Towards a Semantic
Characterization of

Cut Elimination

Kazushige Terui
Nationa Institute of Informatics
(Joint work with Agata Ciabattoni, TU Wien)

-

LIPN, 04/10/05 — p.1/6¢



M otivation

- .

® Cut-elimination plays a key role in proof theory and logic in
computer science.

o -

LIPN, 04/10/05 — p.2/6¢



M otivation

- .

® Cut-elimination plays a key role in proof theory and logic in
computer science.

» We want to understand it.

o -

LIPN, 04/10/05 — p.2/6¢



L

M otivation

Cut-elimination plays a key role in proof theory and logic in
computer science.

We want to understand it.

We do not want cut-elimination theorems anymore.

=

-

LIPN, 04/10/05 — p.2/6¢



e o 0

M otivation

Cut-elimination plays a key role in proof theory and logic in
computer science.

We want to understand it.
We do not want cut-elimination theorems anymore.

We want theorems on cut-elimination.

=

-

LIPN, 04/10/05 — p.2/6¢



°

© o o @

M otivation

=

Cut-elimination plays a key role in proof theory and logic in
computer science.

We want to understand it.
We do not want cut-elimination theorems anymore.
We want theorems on cut-elimination.

People usually consider only good logics (with cut-elimination).

-

LIPN, 04/10/05 — p.2/6¢



°

© o o o 0

M otivation

Cut-elimination plays a key role in proof theory and logic in
computer science.

We want to understand it.
We do not want cut-elimination theorems anymore.

We want theorems on cut-elimination.

=

People usually consider only good logics (with cut-elimination).

| want to know why good logics are good.

-

LIPN, 04/10/05 — p.2/6¢



°

© o o o 0 @

M otivation

Cut-elimination plays a key role in proof theory and logic in
computer science.

We want to understand it.
We do not want cut-elimination theorems anymore.

We want theorems on cut-elimination.

=

People usually consider only good logics (with cut-elimination).

| want to know why good logics are good.

| consider bad logics too.

-

LIPN, 04/10/05 — p.2/6¢



°

© o o o o o 0

M otivation

Cut-elimination plays a key role in proof theory and logic in
computer science.

We want to understand it.
We do not want cut-elimination theorems anymore.

We want theorems on cut-elimination.

=

People usually consider only good logics (with cut-elimination).

| want to know why good logics are good.
| consider bad logics too.

Find some criteria that tell good from bad.

-

LIPN, 04/10/05 — p.2/6¢



°

© o o o o o 0

M otivation

Cut-elimination plays a key role in proof theory and logic in
computer science.

We want to understand it.
We do not want cut-elimination theorems anymore.

We want theorems on cut-elimination.

=

People usually consider only good logics (with cut-elimination).

| want to know why good logics are good.
| consider bad logics too.

Find some criteria that tell good from bad.

-

LIPN, 04/10/05 — p.2/6¢



-

® Our approach: purely algebraic (phase semantic)
1.

M otivation
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Consider some general class of sequent calculi. Some enjoy
cut-elimination, others do not.

Give algebraic criteria for such a sequent calculus to admit
cut-elimination.

® OQur program:

a > w0 DN PE

Structural rules

Logical connectives
Classical sequent calculi
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M otivation

® Our approach: purely algebraic (phase semantic)

1.

Consider a class of sequent calculi. Some enjoy

cut-elimination, others do not.

Give algebraic criteria for such a sequent calculus to admit

cut-elimination.

® OQur program:

a > w0 DN PE

Structural rules

Logical connectives
Classical sequent calculi
Modalities

Quantifiers/fixpoints of types

done (Terui 2005)

partly done (Ciabattoni-Terui 2005

ongoing
maybe possible
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Summary of thistalk
-

Part |: Based on NCILL (Non-Commutative Intuitionistic Linear
Logic), consider various structural rules.

Introduce two criteria for sets R of structural rules: syntactic
propagation property and semantic propagation property (in terms
of phase semantics).

Show that

NCILL+R admits cut-elimination <= R satisfies syntactic propagati

<= 'R satisfies semantic propagati

By-product: completion of structural rules.

Any set of structural rules can be converted into another
set which admits cut-elimination.
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Summary of thistalk
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Part Il: Introduce a class of simple sequent calculi defined by
various logical connectives and structural rules.

Introduce an algebraic criterion for logical connectives: coherence.

Show that for any simple sequent calculus £

reductive cut-elimination <= propagation and coherence.

Also give a characterization of axiom expansion. When structural
rules satisfy propagation,

axiom expansion <= opposite of coherence
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® Girard’s test for naturality of structural rules ( Meaning |, 1999).

- Alogical principle (structural rule) passes Girard’s test if, in

every phase structure (M, 1), it propagates from atomic facts
{z}+1 to all facts X+-+.

- Weakening and Contraction pass it:

Ve e M. {2}t o {z -2}t = VX : fact (X o X ® X).
- Broccoli fails it:

Ve e M. {z -2}t o {2z}t 4= VX : fact (X @ X —o X).

- Relationship with cut elimination is hinted, but not proved.

® How is it possible to relate such a semantic criterion to syntactic cut

elimination?
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Background
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Okada’s phase semantic proof of cut elimination for linear logic
(1996).

- A degenerate version of Tait-Girard’s reducibility argument.
- A powerful technigque to prove cut elimination for various logics.

Girard’s test, when suitably modified, gives a sufficient condition for
the applicability of Okada’s argument.
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Non-Commutative I ntuitionistic Linear Logic

F__) Formulas: A&« B, A®B,A® B,A—-oB, B—A,!A, T,0, 1. __1
® Sequents: I'= Z (I': sequence of formulas)
® Use X,Y, 7, ...as metavariables to be replaced by formulas.
® (Selected) inference rules:
=X AL, X, A= 7 . '=X A=Y
AT A, = C  Cu yoox lentity R oxoy &
I'=X ALY, Ay=7 , X, I'=Y I',X,Y,I'y = 72
—0 r

AT.X oY,Ay = 7

I, X,To=2 T.,YV.,Ty=Z
[, X®Y,[y= Z

o

T=X oV o DL XoVIi,=Z "%

I'=X
I'=XoY

Drq I =Y Dro

I'=XoY
-
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Basic facts

f ® X, I'= Cisprovableiff X, " = C'is provable. T
® [ = A-—oBisprovableiff A,I' = B is provable.
® PP I'= Bisprovableiff A,I' = B is provable for every A € .
® B(PP)C =D, 4(B®A®C) and the converse are provable.
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Structural rules. example

-

® Gentzen’s original rules:
Exchange: Weakening: Contraction:

X, Y,A=C I''A=C X, X,A=C
Y, X, A=C TI.X,A=C X, A= C

XRY oYX X o1 X o0 X®X
® Additional rules:

Seq-Contraction Expansion Mingle
(van Benthem 91) (Ohnishi-Matsumoto 64)
X, X,A=C I X.A=C IX,A=C TI.Y,A=C
I X.A=C X, X,A=C IX.Y.A=C

X,—o0X,®X,|neN} XX —oX {X, ®Y,, 0X, &Y n,me.
Xp=X1®- -2 Xy)
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Structural rules. definition
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® A structural rule is a scheme of the form:

X, A=C - I.X, A=C .
F,Xo,AiC

such that {X1,..., X,} C {Xo} (%)
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® A structural rule is a scheme of the form:
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°
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Structural rules; definition

A structural rule is a scheme of the form:

X, A=C - I.X, A=C
F,Xo,AiC

such that {X1,..., X,} C {Xo} (%)
Axiom representation: R = ®X’O — (X Xl) G- D (R Xn).
Due to (%),

1. All structural rules are admissible in intuitionistic logic.
2. Cut-elimination implies subformula property.

Instances of R: obtained by substitution R[A;/ X, A5/ X5, .. ]
When Ay, Ay, ... € &, R[A1/X1, A2/ X5, .. ] is called an ®-instance.

-
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Motivating Example (1)

- .

® Contraction alone (without Exchange) does not admit cut
elimination:

AR B=A®B AQRB=AQ®B
A=A B=>B A®BA®B= (A®B)Q®(A® B)
A B=AQ®B A®B=(A®B)® (A® B)
A B= (A® B)® (A® B)

Cntr

Cut

i

A=A B=B A=A B=1B
A B=AQ®KB A B=AQ®B

A,B,A,B= (A® B)® (A® B)
A,B= (A® B)® (A® B)

77

o -
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Motivating Example (1)
=

® \When Contraction is generalized to

X, X,A=C
F,X’,A:>O

Seqg-Contraction
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Motivating Example (1)

When Contraction is generalized to

X, X,A=C
F,X’,A:>O

Seqg-Contraction

The above cut can be eliminated:

A=A B=B A=A B=21B

A B=A®B A B=A®B
A, B,A,B= (A® B)® (A® B)
A B=(A® B)® (A® B)

Seq — Cntr
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® \When Contraction is generalized to

9
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Motivating Example (1)

X, X,A=C
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A=A B=B A=A B=21B

A B=A®B A B=A®B
A, B,A,B= (A® B)® (A® B)
A B=(A® B)® (A® B)
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Contraction X —o X ® X and Seqg-Contraction
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-

LIPN, 04/10/05 — p.18/6:



Motivating Example (1)

When Contraction is generalized to

X, X,A=C
F,X’,A:>O

Seqg-Contraction

The above cut can be eliminated:

A=A B=>B A=A B=21B
A B=A®B A B=A®B

A, B,A,B= (A® B)® (A® B)
A,B= (A® B)® (A® B)

Seq — Cntr

Contraction X —o X ® X and Seqg-Contraction
{X, <o X, ® X,|n € N} are equivalent with respect to provability
iIn NCILL.

Is it possible to describe the difference between them without using
the word ‘cut elimination’?

LIPN, 04/10/05 — p.18/6:



Motivating Example (1)

- .

» Seg-Contraction propagates from atomic instances to ®-instances:
X, —oX,X,la1®01/X1,...,a, ® Bn/X,]
IS derivable in NCILL from
Xon —0 Xop ® Xoplar /X1, 61/ X, ..oy an/Xon_1, Bn/Xon]

® On the other hand, Contraction does not propagate from atomic
Instances to ®-instances:

X o0X®X[a®B/X]

IS not derivable from

L X o X®X|la/X], X —oX®X|[g/X], etc. J
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Motivating Example (2)
-

® Expansion does not admit cut elimination:

A=A A®B=A®B Eap
B =B A= A®SB APB ADB=A®B
BE=A®B A A®DB=>ADB Cut
AB= A®B Cut
¥
A=A B= 0B
A=>APB B=A®B oo
A B=A®B

o -
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Motivating Example (2)
=

® \When Expansion is replaced with Mingle:

F,X’,A:>O F,Y,A:>O
IX,Y,A=C

Min

o -
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Motivating Example (2)

When Expansion is replaced with Mingle:

RXJS¢C7FJaA:%7
IX,Y,A=C

Min

The above cut can be eliminated:

A=A B = B

A=APB B=A%B

A,B= A®B "'”

-
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Motivating Example (2)

® \When Expansion is replaced with Mingle: T

F,X’,A:>O F,Y,A:>O
IX,Y,A=C

Min

® The above cut can be eliminated:

A=A B =B
A=>A®B B=A®B
A B=A®B

m

® Expansion X ® X —o X and Mingle

{X,®Y,, oX,®Y,,|nme N} are equivalent with respect to
provability in NCILL.
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RXJS¢C7FJaA:%7
IX,Y,A=C

Min

The above cut can be eliminated:

A=A B =B
A=>A®B B=A®B
A B=A®B

m

Expansion X ® X —o X and Mingle
{X,®Y,, oX,®Y,,|nme N} are equivalent with respect to
provability in NCILL.

Is it possible to describe the difference between them without using
the word ‘cut elimination’?
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Motivating Example (2)

- .

» Mingle propagates from atomic instances to ¢-instances: Eg,

IS derivable in NCILL from
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Motivating Example (2)
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» Mingle propagates from atomic instances to ¢-instances: Eg,
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Motivating Example (2)

- .

» Mingle propagates from atomic instances to ¢-instances: Eg,
XQY o XaYar®ay/X,B51 @ [B2/Y]
= (a1 D az) ® (61 D P2) —o (a1 ® az) @ (61 D B2)
IS derivable in NCILL from
X®Y oXaoYw/X,3;,/Y], forei,je{l,2}
=q; ®pP; oa; ®B;, fori,je{l,2}
$» whereas Expansion does not propagate from atomic instances to
é-instances:

X@X—OX[OQEBOQ/X]

IS not derivable from

X®X —oXa/X], X®X —oX|ay/X], etc.
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Syntactic propagation property

- .

® A set R of structural rules satisfies the syntactic propagation
property if ®-instances and @-instances are derivable from atomic
Instances.

o -
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Syntactic propagation property
B o

® A set R of structural rules satisfies the syntactic propagation

property if ®-instances and @-instances are derivable from atomic
Instances.

® Proposition: If NCILL4+R enjoys cut elimination, then ‘R satisfies the
syntactic propagation property.

o -
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Cut Elim. = Syn. Propagation

- .

® Proof: A miniature of Hilbert's Programme. Imagine:
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® Proof: A miniature of Hilbert’'s Programme. Imagine:

® R (all instances) = “ideal (abstract) reasoning method”
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f ® Proof: A miniature of Hilbert’'s Programme. Imagine: T

® R (all instances) = “ideal (abstract) reasoning method”

® TR..om (@tomic instances) = “real (concrete) reasoning method”
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Cut Elim. = Syn. Propagation
-

Proof: A miniature of Hilbert's Programme. Imagine:
R (all instances) = “ideal (abstract) reasoning method”
Ratom (atomic instances) = “real (concrete) reasoning method”

Formulas with implications restricted to o« —o D = “real statements”
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Cut Elim. = Syn. Propagation
B

Proof: A miniature of Hilbert's Programme. Imagine:

R (all instances) = “ideal (abstract) reasoning method”

Ratom (atomic instances) = “real (concrete) reasoning method”
Formulas with implications restricted to o« —o D = “real statements”

Fact 1: Every @-instance (and ®-instance) of R is equivalent (in
NCILL) to a real statement C.

Rlos@Bi/Xi) = Q) Xo—o (@ X1) @& (Q) Xn)lai & Bi/Xi]
a®®pf—oC & a—of—oC
adpf—-oC & (a—oC)&(B—oC)

-
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Cut Elim. = Syn. Propagation

|7 ® Fact 2: Suppose that NCILL+R admits cut-elimination. If a real T
statement C' is provable in NCILL+R, then it is already provable in
NCILL+R 4t0m -

o -
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Cut Elim. = Syn. Propagation

f ® Fact 2: Suppose that NCILL+R admits cut-elimination. If a real T
statement C' is provable in NCILL+R, then it is already provable in

NCILL+R ¢tom -
“real statements provable with ideal methods are already

provable with real methods.”

o -
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Cut Elim. = Syn. Propagation

- .

® Fact 2: Suppose that NCILL+R admits cut-elimination. If a real
statement C' is provable in NCILL+R, then it is already provable in
NCILL+R 4t0m -

“real statements provable with ideal methods are already
provable with real methods.”

® Proof of the proposition: Let R € ‘'R. We have:

NCILL + R - Rloy ® B;/ X
NCILL + R - C
NCILL + Rotom F C
NCILL + Ratom + Rlos @ Bi/X]]

o -
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Cut Elim. = Syn. Propagation

- .

® Fact 2: Suppose that NCILL+R admits cut-elimination. If a real
statement C' is provable in NCILL+R, then it is already provable in
NCILL+R 4t0m -

“real statements provable with ideal methods are already
provable with real methods.”

® Proof of the proposition: Let R € ‘'R. We have:

NCILL + R - Rloy ® B;/ X
NCILL + R - C
NCILL + Rotom F C
NCILL + Ratom + Rlos @ Bi/X]]

o -
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| Nter mezzo

-

® \We have shown
Cut Elimination = Syntactic Propagation
® \We next show

Syntactic Propagation —> Semantic Propagation

o -
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Phase structures
f ® letM = (M,-, 1) be a monoid. T
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Phase structures
f ® letM = (M, 1) be amonoid. T

» We assume that M is finitely generated from a set A, i.e., any
element z of M can be writtenas a; - - - a,, for some a4, ...,a, € A.
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Phase structures
-

f ® letM = (M,-, 1) be a monoid.

®» \We assume that M is finitely generated from a set A, i.e., any
element x of M can be writtenas a; - - - a,, forsome aq,...,a, € A.

® A phase structure P = (M, C') is a monoid M with a closure operator
C:p(M)— (M) such that forany X,Y C M,
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Phase structures
-

f ® letM = (M,-, 1) be a monoid.

®» \We assume that M is finitely generated from a set A, i.e., any
element x of M can be writtenas a; - - - a,, forsome aq,...,a, € A.

® A phase structure P = (M, C') is a monoid M with a closure operator
C:p(M)— (M) such that forany X,Y C M,

1. X CC(X)
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Phase structures
-

f ® letM = (M,-, 1) be a monoid.

®» \We assume that M is finitely generated from a set A, i.e., any
element x of M can be writtenas a; - - - a,, forsome aq,...,a, € A.

® A phase structure P = (M, C') is a monoid M with a closure operator
C:p(M)— (M) such that forany X,Y C M,
1. X CC(X)
2. XCY = C(X)CC(Y)

o -
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Phase structures
-

f ® letM = (M,-, 1) be a monoid.

®» \We assume that M is finitely generated from a set A, i.e., any
element x of M can be writtenas a; - - - a,, forsome aq,...,a, € A.

® A phase structure P = (M, C') is a monoid M with a closure operator
C:p(M)— (M) such that forany X,Y C M,
1. X CC(X)
2. XCY = C(X)CC(Y)
3. C(C(X)) C O(X)

o -
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Phase structures
-

|7 ® letM = (M,-, 1) be a monoid.

®» \We assume that M is finitely generated from a set A, i.e., any
element x of M can be writtenas a; - - - a,, forsome aq,...,a, € A.

® A phase structure P = (M, C') is a monoid M with a closure operator
C:p(M)— (M) such that forany X,Y C M,

X CO(X)

XCY=CX)CC(Y)

C(C(X)) C O(X)

C(X)eC(Y)CC(XeY

> W oE

)

o -
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Phase structures

=

LetM = (M, -, 1) be a monoid.
We assume that M is finitely generated from a set A, i.e., any
element x of M can be writtenas a; - - - a,, forsome aq,...,a, € A.
A phase structure P = (M, C') is a monoid M with a closure operator
C:p(M)— p(M) such thatforany X,Y C M,
X CC(X)
XCY=CX)CC(Y)
C(C(X)) € C(X)

4. C(X)eC(Y)CC(X oY)
CLp: the set of closed sets X = C(X).

W N e
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LetM = (M, -, 1) be a monoid.

Phase structures
-

We assume that M is finitely generated from a set A, i.e., any
element x of M can be writtenas a; - - - a,, forsome aq,...,a, € A.

A phase structure P = (M, C') is a monoid M with a closure operator
C:p(M)— (M) such that forany X,Y C M,

W N e

4.

X C C(X)
X CY = C(X)CO®)
C(C(X)) € C(X)

C(X)eC(Y)C C(X oY)

CLp: the set of closed sets X = C(X).
AT OMp: the set of atomic closed sets C({a}) with a € A.

-
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Phase structures
f ® Forany X,Y €CLp, T

X&Y = XnY,

XoY = C(XUY),

XY = CXeY)=C{z-y|lzeX,yeY}),
X oY = {y|VeeX,xz-yeY},

Yoo X = {y|VzeeX,y-zeY}.

o -
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Phase structures

-

® Avaluation f: Var — CLp.
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® Avaluation f: Var — CLp.
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Phase structures

-

® Avaluation f: Var — CLp.
® An atomic valuation f : Var — AT OMp.

® Aistrue under valuation fin P if1 € f(A).
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Phase structures

A valuation f : Var — CLp.
An atomic valuation f : Var — AT OMp.
Ais true under valuation finP if 1 € f(A).

In particular, A —o B is true under f iff f(A) C f(B).

-
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Phase structures

A valuation f : Var — CLp.

An atomic valuation f : Var — AT OMp.

Ais true under valuation finP if 1 € f(A).

In particular, A —o B is true under f iff f(A) C f(B).

A formula A is valid (atomically valid, resp.) in P if it is true under all
valuations (atomic valuations, resp.) on P.

-
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°

Phase structures

A valuation f : Var — CLp.

An atomic valuation f : Var — AT OMp.

Ais true under valuation finP if 1 € f(A).

In particular, A —o B is true under f iff f(A) C f(B).

A formula A is valid (atomically valid, resp.) in P if it is true under all
valuations (atomic valuations, resp.) on P.

An R-phase structure is a phase structure in which all axiom
representations R € R are valid.

-
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°

Phase structures

A valuation f : Var — CLp.

An atomic valuation f : Var — AT OMp.

Ais true under valuation finP if 1 € f(A).

In particular, A —o B is true under f iff f(A) C f(B).

A formula A is valid (atomically valid, resp.) in P if it is true under all
valuations (atomic valuations, resp.) on P.

An R-phase structure is a phase structure in which all axiom
representations R € R are valid.

Soundness: Any formula provable in NCILL+R is valid in all
R-phase structures.

-
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Semantic propagation property

- .

® A set R of structural rules satisfies the semantic propagation
property if atomic validity = validity in every phase structure.

o -
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Semantic propagation property
- o

® A set R of structural rules satisfies the semantic propagation
property if atomic validity = validity in every phase structure.

® Proposition: If R satisfies the syntactic propagation property, it also
satisfies the semantic propagation property.
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Semantic propagation property
- o

® A set R of structural rules satisfies the semantic propagation
property if atomic validity = validity in every phase structure.

® Proposition: If R satisfies the syntactic propagation property, it also
satisfies the semantic propagation property.
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Semantic propagation property
- o

® A set R of structural rules satisfies the semantic propagation
property if atomic validity = validity in every phase structure.

® Proposition: If R satisfies the syntactic propagation property, it also
satisfies the semantic propagation property.

o -
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Key property of phase structures

- .

® Lemma: In every phase structure,

CLy =P Q) ATOMp,
fin

l.e., any X € CLp can be decomposed as:

X = DOz}

reX

— @ ® C({a:})

reEX r=ai:-anp

o -
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| Nter mezzo

We have shown T

Cut Elimination =  Syntactic Propagation

—> Semantic Propagation
We finally show
Semantic Propagation — Cut Elimination

by employing Okada’s construction of phase structures for cut
elimination.

-
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Syntactic phase structure

-

® Fix aset R of structural rules.
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® Fix aset R of structural rules.

® F*: free monoid generated by the formulas F of NCILL
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® Fix aset R of structural rules.

® F*: free monoid generated by the formulas F of NCILL
o Elements: sequences I' of formulas
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Syntactic phase structure

-

® Fix aset R of structural rules.

® F*: free monoid generated by the formulas F of NCILL
o Elements: sequences I' of formulas
o Monoid multiplication: concatenation I', A
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Syntactic phase structure
f ® Fix a set R of structural rules. T

® F*: free monoid generated by the formulas F of NCILL
o Elements: sequences I' of formulas
o Monoid multiplication: concatenation I', A

# Unit: the empty sequence 0.

o -
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Syntactic phase structure

® Fix aset R of structural rules.

® F*: free monoid generated by the formulas F of NCILL
o Elements: sequences I' of formulas
o Monoid multiplication: concatenation I', A

# Unit: the empty sequence 0.

® The operator Cl : p(F*) — p(F*) defined by:

' A=C] = {¥]|I',% A= Ciscut-free provable in NCILL+R},
BASE = {[I'_A=C]|T,A,C arbitrary},
Yellp & Y=(][[i_A=C]
1eEA
Cl(X) = the minimal closed set that includes X

o -
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Syntactic phase structure

Fix a set R of structural rules.

F* . free monoid generated by the formulas F of NCILL
o Elements: sequences I' of formulas
o Monoid multiplication: concatenation I', A
# Unit: the empty sequence 0.

The operator Cl : p(F*) — p(F*) defined by:

' A=C] = {¥]|I',% A= Ciscut-free provable in NCILL+R},
BASE = {[I'_A=C]|T,A,C arbitrary},
Yellp & Y=(][[i_A=C]
i€
Cl(X) = the minimal closed set that includes X
In particular, ATOM = {CI({A}) | Ais aformula} J
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Semantic cut-eimination

-

® Meaning of closure operator:

Y e Cl({A}) =
Whenever I', A, A = (' is cut-free derivable, so is
I, A= C.

o -
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| dea of semantic cut-elimination

» \Without structural rules:

BASE : [I'_A = (]
codify cut-free provability in NCILL

“Real” elements:

|l add

C,CP .
model of NCILL with cuts

“Ideal” elements:
mieIHFi—Ai = Ci]]

NCILL - A

Soundness P ’: A

Okada’s Lemma

—
113 P |:ba86 A b} ]

—
— Cut-free NCILLF A4

=

-
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Semantic cut-eimination
f ® Let fo(

a)=[_= «a].

o -
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Semantic cut-elimination

Let fo(a) =[_ = a].

Okada’s Lemma: For every formula A,

A€ fo(A) C[_= A].
In particular, if A is true under f,, then

1€ fo(A) C[_= A].

l.e., = A is cut-free provable in NCILL+R.

-
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Semantic cut-elimination

Let fo(a) =[_ = a].

Okada’s Lemma: For every formula A,

A€ fo(A) C[_= A].
In particular, if A is true under f,, then

1€ fo(A) C[_= A].

l.e., = A is cut-free provable in NCILL+R.

Use left logical rules to show A € fy(A).

-
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Semantic cut-elimination

Let fo(a) =[_ = a].

Okada’s Lemma: For every formula A,

A€ fo(A) C[_= A].
In particular, if A is true under f,, then

1€ fo(A) C[_= A].

l.e., = A is cut-free provable in NCILL+R.
Use left logical rules to show A € fy(A).

Use right logical rules to show fy(A) C [ = A].

-
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| dea of semantic cut-elimination

® \With arbitrary structural rules R:

BASE : [I'_A = (]
codify cut-free provability in NCILL+R

“Real” elements:

| add

CLP .
model of NCILL+R 7?7?77

“Ideal” elements:
NierlTi_Ai = Cf]

NCILLF A

Soundness ??77?

Okada’s Lemma

— PE=A
113 P |:ba86 A b} ]

—
— Cut-free NCILLF A4

=

-
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Semantic cut-elimination

=

Lemma: Any R € R is atomically valid in P = (F*, C).

X, A=C - DX, A=C .
F,Xo,AiC

Corollary: If R satisfies the semantic propagation property, then P is
an R-phase structure.

Proposition: If R satisfies the semantic propagation property, then
NCILL+R enjoys cut elimination.

-
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Main result of Part |

- .

® Theorem: Let R be a set of structural rules. Then the following are
equivalent:
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® Theorem: Let R be a set of structural rules. Then the following are
equivalent:

1. FL(R) admits cut elimination.
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Main result of Part |

- .

® Theorem: Let R be a set of structural rules. Then the following are
equivalent:

1. FL(R) admits cut elimination.
2. 'R satisfies the syntactic propagation property.

o -
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Main result of Part |
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® Theorem: Let R be a set of structural rules. Then the following are
equivalent:

1. FL(R) admits cut elimination.
2. 'R satisfies the syntactic propagation property.
3. ‘R satisfies the semantic propagation property.
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Main result of Part |
-

Theorem: Let R be a set of structural rules. Then the following are
equivalent:

1. FL(R) admits cut elimination.
2. 'R satisfies the syntactic propagation property.
3. ‘R satisfies the semantic propagation property.

Corollary: If NCILL+R and NCILL+R5 admit cut-elimination, then
so does NCILL+(R1 UR>).

-
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Completion of structural rules

- .

® Substitution of sequences yields ®-syntactic propagation:

I'X.X,A=C N X, X, A=C

— Seq — Con
rx.Aso (o) RKA#C( )

o -
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Completion of structural rules

- .

® Substitution of sequences yields ®-syntactic propagation:

T X X A=C(C . F,X:,X),A#C
Y Y Y (Con) > =
X, A=C X, A=C

(Seq — Con)

® Linearization of lower seguent yields @-syntactic propagation:

X, A=C
X X, A=C

I'X,A=C ILY,A=C
X, Y, A=C

(Exp) — (Ming)

o -
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Completion of structural rules

- .

® Substitution of sequences yields ®-syntactic propagation:

T X. X.A = (C . F,X’,X,A:MJ
Y Y Y (Con) > =
X, A=C X, A=C

(Seq — Con)

® Linearization of lower seguent yields @-syntactic propagation:

X, A=C
X X, A=C

I'X,A=C ILY,A=C
X, Y, A=C

(Exp) — (Ming)

® These completion technigues are generally applicable.
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Completion of structural rules

-

Substitution of sequences yields ®-syntactic propagation:

T X X A=C(C . F,X:,X),A#C
Y Y Y (Con) > =
X, A=C X, A=C

(Seq — Con)

Linearization of lower sequent yields ®-syntactic propagation:

X, A=C
X X, A=C

I'X,A=C ILY,A=C
X, Y, A=C

(Exp) — (Ming)

These completion techniques are generally applicable.

Corollary: Any set R of structural rules can be completed into R*,
so that

-
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Completion of structural rules

=

Substitution of sequences yields ®-syntactic propagation:

T X. X.A = (C . F,X’,X,A:MJ
Y Y Y (Con) > =
X, A=C X, A=C

(Seq — Con)

Linearization of lower sequent yields ®-syntactic propagation:

X, A=C
X X, A=C

I'X,A=C ILY,A=C
X, Y, A=C

(Exp) — (Ming)

These completion techniques are generally applicable.

Corollary: Any set R of structural rules can be completed into R*,
so that

o R and R* are equivalent (in NCILL);

-
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Completion of structural rules

=

Substitution of sequences yields ®-syntactic propagation:

T X. X.A = (C . F,X’,X,A:MJ
Y Y Y (Con) > =
X, A=C X, A=C

(Seq — Con)

Linearization of lower sequent yields ®-syntactic propagation:

X, A=C
X X, A=C

I'X,A=C ILY,A=C

—
(Ezp) T.X.V.A=C

These completion techniques are generally applicable.

Corollary: Any set R of structural rules can be completed into R*,
so that

#® ‘R and R* are equivalent (in NCILL);
o NCILL+R* admits cut elimination. J
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Remark on Part |

- .

® We only considered uniform structural rules (that work in all contexts
I'A,C):
X, A=C --- TX, A=C
I Xo,A=C i

o -
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Remark on Part |

- .

® We only considered uniform structural rules (that work in all contexts
I'A,C):
O X, A=C - IX, A=C
I Xo,A=C

»® One can also consider non-uniform rules such as:

o -
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Remark on Part |

We only considered uniform structural rules (that work in all contextj
I'A,C):
O X, A=C - IX, A=C
I, Xo,A = C

One can also consider non-uniform rules such as:

Such a non-uniform rule can be handled in the framework of
prephase structures (Ciabattoni-Terui 05).

-
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Part |1: Motivating Example (3)

- .

® Consider a new “connective” A1 B (tend) defined by:

Y= A Z:>B(|_| ) I''A,B,A=C (n.1)
> = ANB a T, ANB,A=C ‘"

: : . S=B T,A,B,A=C
"~ A =5 I A BA=C Y= A AS, A= C

>= ANB T,ANBA=C 7= T2, %A = C
(Cut) (777)
TS, A= C TS A=C

a = « (277) B =B
a, = « a, =3

L aoz I,_] BB:; aaﬂﬂﬁﬁ J
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Part |1: Motivating Example (3)

o, .

Consider a new “connective” A B (tend) defined by:

Y= A Z:>B(|_| ) I''A,B,A=C (n.1)
> = ANB a T, ANB,A=C ‘"

® Without any structural rules, it does not satisfy (reductive)

cut-elimination nor axiom expansion:

: : . S=B T,A,B,A=C
"> A Y= I A BA=C Y= A VALY A=C

>= ANB T,ANBA=C 7= T2, %A = C
(Cut) (777)
TS, A= C TS A=C

a = « (277) B =B
a, 3 = « a, 3 =3

| eenang -
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(777)




Motivating Example (3)

- .

® 1+ Seg-Contraction admits cut-elimination, but not axiom
expansion.

o -
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Motivating Example (3)

- .

® 1+ Seg-Contraction admits cut-elimination, but not axiom
expansion.

® 1+ Weakening admits axiom expansion, but not cut-elimination.
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Motivating Example (3)

- .
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1+ Weakening admits axiom expansion, but not cut-elimination.

Intuitively, cut-elimination and axiom expansion are opposite to each
other.

We want to describe this situation generally and phase semantically.

What is the meaning of an arbitrary logical connective in phase
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Motivating Example (3)
B

1+ Seq-Contraction admits cut-elimination, but not axiom
expansion.

1+ Weakening admits axiom expansion, but not cut-elimination.

Intuitively, cut-elimination and axiom expansion are opposite to each
other.

We want to describe this situation generally and phase semantically.

What is the meaning of an arbitrary logical connective in phase
semantics?

Rules determine the meaning!

-
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Motivating Example (3)

- .

® |etus associate two interpretations to 1 in a phase structure P: for
X,Y €eCLp,

XY = XQV = C(XeY)
Xy = X&Y = XNY

o -
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Motivating Example (3)

- .

® |etus associate two interpretations to 1 in a phase structure P: for
X,Y €eCLp,

XY = XQV = C(XeY)
Xy = X&Y = XNY

® |[f P satisfies X o X ® X, then

XY = X&Y C(X&Y)®(X&Y) C XY = X'y
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Motivating Example (3)
B

Let us associate two interpretations to M in a phase structure P: for
X,Y €eCLp,

XY = XQV = C(XeY)
Xy = X&Y = XNY

If P satisfies X —o X ® X, then
XY = X&Y C(X&Y)®(X&Y) C XY = X'y
If P satisfies X —o 1, then

XY = XY C(Xe)&(1eY) = X&Y = XY

-
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A natural conjecture

- .

® Let £ be an (intuitionistic, propositional) sequent calculus having a
logical connective x and “good” (i.e. propagating) structural rules R.

£ admits reductive cut-elimination <= +"(X) C %/(X)

In every R-phase structure

£ admits axiom expansion — #(X)C+"(X)

In every R-phase structure

o -
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Supporting facts

- .

® Semantic cut-elimination employs the soundness theorem.
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» To make the cut rule

—

= «"(X) #(X)=>A
I'= A

sound, we must have +"(X) C +(X).
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Supporting facts
-

Semantic cut-elimination employs the soundness theorem.

To make the cut rule

—

= «"(X) #(X)=>A
I'= A

sound, we must have +"(X) C +(X).

If axiom expansion holds, +/(X) = +"(X) is derived from atomic
axioms X; = X;.
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Supporting facts
-

Semantic cut-elimination employs the soundness theorem.

To make the cut rule

—

= «"(X) #(X)=>A
I'= A

sound, we must have +"(X) C +(X).

If axiom expansion holds, +/(X) = +"(X) is derived from atomic
axioms X; = X;.

Thus by soundness, (X) C " (X).

-
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e o 0

°

Basic notions

Propositional variables: «, 3,7, ...

Logical connectives (of suitable arity): %1, xo, 3, . ..

Formulae: propositional variables or x(A1,..., A,) with Ay, ...

formulae.

(Single-conclusion) sequents: T' = A with |A| < 1.

=

, Am

-
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Simple sequent calculi

-

® A simple sequent calculus L is a set of
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Simple sequent calculi

-

® A simple sequent calculus L is a set of
® (Id), (Cut)

® structural rules
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Simple sequent calcull

A simple sequent calculus L is a set of
(Id), (Cut)
structural rules

left and right logical rules of the form:

Yi=>v;, --- YT,=>VU, T =¥, --- YT,=>VU,
- (*7 l)] - (*7 T)k
O;,%x(X),0, == ©; = x(X)
with {1, = X},

. Tn} g {@l,@mih {\Ijla-"van} g{
}

-
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Simple sequent calcull

A simple sequent calculus L is a set of
(Id), (Cut)
structural rules

left and right logical rules of the form:

Yi=>v;, --- YT,=>VU, T =¥, --- YT,=>VU,
: : (%, 0); : - = (%, )k

@l,*()_()),(%r#E ©; = x(X)

with {Y1,..., T} € {6,,0,, X}, {T,...,¥,} C{
{©,,0,.} N{=} = 0.

{0, 0,.} (left context variables), {Z} (right context variables),
{X'} (active variables) are mutually disjoint.

[1]

7X}’

-
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3 Types of Cuts
-

1. Cut against a context formula of a structural rule:

I = C'
Y= A IALA=C
L, A=C

- (R)

o -
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3 Types of Cuts

Cut against a context formula of a structural rule:

I = C' -
Y= A IALA=C (R)
L, A=C

Cut against a context formula of a logical rule:

I"=>0e" -..
Y=A T,A A= x(C)

T, 3, A = +(C)
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3 Types of Cuts

Cut against a context formula of a structural rule:

I = C' -
Y= A IALA=C (R)
L, A=C

Cut against a context formula of a logical rule:

I"=>0e" -..
Y=A T,A A= x(C)

T, 3, A = +(C)

Cut between two principal formulae of logical rules:

I = e/

YW= A . ce .
= (*7T)k - (*7 l)J
5 = «(A) T, «(A),A = C

T2, A= C

-
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3 Types of Cuts

Cut against a context formula of a structural rule:

I = C' -
Y= A IALA=C (R)
L, A=C

Cut against a context formula of a logical rule:

I"=>0e" -..
Y=A T,A A= x(C)

T, 3, A = +(C)

Cut between two principal formulae of logical rules:

= A : N AN
5 = x(A) T, «(A), A = C

IS, A=C

We want to concentrate on 3. Hence we only consider those logical
rules which allow shifting-up of type-2 cuts.
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Example

- .

® s defined by a countable set of left and right logical rules:

0,=X 06,=Y (FW T)' ()j,‘Af,SZ;()k = =
O, =XNY P 0, XNY,0,=E

(mvl)jk

forall 7,5,k € N. Here
()iEE 271,...,£Zi

(sequence of ; distinct metavariables.)

o -
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Reductive cut-elimination

- .

® Some sequent calculi admit cut-elimination for stupid reasons: eg.
L ={(m,r);, (M)} admits it since (M,!) cannot be actually used.

o -
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Reductive cut-elimination
-

Some sequent calculi admit cut-elimination for stupid reasons: eg.
L ={(m,r);, (M)} admits it since (M,!) cannot be actually used.

To avoid this, we consider reductive cut-elimination, which is a
stronger form of cut-elimination with nonlogical axioms.
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Reductive cut-elimination

=

Some sequent calculi admit cut-elimination for stupid reasons: eg.
L ={(m,r);, (M)} admits it since (M,!) cannot be actually used.

To avoid this, we consider reductive cut-elimination, which is a
stronger form of cut-elimination with nonlogical axioms.

Consider derivations with a set S of nonlogical axioms. The
following cuts are irreducible.
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Reductive cut-elimination
B

Some sequent calculi admit cut-elimination for stupid reasons: eg.
L ={(m,r);, (M)} admits it since (M,!) cannot be actually used.

To avoid this, we consider reductive cut-elimination, which is a
stronger form of cut-elimination with nonlogical axioms.

Consider derivations with a set S of nonlogical axioms. The
following cuts are irreducible.

Cut between two nonlogical axioms:

A
=>4 ) T aasc A9

[,S,A=C
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Reductive cut-elimination

=

Some sequent calculi admit cut-elimination for stupid reasons: eg.
L ={(m,r);, (M)} admits it since (M,!) cannot be actually used.

To avoid this, we consider reductive cut-elimination, which is a
stronger form of cut-elimination with nonlogical axioms.

Consider derivations with a set S of nonlogical axioms. The
following cuts are irreducible.

Cut between two nonlogical axioms:

A
=>4 ) T aasc A9

[,S,A=C

Cut between a nonlogical axiom and the principal formula of a
logical rule:

/ / .
— (Az) O )
3 = x(A) [x(A),A=C
IL,A=C
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Reductive cut-elimination

-

® [ admits reductive cut-elimination if

X1 =11 --- X, = 11, X1 =11 --- X, = 11,
. with reducible cuts  _ . without reducible cuts
I'= A I'=A

o -
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Reductive cut-elimination

-

® [ admits reductive cut-elimination if

X1 =11 --- X, = 11, X1 =11 --- X, = 11,
. with reducible cuts  _ . without reducible cuts
I'= A I'=A

$» Reductive cut-elimination = ordinary cut-elimination.

® [ admits axiom expansion if any compound axiom A = A is cut-free
derivable from atomic axioms.
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L

Reductive cut-elimination

L admits reductive cut-elimination if

X1 =11 --- X, = 11, X1 =11 --- X, = 11,
. with reducible cuts  _ . without reducible cuts
I'= A I'=A

Reductive cut-elimination = ordinary cut-elimination.

L admits axiom expansion if any compound axiom A = A is cut-free
derivable from atomic axioms.

Example:
Reductive cut-elimination | Axiom expansion
1 +Seqg-Contraction O X
1 +Weakening X O

-
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|nterpretation of logical connectives

- .

® |dea: second-order definition using €p.
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|nter pretation of logical connectives
|

® Let P be a phase structure, X¢,...,X,, € CLp.

=

ldea: second-order definition using &p.

® For any right logical rule

T =%, --- Y,,=V,
Yi,..., Ve = «(X)

(*, 7“)7;

«'(X) = the maximal value of C(Y; e - -- @ Y},) € CLp such that
T, C ¥y, ..., T,, C ¥, (with Y ranging over CLp)

o -
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|nter pretation of logical connectives

- .

ldea: second-order definition using &p.

Let P be a phase structure, X4,...,X,, € CLp.

e o 0

For any right logical rule

T =%, --- Y,,=V,
Yi,..., Ve = «(X)

(*, 7“)7;

«'(X) = the maximal value of C(Y; e - -- @ Y},) € CLp such that
T, C ¥y, ..., T,, C ¥, (with Y ranging over CLp)

® Example:

Xpg'Y=EP{Z|ZeCLlp, ZC X, ZCY}=XNY
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® |dea: second-order definition using ().
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® |dea: second-order definition using ().
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|nter pretation of logical connectives

=

|dea: second-order definition using ).

Let X¢,...,X,, € CLp.

e o 0

For any left logical rule

T =¥, --- Y,,=V,,
Y, «(X),Z=>W

(*7 l)j

«7(X) = the minimal value of @9 — Z*o—©¢ such that
T, C¥y,...,T,, C ¥, (with Y, Z ranging over CLp)
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|nter pretation of logical connectives

- .

|dea: second-order definition using ).

Let X¢,...,X,, € CLp.

e o 0

For any left logical rule

Ti =¥, -+ T, =V,
Y, «(X),Z=>W

(*7 l)j

«7(X) = the minimal value of @9 — Z*o—©¢ such that
T, C¥y,...,T,, C ¥, (with Y, Z ranging over CLp)

® Example:
Z1,X,Y, Zo =W

Z1,XNY,Zy = W (

M, 1)1

X'y (W21 o Wo-Zy | Z1,Z2,W €CLp, Zy®oX oY 07y C |

L = 1-oC(XeY)o—-1 = (C(XeY) J
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|nter pretation of logical connectives

f ® When {(x,7);}iea, and {(x,1),};ea, are the right and left logical
rules introducing «, define

=

o -
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|nter pretation of logical connectives

f ® When {(x,7);}iea, and {(x,1),};ea, are the right and left logical
rules introducing «, define

=

® |In particular:

XMmY=XnY XrmbhY=C(XeY)

o -
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Valuation and soundness

- .

® We gave an asymmetric interpretation «5,, x5 to each x.
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Valuation and soundness

- .

® We gave an asymmetric interpretation «5,, x5 to each x.

® Difficulty: (Id) and (Cut) on x(X).

o -
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e o 0

Valuation and soundness

We gave an asymmetric interpretation x5, x5 to each x.
Difficulty: (Id) and (Cut) on x(X).

Full-valuation f : Formulas — Cj; such that for each

—

*(A) = *(Al, . ,An>,

w5 (F(AD) C F(x(A)) C % (F(AS).

=
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Soundness Theorem: Let
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Full-valuation f : Formulas — Cj; such that for each

—

*(A) = *(Al, . ,An),

w5 (F(AD) C F(x(A)) C % (F(AS).

Soundness Theorem: Let
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-

LIPN, 04/10/05 — p.56/6:



Valuation and soundness

- .

We gave an asymmetric interpretation x5, x5 to each x.

Difficulty: (Id) and (Cut) on x(X).

e o 0

Full-valuation f : Formulas — Cj; such that for each

—

*(A) = *(Al, . ,An),

w5 (F(AD) C F(x(A)) C % (F(AS).

® Soundness Theorem: Let
o L: asimple sequent calculus with structural rules R.
o P: an R-phase structure.
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Valuation and soundness

- .

We gave an asymmetric interpretation x5, x5 to each x.

Difficulty: (Id) and (Cut) on x(X).

e o 0

Full-valuation f : Formulas — Cj; such that for each

—

*(A) = *(Al, . ,An),

w5 (F(AD) C F(x(A)) C % (F(AS).

® Soundness Theorem: Let
o L: asimple sequent calculus with structural rules R.
o P: an R-phase structure.
o f: afull-valuation on P.
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e o 0

Valuation and soundness

=

We gave an asymmetric interpretation x5, x5 to each x.
Difficulty: (Id) and (Cut) on x(X).

Full-valuation f : Formulas — Cj; such that for each

—

*(A) = *(Al, . ,An),

w5 (F(AD) C F(x(A)) C % (F(AS).

Soundness Theorem: Let
o L: asimple sequent calculus with structural rules R.
o P: an R-phase structure.
o f: afull-valuation on P.

If I' = A is provable in £, then it is true under f.
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o b

Valuation and soundness

We gave an asymmetric interpretation x5, x5 to each x.
Difficulty: (Id) and (Cut) on x(X).

Full-valuation f : Formulas — Cj; such that for each

—

*(A) = *(Al, . ,An),

w5 (F(AD) C F(x(A)) C % (F(AS).

Soundness Theorem: Let
o L: asimple sequent calculus with structural rules R.
o P: an R-phase structure.
o f: afull-valuation on P.

If I' = A is provable in £, then it is true under f.

Note: the existence of a full-valuation is not guaranteed yet!

-
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Coherence and Rigidity

- .

® Alogical connective x is coherent in £ (with structural rules R) if
*p(X) € +p(X)

for any closed sets X in every R-phase structure.

o -
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Coherence and Rigidity
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® Alogical connective x is coherent in £ (with structural rules R) if
*p(X) € +p(X)

for any closed sets X in every R-phase structure.

® Alogical connective x is rigid in L if
*p(X) C +p(X)

for any closed sets X in every R-phase structure.
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Coherence and Rigidity

- .

® Alogical connective x is coherent in £ (with structural rules R) if
*p(X) € +p(X)

for any closed sets X in every R-phase structure.

® Alogical connective x is rigid in L if
*p(X) C +p(X)

for any closed sets X in every R-phase structure.

® Coherence guarantees the existence of a valuation.
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Coherence and Rigidity
-

A logical connective x is coherent in £ (with structural rules R) if
*p(X) € #p(X)

for any closed sets X in every R-phase structure.

A logical connective x is rigid in L if
*p (X) € *p(X)

for any closed sets X in every R-phase structure.
Coherence guarantees the existence of a valuation.

If rigidity holds in addition, then the valuation is uniquely determined
by the values of atomic formulae.
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Reductive cut-eimination = Coherence

- .

® Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.
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Reductive cut-eimination = Coherence

- .

® Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.

® |dea: +p(X) = EBieA ©;, *lP(X) — ﬂjeA’ =

o -
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Reductive cut-eimination = Coherence

® Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.

l —>

® Idea: *TP()Z') = EBieA O;, *p(X) = ﬂjeA’ =
® Thus «5(X) C kb (X) iff

[1]

O, C

J

forany: e A,j € A'.

o -
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Reductive cut-dimination = Coherence
L, -

® Idea: *TP()Z') = EBieA O;, *p(X) = ﬂjeA’ =
® Thus «5(X) C kb (X) iff

Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.

0, CE,
forany: e A,j € A'.

® One can syntactically insert an ideal element by rules (%, r) and

(%,1):

0; = «(X) = 5,

o -
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Reductive cut-eimination = Coherence
L, -
® ldea: +p(X) = @iy O *b(X) = Myen E5
® Thus «5(X) C kb (X) iff

Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.

0, CE,
forany: e A,j € A'.

® One can syntactically insert an ideal element by rules (%, r) and

(%,1):

0; = «(X) = 5,

®» Then reductive cut-elimination can eliminate the ideal:

@7;:>Ej

o -
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Reductive cut-dimination = Coherence

s

Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.

dea: +p(X) = B 01 #b(X) = yen 5,
Thus +5 (X) C «b (X) iff
0, CE,
forany: e A,j € A'.
One can syntactically insert an ideal element by rules (x, r) and

(%,1):

0; = «(X) = 5,

Then reductive cut-elimination can eliminate the ideal:

Hence +5 (X) C «L (X).

=

-
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Axiom expansion = Rigidity

- .

® Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.

o -

LIPN, 04/10/05 — p.59/6:



-

Axiom expansion = Rigidity

® Proposition: If a simple sequent calculus £ admits reductive

=

cut-elimination, then all logical connectives are coherent in L.

® Proof: By axiom expansion:

X1 = X1

Str. rules + (x,1) + (%, 7)
*(X) = (%)

Xn = Xp

Semantic reading | X1 € X1 -+ Xn C Xp

—

for any interpretations X € CLp of active variables.

. Str. rules + (k, 1) + (%, 1)
*b (X) C+p(X)

-
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Axiom expansion = Rigidity
B

® Proposition: If a simple sequent calculus £ admits reductive
cut-elimination, then all logical connectives are coherent in L.

® Proof: By axiom expansion:

1 Str. rules + (%, 1) + (%, 7)
*(X) = «(X)

Semantic reading | X1 € X1 -+ Xn C& Xn
— . Str. rules + (x,1) + (x,7)

(X)) C +p(X)

for any interpretations X € CLp of active variables.

® Key point: since there is no cut, one can interpret =(X) differently,
depending on whether it appears on the left or right. J

o
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| Nter mezzo

We have seen: T

Reductive cut-elimination — Coherence

Axiom expansion — Rigidity
We must show:

Coherence + Propagation — Reductive cut-elimination

Rigidity + Propagation =—- Axiom expansion

In the sequel, we show (non-reductive) cut-elimination instead of
reductive cut-elimination.

-
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Syntactic phase structure

-

® Fix a simple sequent calculus L. As before:
® F*: free monoid generated by the formulas F of L.

® The operator C' : p(F*) — p(F*) defined by:

[T_A=C] = {¥|T,% A= Ciscutfree provablein L},
YeClp & Y =[] A=C]
icA

o -
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Split Okada’sLemma

f ® Okada’'sLemma A € f(A) C [A] splits into two. T

o -
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Split Okada’sLemma

f ® Okada's Lemma A € f(A) C [A] splits into two. T

—

® Split Okada’'s Lemma: Let x(A) = x(A1,..., An).
If X; is a closed set such that A; € X; C [4;], then

o -
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Split Okada’sLemma

|7 ® Okada's Lemma A € f(A) C [A] splits into two. T

—

® Split Okada’'s Lemma: Let x(A) = x(A1,..., An).
If X; is a closed set such that A; € X; C [4;], then

— —

@)+ (%) € (A
(2) x(A) € ¥ (X).

o -
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Coherencerecovers One Okada

- -

® | emma: If all the logical connectives in £ are coherent, then there is

—.

a valuation f, such that for any x(A) we have:

w5 (fo(AS)
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Coherencerecovers One Okada

- -

® | emma: If all the logical connectives in £ are coherent, then there is

—.

a valuation f, such that for any x(A) we have:

+(fo(A))
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Semantic cut-elimination

-

® Proposition: If all structural rules in £ satisfies the propagation
property and all logical connectives are coherent in £, then £ admits
cut-elimination.

o -
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Semantic cut-elimination

® Proposition: If all structural rules in £ satisfies the propagation
property and all logical connectives are coherent in £, then £ admits
cut-elimination.

® To show reductive cut-elimination, more delicate argument is
needed...

o -
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Rigidity + Propagation = Axiom expansion

- .

® Proposition: If a logical connective x is rigid in £ (and all structural
rules satisfy the propagation property), then x admits axiom
expansion.

o -
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Rigidity + Propagation = Axiom expansion

® Proposition: If a logical connective x is rigid in £ (and all structural
rules satisfy the propagation property), then x admits axiom
expansion.

® Proof: Modify the definition of syntactic phase structure:

' A=C] = {¥|I,%, A= Ciscut-free derivable

from atomic axioms in £}

o -
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Rigidity + Propagation = Axiom expansion

s

=

Proposition: If a logical connective x is rigid in £ (and all structural
rules satisfy the propagation property), then x admits axiom
expansion.

Proof. Modify the definition of syntactic phase structure:

' A=C] = {¥|I,%, A= Ciscut-free derivable

from atomic axioms in £}

Split Okada’s Lemma still holds. Together with rigidity,

(@ OE i M e (x) T @,

-
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Rigidity + Propagation = Axiom expansion

s

=

Proposition: If a logical connective x is rigid in £ (and all structural
rules satisfy the propagation property), then x admits axiom
expansion.

Proof. Modify the definition of syntactic phase structure:

' A=C] = {¥|I,%, A= Ciscut-free derivable

from atomic axioms in £}

Split Okada’s Lemma still holds. Together with rigidity,

(@ OE i M e (x) T @,

l.e., x(X) = x(X) is cut-free derivable from atomic axioms.

-
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Main Resultsof Part ||

- .

® Theorem 1: Let £ be a simple sequent calculus. Then,

o -
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Main Resultsof Part ||

- .

® Theorem 1: Let £ be a simple sequent calculus. Then,

L admits reductive cut-elimination <=
All logical connectives of £ are coherent and all structural
rules of L satisfy the propagation property.

o -
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Main Resultsof Part ||

-

® Theorem 1: Let £ be a simple sequent calculus. Then,

L admits reductive cut-elimination <=
All logical connectives of £ are coherent and all structural
rules of L satisfy the propagation property.

® Theorem 2: Assume that the structural rules of £ satisfy the
propagation property. Then,

o -
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Main Resultsof Part ||

- .

® Theorem 1: Let £ be a simple sequent calculus. Then,

L admits reductive cut-elimination <=
All logical connectives of £ are coherent and all structural
rules of L satisfy the propagation property.

® Theorem 2: Assume that the structural rules of £ satisfy the
propagation property. Then,
a logical connective x admits axiom expansion <= x IS
rigid.

o -
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Main Resultsof Part ||

=

Theorem 1: Let £ be a simple sequent calculus. Then,

L admits reductive cut-elimination <=
All logical connectives of £ are coherent and all structural
rules of L satisfy the propagation property.

Theorem 2: Assume that the structural rules of £ satisfy the
propagation property. Then,
a logical connective x admits axiom expansion <= x IS
rigid.
Corollary: Let £, and £, be simple sequent calculi such that the
sets of of logical connectives are disjoint. Then,

-
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Main Resultsof Part ||

=

Theorem 1: Let £ be a simple sequent calculus. Then,

L admits reductive cut-elimination <=
All logical connectives of £ are coherent and all structural
rules of L satisfy the propagation property.

Theorem 2: Assume that the structural rules of £ satisfy the
propagation property. Then,
a logical connective x admits axiom expansion <= x IS
rigid.
Corollary: Let £, and £, be simple sequent calculi such that the
sets of of logical connectives are disjoint. Then,
If £; and L, admit cut-elimination, then so does £ U L.

-
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Difficulty In classical case

- .

® Everything so far works fine (assuming cyclicity). But LK does not
satisfy reductive cut-elimination!

= A,B,B = B+,B+,C
= A, B (Contr) = B+ C
= A, C

(Contr)
(C'ut)

o -
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Difficulty In classical case

- .

® Everything so far works fine (assuming cyclicity). But LK does not
satisfy reductive cut-elimination!

= A,B,B = B+,B+,C
= A, B (Contr) = B+ C
= A, C

(Contr)
(C'ut)

® Then what'’s the point of characterizing reductive cut-elimination?

o -
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