition 14 (Higher-Order Logic). Thesyntaxof higher-orderlogic over
�

is given
bythesyntaxof thesimplytypedlambdacalculusoverthesignature

��8 ø49 ��� L 8 ø49 �?X:8 ø;9 �
definedby:

L 8 ø49 � �=<W7]| MgNPO ���a�
X 8 ø49 � �?>A@ 6 @ 6 @�7]|_���CB 6 B 6 @ + È ! MgNPO 6 � L 8 ø;9 �?7|���� ���	��
 6 � 6 ��
 + D � D � ! MgNPO �8�a�?7]|$Xzw;x

Wemayomit typesof constantsin superscriptsif they areobviousfromthecontext.The
constants

>	�¢�
and

�
areusedasinfix operators.

Wecall typesof
� 8 ø49 formulatypes(rangedoverby

È
) andtermsof

� 8 ø;9 formulas
(rangedover by D ). In this logic, a lambdaterm r is representedby a formula rFEG 9 ,
which is acombinatorialrepresentationof r by constantsin

X"w;x
and

� ���	��
 6 � 6 ��

.

Lambdaabstractionplus logical constants
>

and
�

arepowerful enoughto derive
otherfamiliar logical constantssuchas H H �JIë�LK"�?Ð"�LM"�-N� andquantifiers

-�/ Q È 3 D andO / Q È 3 D . See[1] for thedefinitionandtheaxiomsfor thelogical constants.

Example4. Thehigher-orderlogic consideredin this sectionis dedicatedto reasoning
aboutthecombinatoryalgebrasproviding thesemanticsof the lambdacalculus.Thus
thehigher-orderlogic hastheaxiom schemafor C and

y
combinators(seedefinition

2). We may needto addextra axiomsdependingon the propertiesof the underlying
combinatoryalgebra.If oneassumesthat it is a Henkin model,one addsthe axiom
schemeof extensionality:

-/,��1 Q�D � D � 3 ��- 9aQ=D 3�/\� 9 ��1	� 9 �P>R/)�}1
.



In thehigher-orderlogic over
���5� > , wewould liketo assumetheinductionprinciple

for type ��¤;¥ :
-�� Q���¤;¥ �Q<v3?�\¯R>{��-/ Q���¤;¥ 3?�V/�>µ�4�0°.±�²�²[�]/��2�S>p-�/ Q���¤;¥ 3?�*/43

We canalsospecifythebehaviour of constants,like

¹ °�³�ºV»�§�¼ë�zn��Ä¾�¾
-;�,�Y� Q���¤;¥ ��T¢¡�¡�£�� @�Q�@�¦�¥ 3�¶P· §5³�¸6�4�*��� ¶P· §5³=¸6�]��� @ ���}¶P· §5³=¸ �"�ë��� ¶P· §5³�¸u�4�*� @ �

Proof systemsfor the higher-order logic and its soundnessandcompletenessarenot
coveredin this paper. For detailssee[6].

6.2 Standard Satisfactionand Behavioural Satisfaction

We applythesemanticframework of thesimply typedlambdacalculusto give seman-
tics to thehigher-orderlogic. A modelof thehigher-orderlogic, say T , is built on top
of a combinatoryalgebra� . Constantsymbolsfor combinatoryalgebrassuchas C �Yy
and

�
areinterpretedby thecorrespondingelementsC � �2y �

and
� �

. Do not confuse
theunderlyingcombinatoryalgebra� andthemodel T of thehigher-orderlogic.

We introducetwo models.One is the standard modelwhich interprets
<

as the
two-pointset U �Ä�G¾�¾¢��¿m7

, thefunctiontype
�

astheset-theoreticfunctionspace,
>

as
the(curriedform of) booleanimplicationand

�
asthe(curriedform of) characteristic

functionof set-theoreticequality.

Definition 15 (Standard Model). Thestandardmodel V � of the higher-order logic
over � is a

� 8 ø;9 -full typehierarchy over W @� � U and W �� �`# �
togetherwith the

following interpretationof thelogical constants:

> @ 6 @ 6 @X 3 �0/��.�016�]��¾�¾ÎÅa� ��/)��¾�¾����û1Í�Ä¾�¾��
� B 6 B 6 @X 3 �0/��.�016�]��¾�¾ÎÅa� /)�}1

�����	��
 6 � 6 ��
X 3 �0/��.�016�]��/*���~1
^ �XZY � ^ �� � ^ �a!~XzwGx��.3

We saythata closedformula DFQ < is satisfied(written � + � D ) if V � Þ Þ D ß ß�� ¾�¾
.

Theothermodelis thebehavioural modelw.r.t. a pre-logicalPER î over � . The
standardmodel is not appropriatewhenwe want to reasonaboutspecificationsup to
theirbehaviour ratherthantheirdenotation.Thisis becausetheequalitymaydistinguish
two differentdenotationseventhoughthey have the samebehaviour. Thebehavioural

modelsolvesthisproblemby interpretingeachpredicatetype
È

as
+ î B + whereî is the

extensionof î to all predicatetypesusingtheexponentialrelation,andtheequalityas
theequivalencerelation î over

+ î +
. In particular, î is oftentakenastheindistinguisha-

bility relationover � (seetheorem4).



Definition 16 (Behavioural Model). Givena pre-logical PER î over � , wedefinea
PER î overcarrier setsW � asfollows:

î @ �[� iZ\ � î � � î �u� î B 6 B�
 � î B � î B�


Thenthebehavioural model V:]� of thehigher-order logic over � with respectto î is

givenby a
� 8 ø49 -typeframe

� WP]� �����%� XZ^3 � where
� W7]� � B �F+ î B + and

�5�%� XZ^3 givesthe
interpretationof thelogical constantsasfollows:

>A@ 6 @ 6 @XZ^3 �0/��.�016�]��¾�¾ÎÅa� ��/)��¾�¾����û1Í�Ä¾�¾��
� B 6 B 6 @XZ^3 �0/��.�016�]��¾�¾ÎÅa� ��/4��16�z! î B

� ���	� 
 6 � 6 � 
XZ^3 �0/��.�016�]��/*� � 1
^ �XZ^3 � ^ �� � ^ �a!~XzwGx��.3

We saythata closedformula D�Q < is satisfiedw.r.t. î (written � + � ]_D ) if VP]� Þ Þ D ß ß�¾�¾
.

Weshow thatthestandardmodelover �*æ�î andthebehaviouralmodelover � w.r.t.î satisfythesameformula(c.f. theorem3.35in [7]). We noticethatthis is implied by
V �0/ ] ú�� @ � VP]� , sincefrom V �0/ ] ú�� @ � V:]� , for all closedformula D , we have
V �0/ ] Þ Þ D ß ß� V �0/ ] Þ Þ H H ß ßP�Ä¾�¾ÎÅa� V:]� Þ Þ D ß ß� V:]� Þ Þ H H ß ß��¾�¾

.

Theorem8. V �0/ ] ú�� @ � V:]� .

Proof. (Sketch)We constructan observationalpre-logicalrelation
� J V �0/ ] & V ]�

w.r.t.
�`<W7

by theorem3. First we show that thereis a family of isomorphisms
ç B Q

W B�0/ ] è� W B� æ î B for the carriersetsof V �0/ ] . Let a BÎJ W B� &ü+ î B + be the inclusion
relation.Thenthepre-logicalrelationin questionis givenby thecompositionrelationç B í ò � î � B í a BÍJ W B�0/ ]

&s+ î B + . ôõ
Corollary 1. For all closedformula D�Q < , �*æ�î + � D iff � + � ]_D .

7 Reasoningabout Specifications

We revisit themodeltheoryof behavioural andabstractorspecificationstudiedin [4].
Behavioural equivalence ú ø4ù w is factorisableby the indistinguishabilityrelation $
(theorem6), andfor any � ! �*� ���a�

, �*æ-$ is fully abstract(theorem5). The latter
implies that $ � is a regular relation.5 One importantconsequencefrom this setting
is the following relationshipbetweenbehavioural andabstractorspecification.Due to
spacelimitations,we only statethetheoremwithout giving thedefinitionsof symbols.
For details,see[4].

5 A b�cedgfCh -indexedfamily of PERsi is regularif ��j,i7k is fully abstract(see[4]).



Theorem9 (Bidoit et al. [4]). Let Cml ���8���#n��
bea specification,where

n
is a setof

formulasin thehigher-order logic over
�

. Thenwehave:

oqpsr]�
behaviour Cml w.r.t. $ �[� �ut0vxw;y{z(| �g} �

1 �go~psr[� Cml ���2�oqpsr[�
abstractCml w.r.t. ú ø,ù w �[��oqpsr]� behaviour C�l%æ-$ w.r.t. $ �M�� 1 �goqp4r]�

behaviour Cml w.r.t. $ ���[� M�� �g} �
1 �goqp4r[� C�l �����M�� 1 �goqpsr"�

abstractCml w.r.t. ú ø4ù w����[� M�� �goqp4r[� C�l%æ-$ ���
Proof. Seetheorem5.16,6.8and7.4in [4]. ôõ
RelatedWork

Thework byBidoit, HennickerandWirsing[4]establishedthekey ideaof factorisability
to relatebehaviouralequivalenceandtheindistinguishabilityrelation,andthey usedthis
to reasonaboutthesemanticsof behavioural andabstractorspecifications.Subsequent
work by Bidoit andHennicker[3] discusseda proof methodfor showing behavioural
equivalencein first order logic, andconsideredfinitary axiomatisationof behavioural
equality. The above work is extendedby Hofmannand Sannella[8]to higher-order
logic. This work is an extensionof their work from first-order

�
-algebrasto combi-

natoryalgebras.Bidoit andTarlecki[5]gavea categoricalgeneralisationof [4]. Seethe
endof section5 for commentson therelationshipto thepresentpaper.

Our characterisationof behavioural equivalenceis relatedto Mitchell’s representa-
tion independencetheorem[10].HonsellandSannella[8]removedtherestrictiononthe
constantsby usingpre-logicalrelationsinsteadof logical relations.This papershows
a similar resultaboutbehavioural equivalence,which subsumesclosedobservational
equivalence.

In [5], Bidoit andTarleckigivea relationshipbetweenbehavioural satisfaction,be-
havioural equivalence,indistinguishabilityandcorrespondencesin an abstractsetting
using concretecategories(a faithful functor to the category of (type-indexed) sets).
By instantiatingtheir concretecategorieswith variousreal examples,suchasthe cat-
egory of multi-sortedalgebrasandregularalgebras,we canderive suitablenotionsof
behaviouralequivalence,indistinguishability, etc.andtheoremson them.

We can instantiatetheir abstractframework with the category of
�

-combinatory
algebras�*� �8�a�

, and obtain various resultson behavioural equivalenceand indis-
tinguishability. Pre-logicalrelationscorrespondto spans(moreover correspondences),
andpre-logicalPERscorrespondto partialcongruencesin their terminology. Category�V� ���a�

satisfiescertainproperties,6 thuswe canobtaina theoremcharacterisingbe-
havioural equivalencevia correspondences(seetheorem28 of [5]).

Their definitionsof indistinguishabilityandbehavioural equivalenceareabstract:
they definethe indistinguishabilityrelation $ � asthe largestcongruenceover the full
subobject� + � + ø,ù w��5� of � . Thenbehaviouralequivalenceis definedby ��ú ø4ù w � if f�*æ-$ � è� �ëæ5$ Ì . In contrast,in this paperwegiveanexplicit definitionof behavioural

6 Category b�cedgfCh admitsrenamingandhasfull subobjectsandsurjective quotients.All full
subobjectsarecompatiblewith b�cudgfCh -morphisms.Pullbackspreserve surjective quotients,
andquotientsarefully compatiblewith subobjectsin b�c�dgfCh .



equivalenceandindistinguishability, andshow therelationshipbetweenthemin anele-
mentaryway.

8 Conclusion

We have extendedthe studyof the relationshipbetweenbehavioural equivalenceand
indistinguishability[4,7] to thesimplytypedlambdacalculus,wherehigher-ordertypes
areavailable.Wecharacterisedbehaviouralequivalencebetweentwo combinatoryalge-
brasby pre-logicalrelations,andshowedthatbehavioural equivalenceis factorisedby
indistinguishability. We alsoshowedthatstandardsatisfactionover �*æ�î is equivalent
to behaviouralsatisfactionw.r.t. a PER î over � .

It is interestingto restricttheclassof modelsfrom combinatoryalgebrasto Henkin
models,wheretheextensionalityaxiomholds.This changesthepropertiesof theclass
of models;in particularit is not closedunderquotientby pre-logicalPERs.It will be
interestingto seehow behavioural equivalenceandtheindistinguishabilityrelationare
characterisedin theclassof Henkinmodels.

Acknowledgements I am gratefulto DonaldSannellafor his continuousencourage-
ment to this work, and to JohnLongley for helpful discussions.This work hasbeen
partlysupportedby anLFCSstudentship.
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