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Abstract

In this paper, we develop a certain combinatorial version of the theory of Belyi cus-
pidalization developed by Mochizuki. Write Q@ C C for the subfield of algebraic numbers
€ C. We then apply this theory of combinatorial Belyi cuspidalization to certain natural
closed subgroups of the Grothendieck-Teichmiiller group associated to the field of p-adic
numbers [where p is a prime number] and to stably x u-indivisible subfields of Q, i.e.,
subfields for which every finite field extension satisfies the property that every nonzero
divisible element in the field extension is a root of unity.
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Introduction

In [AbsTopll], §3 [cf. [AbsTopll], Corollary 3.7], the theory of Belyi cuspi-
dalization was developed and applied to reconstruct the decomposition groups of
the closed points of a hyperbolic orbicurve of strictly Belyi type over a mixed
characteristic local field [cf. [AbsTopll], Definition 3.5; [AbsTopll], Remark 3.7.2].

In the present paper, we develop a certain combinatorial version of the the-
ory of Belyi cuspidalization developed in [AbsTopll], §3. To begin, let us recall
the Grothendieck-Teichmiiller group GT, which may be regarded as a closed sub-
group of the outer automorphism group of the étale fundamental group IIx [cf.
Notations and Conventions] of X %ef IP}@\{O, 1,00} [ef. [CmbCsp], Definition 1.11,

(i); [CmbCsp], Remark 1.11.1], where ]P’}@\{O,l,oo} denotes the projective line
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2 S. TSUJIMURA

over the field of algebraic numbers Q [cf. Notations and Conventions], minus
the three points “0”7, “1”, “c0”. Recall, further, that the natural outer action

of Gg ef Gal(Q/Q) on IIy determines natural inclusions

Go € GT C Out(Ily),

and that IIx is topologically finitely generated and slim [cf., e.g., [MT], Remark
1.2.2; [MT], Proposition 1.4]. By pulling-back the exact sequence of profinite
groups

1 —1IIx (:> Inn(HX)) — Aut(Hx) — Out(Hx) — 1

via the natural inclusion GT C Out(Ilx ), we obtain an exact sequence of profinite
groups

out
1—IIxy —1IIxy x GT —GT —1

[cf. Notations and Conventions].

We shall develop a combinatorial version for IIx O;t GT — i.e., which we re-
gard as a sort of group-theoretic version of I%\{O, 1,00}, where “Q” is replaced
by “GT”— of the theory of Belyi cuspidalization. We shall refer to this combina-
torial version of the theory of Belyi cuspidalization as the theory of combinatorial
Belyi cuspidalization. We construct combinatorial Belyi cuspidalizations and, in
particular, the “GT analogue” of the set (equipped with a natural action of GT)
of decomposition groups of ITx O;t GT, by applying the technique of tripod syn-
chronization developed in [CbTpll], together with the Grothendieck Conjecture for
hyperbolic curves over number fields [cf. [Tamal], Theorem 0.4; [LocAn], Theorem
Al.

Let U — X be a connected finite étale covering of X, U — X an open
immersion. Then the morphisms U — X, U — X determine, respectively, the
vertical and horizontal arrows in a diagram of outer homomorphisms of profinite

groups as follows:
HU — IIx

l

Ix.
We shall refer to any pair consisting of
e a diagram obtained in this way;

e an open subgroup of Ilx, which, by a slight of abuse of notation, we denote
by Iy C IIx, that belongs to the IIx-conjugacy class of open subgroups that
arises as the image of the vertical arrow of the diagram
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as a Belyi diagram.
Let (II, G C Out(II)) be a pair consisting of

e an abstract topological group II;

e a closed subgroup G of Out(II).

If there exists an isomorphism of such pairs
(I, G C Out(I)) = (Ilx,GT C Out(Ilx))

i.e., if there exist isomorphisms II = IIx and G = GT of topological groups
compatible with the inclusions G C Out(II) and GT C Out(Ilx)], then we shall
refer to the pair (IT, G C Out(II)) as a tripodal pair.

Let (II, G C Out(II)) be a tripodal pair; J C G a closed subgroup of G; IT*
an open subgroup of II. Then one verifies easily [cf. Lemma 1.2] that, for any
sufficiently small normal open subgroup M C J, there exist an outer action of M

out out
on IT* and an open injection IT* W M < T % J such that

(a) the outer action of M preserves and induces the identity automorphism on the
set of the conjugacy classes of cuspidal inertia subgroups of II* [cf. Theorem
A, ()

(b) the outer action of M on II* extends uniquely [cf. the slimness of II] to a IT*-
outer action on IT that is compatible with the outer action of J (2 M) on II;

t t
the injection II* % M < II% Jis the injection determined by the inclusions
II* C II and M C J and the IT*-outer actions on II* and II.

Then our first main result is the following [cf. Theorem 1.3]:

Theorem A (Combinatorial Belyi cuspidalization for a tripod). Fiz a Be-

lyi diagram
HU e HX

l

Ix
that arises from a connected finite étale covering U — X and an open immersion
U < X [as in the above discussion]. Then:

(i) Let (II, G C Out(Il)) be a tripodal pair. Fiz an isomorphism of pairs « :
(I, G € Out(Il)) = (IIx,GT C Out(Ilx)). Then the set of subgroups of 11
determined, via o, by the cuspidal inertia subgroups of llx, may be recon-
structed, in a purely group-theoretic way, from the pair (IL, G C Out(II)).
We shall refer to the subgroups of I constructed in this way as the cuspidal
inertia subgroups of II. In particular, for each open subgroup IT* C II of 11,
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the pair (II, G C Out(Il)) determines a set I(II*) (respectively, Cusp(I*)) of
cuspidal inertia subgroups of II* (respectively, cusps of II*), namely, the set
of intersections of II* with cuspidal inertia subgroups of II (respectively, the
conjugacy classes of cuspidal inertia subgroups of II* ).

Let N C GT be a normal open subgroup. Suppose that we are given an outer

action of N on Iy and an open injection Iy O;t N — Il O;t GT such that
the above conditions (a), (b) in the case of “II* C 11”7, “M C J” hold for
IIy C IIx, N C GT. Then the original outer action of N C GT on Ilx
coincides with the outer action of N on Ilx induced [cf. condition (a)] by
the outer action of N on Iy and the outer surjection Iy — Ilx fi.e., the
horizontal arrow in the above Belyi diagram].

Let
C(II) = (II, G C Out(II), I1*, {0, 1, 00} C Cusp(II), {0,1, 00} C Cusp(II*))
be a 5-tuple consisting of the following data:

e q topological group I1;

o a closed subgroup G C Out(Il) such that the pair (II, G C Out(Il)) is a
tripodal pair;

e an open subgroup II* C II of IT of genus 0, where we observe that the
genus of an open subgroup of Il may be defined by using the cuspidal
inertia subgroups of the open subgroup [cf. (i)];

e a subset {0,1,00} C Cusp(Il) [cf. (i)] of cardinality 3 [equipped with labels
07, “17, “0”] of the set Cusp(Il);

o o subset {0,1,00} C Cusp(Il*) [cf. (i)] of cardinality 3 [equipped with
labels 07, “17, “c0”] of the set Cusp(II*).

Suppose that the collection of data C(I1) is isomorphic to the collection of data

O(Hx) == (Hx,GT Q Out(Hx),HU,
{0,1,00} C Cusp(Ilx), {0, 1,00} C Cusp(Ily))

determined, in a natural way, by the given Belyi diagram. [Here, we observe
that the horizontal arrow in the given Belyi diagram determines, in a nat-
ural way, data {0,1,00} C Cusp(Ily).] Fiz an isomorphism of collections
of data C(I1) = C(llx). Thus, the outer surjection Iy — Ix [i.e., the
horizontal arrow in the given Belyi diagram], together with the isomorphism
Cl) = C(Ily), determine an outer surjection II* — II. Let N C G be a
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normal open subgroup such that the conditions (a), (b) considered above in the
case of “M C J” hold for N C G. Then the outer surjection II* — II may
be reconstructed, in a purely group-theoretic way, from the collection
of data C(II) as the outer surjection induced by the unique Il-outer surjec-
tion IT* O;t N —» 11 O;t N [i.e., surjection well-defined up to composition with
inner automorphisms arising from elements of 1] that lies over the identity
morphism of N such that

o the kernel of this Il-outer surjection IT* O;t N — 11 O;t N is topologically
generated by the cuspidal inertia subgroups of IT* which are not associated
to 0,1, 00 € Cusp(IT*);

e the conjugacy class of cuspidal inertia subgroups of II* associated to 0
(respectively, 1, oo) € Cusp(II*) maps to the conjugacy class of cuspidal
inertia subgroups of 11 associated to 0 (respectively, 1, co) € Cusp(II).

Next, let us consider the situation discussed in Theorem A, (ii). Let J be a
closed subgroup of GT. Thus, for each normal open subgroup M of J such that
M C NnNJ, we have a diagram

out out

Iy x M —— IIx x M

|

out

Hx><1M

of I x -outer homomorphisms [i.e., homomorphisms well-defined up to composition
with inner automorphisms arising from elements of IIx] of profinite groups. We
shall refer to a diagram obtained in this way as an arithmetic Belyi diagram.

Fix an arithmetic Belyi diagram B* as above. Write

D(B*, M, J)

out
for the set of the images via the natural composite Il x-outer homomorphism Il x

out out out
M — IIx x M < IIx x J of the normalizers in II;; x M of cuspidal inertia
subgroups of I;
D(B*, J)

for the quotient set (I_lMgJ DB, M, J))/ ~, where M ranges over all sufficiently
small normal open subgroups of J, and we write D(B*,M,J) > Gy ~ Gyt €
D(B*, MT,.J) if Gar NGyt is open in both Gy and G+

Write

D(.J)
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for the quotient set ( Ugx DB, J )) / ~, where B* ranges over all arithmetic Belyi
diagrams, and we write D(B*,.J) 3 Gigx ~ Gigx € D(¥B*,.J) if Gppi N G
is open in both G+ and G+ for some representative G+ (respectively, G t)
of Gigx (respectively, Gigx ). We shall refer to D(J) as the set of decomposition

out
subgroup-germs of Il x x J. One verifies immediately that the natural conjugation
t ut
action of IIx % J on itself induces a natural action of IIx % J on D(J) [cf.
Corollary 1.6].
Write
D(J)

for the quotient set D(J)/IIx. Thus, D(J) admits a natural action by J. Here, we
recall that, by the [“usual”] theory of Belyi cuspidalization developed in [AbsTopll],
83, we have a natural bijection

D(Gg) < QU {oo}

[cf. Corollary 1.7].
Next, let J; and Jy be closed subgroups of GT. If J; C Jy, C GT, then one
verifies immediately from the definition of D(J) that the inclusion J; C Js induces,

by considering the intersection of subgroups of Il x O;t Jo with IIx O;t J1, a natural
surjection D(Jz) — D(J7) that is equivariant with respect to the natural actions
of J; (C Jz) on the domain and codomain [cf. Corollary 1.6]. Thus, we obtain the
following commutative diagram

GT DO G@
m m
D(GT) - D(Gp) &Qu {0}

[cf. Corollary 1.7]. In particular, since the outer action of GT on ITx preserves the
cuspidal inertia subgroups of IIx associated to oo,

if one could prove that the surjection D(GT) — D(Gq) is a bijection,
then it would follow that GT naturally acts on the set Q.

In fact, at the time of writing of the present paper, the author does not know
whether or not the surjection D(GT) — D(Gg) is a bijection,
or indeed, more generally,
whether or not GT admits a natural action on the set Q.

On the other hand, we obtain the following result concerning the p-adic ana-
logue of this sort of issue [cf. Corollary 2.4]:
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Corollary B (Natural surjection from GT;p to Gg,). Letp be a prime num-
ber; Q, an algebraic closure of Q, [cf. Notations and Conventions]. Write GT;Qp
for the p-adic version of the Grothendieck-Teichmdiiller group defined in Definition
2.1 [cf. also Remark 2.1.2]. Then one may construct a surjection GT;,p - G, def

Gal(Q,/Qp) whose restriction to Gg, is the identity automorphism.

The key point of the proof of the above corollary is the following theorem [cf.
Theorem 2.2]:

Theorem C. (Determination of moduli of certain types of p-adic hy-
perbolic curves by data arising from geometric tempered fundamental
groups). We maintain the notation of Corollary B. Write X def ]P’(}:p\{O, 1,00},
where C,, denotes the p-adic completion of @p. Let Y — X be a connected finite
étale covering of X ;y, y' elements of Y(C,). Write Y, (respectively, Yy ) for Y \{y}
(respectively, Y\{y'}); TIy® (respectively, H%f;, H%};,) for the tempered fundamen-
tal group of Y (respectively, Yy, Y, ). Suppose that there exists an isomorphism
Hg = Hg}zl that fits into a commutative diagram

tp ~ tp
HYy HYyr

l |

tp tp
l_IY 1_IY ’

where the vertical arrows are the surjections [determined up to composition with an
inner automorphism/ induced by the natural open immersions of hyperbolic curves.
Theny=1v'.

Finally, we consider yet another interesting class of closed subgroups of GT
which act naturally on the set of algebraic numbers Q. Let p be a prime number.
For any field F' and positive integer n, we shall write

F*E R0}, pn(F) S {re FX |0 =1}, w(F) | pm(F)

m>1
ppe (F) ) e (F), ™ & () ()P, Free € () (7)™
m>1 m>1 m>1

[cf. Notations and Conventions]. We shall say that the field K is stably p-x (respec-
tively, p-xu, X, xu)-indivisible if, for every finite extension L of K, L*P™ = {1}
(respectively, L*P™ C u(L), L*>° = {1}, L*>® C u(L)) [cf. Definition 3.3, (v)].
We shall say that K is stably p,e (respectively, stably p)-finite if, for every finite
extension KT of K, i, (KT) (respectively, u(KT)) is a finite group [cf. Definition
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3.3, (vii)]. First, we observe that such fields exist in great abundance [cf. Lemma
3.4]:

Lemma D (Basic properties of stably p-x/p-xu/x/xu-indivisible fields).
Let p be a prime number, K a field of characteristic # p.

(i) If K is p-x (respectively, x )-indivisible, then K is p-xu (respectively, X )-
indivisible. Let O € {xpu, x}. If K is p-O-indivisible, then K is O-indivisible.

(ii) Let O € {p-X,p-xp, X, Xu}, L an extension field of K. Then if L is O-
indivisible, then K is O-indivisible.

(iii) Suppose that K is a generalized sub-p-adic field (respectively, sub-p-adic field)
[for example, a finite extension of Q or Q, — cf. [AnabTop], Definition 4.11
(respectively, [LocAn], Definition 15.4, (i))]. Then K is stably p-X p-indivisible
(respectively, stably p-x p-indivisible and stably x-indivisible) and stably o
(respectively, stably p)-finite.

(iv) Suppose that K is stably p,e- (respectively, stably u)-finite. Let L be an (alge-
braic) abelian extension of K. Then if K is stably p-xu (respectively, stably
x p)-indivisible, then L is stably p-xp (respectively, stably x u)-indivisible.

(v) Let L be a(n) (algebraic) Galois extension of K. Suppose that L is stably fipe
(respectively, stably p)-finite. Then if K is stably p-xu (respectively, stably
x p )-indivisible, then L is stably p-xp (respectively, stably x u )-indivisible.

(vi) Let L be a(n) (algebraic) pro-prime-to-p Galois extension of K. Then if K is

stably p-x p-indivisible, then L is stably p-x p-indivisible.

Thus, in particular, it follows from Lemma D, (i), (ii), (iii), (iv), (vi), that,
if p is a prime number, then any subfield of an abelian or pro-prime-to-p Galois
extension of a finite extension of Q or Q, is stably p-xp-indivisible, hence stably
x pi-indivisible [cf. Remark 3.4.1].

Let K be a stably x p-indivisible field of characteristic 0; K an algebraic closure
of K. Write G def Gal(K/K). Then we apply the theory of combinatorial Belyi
cuspidalization developed in §1 to obtain the following [cf. Corollary 3.9]:

Corollary E. (Natural homomorphism from the commensurator in GT
of the absolute Galois group of a stably xp-indivisible field to Gg). Fiz
an embedding Q — K. In the following, we shall use this embedding to regard Q
as a subfield of K. Thus, we obtain a homomorphism Gx — Gg (C GT) [cf. the
discussion at the beginning of the Introduction]. Suppose that this homomorphism
Gk — G 1is injective. In the following, we shall use this injection Gx — Gg to
regard G as a subgroup of Gq, hence also as a subgroup of GT. Then one may
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construct a natural surjection

Car(Gk) = Cay(Gk) (€ Go).

[cf. Notations and Conventions] whose restriction to Cg,(Gk) is the identity au-
tomorphism.

The key point of the proof of the above corollary is the injectivity portion of
the section conjecture for hyperbolic curves of genus 0 over a stably X p-indivisible
field of characteristic 0 [cf. Corollary 3.7]. This injectivity is a consequence of the
following [cf. Theorem 3.5]:

Theorem F. (Weak version of the Grothendieck Conjecture for hyper-
bolic curves of genus 0 over a stably p-xu/xp-indivisible field of char-
acteristic 0). Let K be a stably p-xpu (respectively, X u)-indivisible field of char-
acteristic 0; K an algebraic closure of K. Write G def Gal(K/K). Let U and V
be hyperbolic curves of genus 0 over K;

¢ZHU:>HV

an isomorphism of profinite groups such that ¢ lies over the identity automorphism
on Gg. We consider the following conditions:

(a) ¢ induces a bijection between the cuspidal inertia subgroups of Iy and the
cuspidal inertia subgroups of Il .

(b) Let I C Il be a cuspidal inertia subgroup of Ilyy. Consider the natural com-
posite

Z(1) 315 6(1) & Z01)

— where {1)” denotes the Tate twist; the first and final isomorphisms are
the natural isomorphisms [obtained by considering the action of each cusp-
idal inertia subgroup on the roots of a uniformizer of the local ring of the
compactified curve at the cusp under consideration]; the middle isomorphism
s the isomorphism induced by ¢. Then this natural composite is the identity
automorphism.

Suppose that condition (a) holds (respectively, conditions (a), (b) hold). Then there
exists an isomorphism of K-schemes

UV

that induces a bijection between the cusps of U and V' which is compatible with the
bijection between cuspidal inertia groups of Iy and Iy induced by ¢.
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On the other hand, if one restricts to the case of a finite extension of the
maximal abelian extension Q* C Q of Q, then one may prove the injectivity
portion of the section conjecture for arbitrary hyperbolic curves [cf. Corollary 3.2]:

Corollary G. (The injectivity portion of the Section Conjecture for ar-
bitrary hyperbolic curves over a finite extension of Q®). Let K C Q be

a number field, i.e., a finite extension of Q; Y a hyperbolic curve over K. Write

K = K Q% Yigeya Y x ¢ KY; G reyer & Gal(@/K); Y (K for the
set of K -valued points of Y; Ys &l y xx Q; Sect(Ily, . = Ggeva) for the

set of equivalence classes of sections of the natural surjection 1y

cycl

eyl e GKcycl,
where we consider two such sections to be equivalent if they differ by composition

with an inner automorphism induced by an element of My Then the natural map

Y (K<) — Sect(Ily

Kecycl

- GKcycl)

18 1njective.

This paper is organized as follows. In §1, we develop the theory of combina-
torial Belyi cuspidalization. In §2, we first show that the moduli of a hyperbolic
curve over @p of genus 0 with 4 points removed are completely determined by
the geometric tempered fundamental group of the curve, regarded as an exten-
sion of the geometric tempered fundamental group of the tripod [cf. Notations
and Conventions] over Q,, [cf. Theorem C]. This result, together with the theory
of combinatorial Belyi cuspidalization developed in §1, implies that there exists
a surjection GT;Dp — G, whose restriction to G, is the identity automorphism
[cf. Corollary B]. In §3, we observe that the injectivity portion of the section con-
jecture for hyperbolic curves [cf. Corollary G] (respectively, hyperbolic curves of
genus 0 [cf. Theorem F]) over maximal cyclotomic extensions of number fields
(respectively, over stably xp-indivisible fields of characteristic 0 [cf. Lemma D])
holds [by a well-known argument!] and prove that, if the natural outer surjection
Gk — G is injective, then there exists a surjection Cqr(Gk) - Ca, (G k) whose
restriction to Cg, (G ) is the identity automorphism [cf. Corollary EJ.

Notations and Conventions
In this paper, we follow the notations and conventions of [CbTpI].
Fields: The notation Q will be used to denote the field of rational numbers. The

notation Z will be used to denote the ring of integers of Q. The notation C will be
used to denote the field of complex numbers. The notation Q C C will be used to
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denote the set or field of algebraic numbers € C. We shall refer to a finite extension
field of Q as a number field. If p is a prime number, then the notation Q, will be
used to denote the p-adic completion of Q; the notation Z, will be used to denote
the ring of integers of QQ,,. We shall refer to a finite extension field of Q,, as a p-adic
local field. For any field F', prime number p, and positive integer n, we shall write

FXEF\{0}, pu(F)E {zeF*|a" =1},

e (F) S | e (F), n(F) S | ()

m>1 m>1
Fxp* def ﬂ (Fx)jnm7 Jabes def m (FX)m,
m>1 m>1

Topological groups: Let G be a topological group and H C G a closed subgroup
of G. Then we shall denote by Zg(H) (respectively, Ng(H), Cq(H)) the centralizer
(respectively, normalizer, commensurator) of H C G, i.e.,

Za(H) < {g € G| ghg™ = h for any h € H}

(respectively, Ng(H) &of {9€G|g-H gt =H}
Cq(H) def {ge G|HNg-H-g'is of finite index in H and g- H - g~ 1}).
We shall say that G is slim if Z(U) = {1} for any open subgroup U of G.

Let G be a topological group. Then we shall write Aut(G) for the group of
automorphisms of the topological group G, Inn(G) C Aut(G) for the group of
inner automorphisms of G, and Out(G) o Aut(G)/Inn(G). We shall refer to an
element of Out(G) as an outomorphism of G. Now suppose that G is center-free

[i.e., Zg(G) = {1}]. Then we have a natural exact sequence of groups
1 — G (5 Inn(Q)) — Aut(G) — Out(G) — 1.

If J is a group, and p : J — Out(G) is a homomorphism, then we shall denote by

out

G xJ

the group obtained by pulling back the above exact sequence of groups via p. Thus,
we have a natural exact sequence of groups

1—>G—>GO>TJ—>J—>1.

Suppose further that G is profinite and topologically finitely generated. Then one
verifies immediately that the topology of G admits a basis of characteristic open
subgroups, which thus induces a profinite topology on the groups Aut(G) and
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Out(G) with respect to which the above exact sequence relating Aut(G) and
Out(G) determines an exact sequence of profinite groups. In particular, one verifies
easily that if, moreover, J is profinite, and p : J — Out(G) is continuous, then the

out
above exact sequence involving G x J determines an exact sequence of profinite
groups.

Curves: A smooth hyperbolic curve of genus 0 over a field k with precisely 3
cusps [i.e., points at infinity], all of which are defined over k, will be referred to as
a “tripod”.

Fundamental groups: For a connected Noetherian scheme S, we shall write Ilg
for the étale fundamental group of S, relative to a suitable choice of basepoint.

81. Combinatorial Belyi cuspidalization

In this section, we develop the theory of combinatorial Belyi cuspidalization.
First, we introduce the notion of a Belyi diagram as follows.

Definition 1.1.

(i) Write X for ]P’}@\{Q 1,00}, where P}@\{O, 1,00} denotes the projective line over
the field of algebraic numbers Q [cf. Notations and Conventions], minus the
three points “0”, “17, “oc0”. Let U — X be a connected finite étale covering
of X, U — X an open immersion. Then the morphisms U — X, U — X
determine, respectively, the vertical and horizontal arrows in a diagram of
outer homomorphisms of profinite groups as follows:

HU — IIx
IIx.
We shall refer to any pair consisting of

e a diagram obtained in this way;

e an open subgroup of Iy, which, by a slight abuse of notation, we denote
by IIy C IIx, that belongs to the ITx-conjugacy class of open subgroups
that arises as the image of the vertical arrow of the diagram

as a Belyi diagram.
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(ii) Recall the Grothendieck-Teichmiiller group GT, which may be regarded as
a closed subgroup of the outer automorphism group of the étale fundamental
group ITx [cf. Notations and Conventions| of X = IE%\{O, 1,00} [cf. [CmbCsp],
Definition 1.11, (i); [CmbCsp], Remark 1.11.1]. Let (IT, G C Out(II)) be a pair
consisting of

e an abstract topological group II;

e a closed subgroup G of Out(II).

If there exists an isomorphism of such pairs
(I, G C Out(Il)) = (Ilx,GT C Out(Ilx))

[i.e., if there exist isomorphisms II = ITx and G' = GT of topological groups
compatible with the inclusions G C Out(II) and GT C Out(ILx)], then we
shall refer to the pair (II, G C Out(Il)) as a tripodal pair.

Lemma 1.2. Let J C GT be a closed subgroup of GT. Fiz a Belyi diagram

Iy —— Iy

l

IIx.

Write ¢y = Aut(lly) — Out(Ily), ¢x : Aut(Ilx) — Out(llx) for the natural

surjections. Then, for any sufficiently small normal open subgroup M C J, there
t t
exist an outer action of M on Ily and an open injection 1l M IIx ST

such that

(a) the outer action of M preserves and induces the identity automorphism on the
set of the conjugacy classes of cuspidal inertia subgroups of Iy ;

(b) the outer action of M on Iy extends uniquely [cf. the slimness of llx] to a
Iy -outer action on Ilx that is compatible with the outer action of J (2 M)

t t
on Ilx; the injection Iy WM s IIx % J is the injection determined by the
inclusions Iy C Ilx and M C J and the Iy -outer actions on Iy and 1lx.

Proof. First, we recall that ITx is slim [cf., e.g., [MT], Proposition 1.4]. Write
AutHU (Hx) - Aut(Hx)

for the subgroup of Aut(Ilx) consisting of elements that induce automorphisms of
IIyy that fix each of the conjugacy classes of cuspidal inertia subgroups of II;;;

Inn'lv (IIx) C Auttv (IIx)
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for the image of II;; by the natural isomorphism IIx — Inn(ILy). It follows imme-
diately from the slimness of IIx [cf., e.g., [MT], Proposition 1.4] that the natural
homomorphism Aut''V (Ilx) — Aut(ITy) is injective. This injectivity implies that
Ker(Aut" (Ilx) — Out(Iy)) C Inn'™ (ITx).

Since Il is a finite index subgroup of IIx, and the cardinality of the conjugacy
classes of cuspidal inertia subgroups of II;; is finite, there exists a normal open
subgroup My of ¢%*(J) C Aut(Tly) satisfying the following conditions:

(i) Maw NInn(ITx) € Inn™? (ITy);
(i) Maw C Aut'™v (Ilx).
Write
MU - Out(HU),
M C Out(Hx),
My aw € Aut'™ (TTx)/Inn'™ (T1x)

for the respective images of the composites

Mans € Aut™ (TTy) < Aut(ITy) 2% Out(Ily),
May € Aut™ (ITx) € Aut(Tlx) 3 Out(Tlx),
Mayue C Aut™™ (Ilx) — AutHU(HX)/InnHU (IIx).
Then we have a commutative diagram of profinite groups

Aut(HU) — AutHU(Hx) —_— Aut(Hx)

l l l
(

Out(My) +—— Aut"™ (Ily)/Inn"" (ITx) —— Out(ILy)

I I I

My  —— My, aut — M,

where the lower left-hand horizontal arrow is a bijection; the lower right-hand
horizontal arrow is a surjection. Finally, it follows immediately from condition (i)
that the surjection My A, — M in the above commutative diagram is bijective.
Now the assertions of Lemma 1.2 follow formally. O

Theorem 1.3 (Combinatorial Belyi cuspidalization for a tripod). Fiz a Be-

lyi diagram
Iy —— Ilx

l

IIx
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that arises from a connected finite étale covering U — X and an open immersion

U — X [¢f. Definition 1.1, (i)]. Then:

(i)

(i)

(iii)

Let (II, G C Out(Il)) be a tripodal pair. Fix an isomorphism of pairs « :
(I, G € Out(Il)) = (IIx,GT C Out(Ilx)). Then the set of subgroups of 11
determined, via «, by the cuspidal inertia subgroups of llx, may be recon-
structed, in a purely group-theoretic way, from the pair (IL, G C Out(II)).
We shall refer to the subgroups of I constructed in this way as the cuspidal
inertia subgroups of II. In particular, for each open subgroup IT* C II of 11,
the pair (II, G C Out(Il)) determines a set I(IT*) (respectively, Cusp(IT*)) of
cuspidal inertia subgroups of II* (respectively, cusps of I1* ), namely, the set
of intersections of II* with cuspidal inertia subgroups of II (respectively, the
conjugacy classes of cuspidal inertia subgroups of II*).

Let N C GT a normal open subgroup. Suppose that we are given an outer

action of N on Ily and an open injection Iy OQtN — Iy 0>lilt GT such that the
conditions (a), (b) in Lemma 1.2 in the case of “M C J” hold for N C GT.
Then the original outer action of N C GT on IIx coincides with the outer
action of N on Ilx induced [cf. condition (a)] by the outer action of N on
Iy and the outer surjection Iy — Ilx [i.e., the horizontal arrow in the above
Belyi diagram)].

Let

C(II) = (I, G € Out(II), I1*, {0, 1,00} C Cusp(II), {0, 1,00} C Cusp(II*))

be a 5-tuple consisting of the following data:

a topological group I1;
a closed subgroup G C Out(II) such that the pair (II, G C Out(II)) is a
tripodal pair;

e an open subgroup IT* C II of II of genus 0, where we observe that the
genus of an open subgroup of II may be defined by using the cuspidal
inertia subgroups of the open subgroup [cf. (i)];

o q subset {0,1,00} C Cusp(Il) [cf. (i)] of cardinality 3 [equipped with labels
07, “17, “x”] of the set Cusp(Il);

o o subset {0,1,00} C Cusp(Il*) [cf. (i)] of cardinality 3 [equipped with
labels 07, “17, “c0”] of the set Cusp(IT*).
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Suppose that the collection of data C(II) is isomorphic to the collection of data

C(Hx) = (Hx,GT Q Out(HX),HU,
{0,1,00} C Cusp(Ilx), {0, 1,00} C Cusp(Ily))

determined, in a natural way, by the given Belyi diagram. [Here, we observe
that the horizontal arrow in the given Belyi diagram determines, in a natural
way, data {0,1,00} C Cusp(Ily)./ Fiz an isomorphism of collections of data
C(II) = C(llx). Thus, the outer surjection Iy — Ilx [i.e., the horizontal
arrow in the given Belyi diagram], together with the isomorphism C(I1) =
C(Ilx), determine an outer surjection II* — II. Let N C G be a normal open
subgroup such that similar conditions to the conditions (a), (b) considered
in Lemma 1.2 in the case of “M C J” hold for N C G. Then the outer
surjection II* — II may be reconstructed, in a purely group-theoretic
way, from the collection of data C(II) as the outer surjection induced by the

out out
unique I1-outer surjection IT* W N T x N [i.e., surjection well-defined up

to composition with inner automorphisms arising from elements of I1] that lies
over the identity morphism of N such that

o the kernel of this Il-outer surjection IT* 0>Lét N — 11 O;t N is topologically
generated by the cuspidal inertia subgroups of II* which are not associated
to 0,1, 00 € Cusp(IT*);

e the conjugacy class of cuspidal inertia subgroups of II* associated to 0
(respectively, 1, co) € Cusp(II*) maps to the conjugacy class of cuspidal
inertia subgroups of II associated to 0 (respectively, 1, co) € Cusp(Il).

Proof. First, we verify assertion (i). Since the outer action of GT on IIx de-
termined by the inclusion GT C Out(Ilx) is I-cyclotomically full [cf. [CmbGC],
Definition 2.3, (ii)], assertion (i) follows immediately from [CmbGC], Corollary
2.7, (i), and its proof.

Next, we verify assertion (ii). First, we observe that:

Claim 1.3.A: Tt suffices to prove assertion (ii) for a sufficiently small normal
open subgroup NT C N.

Indeed, let 0 € N. Write

e p/: N — Out(Ilx) for the original outer action;

p" + N — Out(Ilx) for the outer action of N on IIx induced [cf. condition
(a)] by the outer action of N on IIy and the outer surjection Iy — IIx.
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Suppose that p'|n+ = p’|nt. Write p e Plnt; o e po); o” & p" (o). Our

goal is to prove that o/ = ¢”. Since NT is a normal subgroup in N, for each 7 €

NT,

a'p(t)(0")™t = pl(oro™t) = p’(o10™t) = o”p(7)(c”)~ . Thus, (¢”) 1o’ €

Zou(riy) (p(N)). By the Grothendieck Conjecture for hyperbolic curves over num-

ber fields [cf. [Tamal], Theorem 0.4], (6”)~'o’ is induced by a geometric automor-
phism of X. Since the condition (a) in Lemma 1.2 in the case of “M C J” holds
for N C GT, (¢"")~ 1o’ preserves and fixes each conjugacy class of cuspidal inertia

subgroups of IIx. Thus, we conclude that ¢’ = ¢”. This completes the proof of
Claim 1.3.A.

Write

IIx, for the étale fundamental group of the third configuration space X3 of X
[cf. [MT], Definition 2.1, (i)];
pr; : lIx, — IIx (i = 1,2,3) for choices of surjections that induce the natural

outer surjections determined by the natural scheme-theoretic projections;

US LU XU XU, XX x X x X, U™ € 1y x Hy x Hpy, Ty <

IIx x IIx x IIx;

Vs def X3 X xx3 UX3, where the fiber product is with respect to the open
immersion X3 < X*3 that arises from the definition of the configuration
space X3 and the finite étale covering U*® — X *3 determined by the given

connected finite étale covering U — X.

Next, we make the following observations:

the projection V3 — U3 is an open immersion that factors as the composite
of an open immersion V3 < Us and the open immersion Us < U*3 that arises
from the definition of the configuration space Us;

by choosing a suitable basepoint of V3, we may regard Iy, as the open sub-
group Ily, C Ilx, given by forming the inverse image of the open subgroup
Hég’ - H;;S (determined by the open subgroup II;; C IIx) via the surjection
My, — II5* determined by pr; : Iy, — Ix (i = 1,2,3);

the open immersion V3 < Us induces a natural outer surjection Iy, — Il,;
the open immersion Us < X3 determined by the open immersion U — X
induces a natural outer surjection Ily, — Ilx,;

we have natural inclusions N C GT — Out"“(Ilx,) < Out"(Ilx) [cf.
[CmbCsp], Definition 1.11, (i); [CmbCsp|, Remark 1.11.1; [CmbCsp|, Theo-
rem 4.1, (i); [CmbCsp], Corollary 4.2, (i), (ii)].

For each 0 € N — Out™“(Ily,), let 63 € Aut"“(Ilx,) be a lifting of the image
o3 € Outt® (I1x,) of o such that the automorphisms of IIx induced by &3 via the
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surjections pr; : IlIx, — IIx (i = 1,2, 3) coincide and stabilize the subgroup IIyy C
IIx [cf. our hypotheses on N]. Thus, it follows from the various observations made
above concerning the open subgroup Ily, C Ilx, that 3 induces an automorphism
&Vs of HV3 .

Next, we verify the following assertion:

Claim 1.3.B: There exists a normal open subgroup Nt of GT such that
Nt C N, and, moreover, the following condition holds:

For each element o € N, &y, € Aut(Ily;,) preserves the kernel
of the outer surjection Ily, — IIy, (respectively, IIy, — Iy, —
IIx,) induced by the open immersion V3 < Us (respectively,
the composite of open immersions V3 — Uz — X3).

In particular, &y, € Aut(Ily,) induces outer automorphisms of IIy, and
ITx, compatible with the outer surjections Iy, — Iy, and Iy, — Ilx,,
respectively.

Write

o [x, for the set of inertia subgroups C IIx, associated to the irreducible divisors
contained in the complement of the interior of the third log configuration space

of X [cf. [MT], Definition 2.1, (i)];
def
° IV3 = {IHHVS (g HXg) | Ie IXS};
o [y, for the set of images of elements of Iy, by the outer surjection Ily, — Ily,;
o |Ix,| (respectively, |Iy,|) for the set of IIx,- (respectively, IIy,-)conjugacy
classes of elements of Iy, (respectively, Iv;).

Next, we make the following observations:

e 73 acts on Iy, and induces the identity automorphism of |Ix,| [cf. condition
(a) in Lemma 1.2; [CmbCsp], Proposition 1.3, (vi)];

e for each o € N, the action of 65 on Ix, induces a natural action of Gy, on Iy,
and hence on |Iy,|;

e since, for each 0 € N, &3 is completely determined [cf. condition (a) in Lemma
1.2; the fact that U is of genus 0; the definition of 3] up to composition with
an inner automorphism of II'x, arising from IIy,, we conclude that the natural
action of &3 on Iy, determines a natural action of N on |Iy,|;

e |Ix,| and |Iy,]| are finite sets.

Thus, it follows immediately from the above observations that, if we take NT to
be a sufficiently small normal open subgroup of GT, then Gy, induces the identity
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automorphism of |Iy,| for each o € NT. Since the kernel of the outer surjection
Iy, — IIy, (respectively, IIy, — Ilx,) is topologically normally generated by
a certain collection of elements of Iy, (respectively, Iy, ), we obtain the desired
conclusion. This completes the proof of Claim 1.3.B.

By applying Claim 1.3.A and Claim 1.3.B, we may assume [by replacing N
by a suitable normal open subgroup of GT] that, for each element o € N, &y, €
Aut(Ily,) induces outer automorphisms oy, € Out(Ily,), oy, € Out(Ily,), and
ox, € Out(Ilx,) compatible with the outer surjections Ily, — IIy, and Iy, —
Iy, , respectively. Our goal is to prove that

o3 = ox, € Out(Ilx,).

Note that oy, € Out"(Ilx,) by construction. Since Out® (IIx,) = Out™“(Ilx,)
[cf. [CbTpII], Theorem A, (ii)], ox, € OutFC(HXS).

In the following discussion, we fix a surjection Iy, — IIy, (respectively,
Iy, — Ilx,) that induces the outer surjection Iy, — Ily, (respectively, Iy, —
IIx,) of Claim 1.3.B.

Next, write C for the set of 3-central tripods in ITx, [cf, [CbTplI], Definition
3.7, (ii)]; Cy for the set of 3-central tripods II°*"? of 1y, that satisfy the following
condition:

eted C Tl ; the image of 14 (C Iy, ) by the surjection Iy, —» Iy, is
a 3-central tripod of Ily,.

Then:

Claim 1.3.C: The natural action of Iy, by conjugation on Cy is transitive;
moreover,

C D Cy = {I1°"P4 ¢ ¢ | TI°"? N Ker(Ily, — My,) = {1}} # 0.

Write A C X*3 (respectively, Ay C U*3) for the image of X (respectively, U)
under the diagonal embedding X — X*3 (respectively, U < U*3). Note that
it follows immediately from the definition of the subgroup Iy, C IIx, [cf. also
[CbTpII], Definitions 3.3, (ii); 3.7, (ii)] that every I’ € C is contained in Ily;,
and that any two subgroups € C are Il x,-conjugate. Moreover, one verifies imme-
diately that the Ily,-conjugacy classes of subgroups € C are in natural bijective
correspondence with the irreducible [or, equivalently, connected] components of
the inverse image of A by the finite étale covering U*3 — X *3. Thus, by consid-
ering the Ily,-conjugacy class of subgroups € C' corresponding to Ay, we obtain
that Cy # (). On the other hand, by considering the scheme-theoretic geometry of
tripods that give rise to Ily,-conjugacy classes of subgroups € C' that do not cor-
respond to Ay, we conclude that such subgroups € C have nontrivial intersection
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with the kernel of the surjection IIy, — Ily,. This completes the proof of Claim
1.3.C.

Let T4 € Oy Write TP for the image of TI°®Y by the surjection ITy, —»
Iy,; TSP for the image of 5P by the surjection I, — Ix,. Thus, [T is a 3-
central tripod of IIy,, and Hgﬁpd is a 3-central tripod of IIx, [hence IIx,-conjugate
to ITctPd].

By the theory of tripod synchronization [cf. [CbTpll], Theorem C, (ii), (iii)]
and the injectivity of Out™(Ilx,) < Out™“(Ilx) [cf. [CmbCsp], Theorem 4.1,

(1)], we obtain injective tripod homomorphisms
T : Out"C(ILx, )" — Out(II'PY), T : Out"(ILy, )" — Out(IIE")

[cf. [CmbCsp], Definition 1.1, (v)], which are related to one another via composition
with the isomorphism ¢ : Out(II¢tPd) = Out(Hggpd) induced by the geometric
outer isomorphism TIPd =% TISP [cf. [ChTplI], Definition 3.4, (ii)] determined
by the composite surjection Iy, — Ily, — Ilx,. Since &y, preserves the Ily,-
conjugacy class of I1¢P9 C Iy, [cf. Claims 1.3.B, 1.3.C; [CbTplI], Theorem C,
(ii)], we conclude that ((T'(c3)) = Tx (0x,). This completes the proof of assertion
(ii).

Finally, we verify assertion (iii). The existence of a II-outer surjection II* Oit
N — 11 % N as in the statement of assertion (iii) follows immediately from asser-
tion (ii) and the various definitions involved. Since Gg € GT = G, the uniqueness

of a Il-outer surjection IT* %4 N = I1% N as in the statement of assertion (iii)
follows immediately from the Grothendieck Conjecture for hyperbolic curves over
number fields [cf. [Tamal], Theorem 0.4], applied to the case of P§\{0, 1, 00}. This
completes the proof of assertion (iii), hence also the proof of Theorem 1.3. O

Definition 1.4. Let J C GT be a closed subgroup of GT. In the situation of
Theorem 1.3, (ii), for each normal open subgroup M of J satisfying M C N N J,

we obtain a diagram
out out

Iy x M —— IIx x M

|

out

IIx x M
of I x -outer homomorphisms [i.e., homomorphisms well-defined up to composition
with inner automorphisms arising from elements of IIx] of profinite groups. We
shall refer to a diagram obtained in this way as an arithmetic Belyi diagram.
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Definition 1.5.
(i) Fix an arithmetic Belyi diagram B* as in Definition 1.4. Write
D(B*, M, J)
for the set of the images via the natural composite Il x-outer homomorphism
ut ut ut ut
IIy % M — Iy N M — Ilx % J of the normalizers in II;; O><1 M of cuspidal
inertia subgroups of Ily;
D(B*,.J)
for the quotient set ( Uprcs D(B*, M, J))/ ~, where M ranges over all suffi-
ciently small normal open subgroups of J, and we write D(B*, M, J) > Gy ~
Gyt € D(B*, M, J) if Gpr NGyt is open in both Gy and G+
(il) Write
D(.J)
for the quotient set ( Ligx ]D)(]B%”,J))/ ~, where B* ranges over all arith-
metic Belyi diagrams, and we write D(fB*,.J) > Gigx ~ Gigx € D(IB*,.J)
if Gt NGyt is open in both G+ and Gyt for some representative G+
(respectively, Gy 1) of Gigx (respectively, Gigx). We shall refer to D(J) as

t
the set of decomposition subgroup-germs of llx ST

(iii) We shall refer to the technique of constructing decomposition subgroup-germs

t
of IIx % J as in (ii) as combinatorial Belyi cuspidalization.

Corollary 1.6. In the situation of Definition 1.5:

(i) The natural conjugation action of Il x 0>l<ft J on itself induces a natural action

of Ty % J on D(J).

(ii) Write

D(J)

for the quotient set D(J)/Ilx. Then D(J) admits a natural action by J.

(#i) Let Jy and Jy be closed subgroups of GT. If J; C Jo C GT, then the inclusion
J1 C Jy induces, by considering the intersection of subgroups of Il x O;t Jo with
115 O>1:1t J1, a natural surjection

D(J2) = D(J1)

that is equivariant with respect to the natural actions of J; (C J3) on the
domain and codomain.
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out
Proof. First, we verify assertion (i). Let o € IIx W J (C Aut(Ilx)). Fix an arith-
metic Belyi diagram B>

out out
Iy x M — IIx x M

|

out

HxﬂM.

Next, we observe that o, the inclusion IIy C IIx, and the outer action of M on
Il determine

e an open subgroup Ily- def o(Ily)o~t C IIx that belongs to the Il x-conjugacy
class of open subgroups that arises as the image of the outer injection IIys <
IIx determined by some connected finite étale covering U? — X;

e an isomorphism IIyy = Iy [induced by conjugating by o] that induces a
bijection of the set of cuspidal inertia subgroups;
e an outer action [induced by conjugating by o] of M on Iye;

e a collection of data [induced by conjugating by o]

C(llx)” < (IIx,GT C Out(Ilx), -,

{Oa 1) OO} - CUSP(HX), {07 1a OO} - Cusp(HUG))

[cf. Theorem 1.3, (i), (iii)];
e an isomorphism C(Ilx) = C(Ilx)? [induced by conjugating by o].

Since M is a normal subgroup of J, by conjugating by o, we obtain an automor-
out ~ out . . out ~
phism oy : IIx X M — IIx x M and an isomorphism opsl, : Iy x M —

out . . . . out out
II;7e < M compatible with the natural inclusions Iy x M < IIx x M and
t t
IIye M s TI X M. Thus, it follows immediately from the above observations,

together with Theorem 1.3, (ii), (iii), that we obtain a commutative diagram of
profinite groups

out out out

Hx><1M<— HUXJM—>Hx><1M

UA{J/Z UAl‘HUJVZ UMlZ

out out out

HXle(—HUoNM—)H)(NM,

where the upper horizontal arrows “<”, “—=” are, respectively, the vertical and

out out
horizontal arrows of B*; the arrow IIx X M <« IIyo x M is the natural inclusion
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. out out . . .
discussed above; the arrow Il x M — Ilx x M is the Ilx-outer surjection
induced [cf. Theorem 1.3, (ii), (iii)] by the outer surjection IIyy» — IIx determined
by the open immersion U? < X that maps the cusp 0 (respectively, 1, co) of U?
to the cusp 0 (respectively, 1, co) of X. Thus, by the above observations and the
t
definition of D(J), we conclude that the natural conjugation action of IIx ST
t
on itself induces a natural action of IIx % J on D(J). This completes the proof
of assertion (i). Assertion (ii) follows immediately from assertion (i). Assertion
(iii) follows immediately from the various definitions involved. This completes the
proof of Corollary 1.6. O

Corollary 1.7. In the notation of Corollary 1.6, there exist a natural surjection
D(GT) - QU {oo} and a natural bijection D(Gg) = QU {oc}.

Proof. The usual theory of Belyi cuspidalization [cf. [AbsToplIII], Theorem 1.9,
(a)] yields a natural bijection D(Gg) = QU {oo}. Next, by applying the natural
inclusion Gg C GT [cf. the discussion at the beginning of the Introduction], we
obtain a natural surjection D(GT) — D(Gg) [cf. Corollary 1.6, (iii)]. Thus, by
considering the composite D(GT) — D(Gg) — Q U {00}, we obtain a natural
surjection D(GT) — Q U {oco}. This completes the proof of Corollary 1.7. O

Remark 1.7.1. The author does not know, at the time of writing, whether or not
the surjection

D(GT) - QU {00}

in Corollary 1.7 is bijective.

Remark 1.7.2. Tt follows immediately from the various definitions involved that
the inverse image of co via the surjection

D(GT) — QU {0}

in Corollary 1.7 consists of a unique element determined by the normalizer in

t
115% % GT of a cuspidal inertia subgroup of ITx associated to co.
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§2. Construction of an action of GT;}) on the field Q

In this section, we construct [cf. Corollary 2.4] a certain natural action of
GT;p on the field Q, where GT;Dp denotes [cf. Definition 2.1] a certain subgroup of
GT that contains the p-adic version of the Grothendieck-Teichmiiller group GT,
defined by Y. André [cf. [André], Definition 8.6.3] by using the theory of tem-
pered fundamental groups [cf. [André|, §4, for the definition and basic properties
of tempered fundamental groups]. First, we define GT;p.

Definition 2.1. Let p be a prime number, @p an algebraic closure of Q, [cf.
Notations and Conventions]. Write

o X &f IP’}CP\{O, 1,00}, where C,, denotes the p-adic completion of @p;

. Hg? for the tempered fundamental group of X, relative to a suitable choice of
basepoint.

We shall denote by GT;p the intersection of GT and Out(IT'?) in Out(Ilx) [cf.
Remark 2.1.1].

Remark 2.1.1. Observe that [for suitable choices of basepoints] IIx may be re-
garded as the profinite completion of Ht)?, and Ht}g may be regarded as a subgroup
of ITx [cf. [André], §4.5]. Then the operation of passing to the profinite completion

induces a natural homomorphism
Out(IT'?) — Out(ILy).

It follows immediately from the normal terminality of Ht)? in Iy, i.e., Ny, (Ht)?) =
Y [cf. [André], Corollary 6.2.2; [SemiAn], Lemma 6.1, (ii)], that this natural
homomorphism is injective. Thus, we shall use this natural injection to regard
Out(IT'?) as a subgroup of Out(Ilx).

Remark 2.1.2. Various p-adic versions of the Grothendieck-Teichmiiller group ap-

pear in the literature. It follows immediately from [André], Definition 8.6.3; [CbTpIII],

Theorem B, (ii); [CbTpIll], Theorem D, (i); [CbTpIll], Theorem E; [CbTpIII],
Proposition 3.6, (i), (ii); [CbTpIIl], Definition 3.7, (i); [CbTpIIl], Remark 3.13.1,
(i); [CbTpIIl], Remark 3.19.2; [CbTpIlI], Remark 3.20.1, that

Gg, CGTM CGTY CGT N Out(Ilx) = GT}P

Gg, CGTM C GT, CGT N Out®(Ily) = GT.
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Remark 2.1.3. Tt follows immediately from the fact that the subgroup “Out®(II;)
C Out(IIy)” [cf. [CbTpIII], Proposition 3.6, (i), (ii); [CbTpIII], Definition 3.7, (i);
[CbTpIII], Remark 3.13.1, (i)] is closed [cf. [CbTpIII], Theorem 3.17, (iv)] that
GT;}) is a closed subgroup of GT.

Next, we construct a natural action of GT;p on the set Q. The following
theorem plays a central role in this construction. We prove this theorem by apply-
ing various “resolution of nonsingularities” results [cf. [Tama2], Theorem 0.2, (v);
[Lpg], Theorem 2.7], as well as the reconstruction theorem of the dual semi-graph
from the tempered fundamental group of a pointed stable curve [cf. [SemiAn],
Corollary 3.11].

Theorem 2.2. In the notation of Definition 2.1, let ¢ : Y — X be a connected
finite étale covering of X; y, y' elements of Y (Cp). Write Y, (respectively, Y, )
for Y\{y} (respectively, Y\{y'}); TI\¥ (respectively, H%g, H%f;,) for the tempered
fundamental group of Y (respectively, Y,, Y,/ ), relative to a suitable choice of
basepoint. Suppose that there exists an isomorphism H%f; = Hgfy, that fits into a
commutative diagram
tp ~ tp
Hyy —_— HYy/
Iy 11y

where the vertical arrows are the surjections [determined up to composition with an

inner automorphism/ induced by the natural open immersions Yy, — Y, Y, — Y
of hyperbolic curves. Then y =y’.

Proof. Suppose that y # y'. Write

e Oc, for the ring of integers of Cp;

Y°P* for the smooth compactification of Y (over Cp);

S for YPU\ Y

Yy, for the stable model over Oc, of the pointed stable curve (YP*, S U
{v,u'});

e Y for the semi-stable model over O¢, of the pointed stable curve (Y**,S)
obtained by forgetting the data of the horizontal divisors of ), , determined

by v, y';
e 7 (respectively, 77') for the closed point of Y determined by y (respectively, y').

Let
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e ) be a proper normal model of Yt over Oc, that dominates ), and whose
special fiber contains an irreducible component ¢ (respectively, §') that maps
to ¥ (respectively, 7') in Y;

e § (respectively, §') the valuation of the function field of )V determined by §
(respectively, §').

Then, by applying [Lpg], Theorem 2.7 [cf. also the discussion at the beginning
of [Lpg], §1; the discussion immediately preceding [Lpg], Definition 2.1; the dis-
cussion immediately preceding [Lpg], Corollary 2.9], to Y, we conclude that there
exists a finite étale Galois covering

p:Z—=Y
such that, if we write

° Y(gr)‘ for the set of type 2 points of the Berkovich space Y2" associated to Y
[so that, by a slight abuse of notation, we may regard g, ¢’ as points of Yé‘;],

o V() for the set of type 2 points of Y2 corresponding to the irreducible
components of the special fiber of Y;

e Z°P' for the smooth compactification of Z (over C,);

e Z for the stable model of the pointed stable curve (Z°P% ¢=1(9));

e V(Z2) for the set of type 2 points of the Berkovich space Z?" associated to Z
corresponding to the irreducible components of the special fiber of Z;

e Im(V(Z)) C Y for the image of V(Z) by the natural map Z** — Y*"
induced by ¢,

then
@9 UV() € m(V(2) C ¥E.

Since Y is normal, it follows immediately, via a well-known argument [involving the
closure in Z X0g, Y of the graph of ¢], from Zariski’s Main Theorem, together with
the first inclusion of the above display, that ¢ determines a morphism f: Z2 — Y
such that

e the morphism f induces ¢ on the generic fiber;

e the image in the special fiber of ) of the vertical components of the special
fiber of Z [i.e., the irreducible components of this special fiber that map to a
point in the special fiber of Y] contains § and 7'

Fix a vertical component v in the special fiber of Z such that f(v) = 7. Write
Y for the normalization of ) in the function field of Z,f: Z— Y for the morphism
induced by the universal property of the normalization morphism #h : j) — V. Since
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h is finite, f(v) is a closed point of Y. By Zariski’s Main Theorem, f~(f(v)) is
connected. In particular, every irreducible component of f~*(f(v)) is of dimension
1. Let z € Z(C,) be such that

o f(z) =y

e z € f~(f(v)), where Z denotes the closed point of Z determined by z.
Observe that the set C, of irreducible components of the special fiber of Z that
contain Z is nonempty and of cardinality < 2. Write C, def {v,,w,}, where we
note that it may or may not be the case that v, = w,. Without loss of generality,
we may assume that z € v, C f~1(f(v)).

By [SemiAn], Corollary 3.11, any isomorphism of tempered fundamental groups
preserves cuspidal inertia subgroups. Thus, the given commutative diagram of tem-
pered fundamental groups

b ~ t
H;; —_— H}% ,
b t
Iy Iy,
implies the existence of a C,-valued point 2z’ of Z such that ¢(z') = 3/, together
with a commutative diagram of tempered fundamental groups

~

tp tp
HZZ HZZ/

| |

tp tp
1_[Z HZ ’

where Z, &t 7 \ {z}; Z. def \ {#'}; Hth (respectively, Hthz, Hth,) denotes the
tempered fundamental group of Z (respectively, Z,, Z./), relative to a suitable
choice of basepoint; the vertical arrows are the surjections [determined up to com-
position with an inner automorphism] induced by the natural open immersions
Z,— Z and Z, — Z of hyperbolic curves.

Write

e 7’ for the closed point of Z determined by 2z’;
e Z. for the stable model of the pointed stable curve (Z°P ¢=1(S) U {z});
e Z., for the stable model of the pointed stable curve (Z°Pt, ¢~1(S) U {z'});

e v} (respectively, w?) for the unique irreducible component of the special fiber
of Z, that maps surjectively [via the natural morphism Z, — Z] onto v,
(respectively, w,);

T" for the dual semi-graph of the special fiber of Z;
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e [, for the dual semi-graph of the special fiber of Z,;
e I,/ for the dual semi-graph of the special fiber of Z,..

Since, by [SemiAn], Corollary 3.11 [and its proof], the isomorphism Htp Htp
induces an isomorphism between the dual semi-graphs of special ﬁbers of the
respective stable models, the preceding commutative diagram of tempered funda-
mental groups induces a commutative diagram of ”generalized morphisms” of dual
semi-graphs

r, —— I

Lo

T T,
where the term ”generalized morphism” refers to a functor between the respective

categories “Cat(—)” associated to the semi-graphs in the domain and codomain
[cf. the discussion immediately preceding [SemiAn|, Definition 2.11].
Write

o v¥, (respectively, w3, ) for the irreducible component of the special fiber of Z,/

*

*
Z
*
z z

corresponding to v} (respectively, w?) via the isomorphism I', = T',/;
e v, (respectively, w,/) for the irreducible component of the special fiber of
Z obtained by mapping v}, (respectively, w},) via the generalized morphism

I, —»T.

Then the commutativity of the above diagram of generalized morphisms of dual
semi-graphs implies that {v,,w,} = {v,/,w, }. On the other hand, it follows from
the definitions of the various objects involved that z € v, Nw, = vy Nw, 3 7.
Thus, [if, by a slight abuse of notation, we regard closed points as closed sub-
schemes, then] we conclude that

f(zl) < f(vz’ Nwy) = f(vz Nw.) C f(UZ) = f(v)»
hence that
7 =fZ)=n(fZ))=h(f(v)=flv) =7
However, this contradicts our assumption that 7 # 7’. This completes the proof of
Theorem 2.2. O

Our goal in this section is to prove the following corollaries of Theorem 2.2.

Corollary 2.3. GT;Dp acts naturally on the set of algebraic numbers Q.

Proof. Write X def P}@\{O, 1,00}, where we think of “Q” as the subfield of C,
consisting of the elements algebraic over Q. [Thus, we have a natural embedding
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Q = C,.] In the following discussion, we shall identify X (Q) with Q \ {0,1}. We
take the “natural action” in the statement of Corollary 2.3 on {0,1} C Q@ to be
the trivial action. Let € X(Q) = Q\ {0,1}; 0 € GT;}’; B a Belyi diagram

Iy —— Ilx

l

IIx

such that = ¢ U(Q), where we identify U with the image scheme of the open
immersion U < X. Thus, we obtain an element zp € D(GT) [cf. Definitions 1.4,
1.5; Corollary 1.6, (ii)] such that zp — = € Q via the surjection D(GT) —» QU{oc}
of Corollary 1.7. Write () € QU {oo} for the image of the composite

D(GT) 5 D(GT) — QU {oo},

where the first arrow denotes the bijection induced by o [cf. Corollary 1.6, (ii),
in the case where J = GTJ; the second arrow denotes the surjection of Corollary
1.7. Since € Q, and the outer action of GT on IIx preserves the cuspidal inertia
subgroups of Ilx associated to oo, it follows from Remark 1.7.2 that (zg)? € Q.
Thus, to complete the proof of Corollary 2.3, it suffices to show that

the natural action of o on D(GT) [cf. Corollary 1.6, (ii)] descends to a
natural action of o on the quotient D(GT) — Q U {oo} of Corollary 1.7,

i.e., that

(zp)” = (zp1)” € Q

for any Belyi diagram Bf
My —— Tiy

l

IIx
such that x ¢ UT(Q) [where we identify UT with the image scheme of the open
immersion Ut < X], and zgt — = € Q via the surjection D(GT) — Q of Corollary
1.7. Write

i XSC déf ]P)}@\{Ov ]-7 z, OO},

P}@\{Oa ]-v (IB)UvoO};
def p
® X(o ) = %\{0,1,(3331) ,00}.

Next, by recalling the [right-hand square in the final display of the] proof of Corol-

def
® Xag)e =

lary 1.6, (i), in the case where J = GT, we obtain a commutative diagram of outer
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homomorphisms
HX(EH)U — HXT E— HX(‘E]BT)U

! l I

HX <; HX % HX7
o o

where the vertical arrows are the outer surjections induced by the natural open im-
mersions X; <= X, X(z5)0 — X, X(mm)o — X of hyperbolic curves; the horizontal
arrows are outer isomorphisms of topological groups. Since o € GT;}’, by recalling
the [construction of the diagram in the final display of the] proof of Corollary 1.6,
(i), in the case where J = GT, we conclude that the above commutative diagram
is induced by the following tempered version of the above commutative diagram

Iy — Iy ——— 1P
X(zn)o X Xz )
(zg) (BT)

| | |

~

tp ~ tp tp
Iy «—— Iy —— I,
tp

B)7 X(l‘B
group of the base extension of X, (respectively, X(;,)-, X (zm)a) by the embed-

where Hg? (respectively, Hg?(w 1_)0) denotes the tempered fundamental
ding Q < C,; the vertical arrows are the outer surjections induced by the natural
open immersions X, — X, X0 < X, X(%T)a — X of hyperbolic curves; the
horizontal arrows are outer isomorphisms of topological groups. Note, moreover,
that it follows from the surjectivity [cf. [André], the discussion of §4.5] of the
vertical arrows in the diagram of the preceding display that the inner automor-
phism indeterminacies in this diagram may be eliminated in a consistent fashion.
Thus, by applying Theorem 2.2 [in the case where “¢” is taken to be the identity
morphism], we conclude that (zg)° = (7gi)° € Q. This completes the proof of
Corollary 2.3. O

Corollary 2.4. One may construct a surjection GT;}’ — Gq, whose restriction
to Gg, [cf. Remark 2.1.2] is the identity automorphism.

Proof. We continue to use the notation X = ]P’}@\{O, 1,00}, Q = C,, of the proof

of Corollary 2.3. Write Y def P}@. [Thus, X C Y is an open subscheme of Y.] It

suffices to show that the action of GT;” on the set Q (C QU {oc} = Y(Q)) [cf.
Corollary 2.3] is compatible with the field structure of Q and the p-adic topology
of Q induced by the embedding Q — C,,. Fix o € GT;p C GT.
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First, we verify the compatibility with the field structure of Q. We begin by
verifying the following assertion:

Claim 2.4.A: The action of GT;” on the set ¥ (Q) = QU {oco} induced
by the action of GT;Dp on the set Q commutes with the natural action of

Autg(X) [i.e., the group of scheme-theoretic automorphisms of X over Q]
on the set Y(Q) = QU {oo}.

Recall that every element of GT;p commutes with the outomorphisms of Iy in-
duced by elements of Autg(X) [cf. [CmbCsp], Definition 1.11, (i); [CmbCsp], Re-
mark 1.11.1]. Thus, Claim 2.4.A follows immediately from the definition of the
action of GT;,p on Q in the proof of Corollary 2.3 via the action discussed in the
proof of Corollary 1.6, (i), (ii) [cf., especially, the right-hand vertical isomorphism
in the final display of the proof of Corollary 1.6, (i)].

Next, we verify the following assertion:

Claim 2.4.B: Suppose that

(*) the action of GT,” on the set QY Q)\ {0} is compatible with the

multiplicative group structure of Q .

Then the action of GT;}O on the set Q is compatible with the field structure
of Q.

Indeed, suppose that (x) holds. Since —1 € Q may be characterized as the unique
element © € Q \ {1} such that 2 = 1, we conclude that o preserves —1 € Q. Let
a,b€Q . Thena+b=a-(1—((—1)-a'-b)). Since the action of ¢ commutes
with the action of the automorphism of X over Q given [relative to the standard
coordinate “t” on Y = ]P’}@] by ¢ — 1 —t [cf. Claim 2.4.A], we obtain the desired
conclusion. This completes the proof of Claim 2.4.B.

Thus, by Claim 2.4.B, it suffices to show that (x) holds. Let z,y € Q" \ {1};
B* an arithmetic Belyi diagram [in the case where N is a normal open subgroup
of J = GT]

out out

IIy x N —— IIlx x N

|

out

HX x N
such that 271,y ¢ U(Q), where we identify U with the image scheme of the open
immersion U — X. Write

U, C P}@\{O, 1,z,00} C ]P’}@\{O,x, oo}
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for the image scheme of the composite of the open immersion U — X with the
isomorphism X = IE%\{O, x,00} induced by multiplication by x. Thus, we obtain

an arithmetic Belyi diagram B

out out

HUIXIN—>H)(><IN

|

out

HX>4N,

out out
where the horizontal arrow II;;, x N — IIx x NN denotes the IIx-outer homo-
morphism induced by the composite of inclusions

U, CIP’Q\{O,LJ: oo}CIP \{0,1,00} = X

out out
the vertical arrow IIyy, x N — IIx x N denotes the composite of the vertical
arrow
out

Iy ~ N — Iy >4 N
in the arithmetic Belyi diagram B* with an isomorphism

out
a1 My, ><1 NSy x N
over N induced by the natural scheme-theoretic isomorphism U, — U.
Next, by recalling the right-hand square in the final display of the proof of
Corollary 1.6, (i), in the case where N = M C J = GT, we obtain commutative
diagrams of outer homomorphisms of profinite groups

out out

IIy x N — IIx x N

at o

out

HUUNN—>HX>4N

out out

HUINN — IIx x N

at ar

out out

Liy,y» ¥ N —— IIx x N.
Write
(Ua)Tzoy-1 S PG\0,1, (%) 7F, 00} € PG\{0, (27) 71, 00}
for the image scheme of the composite of the open immersion (U,)? — X [cf.
the proof of Corollary 1.6, (i)] with the isomorphism X = IP’}@\{O7 (27)71, 00}
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induced by multiplication by (7). Note that there exists a natural II(;;, )--outer
isomorphism

out ~ out
Mo :H(UI)U X N%H(Uz)a X N

(2o)—1

over N induced by the natural scheme-theoretic isomorphism (Um)‘(’m”)_1 5 (U,)°.
Thus, by taking the composite of the I1_y-outer isomorphisms

out out

® g0 :H(Um)” X N:)H(UT)U X N,

(@)1
. out ~ out
e the inverse of Ily, x N — Il,)» x N [cf. the second of the above two

commutative diagrams],

out

- t
o tpr i1y, ¥ N 31y % N, and

b t
o Iy M NS pe @ N [cf. the first of the above two commutative diagrams],

we obtain a IIy--outer isomorphism

out

ut ~
H(Uz)" 0><I N = Ilye x N

(z7)~1

over N. Note that the conjugacy class of cuspidal inertia subgroups of Iy, ¥ o)1
associated to

0 (respectively, 1, (z°)71, (27) " (2y)?, oo)

maps, via the above composite of 1I(_)-outer isomorphisms, to the conjugacy
classes of cuspidal inertia subgroups of Il given as follows:

respectively, 27, 1, (zy)?, o)

respectively, 1, J:_1, Y, 00)

0
0
0
0

¢8 8 g

(
(respectively, z, 1, zy, 00)
(
(

respectively, 1, (z71)7, 37, co).
Thus, by restricting to Gg C GT = J [cf. Corollary 1.7], we conclude that
(@) Hay)” =y7 (& (ay)” = 27y").

This completes the proof of (x) and hence of the compatibility of the action of o
with the field structure of Q.
Next, we verify the compatibility with the p-adic topology of Q. Write

e X, (respectively, X o) for IP’}CP\{O7 1,z,00} (respectively, IP’}CP\{O, 1,27, 00});
. Htpr (respectively, Hf};ﬂ) for the tempered fundamental group of X, (respec-
tively, X,- ), relative to a suitable choice of basepoint;
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o I, (respectively, I';o) for the dual semi-graph of the special fiber of the stable
model of X, (respectively, X, - );

o V. (y) (respectively, Vo (y)) for the vertex of ', (respectively, I'yo) to which
the open edge determined by a cusp y of X, (respectively, X,-) abuts;

° vy Q" — Q for the p-adic valuation normalized so that vp(p) = 1.

Recall [cf. the upper horizontal isomorphisms in the final display of the proof of
Corollary 2.3] that there exists an isomorphism of topological groups
tp ~ 1Tt
Iy, = 11X,

such that the conjugacy class of cuspidal inertia subgroups associated to 0 (re-
spectively, 1, x, co) maps to the conjugacy class of cuspidal inertia subgroups
associated to 0 (respectively, 1, 27, 0o). Thus, by applying [SemiAn], Corollary
3.11, we conclude that the isomorphism of topological groups of the above display
induces an isomorphism of semi-graphs I, = 'y, and hence that

vp(x) >0 < Vy(z) = V,(0) # V(1)
& Vao (27) = Voo (0) # Vo (1)
< vp(2?) > 0.

This completes the proof of the compatibility of the action of ¢ with the p-adic
topology of Q and hence of Corollary 2.4. O

83. Analogous results for stably xp-indivisible fields

Write Q*" C Q [cf. Notations and Conventions] for the maximal abelian ex-
tension field of Q, i.e., the subfield generated by the roots of unity € Q. In this
section, we begin by proving the injectivity portion of the Section Conjecture for
abelian varieties over finite extensions of Q*" [cf. Theorem 3.1]. As a corollary, we
obtain the injectivity portion of the Section Conjecture for hyperbolic curves over
finite extensions of Q® [cf. Corollary 3.2]. On the other hand, if we restrict to the
case of the hyperbolic curves of genus 0, then we may prove [cf. Corollary 3.7] the
injectivity portion of the Section Conjecture over a stably p-xu-indivisible field
[cf. Definition 3.3, (viii)] K by means of different techniques. Here, we note that
the class of stably p-xp-indivisible fields is much larger than the class of the finite
extensions of Q* [cf. Lemma 3.4]. Finally, we construct [cf. Corollary 3.9] a nat-
ural action of Cqr(Gg) [cf. Notations and Conventions| on the field of algebraic
numbers. This construction is obtained as a consequence of Corollary 3.7.
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Theorem 3.1. Let K C Q be a number field, i.e., a finite extension of Q; A an

abelian variety over K. Write K%Y = K - Q*; G geya & Gal(Q/Ko); A(Ke¥e)
for the group of K -valued points of A; Ageya def 4 X g Kol Ag def 4 xx Q.

Then the natural map
A(KCyCl) — H1 (GKcycl 5 HAﬁ)

— d.e., obtained by taking the difference between the two sections of HA,cpa
G geva [each of which is well-defined up to composition with an inner automorphism
induced by an element of HA@] induced by an element of A(KY) and the origin

— 18 injective.

Proof. By considering the Kummer exact sequence for A(K '), we obtain natural
maps
A(K) — Jim AKYN Jn - A(KY) — HY(G geyer, HA@)7

n
where the first map is the natural homomorphism; the second map is injective;
the inverse limit is indexed by the positive integers, regarded multiplicatively. By
a well-known general nonsense argument [cf., e.g., the proof of [Cusp], Proposition
2.2, (i)], it follows that the composite map of the above display coincides with
the natural map in the statement of Theorem 3.1. Thus, it suffices to show that
A(K®) has no divisible elements. But this follows immediately from [KLR],
Appendix, Theorem 1, and [Moon], Proposition 7. This completes the proof of
Theorem 3.1. O

Corollary 3.2. Let K C Q be a number field, i.e., a finite extension of Q; Y a

hyperbolic curve over K. Write KV = K - Q®; Yieya defy X g KV G eyl def
Gal(Q/KY); Y(K<) for the set of K<'-valued points of Y ; Yy def y- x i Q;
Sect(Hchyd

surjection Iy __

if they differ by composition with an inner automorphism induced by an element

— Ggeya) for the set of equivalence classes of sections of the natural
— G ey, where we consider two such sections to be equivalent

of Hy@. Then the natural map
Y (K — Sect(Ily

Koyel - GKcycl)

18 injective.
Proof. One verifies immediately that, by replacing Y by a suitable finite étale
covering of Y, we may assume without loss of generality Y is of genus > 1. Then

the desired injectivity follows immediately from Theorem 3.1 by considering the
Albanese embedding of Y. O
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Remark 3.2.1. [Stix] discusses various results in the anabelian geometry of hyper-
bolic curves of genus 0 over the maximal cyclotomic extension of a number field.
Note that, if we only consider hyperbolic curves of genus 0, then the injectivity
portion of the Section Conjecture discussed in Corollary 3.2 follows immediately
from [Stix], Theorem 63. On the other hand, it appears that the argument in the
final paragraph [i.e., the paragraph in which Belyi’s theorem [cf. [Belyi]] is applied]
of the proof of [Stix], Theorem 63, is incomplete. In this final paragraph, Stix as-
serts that a contradiction could be derived by taking suitable connected finite étale
coverings U’ — U and V' — V whose existence follows from Belyi’s theorem and
considering open immersions U’ < U” and V' — V" into hyperbolic curves U"”
and V" of type (0,4). However, even if one shows that U” is isomorphic to V",
one cannot derive any conclusions concerning the relationship between U and V'
in the absence of more detailed information concerning the coverings U’ — U and
V' — V. In the final paragraph of the proof of Theorem 3.5 below, we show how
this problem may be resolved, under more general hypotheses than those of [Stix],
Theorem 63, at least in the cases where one assumes [in the notation of loc. cit.]
either condition (A’) or conditions (B) and (D).

Definition 3.3. Let p be a prime number, K a field, f € K. Then:
(i) We shall say that f is p-divisible (respectively, divisible) if f =0 or f € K*P~
(respectively, f =0 or f € K*).
(ii) We shall say that f is p-indivisible (respectively, indivisible) if f is not p-
divisible (respectively, not divisible).
(iii) We shall say that K is p-x (respectively, x)-indivisible if K*P~ = {1} (re-
spectively, K*> = {1}).
(iv) We shall say that K is p-xu (respectively, xu)-indivisible if K*P~ C u(K)
(respectively, K*>° C u(K)).
(v) Let O € {p-X,p-Xpu, X, Xu}. Then we shall say that K is stably O-indivisible
if, for every finite extension L of K, L is [-indivisible.
(vi) We shall say that K is up,~ (respectively, p)-finite if ppe (K) (respectively,
w(K)) is a finite group.
(vii) We shall say that K is stably p,~ (respectively, stably p)-finite if, for every
finite extension KT of K, piye (KT) (vespectively, u(KT)) is a finite group.

Remark 3.3.1. Let K be a field. Then K is stably x-indivisible if and only if K is
torally Kummer-faithful, in the sense of [AbsToplII], Definition 1.5.
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In the following, we fix a prime number p.

Lemma 3.4. Let K be a field of characteristic # p.

(i) If K is p-x (respectively, X )-indivisible, then K is p-xu (respectively, X )-
indivisible. Let O € {xu, x}. If K is p-O-indivisible, then K is O-indivisible.

(ii) Let O € {p-x,p-xu, X, xu}; L an extension field of K. Then if L is O-
indivisible, then K is O-indivisible.

(iii) Suppose that K is a generalized sub-p-adic field (respectively, sub-p-adic field)
[for example, a finite extension of Q or Q, — cf. [AnabTop], Definition 4.11
(respectively, [LocAn], Definition 15.4, (i))]. Then K is stably p-x p-indivisible
(respectively, stably p-x p-indivisible and stably x-indivisible) and stably pipo
(respectively, stably p)-finite.

(iv) Suppose that K is stably pye- (respectively, stably p)-finite. Let L be an (alge-
braic) abelian extension of K. Then if K is stably p-Xu (respectively, stably
x p)-indivisible, then L is stably p-xp (respectively, stably X u)-indivisible.

(v) Let L be a(n) (algebraic) Galois extension of K. Suppose that L is stably pi,e
(respectively, stably w)-finite. Then if K is stably p-xu (respectively, stably
x p)-indivisible, then L is stably p-xu (respectively, stably x u)-indivisible.

(vi) Let L be a(n) (algebraic) pro-prime-to-p Galois extension of K. Then if K is
stably p-x p-indivisible, then L is stably p-x p-indivisible.

Proof. Assertions (i), (ii) follow immediately from the various definitions involved.

Next, we verify assertion (iii). First, we recall that every finite extension of a
generalized sub-p-adic field (respectively, sub-p-adic field) is generalized sub-p-adic
(respectively, sub-p-adic). Suppose that K is a generalized sub-p-adic (respectively,
sub-p-adic) field. Then one verifies immediately, by using well-known properties
of valuations on function fields that arise from geometric divisors, that we may
assume without loss of generality that K is a finite extension of the quotient field
F of the ring of Witt vectors associated to the algebraic closure of a finite field (re-
spectively, to a finite field). Thus, there exists an embedding of topological fields
K — C,. Then it follows immediately, by considering the p-adic logarithm on
the group of units of the ring of integers of C, [cf. [Kobl], p.81], together with
the fact that the ramification index of K over F is finite [which implies that the
image of the p-adic logarithm on the group of units of the ring of integers of
K is bounded], that K is p-xu-indivisible. Moreover, it follows immediately, by
considering well-known ramification properties of cyclotomic extensions [cf. [Neu],
Chapter I, Lemma 10.1] (respectively, the well-known structure of the multiplica-
tive group of a finite extension of Q, [cf. [Neu], Chapter II, Proposition 5.7, (i)]),
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that K is ppe (vespectively, p)-finite, and K**° = {1}. This completes the proof
of assertion (iii).

In the remainder of the proof, we fiz an algebraic closure K of K. Next, we
verify assertion (iv). By replacing K by a suitable finite extension of K, we conclude
that it suffices to verify that L is p-xpu-indivisible (respectively, x u-indivisible).
Then it follows immediately from assertion (ii) that we may assume without loss
of generality that

u(L) = w(K), LCF.
Let
f € L*™ (respectively, f € L*).

Then, by replacing K by a suitable finite extension of K, we may assume without
loss of generality that
fekK.

Write

o« MY K(fp%) C L (respectively, M ef K(f=) C L) for the subfield gener-

ated over K by the set of all p-power roots (respectively, all roots) of f [so
L and M are abelian extensions of K, pipe (M) = ppe (L) = pipe (K) (respec-

fively, poo(M) = pioo (L) = proo(K))J;

o Gx ¥ Gal(K/K), G ¥ Gal(M/K);

o AY Hom(Qp/Zy, p1(L)) (respectilzely, AY Hom(Q/Z, ;u(L))) [so G acts nat-
urally on A (= Z, (respectively, Z))];

o r: KX — HYGg,A) for the Kummer map;

e G C Aut(A) for the image of the natural homomorphism G — Aut(A).

Consider the profinite étale covering
Spec Q[TP%"’] — Spec Q[T (respectively, Spec Q[T'>] — Spec Q|[T]),
where T' denotes an indeterminate element, and T (respectively, Té) denotes
the set of all p-power roots (respectively, all roots) of T in some algebraic closure
of the fraction field of Q[T]. Then since Spec L is isomorphic, over Spec K, to
a connected component of the pull-back of this profinite étale covering via the
morphism Spec K — Spec Q[T] that maps T — f, we conclude that there exists
a natural [outer| injection
E:G = AXGy,

whose image we denote by G¢. Write N def G¢NA C AxGy. Thus, we obtain an
exact sequence of profinite groups

1—N-—G— G — 1.
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If N # {1}, then it follows immediately from the definition of G4, together with
the assumption that K is p, (respectively, u)-finite, that G is non-abelian. Since
G is abelian, we thus conclude that N = {1}, hence that G = Gj. Next, we
observe that x(f) is contained in the image of the natural restriction map

(HY(Gp,N) 5) HY(G,A) — HY(Gk, \).

Moreover, one verifies easily that our assumption that K is u,~ (respectively, p)-
finite implies that the first cohomology group H'(G,A) is isomorphic to a finite
quotient of A. Thus, we conclude that some positive power of f is contained in

Ker(k) = K*P” (respectively, Ker(x) = K*>).

On the other hand, our assumption that K is p-xpu-indivisible (respectively, X -
indivisible) then implies that f € p(K) C p(L). This completes the proof of
assertion (iv).

Next, we verify assertion (v). By replacing K by a suitable finite extension of
K, we conclude that it suffices to verify that L is p-xp-indivisible (respectively,
x p-indivisible). Let

f € L*P” (respectively, f € L*).

Then, by replacing K by a suitable finite extension of K, we may assume without
loss of generality that
feK, LCK.

Write

£ _—

& K K(u(K));

o K = K(pp(K)) (respectively, K> e
o L g I
) fp%" C L*° (respectively, fé C L) for the set of all p-power roots (respec-

tively, all roots) of f;

o AYf Hom(Q,/Z,,, ;1(L>)) (respectively, A def Hom(Q/Z, 1(L>°))) [so Gal(L>*/K)

acts naturally on A (= Z,, (respectively, Z))],
Ga C Aut(A) for the image of the natural homomorphism Gal(L*/K) —
Aut(A).

Since K is pp (respectively, p)-finite, and K is an abelian extension of K, by
applying assertion (iv), we conclude that K is stably p-xu (respectively, stably
x p)-indivisible. In particular, by assertion (ii), K*°NL is stably p-x u (respectively,
stably x u)-indivisible. Thus, by replacing K by K*° N L, we may assume without
loss of generality that

K=K>*nL.
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In particular, we obtain a natural direct product decomposition
Gal(L*/K) = Gal(L*°/K*°) x Gal(L*>/L).

On the other hand, by a similar argument to the argument given in the proof of
1

assertion (iv), we conclude that the natural action of Gal(L>*/K) on f»=~ C L™

(respectively, f3 C L) determines a natural [outer] homomorphism

€:Gal(L®/K) — A x Gy

such that H % £(Gal(L®/K>)) C A C A x Ga. Write J % ¢(Gal(L>/L)).
Note that the fact that L is stably pp~ (respectively, stably p)-finite implies that
Zasa, (J)NA = {1}, hence that H C Zj g, (J)NA = {1}, i.e., [cf. the definition
of H and &) that

fz%’" C K™ (respectively, f= C K).

Thus, since K™ is stably p-xu (respectively, stably x u)-indivisible, we conclude
that f € p(K*)N K = p(K) C p(L). This completes the proof of assertion (v).

Finally, we verify assertion (vi). By applying assertion (iv), we may assume
without loss of generality that

fpee (K) = pipes (K), LCK.

Moreover, by replacing K by a suitable finite extension of K, we conclude that it
suffices to verify that L is p-xp-indivisible. Let

feLxr”,
Then we may assume without loss of generality that
fekK.

Write

M= K(f7=)C L

for the subfield generated over K by the set of all p-power roots of f. Since
ppe (K) = ppeo(K), L and M are pro-prime-to-p Galois extensions of K. On
the other hand, since M, by definition, is a pro-p Galois extension of K, we thus
conclude that K = M, hence that f € K*P~. Thus, our assumption that K
is p-xp-indivisible implies that f € p(K) C u(L). This completes the proof of
assertion (vi), hence of Lemma 3.4. O
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Remark 3.4.1. Let Ky be a generalized sub-p-adic field [for example, a finite ex-
tension of Q or Q,]; n a positive integer > 2;

KoCKiC---CK,
field extensions of K. Suppose that

e foreachi=1,...,n— 2, K; is a Galois extension of K;_q;
o K, _o is stably ppe-finite;

e K, 1 is an abelian extension of K,,_o;

e K, is a pro-prime-to-p Galois extension of K,,_.

Then it follows immediately from Lemma 3.4, (i), (iii), (iv), (v), (vi), that the field
K, is stably p-x u-indivisible, hence also stably X u-indivisible.

Theorem 3.5. Let K be a stably p-xpu (respectively, x u)-indivisible field of char-

acteristic 0; K an algebraic closure of K. Write G dof Gal(K/K). Let U and V
be hyperbolic curves of genus 0 over K;

(bIHU:)HV

an isomorphism of profinite groups such that ¢ lies over the identity automorphism
on Gg. We consider the following conditions:

(a) ¢ induces a bijection between the cuspidal inertia subgroups of Iy and the
cuspidal inertia subgroups of Il .

(b) Let I C Iy be a cuspidal inertia subgroup of . Consider the natural com-
posite

Z) S 1361 & Z(1)

— where “{1)” denotes the Tate twist; the first and final isomorphisms are
the natural isomorphisms [obtained by considering the action of each cusp-
idal inertia subgroup on the roots of a uniformizer of the local ring of the
compactified curve at the cusp under consideration/; the middle isomorphism
s the isomorphism induced by ¢. Then this natural composite is the identity
automorphism.

Suppose that condition (a) holds (respectively, conditions (a), (b) hold). Then there
exists an isomorphism of K-schemes

UsSv
that induces a bijection between the cusps of U and V' which is compatible with the
bijection between cuspidal inertia groups of Iy and Iy induced by ¢.
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Proof. First, we observe that the fact U and V are curves of genus 0 implies
that, if KT is a finite Galois extension of K over which the cusps of U and V
become rational, then any isomorphism of Kf-schemes U xx Kt 5 V xg KT
descends to an isomorphism of K-schemes U =% V if and only if it is equivariant
with respect to the respective Gal(K /K )-actions on the cusps of U xx KT and
V xx K'. In particular, we may assume without loss of generality that all cusps
of U and V are K-rational. Thus, since ¢ preserves the cuspidal inertia subgroups,
it follows immediately, by considering the quotients of II;; and IIy by the closed
normal subgroups topologically generated by suitable collections of cuspidal inertia
subgroups, that we may also assume without loss of generality that

o U="PL\{0,1,) 00}, where A € K \ {0,1};

o V=PL\{0,1, 4,0}, where p € K\ {0,1};

e ¢ maps the cuspidal inertia subgroups of Iy associated to * € {0,1, 00} to the
cuspidal inertia subgroups of Iy associated to *. [Note that this implies that
¢ maps the cuspidal inertia subgroups of Il associated to A to the cuspidal
inertia subgroups of IIy associated to p.]

Then our goal is to prove that
A= p.
Write ¢ for the standard coordinate [i.e., rational function] on P ;

def def
AU = HUX}(?’ AV = HVXK?'

Next, we verify the following assertion:

Claim 3.5.A: Let * € {0,1,A,00}; I, C IIy a cuspidal inertia subgroup
associated to *. Consider the natural composite

hy : Zp(1) 3 1P 53 ¢(L)P & Z,(1)

— where (—)P denotes the maximal pro-p quotient of (—); “(1)” denotes
the Tate twist; the first and final isomorphisms are the natural isomor-
phisms [obtained by considering the action of each cuspidal inertia sub-
group on the roots of a uniformizer of the local ring of the compactified
curve at the cusp under consideration]; the middle isomorphism is the
isomorphism induced by ¢. Then h, is the identity automorphism.

First, we note that, under condition (b), Claim 3.5.A is immediate. Thus, we
may assume without loss of generality that K is stably p-Xxpu-indivisible. Since ¢
preserves the cuspidal inertia subgroups, it follows immediately, by considering
suitable quotients of the abelianizations of Ay and Ay, that hg = h1 = Ay = hAso-
Thus, it suffices to consider the case where *x = 1. Write
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e (Pi D) U — U (C PL) for the connected finite étale covering of U of degree
2 determined by t — (1 —t)2.

e (PL D)V — V (C Pk) for the connected finite étale covering of V of degree
2 determined by t — (1 —t)2.

Note that the open subgroup A; € Ay determined by the covering U — U may
be characterized as the unique open subgroup of index 2 such that

IlgAU, I,\QAU.

The open subgroup Ay, C Ay determined by the covering V — V admits a
similar characterization. Thus, since ¢ is compatible with these characterizations,
we conclude that, after possibly replacing K by a suitable finite extension of K
and ¢ by the composite of ¢ with the inner automorphism of Ily, determined by
some element € Ay, we obtain an isomorphism of profinite groups

such that

° w induces the identity automorphism on G,

) 1/) maps the cuspidal inertia subgroups of II;; associated to % € {0, 1,2,00} to
the cuspidal inertia subgroups of Iy, associated to *.

Let I5 be a cuspidal inertia subgroup of II;; associated to 2. Thus, since the cusp
2 of U maps to the cusp 1 of U, we may assume without loss of generality that
I, = I, C . In particular, it suffices to prove that the natural composite

Zy(1) 5 I} 5 (L) & Z,(1)
is the identity automorphism. Write

e ¢ € Z, for the element determined by this automorphism;

o 1 KX = K*/K*P™ — HY(Gg,Zy(1)) for the Kummer map;

o Y ¥ PL\{0,00}, Ay ¥ I, ~.
Recall that by a well-known general nonsense argument [cf., e.g., the proof of
[Cusp], Proposition 2.2, (i)], x coincides with the composite

K* =Y (K)— H'(Gk,Ay) — H (G, Z,(1))

— where the first map is obtained by taking the difference between the two sections
of Iy — Ggk [each of which is well-defined up to composition with an inner
automorphism induced by an element of Ay] induced by an element of Y (K') and
1 € Y(K); the final map is induced by the natural surjection Ay — A} 5 7Z,(1).
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Here, we recall that the image of such a section of Iy — G arising from an
element of Y(K) may also be thought of as the decomposition group in Iy of this
element of Y (K).

Next, let % € {1,2}; I; a cuspidal inertia subgroup of Ay associated to .
Recall that, since I3 is normally terminal in Ay [cf. [CmbGC], Proposition 1.2,

(ii)], the normalizer Ny, (I3) is a decomposition subgroup C II;; associated to .
Similarly, since ¢)(/3) is normally terminal in Ay;, the normalizer Ny, (¢(3)) is a
decomposition subgroup C 1I;, associated to *.

Thus, since 1 maps the cuspidal inertia subgroups of 1I;; associated to * to
the cuspidal inertia subgroups of 1I;; associated to %, we conclude [by thinking of

{7 and V as open subschemes of Y] that
€-k(2) = K(2).

On the other hand, our assumption that K is stably p-x u-indivisible implies that
the torsion subgroup of K*/K*P” coincides with the subgroup u(K)/K*?™.
Thus, we conclude that x(2) is not a torsion element, hence that Z, - k(2) = Z,,
which implies that € = 1. This completes the proof of Claim 3.5.A.

Next, we suppose that

A # .

Then it follows immediately, in light of Claim 3.5.A (respectively, condition (b)),
by considering the Kummer classes of A, p, 1 — A, and 1 — pu, together with our
assumption that K is stably p-xu (respectively, stably xp)-indivisible, that there
exist a,b € p(K) such that

p=a-A l1l—p=>b-(1-A).

Since A\ # u, it follows immediately that a % 1, b % 1, and a # b. In particular,

1-b
A—ia_bGQ ,

where Q% Q(u(K)) C K. [Here, we recall that the characteristic of K is 0.]

Since the characteristic of K is 0, if A is a root of unity, then, by replacing A by
1— )\, we may assume without loss of generality that A\ & p(K). Thus, by applying
Lemma 3.4, (iii), (iv), we conclude that A & (Q>°)**°. Let n be a positive integer
such that some n-th root of A € Q. Fix such an element

An ¢ Q™.

Write
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o (PL D) U — U (C PL) for the connected finite étale covering of U of degree
n determined by ¢ — t".

o (Pl D) V! = V (C PL) for the connected finite étale covering of V' of degree
n determined by ¢ — t".

Note that the open subgroup Ay € Ay determined by the covering U’ — U may
be characterized as the unique normal open subgroup of index n such that

I €Ay, IyCAp.

The open subgroup Ay C Ay determined by the covering V' — V admits a
similar characterization. Thus, since ¢ is compatible with these characterizations,
we conclude that, after possibly replacing K by a suitable finite extension of K
and ¢ by the composite of ¢ with the inner automorphism of Iy, determined by
some element € Ay, we obtain an isomorphism of profinite groups

¢n . HU’ :> Hvl
such that

e ¢, induces the identity automorphism on G,
e ¢, maps the cuspidal inertia subgroups of Il associated to %' € {0,1, 00} to
the cuspidal inertia subgroups of Iy associated to ',
e ¢, maps the cuspidal inertia subgroups of IIy associated to A7 to the cuspidal
inertia subgroups of Iy associated to some n-th root ;ﬁ of u.
Let L C K be a finite extension of K such that )\%,;ﬁ € L. Write
o« U EPL0, 1A%, ock;
o V&t PI\{0,1, 7, 00}
Since Aw #* ;ﬁ [by our assumption that A # u], it follows, by considering the
isomorphism
HU// :> HV//
induced by ¢,, and applying a similar argument to the argument applied above to
A and p, that
A€ Q.
This contradicts our choice of A%. Thus, we conclude that A = u. This completes
the proof of Theorem 3.5. O

Remark 3.5.1. In the notation of Theorem 3.5, at the time of writing of the present
paper, the author does not know
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whether or not ¢ induces a bijection between the cuspidal inertia subgroups of Il

and the cuspidal inertia subgroups of Ily .
However, an affirmative answer is known in the following cases:

(i) K is a subfield of a finite extension of the maximal pro-prime-to-p extension
of Q2 [cf. [Stix], Lemma 27; [Stix], Theorem 30]. [Moreover, we note that in
this case, K is a stably p-xp-indivisible field [cf. Lemma 3.4, (ii), (iii), (iv),
(vi)l.]

(ii) There exists a prime number [ such that the image of the l-adic cyclotomic

character

GK — ZZX
is open [cf. [CmbGC], Corollary 2.7, (i)]. [The following example satisfies this
condition:

Let F C @p be a p-adic local field; n an integer > 0. Write G def

Gal(Q,/F); G% C Gp for the higher ramification group of index
n, relative to the upper numbering; F, C @p for the subfield fixed
by G’%. Then if K is a subfield of a finite extension of Fj,, then
the image of the p-adic cyclotomic character Gx — Z,’ is open [cf.
Lemma 3.6, (ii) below]. Moreover, we note that in this case, K is
a stably p-Xx p-indivisible field [cf. Lemma 3.4, (ii), (iii), (v); Lemma
3.6, (ii)].]

(iii) The isomorphism of profinite groups induced by ¢
¢A : AU :) AV

is PF-cuspidalizable [cf. the notation of the proof of Theorem 3.5; [CbTpl],
Definition 1.4, (iv); [CbTpl], Lemma 1.6].

Lemma 3.6. Let F C @p be a p-adic local field. For each integer n > 0, write

e Gr def Gal(@p/F), G%b for the abelianization of Gg;

o G% C GF for the higher ramification group of index n, relative to the upper
numbering [cf. [Serre], Chapter IV, §3/;

H™ C G3 for the image of G% via the natural quotient Gr — G5°;
F, C @p for the subfield fixed by G'%;

® pn: G — Z) for the p-adic cyclotomic character.

Then, for each integer n > 0:
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(i) H™ is open in H°.
(ii) The image of py, is open.

Proof. Assertion (i) is well-known [cf. [Serre], Chapter IV, §2, Proposition 6, (a),
(b); [Serre], Chapter XV, §2, Theorem 2 and the following Remark]. Next, let us
recall that Fj is the maximal unramified extension of F' [cf. [Serre], Chapter IV, §1,
Proposition 1; [Serre], Chapter IV, §3, Proposition 13, (b)], hence that the image
of po is open [cf. [Neu], Chapter I, Lemma 10.1]. Thus, since p, factors through
the natural composite

G C Gp — G3P,

assertion (ii) follows immediately from assertion (i). O

Corollary 3.7. Let K be a stably xp-indivisible field of characteristic 0; K an

algebraic closure of K. Write Gi L Gal(K/K). Let Y be a hyperbolic curve of

genus 0 over K. Write Y(K) for the set of K-valued points of Y; Y def yr X K
K; Sect(Ily — G) for the set of equivalence classes of sections of the natural
surjection Iy — G, where we consider two such sections to be equivalent if they
differ by composition with an inner automorphism induced by an element of Ily-_.

Then the natural map

Y (K) — Sect(Ily — Gk)
18 injective.
Proof. Write

e Y, for the second configuration space of Y over K [cf. [MT], Definition 2.1,
@]
def def
o Ay = Iy m Ave = Iy,
e p; : IIy, — Iy for the natural surjection [determined up to composition with
an inner automorphism of IIy] induced by the first projection.

Let y1,y2 € Y(K) be such that y; and yo determine the same equivalence class
€ Sect(Ily — Gk); s1 : Gg — Ily, s3 : Gg — IIy sections of the natural
surjection Iy — Gk induced, respectively, by y1, y2. Since s; and so are only
well-defined up to composition with an inner automorphism induced by an element
of Ay, we may assume without loss of generality that s; = s5. Thus, we obtain a
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commutative diagram of profinite groups

Iy gy Iy, I\ g}
| 2 |
Gk ITy Grk,

S1 S92

where the left-hand and right-hand squares are cartesian. Since s; = ss, this
commutative diagram determines an isomorphism of profinite groups

¢ Iy (1) = Ty gy
such that

e ¢ lies over the identity automorphism on G;

e ¢ induces a bijection between the cuspidal inertia subgroups of Ily\ ,,} as-
sociated to y; and the cuspidal inertia subgroups of Ily\y,,} associated to
Y2;

e for each cusp y of Y [where we observe that y may be regarded as a cusp of
Y\{y1} or Y\{y2} by means of the natural inclusions Y\{y1} = Y, Y\{y2} —
Y], ¢ induces a bijection between the cuspidal inertia subgroups of Iy fy,3
associated to y and the cuspidal inertia subgroups of Iy f4,} associated to y;

e ¢ satisfies condition (b) in the statement of Theorem 3.5 [where we take “U”
and “V” to be Y \ {1} and Y \ {y2} respectively].

[Indeed, these properties follow immediately from the construction of ¢ from the
above commutative diagram.] Thus, it follows from Theorem 3.5 that y; = yo.
This completes the proof of Corollary 3.7. O

Corollary 3.8. Let K be a stably xpu-indivisible field of characteristic 0; K an
algebraic closure of K. Write Gi & Gal(K/K). Fiz an embedding Q — K. In
the following, we shall use this embedding to regard Q as a subfield of K. Thus,
we obtain a homomorphism Gx — Gg (C GT) [cf. the discussion at the beginning
of the Introduction]. Suppose that this homomorphism Gk — Gq s injective. In
the following, we shall use this injection G — Gq to regard Gk as a subgroup of
Gq, hence also as a subgroup of GT. Then Cqr(Gk) acts naturally on the set of
algebraic numbers Q.

Proof. Let 0 € Car(Gk). Then it suffices to show that

the natural action of o on D(GT) [cf. Corollary 1.6, (ii)] descends to a
natural action of o on the quotient D(GT) — Q U {oc} of Corollary 1.7.
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Since 0 € Cqr(G), there exists a finite extension L C K of K such that
oGro~! C Gk,

where we write G, def Gal(K /L) C Gk. Fix such a finite extension L. Write L7 C
K for the finite extension of K such that G Gal(K/L°) = 0Gro~ ! C Gk.
Then it follows immediately from Corollary 1.6, (ii), in the case where J = GT,

that we have a commutative diagram

D(GT) —— D(Gg) — D(Gx) —— D(Gy)

D(GT) E— D(GQ) —_— D(GK) —_— D(GLG),

where the vertical arrows are the bijections induced by ¢; the horizontal arrows are
the natural surjections of Corollary 1.6, (iii). Next, we observe that it follows imme-
diately from Corollary 3.7, together with the various definitions involved, that the
surjections D(Gq) — D(Gk), D(Gk) — D(GL), and D(Gk) — D(Gp-) of the
above diagram are bijections. Thus, we conclude that there exists a commutative
diagram

D(GT) —— D(Gg) —— QU {oc}

ZJ/U Zlﬂ Zlo
D(GT) —— D(Gg) —— QU {oo},
where the left-hand vertical arrow and the horizontal arrows D(GT) — D(Gq) are
the arrows of the previous diagram; the horizontal arrows D(Gg) — Q U {oo} are
the bijections of Corollary 1.7; the middle and right-hand vertical arrows are the
unique bijections that make the above diagram commute. Finally, since the outer
action of GT on Ilx preserves the cuspidal inertia subgroups of Ilx associated to
0, it follows immediately from Remark 1.7.2 that the bijection QU{co} = QU{oc}
in the above diagram fixes co. This completes the proof Corollary 3.8. O

Corollary 3.9. Let K be a stably xu-indivisible field of characteristic 0; K an
algebraic closure of K. Write Gi def Gal(K/K). Fiz an embedding Q — K. In
the following, we shall use this embedding to regard Q as a subfield of K. Thus, we
obtain a homomorphism Gx — Gg (C GT) [cf. the discussion at the beginning of
the Introduction]. Suppose that this homomorphism Gx — Gg is injective. In the
following, we shall use this injection G — Gg to regard Gk as a subgroup of Gg,
hence also as a subgroup of GT. Then one may construct a natural homomorphism

CGT(GK) — GQ
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whose restriction to Cqy(Gr) is the natural inclusion Cq,(Gk) C Gq. In partic-
ular, we obtain a natural surjection

Car(Gk) = Cay(Gk) (€ Go).
whose restriction to Cg,(Gr) is the identity automorphism.

Proof. Tt follows immediately from a similar argument to the argument given in
the proof of Corollary 2.4 that the natural action of Cqr(Gk) on the set Q [cf.
Corollary 3.8] is compatible with the field structure of Q. Thus, we obtain the
desired conclusion. This completes the proof Corollary 3.9. O

Remark 3.9.1. In the notation of Remark 3.4.1, suppose that Ky is a number field
or a p-adic local field. Then it follows immediately from Remark 3.4.1 that K,
satisfies the assumptions in Corollary 3.9.

Lemma 3.10. In the notation of Corollary 3.9, suppose that
GK g GQP g GQ)

where we think of “Gq,” as the decomposition group of a valuation of Q that
divides p. Then
Cay, (Gk) = Cay(Gk) (€ Go,)-

Proof. First, we observe that the inclusion Cg, (Gk) C Cay(Gik) is immediate.
Suppose that
Ca,(Gk) € Gq,-
Let 0 € Cgy(Gk) \ Go,. Then there exists a finite index subgroup H of Gk such
that
H C GQp N UGQpail - G@.

Thus, since Gg, N 0G0~ = {1} [cf. [NSW], Corollary 12.1.3], we conclude
that H = {1}, hence that Gx (C Gg,) is finite. Recall that Gg, is torsion-free [cf.
[NSW], Corollary 12.1.3; [NSW], Theorem 12.1.7]. This implies that Gx = {1}.
Thus, in particular, K is an algebraically closed field of characteristic 0. However,
this contradicts the fact that no algebraically closed field of characteristic 0 is
x p-indivisible. Thus, we conclude that Cg,(Gx) € Gg,, hence that Cayq, (Gk) =
Ccy(Gk). This completes the proof of Lemma 3.10. O
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Corollary 3.11. In the notation of Lemma 3.10, one may construct a natural
surjection

Cor(Gk) — CGQp (Gr) (C GQp)

whose restriction to CG@p (Gk) is the identity automorphism.

Proof. Corollary 3.11 follows immediately from Corollary 3.9 and Lemma 3.10. [
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