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1. Introduction
Modular programming is a commonly approved programming style

tions, where both the producer function and the consumer function that encourages us to solve a problem by combining solutions to
have one accumulating parameter. The key idea in this developmentsubproblems. Functional programming languages exploit a higher
is to formulate the producer function as a function which computes level of modularity, in which any type of data can be a glue that

over a monoid oflata contexd. Upon this formulation, we develop
a fusion method calledlgebraic fusionbased on the elementary

composes functions together. While this adds an extra flexibility to
the modular programming discipline, it can causdfio&ncy be-

theory of universal algebra and monoids. The producer function is cause of possible additional cost in manipulating the intermediate

fused with a monoid homomorphism that is derived from the def-
inition of the consumer function, and is turned into a higher-order
function f that computes over the monoid of endofunctions.

We then introduce a general concept callagrovementin or-

data.

As a typical scenario, consider two list-processing functions
p.c : list — list composed as o p : list — list. The functions
p and c are calledproducer and consumer respectively, as the

der to reduce the cost of computing over the monoid of endofunc- function p produces an intermediate list that is consumedchy

tions (i.e., function closures). An improvement of the functforia
a monoid homomorphismis a functiong that satisfied = ho g.
This provides a principled way of finding a first-order function rep-

Although the composed presentation certainly provides a modular
solution, we would prefer a single monolithic function that does
not produce the intermediate list, as this function exhibits improved

resenting a solution to the fusion problem. It also presents a cleanbehavior in the usage of heap memory.

and unifying account for varying fusion methods that have been

The conflicting requirements of modularity and improved mem-

proposed so far. Furthermore, we show that our method extends toory usage have led to the development of a family of program

support partial and infinite data structures, by means of an appro-

priate monoid structure.

Categories and Subject DescriptorsdD.3.2 [Programming Lan-
guage§ Language Classifications—Applicative (functional) lan-
guages; F.3.2logics and Meanings of PrografisSemantics

transformation techniques, calléasion which automatically de-
rive such single monolithic functions that perform the same compu-
tation as the compositiore p. Among those fusion transformation
techniques, the so callezhlculational approaches have been the
most successful ones. A calculational method improves programs
by stepwise applications of a set of equational laws on a few com-

of Programming Languages—Algebraic approaches to semantics;binators (e.g., generic recursion operators sucfoadr for lists).

F.3.3 [Logics and Meanings of PrografsStudies of Program
Constructs—Program and recursion schemes

General Terms Languages, Theory
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The calculational methods are easier to implement, as the appli-
cability of the laws can be judged locally without a global analy-
sis of programs. Examples of such calculational methods include
the promotion theorem [15], shortcut fusion [9] and its derivatives
[8, 19, 11, 6].

These techniques, however, do not give a satisfactory result
when applied to functions with an extra argument, cadedumu-
lating parametey on which temporary data is accumulated during
recursion. A relevant shortcut fusion law can be applied to func-
tions with additional parameters, but its result is a higher-order
function whose evaluation involves expensive operations on func-
tion closures for each recursion step. Recent research developments
have seen several alternative fusion methods that generate first-
order programs when they are applied to functions with an accu-
mulating parameter, including fusion law for theap combinator
[13], the lazy composition technique [20], and a higher-order re-
moval method applied to the result of shortcut fusion [17].

In this paper, we propose a new fusion technique callge-
braic fusion The merits of algebraic fusion over these existing
methods are addressed below.



» Algebraic fusion is based on the theory of monoids and univer- 2. Algebraic Fusion by Example
sal algebra and provides a clean, universal account of the intri-
cate business in dealing with accumulating parameter. The di-
rect output of algebraic fusion is a higher-order program, which
is presented as a monoid of function compositions. We will prod €Ty > Tz — Ty cons € Ty — D,

show that the existing methods mentioned above can be ex-yyhereT, andT; are sets of (total and finite)- and=-terms for
plained uniformly in terms of monoid homomorphisms: every gome signaturea and=, respectively. The result of the algebraic
particular fusion method can be recognized as a mapping, by ,sion ofprod andcons is the following function

means of an appropriate monoid homomorphism, between the

Algebraic fusion is a method to fuse the following two functions
calledproducerandconsumer

monoid of function space and another monoid of first-order ob- fusee TA, > D—>D
jects whose multiplication isfciently implementable. satisfying
¢ Throughout the transformation process, all the transformation fuse t (cons u) = cons (prod t u).

tasks are carried outin a calculational way. Algebraic fusion has The functionfuse directly calculates values i® from A-terms
Only one local fusion law that is similar to shortcut fusion and without Creating intermediate-terms which are passed frqn'“)d
its derivatives. This is in contrast to some precursors [20, 17], to cons during the computation of the r.h.s. of the above equation.
which handle accumulating parameters by non-local transfor- e demonstrate how algebraic fusion and its improvement work
mation rules that introduce a circular let construct in order to py means of a small examplev composed of itself, whenev is

maintain cyclic dependency in the target first-order program. the jterative list reverse function defined by the following set of
Putting this cyclicity construction in an appropriate monoid, we  recursive equations:

can derive the desired first-order program by a simple calcu-

lation on the monoid and monoid homomorphism. This helps rev € Tist = Tiist = Tiis
greatly in understanding the essence behind the intricate trans- rev [] X=X
rev (@::1) x = revl (a:: x).

formation process of these precursors.
Our fusion law is justified by a straightforward equational rea- 1€ fusion process exhibited in this section is a particular instance
soning. It is also simple to give a justification on a particular ©f the general f_ﬂethm?" where= X = list, ngd = cons = rev and
transformation process in our framework: it idf&ient to find D = Tist — Tist; herelist is the signaturg[]®, a :: —*} of cons |IStS”
suitable monoids and monoid homomorphisms and to prove (& ranges over some s@). We assume that readers are familiar
that the homomorphism condition is fulfilled. This remarkable with the concept of monoid and monoid homomorphism. We also
simplicity gives rise to a uniform account of various fusion write revrev for the resultfuse of algebraic fusion in the present

transformation tasks, including those which eliminate partial Particular example. o _ .
and infinite data structures. One of the key observations in algebraic fusion is to regard a

o . . . o ) producer with an accumulating parameter as a fundianl from
A significant observation in this paper is that it is crucial to T, o the set oB-contextsA X-context is &-term that may contain
keep an eye on the monoid structure of programs throughout pyjes denoted by4]; more formally, it is simply & U {[~]°}-term.
the t(ansformatlon process. As we shall dlscuss in Section 3.6, gor example, 13 (2 :: (3 :])) is a list context.
a variant of shortcut fusion produces the same higher-order pro- | et ys tentatively writeCys, for the set of list contexts. Given
gram as algebraic fusion does. However, algebraic fusion pre- o Jist contextsc, ¢/, we writec - ¢ for the list context obtained
serves the monoid structure derived from the original program py filling a hole inc with ¢'. For instance, the hole filling (1 ::
in an explicit form, vyhlch makes the subsequent improvement @@ D) @G [)resultsinl (2 5 (3
process readily applicable. (4 (5 [-]). A similar operation with— - — is the function
fill : Ciss — Tist = Tist, Which takes a list context and a listl
and then returns a list obtained by filling a holekiwith | (if k has
no holefill(k)(I) = k). The context-filling operatior - — and []
obey the axioms of monoids. Thus the tripg«, [-], — - —) forms
Despite of the fruitful merits described above, we note that alge- the monoid of list contexts. Here we also introduce another monoid
braic fusion has some weaknesses as compared to its counterpargalledfunction space monoid A A over some seh. Itis a triple
the popular shortcut fusion method. One major weakness is that the(A — A, id, — o —), where— o — is the function composition.
producer must be a function that computes over a monoid. Thus al- ~ The first step of algebraic fusion is to represent the producer
gebraic fusion can only deal with a limited subclass of programs, Side ofrev by means of a function that calculates list contexts. We
while its counterpart shortcut fusion can deal with more. However, observe that the result of the applicatiorref to [ay, ..., a,] can be
the aim of this paper is to provide a clean account of the intricate represented by a list context afiitl

business in dealing with accumulating parameters and the class of rev [au, ..., 8n] = AX8n (o 25 (an 25 X))
functions we consider still includes afBaiently large set of pro- T ) o .
gram instances that use accumulating parameters. =fill (&, :: (.. = (& = [-]))),

The rest of the paper is organized as follows: Section 2 infor- \here the underlined list context can be computed by the applica-
mally introduces algebraic fusion and demonstrates how a result oftion of the following recursive functioRev to [ay, ..., an]:
algebraic fusion can be improved by a monoid homomorphism. In

Section 3, we give a formal definition of algebraic fusion and shows Rev f Tiist = Ciist
its correctness. The relationship with shortcut fusion and its deriva- Rev [] . : (-] | B
tives is also mentioned. In Section 4, we exhibit how the results of Rev (@:l) = Revl-(a:: [-]).

algebraic fusion can be improved for varying instances. Section 5 To summarizetev can be represented IRev andfill:
exploits a more sophisticated monoid supporting partial and infinite
data structures and shows that the second author’s previous work is
another instance of improvement. We discuss related work in Sec-  The next step of algebraic fusion is to extend the domain of the
tion 6 and conclude in Section 7. consumer side akv to C;. This extension is done by adding to the

rev = fill o Rev.



recursive definition ofev (i) an extra parametev and (ii) an extra From this, we conclude that the recursive function obtained by
line that handles the case where an input is a hole. The following folding h (app —) coincides withrevrev. Therefore we have
recursive functiomev is the result of this extension.

h o app = revrev. 2
rev e G T T T T
v [l W = /l;'(StX_) (Tist = Tist) = (Tist = Tist) We callapp theimprovemenof revrev. The above equation implies
= (A _ vra . that the value ofevrev(x) can be calculated bgpp(x), which does
rev (@::1) w= Axreviw (a:: x) . ; A 4
fev [-] W= w not involve any closure creations during its recursion. Furthermore,

this equation gives a property that holds betwesnandapp:
The extra parameter is simply passed around in the recursive calls

of rev and replaces every hole in the input. This extension satisfies rev(revs g u

the following property that is crucial to algebraic fusion: = revrev s(rev t) u by (1)
fev[-] = id =h(app ) (revt) u by (2)
fev (k- K) = fev ko Tev K =revt(app su by definition ofh.

Here we note that the above equational derivation is valid only
if the input lists are total (that is, no divergent computation is
contained) and finite. If we allow partial and infinite lists as inputs,

That is,rev is a monoid homomorphisrfrom the monoid of list
contexts to the function space monoillif — Tis) = (Tist —

Tisy)- hel ion should be repl n inequation
The final step of algebraic fusion is to extract a recursive func- the last equation should be replaced by an inequatio
tion that performs the same computationres o Rev. The com- rev(revsf)uCrevt (app s u,

putation of this composition involves the creation of intermediate
data structures passed frérav to rev, but it can be eliminated due
to the shape oRev and the property afev being a monoid homo-
morphism. To see this, we applgv to both sides of the recursive
definition of Rev, and obtain the following equations:

which implies that the computation of the r.h.s. may terminate
while that of the l.h.s. diverges. Our theory correctly captures this
subtle point appearing in algebraic fusion and improvement. We
will return to this topic in Section 5.

The discussion so far suggests that there is a uniform way of

rev (Rev []) =rev[-] replacing expensive computation over function space with other
—id domains of moderate computation cost: Find a suitable moMid
o o whose multiplication has a less expensive computation cost than
rev (Rev (a:: 1)) =Tev (Revl-(a: [-]) that of the function space monoid, and a recursive fundauch
= (rev (Rev 1)) o (fev (a:: [-]) that there exi_sts amonoid homomorphibrﬁpm Mtothe functipn
= (& (Rev 1)) o (AWxw (a:: X)) space monoid thgt makéso Q <_:onnc_;|de with the_fused function.
" Thenh o Q may give a more ficient implementation.
By folding (in the sense of [2]) the function calls of the form In the following sections, we formulate the aforementioned
rev(Rev -) , we obtain a recursive functiaevrev: ideas by means of the elementary theory of universal algebra and
monoids, and demonstrate that our approach can uniformly repre-
revrev ; w € vTv"St = (Tist = Tist) = (Tist = Tisst) sent several existing fusion methods and program transformations.
revrev =

revrev (a:: 1) w = revrev| (Ax.w(a:: x)).

3. Algebraic Fusion

We carry out the development of algebraic fusion for programs
represented by set-theoretic functions. The correctness of the fusion

This is the result of algebraic fusion adv andrev. The function
revrev satisfies the equation:

revrev | (revy) = rev (rev | y), (1) will be proved as an equality about set-theoretic functions.
where the initial accumulating parameterto the producerev 3.1 Notations
is preprocessed by the consumer before it is passed to the fuse

qu usex, A for ranging over single-sorted first-order signatures. By
0 € =™ we mean thab is ann-ary operator irE. We write Ty for the

set of closed-terms. The initial-algebra homomorphism (a.k.a.
catamorphism) with respect toXaalgebra D, 6) will be denoted

by [6] € Ts — D. We fix a finite setA (ranged over by) for the
elements of lists. The followings are pre-defined signatures:

functionrevrev.
In the present fusion example, we can substitute the expensive

computation over the function space monolgs{ — Tis) =

(Tiss — Tis) With a less expensive one over another monoid

as follows. Let Tis = Tist)°® be theoppositeof the function

space monoidsy = Ty, i-€., the monoid whose multiplication

— e — is defined byf e g = go f. It is easy to show thah = nat = (2%, SY) tree = {L° N?) list = {[° a =t}

A9.4f.(f o g) is a monoid homomorphism fronT |, = Tis)°P to

(Tist = Tist) = (Tise — Tist). Let us define a recursive function

app € Tt = Tist — Tyt s follows:

We write M, N to range over monoids.

3.2 X-contexts

app [I = Aww The object which plays a central role in algebraic fusion is the
app (a:1) = apple(Aw.a: w) monoid ofE-contextswhich we introduce below.
= Aw.a:: (app | w). For a signatur&, by £+ we mean the signature extended with a
: ; ; ; ~ nullary constant{]° denoting a hole. We call*-termsZ-contexts
m%\:vpmzrgpwgggiggt%:'Sj;@?npgpéilljr;ﬁ)hn? a monoid homo in this paper, and writ€;s for the set ofz-contexts instead Ofy-+.
’ ’ We can think of &-contextk as a functiomt.k[t] € Ts — Ty,
h (app [1) = h(aw.w) = id wherek[t] is theZ-term obtained by filling all holes ik with t. We
h(app (a:: 1)) =h((appl) e (Aw.a :: w)) definefilly € Cs — Ty — Ty as the mapping from H-contextk to

the functionat.k[t]. The subscript ofill may be omitted when it is

= (h(app 1)) o (Awxw (a:: x)) clear from the context.



A natural operation oveE-contexts is to fill all holes in &-
contextk with some otheiz-contextk’. We write k - k' for this
context-filling operation. This operation and the holé fbey the
axioms of monoid, i.e5-— is associative and] is the unit of—-—.
We thus obtain the monoi@s = (Cs, [-], — - —) of Z-contexts.

Another monoid that we often refer to is tlienction space
monoid For any setA, the identity functiond : A — A and the
compositionf o g of functionsf,g € A — A obey the axioms of
monoids. We writeA = A for the triple @ — A,id, — o —) and call
it the function space monoid

Itis easy to see thditls is a monoid homomorphism frog to
Tz = Tz.

3.3 PolynomialX-Algebras over Monoids

The concept of polynomial-algebras over monoids is the techni-
cal vehicle in this paper. Intuitively, it is a speci&lalgebra such
that the carrier is a monoid and the algebra structure is given by
polynomials over the monoid. Polynomigtalgebras have favor-
able properties for reasoning and transforming recursive programs,
as we demonstrated below.

Let M = (M,e %) be a monoid, whereM, e, and x stand
for the carrier set, the unit and the multiplication, respectively. A
polynomial Pover M is a formal expression

P[Xe,.... Xl =Cox Xy x Cox X, ... % X * Ciuq
wheren,| are natural numbersy,...,c.1 € M are calledcogfi-
cients and 1< iy, ...,i; < n are indexes of the formal parameter

variables. We omit writing the unit c@iécients unless they appear
solely.

Example 3.1 Examples of polynomials are:
Reva._[X] = X (a:: [-])
County [ X1, X2] = S[-] - X1+ X2

(overCist)
(overCrar)
There are a few basic facts about polynomials over monoids. Let

P be ann-variable polynomial oveM = (M, e, x) andh: M - N
be a monoid homomorphism. Then,

1. P determines a functiofun(P) : M" — M given by
fun(P) (Xq, ..., Xn) = P[X1/X41, ... Xn/Xn],
2. by mapping each céiecient of P with h, we obtain a polyno-
mial h(P) over NV, and
3. sinceh is a homomorphism, we have

fun(h(P)) (hmy, ..., h my) = ho fun(P) (M, ..., my).

Example 3.2 (continued from Example 3.1) Recall thiits is a
monoid homomorphism frorfs to Ts = Ty. By mapping polyno-
mials Rev,._ andCounty( -y with filli; andfill,,; respectively, we
obtain two polynomials:

fillist(Reva:_)[X] = X o (Ax.a:: X)
fillnm(CountN(,,,))[Xl, X2] = (/IXS )9 o X1 0 X

(overTist = Tiist)
(overThas = That)

We introduce the concept pblynomialx-algebras

Definition 3.3 A polynomial X-algebraP over a monoidM =

(M, e, x) is an operator-indexed family of polynomial®o}ocs

such that for each oe =™, P, is an n-variable polynomial
over M. A polynomialz-algebra P overM induces ax-algebra
(M, [fun(Py)]oex), Which we refer to by P as well.

We note that the concept of polynomial algebras can be defined for
any algebraic objects which admit the concept of polynomials, such
as monoids, groups, rings, etc.

Example 3.4 (continued from Example 3.2) An example of a poly-
nomiallist-algebra oveCg is the family

Rev = {Rev = [-],Rev.._[X] = X (a:: [-])}.

This polynomial algebra induces the initigt-algebra homomor-
phism [Rev] € T — Cis, Which has the following recursive
definition:

[Rev] [] -
[Rev] (a: 1) = [Rev] |-(a:[-]).

The function[Rev] maps a list &, . ..
Lonag

Anot
family

,an] to a list contexta, ::

Her éxample of a polynomiadee-algebra oveC,, is the

Count = {Count, = S [-],
County— [ X1, Xo] = S[-] - X1 - Xz}

The initial tree-algebra homomorphisfiCount] € Tyee — Cha
has the following recursive definition:

[Count] L S[-]
[Count] N (I,r) = S[-]-[Count] |- [Count] r.

Definition 3.5 Let h: M — AN be a monoid homomorphism and
P be a polynomiak-algebra overM. Theimageof P by h is the
following polynomial-algebra KP) over N defined by

h(P) = {h(Po)}oes.

Proposition 3.6 For any monoid homomorphism:hM — N and
polynomialX-algebra P overM, h is aZ-algebra homomorphism
from P to {P), and we have

ho [P] = [h(P)].

3.4 Conditions for Producers and Consumers

Recall that algebraic fusion is a method to fuse the following two
functions callecproducerandconsumer

prode Ty » Ty » Tg cons € Ty — D.

However, we can not apply algebraic fusion to arbitrary combina-
tions of a producer and a consumer. In this section, we introduce
two conditions, one for the producers and the other for the con-
sumers.

The produceprod should satisfy the following condition:

(C-prod-s) For eachA-termo (ty, ..., t,), the recursive definition of
the valueprod (0 (1, ...,t;)) € Tz — Ts can be expressed as
follows:

prod (0 (ty, ..., tn)) = (fill ky) o (prod t;,) - - - (prod t;,) o (fill k1)

where 1< iy, ..., iy < nare indexes of subterms akgd ..., k,; €
C; are Z-contexts representing accumulation of information.
Whenk; =[] for some 1< i < | + 1, we omit writingfill k;.

This condition precisely identifies what we usually refer to as
a producer function with an accumulating parameter. The producer
function accumulates information on the second argument but does
not inspect into it during recursion; furthermore, the information is
accumulated in a sequential manner.

Example 3.7 The functionrev satisfies (C-prod-s); the value of
rev [] andrev (a :: |) can be expressed with function compositions,



list-contexts, andill:
rev [] = Axx=fill[-]
rev(a:l)=axrevl (a: x)
=(revl) o (Ax.a:: X)
= (rev ) ofill (a:: [-]).
Another example of a function satisfying (C-prod-s)cisunt :

Tiwee = That — Thar Which adds the number of leaves and nodes
of a tree given in the first argument to the second argument:

count L w=Sw
count (N (I,r)) w = S (countl (countr w)).

To see thatount satisfies the condition (C-prod-s), we transform
the r.h.s. of the above definition into:
count L AW.S w
fill (S[-])
AW.S (count | (count r w))
(fill (S[-])) o (countl) o (countr).

On the other hand, the following functiap, which replaces
the rightmost leaf of a tree in the first argument with the second
argument, does not satisfy (C-prod-s):

count (N (l,r))

rp L w=w
rp (N(Lr)) w= N(plL,rprw),

since it cannot be defined as the interleaving composition of func-
tions and recursive calls.

For the sake of simplicity in the following development of
algebraic fusion, we use the following concise condition (C-prod)
which is equivalent to (C-prod-s):

(C-prod) There exists a polynomial-algebraProd overCy such
thatprod = fill o [Prod].

Example 3.8 (continued from Example 3.4 and 3.7) The func-
tionsrev andcount satisfy (C-prod); polynomial algebr&ev and
Count satisfy

rev = fill o [Rev]
count = fill o [Count].

Each consumerons should be a recursive function which can
be written as an initial algebra morphism:

(C-cons) cons = [§] for someX-algebra D, 6).

In other wordsgons should be a recursive function whose defining
equation for each € A is

cons (0 (ty, ..., tn)) = 6o (coOns ty, ..., cons t,),

where§, € D" — D is the component ai of the algebra structure
é overD.

3.5 Algebraic Fusion

We are now ready to introduce algebraic fusion. petd € T, —
Ty — Ty be a producer satisfying (C-prod) andns € Ts —» D a
consumer satisfying (C-cons).

We first extend the domain @bns from Ty, to Cs. This is done
by adding two things to the recursive definitionoohs: (i) an extra
parametew, and (ii) a line which handles the case where an input
is a hole. This extension yields the following recursive function
conse€Cy - D — D:

cons [-]
cons (0 (ky,..

w
Jo (cons ky w, ..., cons k, w).

w
- Kn)) W

The extra parametav is distributed to each recursive call @dns
with a subterm (when the arity af is O, w is discarded), and is
returned only when an input is a hole. The extengams satisfies

the following two properties which are indispensable to algebraic
fusion.

Proposition 3.9 For anycons € Ty — D satisfying (C-cons),

1. the functiorcons € C; — D — D constructed as above is a
monoid homomorphism fro@y, to D = D, and

2. forany ke Cy and t € T,, we havecons k (cons t) =
cons (fill k t).

Next, we take the image (see Definition 3.5) of the polynomial
A-algebraProd mentioned in (C-prod) byons. The image is a
polynomial A-algebracons(Prod) over D = D. Then, theresult
of the algebraic fusion gprod andcons is defined by the initial
A-algebra homomorphism

[cons(Prod)] : T, —» D — D.

The following theorem shows that algebraic fusion is correct.

Theorem 3.10For any tu € T,, we have

[cons(Prod)] t (cons u) = cons (prod t u).

Proof Lett,ue T,. Then,
[cons(Prod)] t (cons u)
= cons ([Prod] t) (cons u)
= cons ((fill o [Prod]) t u)
= cons (prod t u)

by Proposition 3.6
by Proposition 3.9-2
by (C-prod)

Example 3.11We have already checked that satisfies (C-prod)
in Example 3.8 (and equivalently (C-prod-s) in Example 3.7). It is
also easy to check thadv satisfies (C-cons).

We thus proceed to apply algebraic fusiorref with itself. We
first extendrev to a monoid homomorphismev : Cisy — (Tist —
Tiist) = (Tist = Tiist)-

rev ] f x=x
rev (@) f x =revlf (a:x
rev [-] f x = fx

We then take the image of the polynonliat-algebraRev overCis;
by rev, and obtain the following polynomidist-algebrarev(Rev)
over (Tist = Tist) = (Tiist = Tiist):

rev(Revp) =id
rev(Revg._)[X] = X o (Afw.f(a:: w)).
This polynomial algebra induces an initi@dt-algebra homomor-
phism{rev(Rev)] € Tist = (Tist = Tist) = (Tist = Tiist), Which

is the result of the algebraic fusion cdv andrev. We write this
result agevrev for short. The recursive definition oévrev is

id
(revrev 1) o (Afw.f (a:: w)),

revrev [] =
revrev (a::l) =

and from Theorem 3.10evrev satisfies

revrevt (revu) S=rev (revtu) s

®)



3.6 Relationship with Shortcut Fusion
In this section, we informally compare algebraic fusion and short-

cut fusion [9]. Here, we consider the case where intermediate data

structures passed from producers to consumerseederms, and
we lett be atypek : 7 > 7 - v andz : 7. We write
cata : Ya.(@ - @ - @) - @ — tree — « for the polymorphic
catamorphism constructor foee-terms (here, we identify the sig-
naturetree and the algebraic data type correspondingée).

We consider the following minor extension of the shortcut fu-
sion fortree-terms using the combinatawild’ : (Va.(¢ — o —
a) > @ - a - a) - tree — tree defined by

build’ xy= xtree N Ly.

As an application of Reynolds’ parametricity principle [14, 21], we
have
cata 7 k z(build’ xh) =gtk z(catat k z h.

From this, we obtaibuild’ /cata fusion: for any producegrod :
p — tree — tree and consumecons : tree — 7 satisfying

(B-prod) 3g.prod = build’ o g and
(B-cons)cons = catatk z
respectively, we have

cons (prod x h) = g x7 k z(cons h).

problem arises for any consumeons : Ty — D when the
multiplication of the function space monoid = D requires
expensive computation.

Our strategy to avoid this problem is to calculate temporary
return values in another monojsi, whose multiplication is -
ciently implementable, and then recover the original return values
with an dficiently implementable monoid homomorphism. Sup-
pose we find

e a monoidM,
¢ a monoid homomorphisi: M — (D = D), and
¢ apolynomialk-algebraP over M such thah(P) = cons(Prod).

Then the functioffP] € T» — M is expected to be mordfiziently
implementable thatficons(Prod)], and from Proposition 3.6, we
have

h ([P t) = [h(P)] t = [[cons(Prod)] t.
We call [P] animprovemenbf the result of algebraic fusion of
prod andcons in M (via h).

Example 4.1 (Continued from Example 3.11) We re-introduce the
example of an improvement of the restdirev of the algebraic
fusion of rev andrev in Section 2. We improveevrev with the
following parameter:

Monoid We take the opposite monoid s = T;s) of Ty =

There is a close correspondence between this extension and 1 'that is, the MoNoid T — Tis idr,,,, ) Where the multi-

algebraic fusion. We observe that the parametricity principle entails

that the type&¥/a.(e¢ - @ — @) » @ —» @ — a, which appears in
the type ofbuild’, corresponds to the carrier of the initiaée*-
algebra; in other words, it is the type wée-context. Under this
correspondencéuild’ performs the same computationfiis From
this observation, we notice the similarlity betweemi 1d’ /cata
fusion and algebraic fusion.

The diterence betweebuild’ /cata fusion and algebraic fu-
sion is that condition (B-prod) is much weaker than condition (C-
prod), i.e.,build’/cata fusion accepts more producers than al-
gebraic fusion (e.g., see functiop in Example 3.7). In algebraic

fusion, producers are supposed to perform primitive recursion over

>-terms and calculate values in the way given by polynorbial
algebras. On the other harmjild’ /cata-fusion has no such con-

plicatione is defined byf eg=go f.
Monoid Homomorphism We takeh = Af.1g.g o f. This is a
monoid homomorphism since

(hfohf)g=gofof=go(fef)=h(fef’)g.
Polynomial Algebra We take the following polynomidist-algebra
P over (Tist = Tjist)°P:
Py =id
Pa:[X] = X e (Aw.a :: w).
This satisfieh(P) = rev(Rev) since the unique cdicient in

P is mapped to the one irev(Rev), i.e., h (Aw.a @ w) =
Afw.f (a::w).

straints on producers; the domain of producers can be of any type. These data give the improvemdiR] of revrev in (Tis; = Tis)®,

The major source of this subtleffirence stems from the techni-
cal foundation on which each fusion transformation is built. Alge-
braic fusion is formulated in the world of sets and functions using
the universal property of initial algebras (Proposition 3.6), while
build’/cata-fusion is formulated in a second-order logic for a
polymorphic programming language with the parametricity princi-
ple.

Both build’/cata fusion and algebraic fusion are driven by

essentially the same fusion law. Therefore, algebraic fusion can be

understood as arestrictionlofiild’ /cata-fusion. However, there

is a merit in considering fusion of a restricted class of producers.

and they satisfy:
revrev = [h(P)] = ho [P]. (4)

We notice that the recursive definition pP]), with the second ar-
gument being explicit, coincides with that of the list concatenation
functionapp:

P11 X=X
[PI (a:1) x = (([P1 1) e (Ax.a:: X)) X
= a: (IP1 I x).

Therefore we simply writapp for [P] below. From Theorem 3.10,

The program structure of the producer is preserved by algebraic fu-we obtain a law aboutv andapp:

sion in an explicit form, which makes the subsequent manipulation
process easier. In the next section, we propose the concept called

improvementwhich is useful for reasoning and transforming re-
sults of algebraic fusion.

4. Improving Algebraic Fusion

The functionrevrev obtained in Example 3.11 calculates the return
values using function composition, which is the multiplication of
the function space monoid ov@is, — T;s. However, this is an

rev (revstu

=revrev s(revt)u by (3)
=h(app ) (revt) u by (4)
=revt(app su by definition ofh.

4.1 Algebraic Fusion of Kakehi et al.'s Dmap with Itself

We apply algebraic fusion and its improvement for deriving the
fusion law of Kakehi et al.'9dlmap (in this paper we shorten the

expensive operation in the implementation of functional languages, name todm). This is a generic combinator for representing list-
because it involves the creation of closures. In general, a similar manipulating functions with an accumulating parameter [13]. For



functionsf,g € A — Al, dm{ is recursively defined by Polynomial Algebra The codicients of the forma(f, g, a) in Dm?
can be given by and the following elemeni(f, g, a) € (list —»
list) x (list — list) in the product monoid:

A(f,g,a) = (Ax.(f @) :: x, Ax.(g @) :: X),
i.e.,h (A(f,g,a) = a(f,g,a). Therefore the following polyno-

dm? ] = vy
dm? (@ 1) = ay.(f a):: (dmll((ga):y)).
They showed thadm satisfies the following fusion law:

dmy, (dm? 1) = (dm {2 1) o (dm¥, I') o (dm <! 1). mial list-algebraDM over (ist = list) x (list = list)°:
forany f,g, f’,g € A — Aby induction. We demonstrate that we DMy = (id, id)
can also derive this law using algebraic fusion and improvement. DMa:-[X] = A(f". g, f @) x X x A(f',¢,g d)

This derivation does not use explicit induction oVver I’ L
satisfies

Algebraic Fusion of dmap and dmap We first apply algebraic
fusion todm?{ as a producer andm{, as a consumer. It is easy
to check thaUm"f", satisfies (C-cons). To see thirth? satisfies (C-
prod), we define a polynomia'!;t-algebraDm? overCst:

dm{,(Dm?) = h(DM).
From this, we obtain an improvemefibM] € list — (list —
list) x (list — list) of the result of algebraic fusion afm? and

dm?, and it satisfies

(Om)y =[] _
Om)a[X] = ((Fa):: [-]) - X ((@a) = [-]). Hdmf/(Dm?)]l = [h(®M)] = ho [DM]. )
This gives the witness afm{ satisfying (C-prod), i.e., Decomposition of the Improvement The images oDM by 7, and
] g g 7, induce initial algebra homomorphistis, (DM)] and[[z,(DM)]],
fill o [Dmi] = dmy. which have the following recursive definitions:
We therefore proceed to apply algebraic fusion. We exdm?ﬂ to [x(DM)T I W= w
. —t . . . [(OM)] (a::1) w = (f (f &) =2 ([x(ODM)T 1 ((f" (9 &) 2 W)
a monoid homomorphismdmy, : Cis — (list — list) = (list — [x2(DM)T ] W= W
list): [2(DM)] (a::1) w = (g (9 &) :: (Tx2(DM)T 1 ((g' (f &) 2 w)).
ﬁ? 0 W = AXX By comparing the above definitions with thatdsh, we notice that
am;, (@ l) w = Ax(f’ a) = (@dmy, lw (g a) :: X)) 2 (DM)] = dm,°9 [72(DM)] = dmg:z;,
-9
dmg [-] w=w, Furthermore, for any e T, We have
and then calculate the polynomiﬁd;t-algebrad_m?,(Dm?) over (dmy,29 I,dmgiZ; )
(list — list) = (list — list) as follows: = ([ (DM 1, [2(DM)T 1))
am?, (Om9)y) = id = (r10 [(DM)] I, 20 [(DM)] 1) by Proposition 3.9
7 = [DM] I. 6
W,((Dm?)a-:_)[X] =o(t’.g. fa)oXoa(f’.g.ga) [[ ! , ©
) o From this, we derive the law of dmap:
where cofficients of the formu(f, g, a) is given by ,
— dm?, (dm? 11)
a(f,g,a) =dm;(a:: [-]) = awx(f @) :: (W ((g @) :: X)). _ )
- - l[dmf,(om$)ﬂ | @md 1) by Theorem 3.10
Thus |[dmf,(Dm$)]l e list — (list — list) — (list — list) is ,
. . ' = h ([DM] 1) (dm?, 1) by (5)
the result of the algebraic fusion dfn{ anddm?,, but we do not o o }
display its recursive definition here. =h(dmg,.?1,dmg 1) (dmf, 1) by (6)
Improvement We improve the above result of the algebraic fusion = (dm} 22 1) o (dmY, I') o (dmgiZé I) by definition ofh.

with the following data. . . .

4.2 Canonical Improvement of Algebraic Fusion

We must find three parameters for an improvement of a results
of algebraic fusion: a monoid, a monoid homomorphism, and a
(f,9x(f",g)=(fof',geg)=(fof’,goq). polynomial algebra structure. It is not known if a (non-trivial)
improvement exists for an arbitrary combination of producers and
consumers. However, we show below that if the consumer is an
initial algebra homomorphism induced by a polynomial algebra

Monoid We take the product monoidigt = list) x (list = list)°P
whose multiplication will be denoted by. Explicitly,

We write 71, 7, for the first and second projections from this
product monoid.

Monoid Homomorphism We take the functiot € (list — list) x over an algebraic object, then we can always find an improvement
(list — list) — (list — list) — (list — list) defined by in a canonical way.
h(p.q) = Aw. wo q). LetD bean alggbraic objec_:t admitting the concept of pc_JIynomi-
o (p q? (powe 9) _ _ als, such as monoid, group, ring, etc., ddlienote the carrier set
This is indeed a monoid homomorphism frofist( = list) x of . We consider an algebraic fusion of a produgerd € T, —
(list = list)°P to (list — list) = (list — list). Ty — Ty satisfying (C-prod) and a consumesns € Ty — D

satisfying the following condition that is stronger than (C-cons):
L1n this article, the range of, g is fixed to A because we only consider the . .
list of elements inA. In general,f, g can be any function ihA — B, and the (C-cons-p) There exists a polynomidi-algebraCONS over D

discussion in this section is noffected by this general situation. such thatons = [CONS].



Lemma 4.2 Any function f: T, — Ty — Ty satisfying (C-prod)
also satisfies (C-cons-p).

Theorem 4.3 If prod satisfies (C-prod) andons satisfies (C-cons-
p), then the result of the algebraic fusiongybd and cons can be
improved with the following data:

Monoid We take the monoi®" = (D[H], H, ), where [JH] is the
set of one-variable polynomials ove&r, and the multiplication
P« Q is defined by the substitution of a polynomial Q to H in

P:

P+ Q= P[Q/H].
Monoid Homomorphism We take the functiorin : D[H] —
(D — D), which casts polynomials to functions from D to
D. Itis easy to see that this is a monoid homomorphism.
Polynomial Algebra We first define a monoid homomorphism
CONS : Csz — DM
CONS([-])) =H

CONS(0(Kg, ..., kn)) = CONS,[CONS(ky)/ X1, ..., CONS(Kq)/ ol

This function satisfiesons = fn o CONS. We then take the
polynomialA-algebraCONS(Prod) over D™ for improvement,
whereProd is the polynomiah-algebra mentioned in (C-prod).
This polynomial algebra satisfies

fn(CONS(Prod)) = cons(Prod).

We notice that this submonoid is isomorphic Tas{ = Tst)";
the following functioni € (Tjx — Tis)[H] — Tist = Tiet IS
a bijective monoid homomorphism betweehs( = Tnst)[‘ and
(Tist = Tiist).

i(Hof)=f (itf=Hof)

Furthermore, the polynomidlst-algebraP used for improving
revrev in Example 4.1 is the image &EV(Rev) by i:

i(REV(Rev)) = P.

Example 4.5From Lemma 4.2dm§‘ satisfies both (C-prod) and
(C-cons-p) for anyf,g € A — A. Therefore from Theorem 4.3, the
result of algebraic fusion ojm? anddmgf", can always be improved
in (Tise = Tis)' via fn. The polynomialist-algebraQ giving the
improvement is canonically determined as follows:

Q=H
Qa:- = A(f", g, f @) * X+ A(f',¢',g 3
whereA(f,g,a) = (Ax.fa:: X)oHo (Axga:: X)).
The polynomial algebr® can be restricted to the submonoid of
(Tist = Tist)"” specified by the following subset:
{foHogl|f,ge Tist = Tist) S (Tiist = Tus)[H].

This submonoid is isomorphic td sy = Tiet) X (Tist = Tiist)°s
which is exactly the monoid used for improving algebraic fusion
of dm and itself in Section 4.1. Furthermoi®@,and the polynomial
list-algebraDm{ in Section 4.1 are equal via this isomorphism.

This improvement should be understood as a theoretical existence

rather than a practical improvement dfieiency, because the im-
plementation of- * — is not dficient in general. However, in some
cases, the polynomial-algebraCONS(Prod) can be restricted to a
submonoicf DH, which may have anficient implementation. In

fact, the parameters chosen in the previous examples of improve-

5. Algebraic Fusion for Partial and Infinite Data
Structures

To accommodate the development in the previous sections with
partial (data structures which may contain divergent computation)

ments are all equivalent to the canonical improvements restricted and infinite data structures, we replace sets and functionsawith

to appropriate submonoids.

Example 4.4 (continued from Example 3.11) From Lemma 4.2,
rev satisfies both (C-prod) and (C-cons-p). Thus from Theorem 4.3,
revrev can be improved inligt = list)" via fn. We see the detail of
this canonical improvement, and relate this to the improvement in
Example 4.1.

We first define a polynomidist-algebraREV overlist = list as
follows:

REV] = id
REV,._[X] = Xo (Ax.a:: X).
The monoid homomorphisiREV send<Rev to the following poly-
nomiallist-algebra overlist = list)":
REV(Revy) = H
REV(Revy._)[X] = X * (H o (Ax.a:: X))

which satisfie$n(REV(Rev)) = rev(Rev).

Now we consider the following subset of one-variable monoid
polynomials ovelg = Tjst:

{Ho f|feTig— Tist) S (Tiist = Tis)[H].

This subset includes the urtit = H o id of (T; = Tis)™, and is
closed undet = — since

(Hof)s(Hog)=(Hog)of=Ho(go f).

Therefore, this subset specifies a submondig; (= T"SI)Z' of
(Tist = Tlisl)H-

complete pointed partial orders (CPO for short) and continuous
functions. For CPO®D, E, by [D — E] (resp. D —. E]) we
mean the CPO of (resp. strict) continuous functions. The concept
of continuousz-algebras is fairly standard; see for example [10].

Definition 5.1 A continuous-algebra® is a pair (D, d) of a CPO
D and an operator-indexed family of continuous functi¢thgecs

such that ¢ € [D" — D] for each 0 e (. A (resp. strict)
continuous-algebra homomorphisth: (D, d) — (E, €)is a (resp.
strict) continuous function € [D — E] satisfying fod, = g, 0 f"

for each oe =™,

It is well-known that we can construct an initial obje€y® =
(T,in®) in the category of continuous-algebras and strict con-
tinuous X-algebra homomorphisms (see for example [10]). This
construction yields a CP®g° consisting of partial and infinitg-
terms (including total ones). For exampley, is the CPO oflazy
natural numbers

{L,Z, SL,SZS(SL),S(S2,- 00}

whose partial order expresses the amount of information. Below
we assumely C Ty° without loss of generality. In this section,
we identify the operators i with the continuous term construc-
tors overT;’. For each continuous-algebraD = (D, d), we write

[d] : 75° — O for the unique strict continuous-algebra homo-
morphism.

The universal property of the initial object asserts that for each
strict continuoug-algebra homomorphisim: (D, d) — (E, €), we
haveho [d] = [€]. This equality, often referred to as theomotion
theorem[15], is the heart of program transformation. However, it



should be weakened to an inequality when we altote be a (not
necessarily strict) continuoisalgebra homomorphism.

Proposition 5.2 Let h: (D, d) — (E, €) be a continuou&-algebra
homomorphism. Then,

1. [e] C ho [d],
2. for any te Ty, we havee] t = ho [d] t, and
3. [el = ho [d] if and only if h is strict.

Next, we introduce the concept of continuous monoids, which
are simply monoid objects in the category of CPOs and continuous
functions.

Definition 5.3 A continuous monoids a monoidD = (D, e, x)
where D is a CPO and the multiplication is a continuous function
—x— € [DxD — D]. A (respstrict) continuous monoid homomor-
phismh : (D, e, x) — (E, ¢, %) is a (resp. strict) continuous function
h e [D — E] satisfying the laws of monoid homomorphisms.

For a CPOD, by [D = D] we mean the continuous monoid
([D — D], idp, — o —) of the continuous endofunctions over

The definition of monoid polynomials and polynomiat
algebras are the same as in Section 3. A polynoriialgebra
Q over a continuous monoi® now determines a continuos
algebra, since eachrvariable polynomial oveD determines an
n-ary continuous function. A (resp. strict) continuous monoid ho-
momorphismh : D — & is then a (resp. strict) continuos
algebra homomorphism fro@ to h(Q).

We write C* for the carrier CPO of the continuods -algebra
Ts:. The context-filling operator - — € [(C)? — C2]is contin-
uous, and the tripleGy’, [-], — - —) forms the continuous monoid
Cy of Z-contexts. The action of filling a-context with aX-term
is a strict continuous monoid homomorphisifly’ : CY — [T =
T5°]. The subscript ofills’ may be omitted when it is clear from the
context.

We introduce the algebraic fusion for partial and infinite data
structures. Leprod € [Ty — [Ty° — Ty']]andcons € [Ty — D]
be continuous functions satisfying:

(C-prod’) There exists a polynomia-algebraProd overCy’ such
thatprod = fill o [Prod] (henceprod should be strict).

(C-cons’) There exists a continuous-algebra D, §) such that
cons = [4] (hencegons should be strict).

Likewise in the algebraic fusion for total and finite data structures,
we first extend the domain of the consumer functior€ga This
extension yields a strict continuous monoid homomorptasns :

Cy — [D = D] satisfyingcons k (cons t) = cons (fill k t) for any

ke Cy andt € Ty (c.f. Proposition 3.9).

We then take the image &fod with cons and obtain a polyno-

mial A-algebracons(Prod) over [D = D]. We call[cons(Prod)] €

[Ty —. [D — DIJ] the result of algebraic fusion gfrod andcons.

Theorem 5.4For any xe T and ye Ty, we have
[cons(Prod)] x (cons y) = cons (prod X Y).
Proof Sincecons is strict, we haveonso [Prod] = [cons(Prod)]

by Proposition 5.2-3. Therefore, we can prove this theorem in the
same way as the equational reasoning in the proof of Theorem 3.10
m|

5.1

The concept of improvement isfacted by the transition from
the world of sets and functions to that of CPOs and continuous
functions. Suppose we find a continuous mongitj a monoid
polynomial P over M and a continuous monoid homomorphism
h: M — [D = D] such thath(P) = cons(Prod). From Proposi-
tion 5.2, we have

1. [cons(Prod)] = [h(P)] C ho [P,
2. for anyt € Ts, we have[cons(Prod)] t = ho [P] t, and
3. [cons(Prod)] = ho [P] if and only if his strict.

Improvement for Infinite Data Structures

Unlike the improvement in Section 4, we have the equiibns(Prod)] =
ho [P] if and only if h is strict; in general, we merely have the in-
equality[cons(Prod)] C ho[P], which means thaio [P] is more

likely to terminate than the result of the algebraic fusion. To exam-
ine this phenomenon in detail, we revisit the example of algebraic
fusion ofrev andrev.

Example 5.5 In the continuous setting, the iterative reverse func-
tionrev in Section 2 is interpreted as a continuous functen®® €
[T =1 [Tie — Tiall, which satisfies (C-prod’) and (C-cons’).
By applying algebraic fusion teev® andrev® in the same way as
Example 3.11, we obtairevrev® € [Ty, =, [Ty — Tial =

:
[T, — T, which satisfies "

oo
list

revrev™ t (rev™ u) = rev™ (rev™ t u)

by Theorem 5.4.
Similar to Example 4.1, we can improvevrev™ with a contin-
uous monoid T3, = T;5]°, a continuous monoid homomorphism

list :
h  [Tig = Tigl™ = [[Tig = Tiod = [Tig = Tigll mapping f

li
todg.go f,and a polynonswtialist-algebraP"" over [Tps,
which is simply the continuous version Bfin Example 4.1.
However, here, a subtlety about termination behavior slips in:
the continuous monoid homomorphidnfi is not strict. Thus, in

general, we have the following inequality:
revrev® t C h* o [P*] t

and both sides coincide only fore T;s. As we have seen in Ex-
ample 4.1][P~] coincides with the continuous list-concatenation
functionapp®. From Theorem 5.4, we obtain:

rev® (rev™ t S) u = revrev™ t (rev™ ) u
C h™(app®™ t)(rev™ S) u
= rev™ s(app™ tu),

and the inequality becomes an equality for any¥ Tg. This
indicates that the improvement does not have the same termina-
tion behavior agevrev™® for partial and infinite lists. This cor-
rectly captures the actualftiérences betweerev (rev t s) u and

rev s (app t u) in call-by-name languages with lazy lists.

5.2 A Semantic Higher-Order Removal

As we pointed out, when both a producer and a consumer have
an accumulating parameter, their algebraic fusion (hence, shortcut
fusion) yields a higher-order function. This is the motivation for
introducing the concept of improvement in Section 4. This problem
has already been recognized by Nishimura in [16, 17], and he
introduced a program transformation technique cdiigtier-order
removalto reduce the order of computation. His transformation
process is designed for a call-by-name language, and it takes a

result of shortcut fusion:

firo(c—>0)>(0c—0)



satisfying certain syntactic conditionkis then transformed to the
following function:

f'i1r > (cx0)—> (cx0)

which essentially performs the same computatiofi.as

Here, we give a similar program transformation in a simple
and clean way using the concept of improvement with appropri-
ate monoids and monoid homomorphisms. The following continu-
ous monoiddD*, D® and two strict continuous monoid homomor-
phismsa, 8 play a crucial role in the semantic representation of
higher-order removal:

a
DI> —_—

p* —2 > [[D - D] = [D - DJ].

1. The first continuous monoid B> = ([D — D] x [D? —
D], (id, 7p), @), where the multiplicationf(g)@(f’, ') is de-
fined by

(f.9@(f".g) = (" o £, Ax.y).9 (x. 9" ((f X).y))).

We can draw an element of this monoid as a circuit diagram
consisting of two processing boxes (Figure 1). The lower box
has an input terminal on the left and an output terminal on the
right, while the upper box has an output terminal on the left and
two input terminals, one on the right and the other connected to
the input of the lower box.

s ]

Figure 1. Diagram for (f,g) € D”

The multiplication of such circuits is simply done by juxtaposi-
tion (Figure 2).

Figure 2. Diagram for f,g)@(f’.g’)

. The second continuous monoids® = ([D?> — D?],id, o)
whose multiplicationf cog is defined to be the following func-
tion:

A(x.y)-let ((.9), (r.)) = Y (AU(p. ). (- 9)-(f (x.9).9(p. ¥)))

in(r,q)
whereY ¢ [[(D?)? — (D?)?] — (D?? is the least fixed point
operator. If we are allowed to use recursive let-expressions, the
above function has a more compact definition:
A(x.y).letrec (0,0) = f (x,s) and ¢, ) = g (p.y) in (. ).

We can draw an element of this monoid as a processing box
with two input terminals on the left and two output terminals
on the right. The multiplication of two elements in this monoid
can be drawn as a circuit connecting two boxes in the following

way:

i 8

Figure 3. Diagram forfcog

The lower output of the left box is connected to the lower input
of the right box, while the upper output of the right box is feed-
backed to the upper input of the left bdx.

. Two strict continuous monoid homomorphisms D> — D
andg: D* — [[D — D] = [D — D]] are defined by
a (f.9) = Axy).(f x.g(xy)
B f =awxletrec p,q) = f (x,wp)ing.
The behavior of is simply to flip overgin Figure 1 then regard

the entire circuit as a processing box with two inputs on the left
and two outputs on the right.

The behavior of is to construct fronf € [D? — D?] an action
which maps one-input one-output processing lodrawn on
the left in Figure 4 to a one-input one-output circuit described
on the right in Figure 4.

()]
-2 9 =

Figure 4. Behavior ofg(f)

We note that the compositighoe « behaves as follows:
Boa(f.g) = awxg (x w(f x)).

Definition 5.6 Let f € [Ty —, [[D — D] — [D — DJJI

be a result of algebraic fusion such that f can be improved with
the monoid D, the strict monoid homomorphispo @, and a
polynomialz-algebra P over D. Then, we cal[a(P)] € [Ty —.

[D? — D?]] thehigher-order removaif f.

Below, we show an equivalent, but more syntactic description of
the definition of higher-order removal. Suppose that a rekuit
algebraic fusion has the following recursive definition for each
0e AM;
f(o(ty, ..., tn)) =(AWxg1 (X, W (1 X))) o f tj;0
oo T, o (Awxgia (X w (fiua X)),

wherel is a natural number, K i4,...,ii < n are indexes for
subterms, and, ..., fi,; € [D — D] andgs, ...,g.1 € [D? — D]
are continuous functions. Then, the higher-order removdil isfa
strict continuous functiorf’ € [Ty° —, [D? — D?]], which has
the following recursive definition for eaahe AM:
f'(o(ty, ..., th)) (X, y) =letrec @1, S1) = (f1 X, 91 (X, 11))
and (z,r1) = ' t, (1, &)

and @, sj) = (f p;, 95 (p;. 1))
and ;.1,1)) = ' t; (0;, Sj+1)

and @, s) = (fi pai (P, 1)

and @1, 1) = 't (0, S41)

and Q+1, S+1) = (fiex Press 9 (Prea, Y))
in (1, S1)-

We show that the higher-order removal retains the computa-
tional content of the original program, and it can be recovered via

21t is interesting to point out that the connection of boxes in Figure 3 is
exactly the pattern which appeared in the definition of the composition
of morphisms in Abramsky’s geometry-of-interaction construction [1] and
Joyal et al.’s Int-construction [12].



B. SinceB is a strict monoid homomorphism, the following theorem

is an immediate consequence of Proposition 5.2.

Theorem5.7Let f € [T —, [[D —» D] — [D — DJ]] be

a result of an algebraic fusion such that f can be improved with

the monoid D, the strict monoid homomorphispo a, and a
polynomialZ-algebra P over D.

Then the higher-order removik(P)] € [T —, [D? — D?]]
of f satisfies

Example 5.8 We demonstrate the higher-order removal with the

f =pBo[a(P)].

result of the algebraic fusion @k € [T, =1 [T — Trecll @S @

producer andbl € [T

The producer functioex, givenL as the initial accumulator argu-
ment, translates a natural number represent&i¢f) into a binary
tree of depth 2+ 1, where the left branch of every binary node is
a leaf node. The consumer functibh givenL as the initial accu-

tree

-, [T, — T2 ]l as a consumer:

ex Z = AXN (L, X)

ex (Sn = Ax.exn(exnx)

bl L = AXX

bl (N(,r)) = Ax.N (bll (N (x,x)),blr (N (X, X))).

mulator argument, replaces every leaf node at lk\lith the root
node’s level being 0) with a complete binary tree of ddpthl.

First, ex satisfies (C-prod’), because the following polynomial

nat-algebraEx overC;: :

satisfiesfill™ o [Ex] = ex. It is easy to see thdil satisfies (C-

Exz = N (L,[-])
Exs[X] = X - X

cons’). Therefore we proceed to algebraic fusion. Wellifto a

strict continuous monoid homomorphish : C

e — [[tree —

tree] = [tree — tree]] as follows:

bl L W = AX.X

bl (N (I,r) w

AXN(bI 1w (N (%, X)), bl r w (N (x, X))

bl [-] W= W.

We then calculate the polynomiadt-algebrabl(Ex) over [T, —
Tieel = [Tiee = Tiell

bI(Exz) = bl (N (L, [-]))
= AWXN (N (x, X),w (N (X, X)))
bI(Exs)[X] = X o X.

Thus, the result of algebraic fusion[isI(Ex)] € [nat —, [[tree —
tree] — [tree — tree]]]. We simply call this resulblex.

We apply the higher-order removal btex. We need to find a

polynomialnat-algebraP over (T, )” such thag o a(P) = bl(Ex).
An answer is

Pz = (AX.N (X, X), 1(x, y).N (N (x, X),y))
Ps[X] = X @ X,

and the following polynomiahat-algebraa(P) over (Tg )

Q(PZ) = /l(X, y)(N (X’ X)’ N (N (X9 X)’ y))
a(Ps)[X] = X eo X

gives the higher-order removiil(P)] € [T, —. [(T2)? —

(T,

o
tree

t 1
)?]] of blex. Below, we simply writeblg;’ for [[a(F;)ei}]. The

recursive definition oblex’ is

blex” Z (%y) = (N(XX),N (N (xX),Vv)

blex’ (S 0 (xy) = (blex’' n) oo (blex’ n) (X, y)
letrec (o, q) = blex’' n(x, 9)

and ¢, s) = blex’ n(p,y) in (r,q),

and from Theorem 5.hlex’ satisfies
blex t = g (blex’ t)
= Awxletrec (p,q) = blex’ t (x,w p) in g.

6. Related Work

In an early study of fusion laws, Sheard and Fegaras presented the
second-order promotion theorem [18]. They demonstrated that the
identity function can be obtained from the composition of the list
reverse function with itself by applying their fusion law and what
they call “inverse” transformation. The present paper gives a more
formal and general exposition for this transformation process.

Shortcut fusion by Gill et al. [9] is one of the most success-
ful fusion methods in practice, because of its conceptual simplic-
ity: a single fusion law for program calculation is derived from the
parametricity principle [14, 21]. Shortcut fusion has been refined
and extended in many directions. Takano et al. generalized it to
arbitrary algebraic data types [19]. In [8], Gill introduced a com-
binator calledaugment to accommodate his shortcut fusion with
the list append function. Johann generalizedehigment combi-
nator to arbitrary algebraic data types [11] and proved its correct-
ness. Ghani et al. analyzed the underlying mathematical structure
of theaugment combinator, and proposed a more general scheme
calledmonadic augmeni7, 6]. The present paperfers an alter-
native solution in an algebraic setting, where the elementary theory
of monoids and universal algebra give a principled way of devis-
ing fusion laws. Built on dierent concepts, these fusion methods
are closely related but have many subtietences as well, as dis-
cussed in Section 3.6.

Kakehi et al. [13] formulatedlmap as a combinator and pro-
vided a fusion laws for it. Their fusion law works quite elegantly
for some simple but important functions, but it cannot handle cases
that are more general. As demonstrated herein, their fusion law can
be explained in terms of a rather simple monoid homomorphism.

The second author, Nishimura, proposed a powerful fusion
method [16, 17], whose transformation principle was originally
drawn from a technique of attribute grammar [5]. His fusion
method, however, crucially relies on a transformation called higher-
order removal, whose transformation rules have a broken locality.
This adds an extra complexity and makes ffidult to recognize
the essence of his fusion technique. The present paper gives a strik-
ingly clear account of the intricate task in removing higher-order
functions. The intricacy is pushed into the corresponding monoids
and monoid homomorphisms and the transformation result natu-
rally follows. This simple but universal principle for the derivation
of transformation rules, as we have seen in Section 5, has allowed
us to show that the transformation rules work as well for eliminat-
ing partial and infinite data structures. To the authors’ knowledge,
this is the first work that presents a formal account of this issue.

There is another stream of developments of fusion techniques,
based on Burstall and Darlington’s unfold-fold transformation [2].
This line of research was initiated by Wadler, who preseted
forestation[22] as a fusion transformation for a particular class of
list processing programs. It has been recognized that itfficuli
to control the deforestation process, when it is applied to functions
with accumulating parameters, because some obstructing function
calls may incur infinite unfoldings [3].

Voigtlander has proposed tlt@zy compositiortechnique [20]
that solves the issue by an elegant use of circular let. His technique



was derived from the corresponding technique developed for tree [10] J. A. Goguen, J. W. Thatcher, E. G. Wagner, and J. B. Wright. Initial

transducers [4], which are a close cousin of the attribute grammar algebra semantics and continuous algebrasACM 24(1):68-95,
formalism. However, he has only informally discussed the correct- 1977.
ness of his method resorting to an intuitive account of the laziness. [11] P. Johann. A generalization of short-cut fusion and its correctness

It may be valuable to point out that the visual diagrams in Sec- proof. Higher-Order and Symbolic Computatioh5(4):273-300,
tion 5.2 are very similar to those appearing in the literature on the 2002.
composition techniques of attribute grammars and tree transduc-[12] A, Joyal, R. Street, and D. Verity. Traced monoidal categories. In
ers. This reinforces our claim on the universality of our method; Math. Proc. Camb. Phil. Socpages 447-468, 1996.
that is, ours 1s qu!te successful fc_)r capturlng_the common prlnC|p_Ie [13] K. Kakehi, R. Glick, and Y. Futamura. On deforesting parameters
embodied in varying transformation mechanisms that have been in- of accumulating maps. lhogic Based Program Synthesis and
dependently developed inftérent formalisms. Transformation, 11th International Workshop, LOPSTR 208lume

) 2372 ofLNCS pages 46-56. Springer Verlag, 2001.

7. Conclusion and Future Work [14] Q. Ma and J. C. Reynolds. Types, abstractions, and parametric
This paper has demonstrated that the task of fusing the pro- ~ Polymorphism, part 2. IrProc. of Mathematical Foundations of

ducer function and consumer function which have one accumu- Programming Semantics (MFPS 199tlume 598 oL NCS pages
lating parameter can be cleanly described in terms of monoids and L ~*0- Springer Verlag, 1991.

monoid homomorphisms. We have defined algebraic fusion, a fu- [15] G. Malcolm. Homomorphisms and promotability. Mathematics
sion method based on the algebraic setting, and further developed  ©Of Program Constructionvolume 375 ofLNCS pages 335-347.

the notion of improvement that allows us to algebraically refine Springer Verlag, 1989.

the results of fusion. We have examined that algebraic fusion and [16] S. Nishimura. Correctness of a higher-order removal transformation
improvement explain varying existing fusion methods gracefully. through a relational reasoning. Frogramming Language and

We hope that the present paper provides a fresh look at fusion Systems, First Asian Symposium, APLAS 2003 Proceediolgsne

transformations. 2895 ofLNCS pages 358-375. Springer Verlag, 2003.

We believe that the general concept of our work can be applied [17] S. Nishimura. Fusion with stacks and accumulating parameters. In
to a wider range of fusion problems. We are now working on Proc. of the 2004 ACM SIGPLAN Symposium on Partial Evaluation
extending the underlying algebraic domain (monoids) to richer and Semantics-Based Program Manipulatipages 101-112. ACM
ones, so that the functiom in Section 3.4, for instance, can be Press, 2004.
fused. [18] T. Sheard and L. Fegaras. A fold for all seasonsinternational

Conference on Functional Programming Languages and Computer
Acknowledgment Architecture (FPCA’93)pages 233-242. ACM Press, 1993.
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