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Category

AcategoryCconsistsof:

• aclassorsetC0ofobjects,

• aclassorsetC1ofmorphisms,
• mappingsdom, cod: C1 → C0 givingadomainand

codomaintoeachmorphism,

• id:C0→C1givingtheidentitytoeachobject,

• −◦−: {(g, f) | dom(g) = cod(f)}→C1calledcomposition.
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Category

Westoptointroducesomenotations:

I∈C 	 I∈C1

f: I→ J 	 dom(f) = I∧ cod(f) = J

C(I, J) 	 {f∈C1 |f: I→ J}

Weproceedthedefinitionofcategory:theabovedatasatisfy

idI: I→ I

f: I→ J∧ g: J→K⇒g ◦ f: I→K

f ◦ idI = idJ ◦ f = f (f: I→ J)

(h ◦g) ◦ f = h ◦ (g ◦ f) (f: I→ J, g: J→K, h: K→ L)
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ExamplesofCategories

C I∈C C(I, J)

Set set functions

Rel set binaryrelations

Mon monoid monoidhomomorphisms

Vect vectorspace linearfunctions

Pre preorder monotonefunctions

Top topologicalspacecontinuousfunctions

Cat smallcategorie functors

Cop I C(J, I)

C1×C2 (I1, I2)withIi∈Ci C1(I1, J1) ×C2(I2, J2)
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ExamplesofCategories

Acategorygeneratedfromasinglemathematicalobject:

• Foramonoid(M, 1, ·),defineC0 = {∗}andC1 = Mwith

id∗ = 1, g ◦ f = g · f.

WeobtainacategoryC(M, 1, ·).
• Forapreorder(P, 6),defineC0 = PandC1 = 6with

idI = (I, I), (J, K) ◦ (I, J) = (I, K).

WeobtainacategoryC(P, 6).

Belowwetreatpreorderedsets/posetsascategories.
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SizeofCategories

WesaythatacategoryC is:

• smallifC1 isaset(henceC0 isalsoaset).

• locallysmallifeveryC(I, J) isaset.

• thinifeveryC(I, J)hascardinalityatmost1.

Proposition1.Thinsmallcategoriesbijectivelycorrespondto

preorders.

Set,Rel,Mon,Vect,Pre,Toparealllocallysmall.
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Isomorphism

Amorphismg: J→ I isaninverseoff: I→ J if

g ◦ f = idI, f ◦g = idJ.

Proposition2.Iff: I→ Jhasaninverse,itisunique.

Amorphismf: I→ J isanisomorphismiffhasaninverse.

TwoobjectsI, J∈Careisomorphic(ID J)ifthereexistsaniso-

morphismf: I→ J.

Sloganincategorytheory:isomorphicobjectsarethesame.
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TerminalObjectinaCategory

AterminalobjectinCconsistsof:

1.T∈C.

2.!I: I→ T foreveryI∈C.

Theysatisfy:C(I, T) = {!I}.

Lemma3.idT7 !T.

Proposition4.If(T, !) and(T ′, ! ′) areterminalobjectsinC,

thenTD T ′

.

• Anyone-pointsetwiththetrivialstructureonitisater-

minalobjectinSet,Mon,Vect,Pre,Top.InRel,∅ is.
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BinaryProductonaCategory

AbinaryproductonCconsistsof(I1, I2∈C):

1.(Binary)ProductobjectI1× I2∈C,

2.Tuple〈−,−〉J
I1,I2:C(J, I1) ×C(J, I2) →C(J, I1× I2),

3.Projectionsπ1
I1,I2: I1× I2→ I1andπ2

I1,I2: I1× I2→ I2.

Theysatisfy(weomitobjectannotations):

〈f1, f2〉 ◦h = 〈f1 ◦h, f2 ◦h〉

πi ◦ 〈f1, f2〉 = fi

〈π1, π2〉 = id.
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BinaryProductonaCategory

Thetupleisactuallyabijection:

〈−,−〉J
I1,I2:C(J, I1) ×C(J, I2) D C(J, I1× I2).

TwobinaryproductsonCgiveisomorphicproductobjects:

Proposition5.If(−×−, 〈−, −〉, π1, π2)and(−×′−, 〈−, −〉′, π1
′,

π2
′)arebinaryproductsonC,thenI1× I2D I1×′ I2.

Proof.WeobtainC(J, I1 × I2) D C(J, I1 ×′ I2).ThenletJ = I1 × I2

andJ = I1×′ I2andtraceidI1×I2

andidI1× ′I2

. �
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Finite/SmallProductsonaCategory

Weextendthedefinitionofbinaryproductston-ary/set-

indexedproducts(Whatis0-aryproduct?).

FiniteproductsonCconsistsofn-aryproductsforalln ∈ N.

(Weassumethat1-aryproductsatisfy

∏

(I) = I).

FromaterminalobjectandabinaryproductonC,wecancon-

structfiniteproductsonC:

∏

(I1,	 , In) = (	 (I1× I2) × I3	 ) × In.

SmallproductsonCconsistsofI-aryproductsforallI∈ Set.

• Set,Rel,Mon,Vect,Pre,Top,Cathavesmallproducts.
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Finite/SmallProductsonaCategory

InacategoryCwithfiniteproducts,wecanconsideralgebraic

structuresdeterminedbyfinite-arityoperationsandequational

axioms,suchasmonoids,groups,rings,vectorspaces,etc.

• AmonoidinCwithfiniteproductsconsistsofM ∈C, e:
1 →M, m: M2→Msuchthat

m ◦ 〈idM, e ◦ !M〉 = idM

m ◦ 〈e ◦ !M, idM〉 = idM

m ◦
〈

m ◦
〈

π1
M3

, π2
M3

〉

, π3
M3

〉

= m ◦
〈

π1
M3

, m ◦
〈

π2
M3

, π3
M3

〉〉

.
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BinaryCoproductonaCategory

...isaproductonCop

.Itconsistsof(I1, I2∈C):

1.(Binary)CoproductobjectI1 + I2∈C,

2.Cotuple[−,−]J
I1,I2:C(I1, J) ×C(I2, J) →C(I1 + I2, J),

3.Injectionsι1
I1,I2: I1→ I1 + I2andι2

I1,I2: I2→ I1 + I2.

Theysatisfy(weomitobjectannotations):

h ◦ [f1, f2] = [h ◦ f1, h ◦ f2]

[f1, f2] ◦ ιi = fi

[ι1, ι2] = id.
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Finite/SmallCoproductsonaCategory

Cotupleisalsoabijection:

[−,−]J
I1,I2:C(I1, J) ×C(I2, J) D C(I1 + I2, J)

n-ary/smallcoproductsaredefinedsimilarly.

• Rel,Mon,Vect,Pre,Top,Cathavesmallcoproducts.

• OnSet,disjointuniongivessmallcoproducts:

∐

{Iλ}λ∈Λ = {(λ, x) |λ∈Λ, x∈ Iλ}

• OnGrp (thecategoryofgroupsandgrouphoms)the

freeproductofgroupsgivesmallcoproducts.
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ExponentialonaCategorywithaBinaryProduct

AnexponentialonacategoryCwithabinaryproductconsists

of(I1, I2∈C):

1.ExponentialobjectI1⇒ I2∈C,

2.CurryingλJ
I1,I2:C(J× I1, I2) →C(J, I1⇒ I2),

3.EvaluationevI1,I2: I1⇒ I2× I1→ I2.

Theysatisfy(belowf× I1 = 〈f ◦π1, π2〉):

λ(f) ◦g = λ(f ◦g× I1)

ev ◦ λ(f) × I1 = f

λ(ev) = id.
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ExponentialonaCategorywithaBinaryProduct

Curryingisabijection:

λJ
I1,I2:C(J× I1, I2) D C(J, I1⇒ I2).

TwoexponentialsonCgiveisomorphicexponentialobjects.

• OnSet,Set(I1, I2)givesanexponential.

• OnPre,(Pre(I1, I2), 6′)givesanexponential,where6′

isthepointwiseorderofmonotonefunctions.

• OnCat,functorcategorygivesanexponential.

• Rel,Mon,Vect,Topdonothaveexponentials.

16



(Bi-)CartesianClosedCategory

AcategoryCwithfiniteproductsandanexponentialiscalleda

cartesianclosedcategory(CCC).

AcategoryC withfiniteproducts,finitecoproductsandan

exponentialiscalledabi-cartesianclosedcategory(bi-CCC).

AposetCequippedwithfiniteproducts,finitecoproductsand

anexponentialiscalledaHeytingalgebra.

J 6 I1	 J6 In

J 6
∧

(I1,	 , In)
I1 6 J	 In 6 J

∨

(I1,	 , In) 6 J

I∧ J 6 K

I 6 J⇒K
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Everybi-CCCisDistributive

Proposition6.Inanybi-CCC,thefollowingisanisomorphism.

[ι1× J,	 , ιn× J]:
∐

(I1,	 , In) × J→
∐

(I1× J,	 , In× J)

Thecategorywithfiniteproductsandfinitecoproductssuch

thattheabovemorphismisanisomorphismiscalleddistribu-

tive.

Corollary7.Everybi-CCCisdistributive.

Corollary8.EveryHeytingalgebraisadistributivelattice.
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SimplyTypedLambdaCalculus

Weintroducethesimplytypedlambdacalculus(STLC)andthe

βη-equationaltheoryonit,andrelateittobi-CCCs.

STLCextendsthepropositionalfragmentofNJwithasyntactic

representationofproofs(calledλ-term):

�

Γ⊢ τ
⇒

�

Γ⊢M: τ
.

Theβη-equationaltheoryextendstheproofreduction⊲ofNJ

toreflecttheequalityofcomputationalcontentsofλ-terms/

proofs.
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SimplyTypedLambdaCalculus

Weassume:

variablesx, y, z,	 ∈ Var (countablyinfinite)

basetypesb,	 ∈ B

WedefinethesetTyp(B)oftypesby
τ; = b |

∧

(τ,	 , τ) |
∨

(τ,	 , τ) |τ⇒ τ.

Wedefineacontexttobeafinitesequence

x1: τ1,	 , xn: τn

ofvariable-typepairssuchthatvariablesarealldifferent.
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SimplyTypedLambdaCalculus

Wedefineλ-termsby

M ; = x

(∧I,∧E) | (M,	 , M) |πi
τ,	 ,τ(M)

(∨I,∨E) | ιi(M) |δ(M, xτ.M,	 , xτ.M)

(⇒I,⇒E) | (λx.M) | (MM)τ

Thiswayofannotatingtypesisnon-standard!

Pros:wecaneasilyrecoverthetypeslostbyeliminationrules.
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Bound/FreeVariablesandSubstitution

Theλ-termsoftheform:

(λx.M) or δ(	 , xτ.M,	 )

bindsanyfreeoccurrenceofx inM.

λ-termsareidentifieduptotherenamingofboundvariables.

M[N/x] istheλ-termobtainedbysubstitutingeveryfree

occurenceofx inMwithN.

Beforethesubstitution,werenameboundvariablesofM as

necessarytoavoidthecaptureoffreevariablesinN.
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TypingRules

WeinductivelydefineaternalyrelationΓ⊢M: τby
Γi = x: τ
Γ⊢ x: τ

Γ⊢M1: τ1 
 Γ⊢Mn: τn

Γ⊢ (M1,	 ,Mn):
∧

(τ1,	 , τn)
Γ⊢M:

∧

(τ1,	 , τn)
Γ⊢πi

τ1,	 ,τn(M): τi

Γ⊢M: τi

Γ⊢ ιi(M):
∨

(τ1,	 , τn)

Γ⊢M:
∨

(τ1,	 , τn) Γ, x1: τ1⊢M1: σ 
 Γ, xn: τn⊢Mn: σ
Γ⊢ δ(M, x1

τ1.M1,	 , xn
τn.Mn): σ

Γ, x: τ⊢M: σ
Γ⊢ (λx.M): τ⇒σ

Γ⊢M: τ⇒σ Γ⊢N: τ
Γ⊢ (MN)τ: σ
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TypingRules

TypingrulescorrespondtoNJ:

Γi = τ

Γ⊢ τ

Γ⊢ τ1 Γ⊢ τn

Γ⊢
∧

(τ1,	 , τn)
Γ⊢

∧

(τ1,	 , τn)
Γ⊢ τi

Γ⊢ τi

Γ⊢
∨

(τ1,	 , τn)
Γ⊢

∨

(τ1,	 , τn) Γ, τ1⊢σ
 Γ, τn⊢σ

Γ⊢σ

Γ, τ⊢σ

Γ⊢ τ⇒σ

Γ⊢ τ⇒σ Γ⊢ τ

Γ⊢σ
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TypingRules

Lemma1.Γ, x: τ⊢M: σandΓ⊢N: τ impliesΓ⊢M[N/x]: σ.

Lemma2.EachtripleΓ⊢M: τ isderivedinauniqueway.
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βη-EquationalTheoryonSTLC

Theβη-equationaltheoryequatestheλ-termsthathaveequal

computationalcontents.

Thetheoryinductivelydefinesarelation:

Γ⊢M = N: τ

ItsubsumestheproofreductionrelationofNJ:

Π

�

Γ⊢ϕ
⊲ Π′ �

Γ⊢ϕ

Every{(M, N) |Γ ⊢M = N: τ} isdesignedtobeanequivalence

relationon{M |Γ⊢M: τ}.
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βη-EquationalTheoryonSTLC

1.Equivalencerelation

Γ⊢N = M: τ
Γ⊢M = N: τ Γ⊢M = M: τ

Γ⊢M = N: τ Γ⊢N = L: τ
Γ⊢M = L: τ

2.Congruence

Γ⊢M1 = N1: τ1 Γ⊢Mn = Nn: τn

Γ⊢ (M1,	 ,Mn) = (N1,	 , Nn):
∧

(t1,	 , τn)

Γ⊢M = N:
∧

(τ1,	 , τn)
Γ⊢πi(M) = πi(N): τi

etc.

10



βη-EquationalTheoryonSTLC(∧,⇒)

3.βη-equationalaxioms.

Γ⊢M1: τ1,	 , Γ⊢Mn: τn

Γ⊢πi
τ1,	 ,τn(M1,	 , Mn) = Mi: τi

Γ⊢M:
∧

(τ1,	 , τn)
Γ⊢ (π1

τ1,	 ,τn(M),	 , πn
τ1,	 ,τn(M)) = M:

∧

(τ1,	 , τn)

Γ, x: τ⊢M: σ Γ⊢N: τ
Γ⊢ ((λx.M)N)τ = M[N/x]: σ

Γ⊢M: τ⇒σ

Γ⊢ (λx.(Mx)τ) = M: τ⇒σ
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βη-EquationalTheoryonSTLC(∨)

Γ⊢N: τi Γ, x1: τ1⊢M1: σ 	 Γ, xn: τn⊢Mn: σ
Γ⊢ δ(ιi(N),	 , xi

τi.Mi,	 ) = Mi[N/x]: σ

Γ⊢M:
∨

(τ1,	 , τn)
Γ⊢ δ(M,	 , xi

τi.ιi(xi),	 ) = M:
∨

(τ1,	 , τn)

4.CommutingConversion

Γ, x: σ⊢N: ρ, Γ⊢M:
∨

(τ1,	 , τn), Γ, xi: τi⊢Mi: σ
Γ⊢N[δ(M,	 , xi

τi.Mi,	 )/x] = δ(M,	 , xi
τi.N[Mi/x],	 ): ρ
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InterpretingSTLCinabi-CCC

LetCbeabi-CCC.

WeinterprettypesandtermsofSTLCbymeansofmathemat-

ical(categorical)structures.

• Atypeτ isinterpretedasanobjectJτK∈C.

• Ajudgementx1: τ1, 	 , xn: τn ⊢ M: τ isinterpretedasa

morphism

∏

(Jτ1K,	 , JτnK) → JτK.
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InterpretingTypes

FixanassignmentofJbK0∈C toeachb∈B.

WeextendittoanassignmentofJτK∈C toeachτ∈Typ(B):

JbK = JbK0q ∧

(τ1,	 , τn)
y

=
∏

J(τ1,	 , τn)K
q ∨

(τ1,	 , τn)
y

=
∐

J(τ1,	 , τn)K
Jτ⇒σK = JτK⇒ JσK.

Wefurtherextendittocontexts:

Jx1: τ1,	 , xn: τnK =
∏

(Jτ1K,	 , JτnK).
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InterpretingJudgements(∧,⇒)

FollowingtheuniquederivationofΓ⊢M: τ,weconstructamor-

phismJMKτ
Γ: JΓK→ JτKasfollows:

Γi = (x, τ)
πi: JΓK→ JτiK

f1: JΓK→ Jτ1K fn: JΓK→ JτnK
〈f1,	 , fn〉: JΓK→ J

∧

(τ1,	 , τn)K ,
f: JΓK→ J

∧

(τ1,	 , τn)K
πi ◦ f: JΓK→ JτiK

f: JΓ, x: τK→ JσK
λ(f ◦a): JΓK→ Jτ⇒ sK

f: JΓK→ Jτ⇒σK g: JΓK→ JτK
ev ◦ 〈f, g〉: JΓK→ JσK

Herea: JΓK× JτK→ JΓ, x: τK isaniso.
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InterpretingJudgements(∨)

f: JΓK→ JτiK
ιi ◦ f: JΓK→ J

∨

(τ1,	 , τn)K

f: JΓK→ J
∨

(τ1,	 , τn)K JgiK: JΓ, xi: τiK→ JσK
[g1,	 , gn] ◦d ◦ 〈idJΓK, f〉: JΓK→ JσK

Thecompositeisthefollowingdiagram:

JΓK→ JΓK×
q ∨

(τ1,	 , τn)
y
→

∐

JΓ, xi: τiK→ JσK.
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SoundnesandCompleteness

Theorem3.SupposeΓ⊢M: τandΓ⊢N: τ.TFAE:

1.Γ⊢M = N: τ.

2.Foranybi-CCCC andanassignmentJ−K0 ofanC-

objecttoeachb∈B,theinducedJ−Ksatisfies

JMKτ
Γ = JNKτ

Γ: JΓK→ JτK.

Souneness(1⇒2)iseasy.Theconverseisinthenextslide.
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Completeness

Fixadistinguished�∈Var.WedefinethecategoryΛBby

ΛB0 = Typ(B), ΛB(τ, σ) = {M= |�: τ⊢M: σ}.

Here,M=

istheequivalenceclassofMby{(M, N) |�: τ⊢M =
N: σ}.Thecompositionissubstitution:N= ◦M= = (N[M/�]

=
).

Proposition4.ΛB isabi-CCC.

(Sketchof2⇒1)LetΓ = x1: τ1,	 , xn: τn.Showthattheinterpre-

tationinΛBwithJbK0 = bsatisfiesJMKσ
Γ = (M[πi�/xi])

=

.Then

JMKσ
Γ = JNKσ

Γ ⇒ �:
∧

(τ1,	 , τn) ⊢M[πi�/xi] = N[πi�/xi]: σ

⇒ Γ⊢M = N: σ.

18



CategoricalApproachtoLogic

Lecture3

Shin-yaKatsumata

ResearchInstituteforMathematicalSciences,KyotoUniversity

KisoronSummerSchool,August2013

1



Functor

AfunctorF fromC toD (F:C→D)consistsof:

1.AmappingF0:C0→D0

2.AmappingF1:C1→D1.

BotharewrittenF forsimplicity.Theysatisfy:

f: I→ J⇒ Ff: FI→ FJ, F(idI) = idFI, F(g ◦ f) = Fg ◦ Ff.

ThusF1canberestrictedto

FI,J:C(I, J) →D(FI, FJ).
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ExamplesofFunctors

ForgetfulfunctorU:Mon,Vect,Top,Pre→ Set

FreeconstructionF: Set→Mon,Vect

FunctorsEq,Ch: Set→Pre:

Eq I = (I, {(i, i) |i∈ I}), Ch I = (I, I× I).

FunctorsD, iD: Set→Top:

DI = (I, 2I), iD= (I, {∅, I}).
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TheCategoryofSmallCategories

ForF:C→DandG:D→E,wedefineG ◦ F:C→Eby

(G ◦ F)0I = G0(F0I), (G ◦ F)1f = G1(F1f).

Thisisindeedafunctor.WedefinethecategoryCatby

Cat0 = {smallcats.} Cat(C,D) = {F:C→Dfunctor}.

Somerelatedfunctors:

• C:Pre,Mon→Cat.
• Obj:Cat→ SetmappingC toC0.
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Adjunction

Anadjunctionconsistsofthefollowingdata:

1.FunctorsL:C→DandR:D→C.

2.AbijectionforeachI∈C,J∈D:
ϕI,J:D(LI, J) D C(I, RJ)

Theysatisfy:

ϕ(h ◦ g ◦ Lf) = Rh ◦ϕ(g) ◦ f.

Thenotationforanadjunctionis(L, R,ϕ):C→D.
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Adjunction

L⊣R ...∃ϕ.(L, R, ϕ):C→D isanadjunction

L:C→D isaleftadjoint...∃R:D→C.L⊣R

R:D→C isarightadjoint...∃L:C→D.L⊣R

ηI = ϕ(idLI): I→RLI ...theunitof(L, R,ϕ):C→D

εI = ϕ−1(idRI): LRI→ I ...thecounitof(L, R, ϕ):C→D

Lemma1.If(L, R, ϕ) and(L, R′, ϕ′) areadjunctionsthenfor

everyI∈D,RID R′IandthisisomorphismisnaturalonI.
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RepresentationofD(L−, I)

LetI∈DandL:C→D.

ArepresentationofD(L−, I)consistsof:

1.RepresentingobjectR∈C,

2.Counitε: LR→ I.

Theysatisfy:thefollowingisabijectionforallJ∈C.

ε ◦L−:C(J, R) →D(LJ, I)
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RepresentationofD(L−, I)withInverse

LetI∈DandL:C→D.

ArepresentationofD(L−, I)withinverseconsistsof:

1.RepresentingobjectR∈C,

2.AmappingϕJ:D(LJ, I) →C(J, R),

3.Counitε: LR→ I.

Theysatisfy:

ϕJ(f ◦ Lg) = ϕK(f) ◦g, ε ◦ L(ϕJ(f)) = f, ϕR(ε) = idR.

(thisisalocal terminologyinthisdocument)
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UniversalArrow

LetI∈DandL:C→D.

AuniversalarrowfromL toIconsistsof:

1.R∈C,

2.ε: LR→ I.

Theysatisfy:forallJ∈Candf: LJ→ I,thereexistsauniquem:
J→Rsuchthatε ◦Lm = f.
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RepresentationofD(L−, I) DUniversalArrow

Theorem2.LetI∈DandL: C→D.Thereisabijectivecorre-

spondencebetween:

1.Arepresentation(R, ε)ofD(L−, I).

2.Arepresentation(R, ϕ, ε)ofD(L−, I)withinv.

3.Auniversalarrow(R, ε) fromL toI.
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RepresentationofC(I, R− ) DUniversalArrow

LetI∈CandR:D→C.Apair(L∈D, η: I→RL) is:

1.arepresentationofC(I, R− ) ifR−◦η: D(L, J) →C(I, RJ)

isabijectionforeveryJ∈D.

2.auniversalarrowfromI toR ifforeveryJ∈Dandf: I→
RJ,thereexistsauniquem: L→ JsuchthatRm ◦ η = f.

Theorem3.RepresentationsofC(I, R − ) bijectivelycorre-

spondtouniversalarrowsfromI toR.
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Adjunction=RepresentationsofallD(L−, I)

Theorem4.LetL: C→D.Thereisabijectivecorrespondence

between:

1.Anassignmentofarepresentation(RI, ϕ, εI)ofD(L −,

I)withinv.toeachI∈D.

2.Anadjunction(L, R, ϕ):C→D.

12



ABinaryProductonC=Reps.ofallC2(∆−, I)

Define∆:C→C2

by∆I = (I, I)and∆f = (f, f).

SupposethatChasabinaryproduct.Thenevery

(I1× I2, 〈−,−〉I1,I2, (π1
I1,I2, π2

I1,I2))

isarepresentationofC2(∆−, (I1, I2))withinv.

Theorem5.AbinaryproductonC isexactlyanassignmentof

arepresentationofC2(∆−, I) (withinv.)toeachI∈C2

.

Theorem6.AbinaryproductonCbijectivelycorrespondsto

anadjunction(∆,×, ϕ):C→D.
13



TheAdjunction−×I⊣ I⇒−

SupposethatChasabinaryproduct×: C2 →Candanexpo-

nential.EveryI∈Cdetermines−×I:C→C.Then
(I1⇒ I2, λ

I1,I2, evI1,I2)

isexactlyarepresentationofD(−×I1, I2)withinv.

Theorem7.LetC beacategorywithabinaryproduct.An

exponentialonC isexactlyanassignmentofarepresentation

ofD(−×I1, I2) (withinv.)toeachI1, I2∈C.

Theorem8.AnexponentialonCconsistsofanadjunction(−
×I, I⇒−, λI):C→C foreveryI∈C.
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StrictMapofAdjunction

Let(L, R, ϕ): C→Dand(L′, R′, ϕ′): C′ →D′

beadjunctions.A

strictmapofadjunctionsconsistsof

1.F:C→C′

andG:D→D′

suchthat

G ◦L = L′ ◦ F, F ◦R = R′ ◦G, Fϕ(f) = ϕ′(Gf).

15



StrictPreservationofbi-CCstructure

LetC, Dbebi-CCCs.WesaythatF: C→Dstrictlypreserves

thebi-CCstructureifthefollowingarestrictmapofadjunc-

tions.

(F, Fn):
(

∆C,
∏

C, ϕC
)

→
(

∆D,
∏

D, ϕD
)

(Fn, F):
(

∐

C, ∆C, ϕC
)

→
(

∐

D, ∆D, ϕD
)

(F, F): (−×I, I⇒−, λI) → (−×FI, FI⇒−, λFI) (I∈C)

Anotherwaytoputthis:Fcommuteswith

∏

,
∐

,⇒.
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TheCategoryofbi-CCCs

WedefinebiCCCatby

(biCCCat)0 = {C smallbi-CCC}

biCCCat(C,D) = {F:C→Dstrictlypreservebi-CCstruct.}

WewriteObj: biCCCat→ Setextractingtheobjectpart.

Forinstance,ΛB∈ biCCCat,andObj(ΛB) = Typ(B).

17



UniversalPropertyofΛB

LetC ∈ biCCCatandJ−K0: B → Obj(C).WewriteJ−K forthe

interpretationoftheSTLCoverBobtainedfromJ−K0.

1.J−KextendstoamorphisminbiCCCat(ΛB,C).

2.Obj(J−K) ◦ηB: B� TypB→Obj(C) = J−K0.

3.IfF: ΛB→CsatisfiesObj(F) ◦ηB = J−K0,thenF = J−K.

Thus(ΛB, ηB: B� Typ(B)) isauniversalarrowfromB toObj.

Theorem9.WehaveΛ⊣Obj.

STLCoverB /βη-equality=freebi-CCCoverB
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UniversalPropertyofΛB

ThoughwecharacterisedΛasaleftadjointtoObj: biCCCat→
Set,(ΛB, ηB: B� Typ(B)) satisfiestheuniversalpropertyfor

largebi-CCCsaswell.

Theorem10.Foranybi-CCCCandanassignmentofJbK0 ∈
C toeachb ∈ B,J−K: ΛB →C istheuniquefunctorthatstrictly

preservesthebi-CCstructureandthatsatisfiesJbK = JbK0.
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IntuitionisticFirst-OrderPredicateLogicNJ

EachNJisbuiltonalanguageΣ, Π:N→ Set:

• Σn ...thesetofn-aryfunctionsymbols
• Πn ...thesetofn-arypredicatesymbols

Forinstance,theNJbuiltonthelanguage

Σ0 = {z}, Σ1 = {s}, Π2 = {6}, otherwiseΣn = Πn = ∅

canbeusedtotalkaboutnaturalnumbersandtheirinequality.
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IntuitionisticFirst-OrderPredicateLogicNJ

TheNJoveralanguageL = (Σ, Π)specifiesthreeconcepts:

1.(L-)Termsx1,	 , xl⊢ t.

2.(L-)Formulasx1,	 , xl⊢ϕ.

3.Sequentsx1,	 , xl |ϕ1,	 , ϕm⇒ϕ.

Theleadingpartx1, 	 , xl (context)isafinitesequenceofdis-

tinctvariables.

Contextsarerangedoverby∆.
3



NJΣ,Π

Terms

∆i = x

∆⊢ x

∆⊢ t1 
 ∆⊢ tn f∈Σn

∆⊢ f(t1,	 , tn)

Formulas

∆⊢ t1 
 ∆⊢ tn p∈Πn

∆⊢p(t1,	 , tn)
∆, x⊢ϕ

∆⊢∀x.ϕ

∆, x⊢ϕ

∆⊢∃x.ϕ

andtherulesfor

∧

,
∨

,⇒.
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NJΣ,Π

InferenceRules(Γ = ϕ1,	 , ϕn)

∆, x|Γ⇒ϕ ∆⊢ϕ1 	 ∆⊢ϕn

∆ |Γ⇒∀x.ϕ

∆ |Γ⇒∀x.ϕ ∆⊢ t

∆ |Γ⇒ϕ[t/x]

∆ |Γ⇒ϕ[t/x]
∆ |Γ⇒∃x.ϕ

∆ |Γ⇒∃x.ϕ ∆, x |Γ,ϕ⇒ϕ′ ∆⊢ϕ′

∆ |Γ⇒ϕ′

(redpart:eigenvariablecondition)

andtherulesfor

∧

,
∨

,⇒.
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Lawvere'sHyperdoctrine

|−| ◦p:Bop→ModL→Cat

• ModL isthecategoryofmodelsofpropositionalL-logic.

• B isthecategoryinterpretingterms/substitutions.

• p assignstoI ∈ B theposetpI ofpredicatesoverI,

whichhasthestructureofL-model.

• p capturesthesituationthattermsubstitutionscon-

travariantlyactonpredicates.

• |−| ◦ psatisfycertainpropertiesformodellinguniversal/

existensialquantification.
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HyperdoctrineforNJ

Weemploy|−|:Heyt→Cat forhyperdoctrinesforNJ.

Definition1.AhyperdctorineforNJconsistsof:

1.acategoryBwithfiniteproducts,

2.afunctorp:Bop→Heyt.

Theysatisfy:

1.foreachprojectionπ1
I,J: I × J → I inB,|pπ1

I,J|: |pI| →

|p(I× J)|hastheleftadjoint∃I,J

andrightadjoint∀I,J

,

2.theseadjointssatisfyBeck-Chevalleycondition.
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Example:PowersetHyperdoctrine

Wedefine2−: Setop→Heytby

I� (2I,⊆), (f: I� J)� (f−1: 2J→ 2I).

Theorem2.TheabovefunctorisahyperdctorineforNJ.

Theleft/rightadjoints∃I,J⊣|2π1

I,J

|⊣∀I,J

are

∀I,JX = {i∈ I |∀j.(i, j) ∈X}, ∃I,JX = {i∈ I |∃j.(i, j) ∈X}.
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Example:Heyting-ValuedHyperdoctrine

LetHbeacompleteHeytingalgebra(cHA).Thesetoffunc-

tionsI⇒H isalsoacHAbythepointwise

∧

,
∨

,⇒.

Wedefine−⇒H: Setop→Heytby

I� I⇒H, (f: I→ J)� (−◦f: J⇒H→ I⇒H).

Theorem3.TheabovefunctorisahyperdctorineforNJ.

Theleft/rightadjoints∃I,J⊣ |π1
I,J⇒H| ⊣ ∀I,J

are

(∀I,JX)(i) =
∧

j∈J

X(i, j), (∃I,JX)(i) =
∨

j∈J

X(i, j).
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BasecategoryofHyperdoctrineofNJΣ,Π

Wefixanenumerationv1,	 , vl

�

∆l

,	ofvariables.

DefineBΣby:

(BΣ)0 = N, BΣ(l, m) = {(t1,	 , tm) |∆l⊢ ti}

idl = (v1,	 , vl), (s1,	 , sn) ◦ (t1,	 , tm) = (s1[ti/vi],	 , sn[ti/vi])

Fort: l→m,wewritet∗ forthesubstitution

−[t1/v1,	 , tm/vm]

toterms/formulas.

Proposition4.BΣhasfiniteproducts.
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SomeLemmas

Foranyf: l→m inBΣ,

1.∆m⊢ϕ implies∆l⊢ t∗ϕ.

2.∆m |ϕ⇒ϕ′

implies∆l |t∗ϕ⇒ t∗ϕ′

.

3.t∗commuteswith

∧

,
∨

,→,thatis,

t∗
(

∧

(ϕ1,	 , ϕl)
)

=
∧

(t∗ϕ1,	 , t∗ϕl)

t∗
(

∨

(ϕ1,	 , ϕl)
)

=
∨

(t∗ϕ1,	 , t∗ϕl)

t∗(ϕ1→ϕ2) = t∗ϕ1→ t∗ϕ2.
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FunctorofHyperdoctrineofNJΣ,Π

Forl∈BΣ,defineqΣ,Πlby

qΣ,Πl = ({ϕ |∆l⊢ϕ}, {(ϕ, ϕ′) |∆l |ϕ⊢ϕ′}).

Wewrite.l forthepreorderpartofqΣ,Πl.

Proposition5.EachqΣ,Πl isabi-cartesianclosedpreorder.

Fort: l→m inBΣ,defineqΣ,Πt: qΣ,Πm→qΣ,Πlby

qΣ,Πt(ϕ) = t∗ϕ.

Proposition6.EachqΣ,Πt isafunctorthatstrictlypreserves

thebi-cartesianclosedstructure.
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FunctorofHyperdoctrineofNJΣ,Π

ThequotientofqΣ,Πlby.l∩&l isaHeytingalgebra,saypΣ,Πl.

Theorem7.Theassignmentl� pΣ,Πlextendstoafunctor

pΣ,Π:BΣ
op→Heyt.

Belowweidentifyaformula∆l ⊢ϕanditsequivalenceclassby

.l∩&l.

Weoftenwritep forpΣ,Π.
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AdjointsofHyperdoctrineofNJΣ,Π

Theprojectionπ1
l,m

inBΣ is(v1,	 , vl).

|pπ1
l,m|: |pl|→ |p(l + m)|, |pπ1

l,m|(ϕ) = (π1
l,m)∗ϕ = ϕ.

InNJΣ,Π

wehave

∆l |ϕ⊢∀vl+1.ϕ
′ ⇔ ∆l+1 |ϕ = |pπ1

l,1|(ϕ) ⊢ϕ′

∆l |∃vl+1.ϕ⊢ϕ′ ⇔ ∆l+1 |ϕ⊢ϕ′ = |pπ1
l,1|(ϕ′)

Corollary8.(∃vl+1.− ) ⊣ |pπ1
l,1| ⊣ (∀vl+1.− ).

Universal/existentialquantification⇔R/Ladjointofp(π)
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Beck-ChevalleyCondition

Therightadjoint∀I,J

of|pπ1
I,J|: |pI| → |p(I × J)| satifiesBeck-

Chevalleyconditionifforanyf: I→K,

|pf| ◦ ∀K,J=∀I,J◦|p(f× J)|.

Similarly,theleftadjoint∃I,J

of|pπ1
I,J|: |pI| → |p(I × J)|satifies

Beck-Chevalleyconditionifforanyf: I→K,

|pf| ◦ ∃K,J=∃I,J◦|p(f× J)|.

Beck-Chevalley⇔Quantifiercommuteswithsubstitution

(TheyareaspecialversionofamoregeneralBCcondition.)
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Beck-ChevalleyCondition

Fort = (t1,	 , tm): l→m inBΣ,

t× 1 = (t1,	 , tm, vl+1), |p(t× 1)|(ϕ) = ϕ[ti/vi, vl+1/vm+1].

Theorem9.∀vm+1. − and∃vm+1. − satisfyBeck-Chevalley

conditions.

Foranyt: l→m inBΣ,

|pt| ◦ (∀vm+1.− )(ϕ) = (∀vm+1.ϕ)[ti/vi]

= (∀vl+1.ϕ[vl+1/vm+1])[ti/vi]

= (∀vl+1.ϕ[ti/vi, vl+1/vm+1])

= (∀vl+1.− ) ◦ |p(t× 1)|(ϕ).
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TheHyperdoctrineofNJΣ,Π

Theorem10.ThefunctorpΣ,Π: BΣ
op → Heyt constructedfrom

NJΣ,Π

isahyperdctorineforNJ.
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StructureofNJ

HyperdoctrinesforNJcapturesthestructuresthatarecommon

amongallNJs.

EachNJΣ,Π

isinterpretedusingaΣ,Π-structure.

Definition11.Letp: Bop → HeytbeahyperdoctrineforNJ.A

Σ,Π-structureinpconsistsof

1.auniverseU∈B,

2.amorphismJfK: Un→U foreveryf∈Σn,

3.anobjectJpK∈p(Un) foreveryp∈Πn.
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InterpretationofNJΣ,Π

ThefollowingistheprincipleoftheinterpretationofNJΣ,Π

:

x1,
 , xl⊢ t 	 JtK: Ul→U

x1,
 , xl⊢ϕ 	 JϕK∈pUl

x1,	 , xl |ϕ1,	 , ϕm⇒ϕ 	

∧

(Jϕ1K,	 , JϕmK) 6 JϕK (pUl).

Question12.Filloutthedetailoftheinterpretation.
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SoundnessandCompleteness

Theorem13.Let∆beacontextand∆ ⊢ ϕ1, 	 , ϕn, ϕbefor-

mulasinNJΣ,Π

.TFAE:

1.∆ |ϕ1,	 , ϕn⇒ϕ.

2.Foranyhyperdoctrinep: Bop → Heyt forNJandΣ, Π-

structure(U, J−K),thefollowingholdsinp(U|∆|):

∧

(Jϕ1K,	 , JϕnK) 6 JϕK.

Proof.(1⇒2)Easy.(2⇒1)UsethehyperdoctrinepΣ,Πandthe

canonicalΣ, Π-structureinthishyperdoctrine. �

20


