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2 JOogoooon

0o
000370000000000000000004,900000000000000000
00000:0000000000 Prime(z)0000000000000Prime(3), Prime(7)
0000000 Prime(4), Prime(9) 0000000000000000000MO0O0O
000000000000000000000000000000MO0000000
000000000000000000000000

ub 21 00000O0bO0bO0obobooooboooooooooooboboboonog
goobooboobooboboobobbobooboobobooooboooong
uboooobogoboboobuoobouogbooboobooboobaonoooobanod
goboobogoooooboboooboooboobobmobboobbooood
gbooboobooboobooobooboobbobboobooboooboboooobon
ubboooboobuobbooboobbooboboaboobod

ub 22 00000000d0b0bo000bobuooooooobboooboboaood
gobobobooboobooboobobbood0b0o0bo0oboobboong
uggbobogbbbodbe000obbooobobooobboooobboaoobbd
gboboooboooooobooooobbobobo™moboobooboobooboboon
goooood

Uboobobod-00000000000000000000OD 0000000000
gooobobooboboboobuoobooboooboobobooboobooong
gbobooobooboobbooboobboobooboobobooboon

0000000000000 000000O0O0000000ObOOOD0O0O Px)DOO
Oextension0 00 P(n)DOODOOO0OOOOOn0000000000O0DOODODOOO
Prime(z) 0000000 {2,3,5,7,11,...} 0000000 000000000000
000 {3,330 0000000000000 OODOOOOOO

Uobodn000 PODO0OODOOORD POODOOOOODOOODOODODOOO
gboobooobooooboobooboboboboobooboboobobooong
oboboooboobobobomoboo 000 POODOOOODODODODOODOO
gbobooboobooobdodnb POODODOOODOODOOOODODOODOOODO
gboooooboood

ub 23 00000000000 000O0000O0O0DODbO0Db0b00bDDbOmM 0000
ugbobobbooooobobooobbobbtbooooobbuoooobbbdo nbOOOd
gbooobobooobooboboobooboobobooobooboooobooong
000000000000000000000 NOOOOUOODOOOOO@¢ooooo
gboobobogoooboobuooouobbobboobobbooobooboood
gboooooom
000ONDOOGOODODDOO0O00O0O000000000000000000000000Q0
UMz0000000000000000000000DO0DOO0O0O0OOODOODODOAO



vbobobobbooboogbuooboobboboobooboobuobooboobond
gboboobooaood

00
30500 00000000000000000000005030MO00000000
000000000000 0000000000000000000000000000
Dz0y000000000 Small(z,y) 0000000000000 Small(3,5)000
0000S8mall(5,3)00000000Small(z,y)0 2000 2,y00000 20000
D000000Mz0y0 :000000000000003000 2,5,200000 3
000000000000000000 k0000 kD000 R(zy,...,2) 000000
00000000010000000000000

ubbd 24 000000000040

00000000000000000000000000000000O00O00000
0000000000000000000000000002000 R(xy)000000
R(n,m)0000000000000000 (p,m)00000000000000000
Small(z,y) 000000(0,1),(0,2),(1,3),(35,539) 000 000000(1,0), (58,23) 0
000000000000000000 R(y,...,7,)000000R(n,...,ng) 00
000000 k0000000 (ny,...,n) 0000000000000

oboob 25 30000z0y0 z0000000000000D00D0O00O0DODOAO
ubboobogbuoobbodoboobobooboobooon

0o
Or+y=150000200000000000002=3,4500000 y=12,11,10
0000000z+y=150000000000 yO00O0O0O000000z>150000
000000y000000000000000000000@az+4y>1500000
000000000000000000 20000002z+y>150000000000
y00O0OOOD0DO0O0O00000000y000000000000000000

D00000Me+15=y00000000000000000 20000002415 =y0
0000y00000000000000000000000000000000000
000000000000000000000000<«00000y000000100
0000000000000000200000000000000010000000
00000 Mm

000000MO0000001000 f0002000000000000000n0
000000000 mO0000000(,m) 000 f00000000000000
O00(n,m) 000 f0000000f(n)=mO0000

000 k000 fO000kK+1000000000000 k0000000 (ny,...,n)
0000000000 mOO00O00000({ny,...,n,m) 000 fO000000000
00000000000 f(n,...,nk) =mO000

0000000000000000000000000n 0n,00000000n;+n, =
mO0000000mO0O00000000000000000000000000000



ubbodbbodididnm <n0O0000n —nme=mm 0000000 mOO0000OU0
gboogoo

gobobobboobobobobobbobobooooboboooooobobon
ugbboobuoaboooboaboo



3 Uoboobgogd

Dodoodooooooooooboooooooooooobooooooooogon
goddodoootdoodoouoouoouoouoouoouooouoooooon
goddoddouootdddooooboooooooooooouooouoooon
ooooooooooon

0000000000000 00000000 «O0D0 ADDODOOODDOODOOO
goooooon

a€ A

00000000 ed ADODODOODeD ADODDOOOODOOOOODDOOOOD
00000 (D00 e00O0 ADDDOOOODOO)O

ad A

doboodoooooooobooooooboobouooo,,2,...0d00ob0oooooooaa
0000 NOOOOOODOOOOO0OO0OO0O0o0eN,1eN,2eN,...0000
00 ay,...,q, 0000000
{a,...,ar}

0000000000 00O0a; €{ay,...,a,; 00 1<i<k00000OOOO
p(z) 0000000000000 00p(z) 0000000000000 (z)00
god

{zle(2)}
0000000000000 7eNOOOOO

p(n) <= n € {zfp(z)}

00000000000 e(n) 0000000000 e(x) 0000000000000
good
O000000000000000000 (extensionality principle) 00000000
gbooboomboboobooboob 200b000b00mooooooboooong
gobooboobooobooboboobooboobobooobooon

A=B<«=forallz(z € Aiff x € B)

googoo
000 (theemptyset) 000000000000 000000O0O0OO0eO0O0OOOOO
good
For all z(z & ¢)

gbobobobmooooboobobooboooooobobobooooooon
gooboobooboooboooboboooooobbd
000 AOD0OO BOODODO (subset) DOOOOO0OO ACBOOOOODODOOODOO

A C B <= for all z(z € A implies x € B)



000oooooooOnbO A0O0OO
6C A

0000000000000 00oooo0noo0oooooonn
ACBand BCA<«<— A=1HB

goooon
00 AO BOOODO (intersection)d O (union)d O (difference) 00000 AN BO
AuBOA-BODOOODDOOODOOODOOOO

acANB<+—=acAandacB

a€c AUB<=acAoracB
acA—B<+<=acAanda¥¢B.
googoooooooogo
1. AnNBC A.

2. ACAUB.

3. CCAand CCB—CCANB.

4. ACCand BCC = AUBCUC.

00 a0 b0000 (ordered pair) 0 (¢,b) J0000000000000000
{a,b) = (d/, b)) = a=d and b=V

000000000{ab}0 (@,b)000000000000000 {a,b} ={b,a} 00
000000 {a,b)=(h,e) 0000000000
00000000300 {(a1,a2,a3)0400 (ay,a9,a3,a,) 0000000000000
100 ()00 00000000000000
0000 400000000000 NFOOOOOOOO00000

N = {(n1,...,n4) | 1 €N, ... ny € N}

ogoooo
(ni,...,ng) e NF <= n; €N,...,n, €N

000000000000000000ON!'=NOOOO

00000 k000 ROODONFOOODOOOOOOODOOODOOOOOOODOOOO
0000dooom@mon 100 RCNOONOODODOODOOUoooooooboa
OoddoododooooobooooouooobooooooooooooooooonOd
(ni,...,nz) € ROODODOOOOOR(Mn,...,ny) D00D0D000ORD 200000000
(n1,n2) € ROO OO ny Rny 0000 DO infix notation[T]

00000000 <O0000000 2000 {(z,y)|yDxOOOOODO }O0O0O0OO
00000 N2000000000(1,2)0(3,7 0000000000000 (1,2) e<O
O00000D00O infixnotation OO OO 1<20000

oo0o000 k000 f|:||:JDNkJrlDDDDDDDDDDDDDDDDDDDDDDD



M000 (ny,...,n,) eNFOODODO (ny,...,np,m) € FO000000 meN
0000000000

0000000000 mO000 {ny,...,n,)0000 £00 (value) D00 Of (ng, ..., ng)
0000f00000000k0000000000

f:NF SN

ooooooo
0000000+400000002000 {(z,y,2)]a+y=2}000000000000
0000000000000000000000 (n1,n,)00000000(ny,n,m) € +
0000 »mO000000000000mOO0m+n, 0000000000
000000000000000000000000000000000000000
0000o0,1,2...00000000000000000000

00000 k00000 fO00O0NM 000000000 00000000000
ooo

) (n1,...,np,m) € f000D0O0mMeNDOOODOOOOOOOODOOO
OmO0000000

(n,...,mp) 000000000 mO0OOO0ODOOOOO fO (ny,...,np) 0000000
0000000000000 mO (n,...,n,) 0000 £00 (value) D OO0 Of(ny, ..., mk)
goaaogod

Udfddooooooooooooon (nl,...,nk>ENkDDDDDDDDDDDD
godoboboobooboooobboodooobbbouoobbboooobbbooon
ooo0o0oOoOooOoOoO0oO0oO0oOoO0oOoooooOoO (ng,...,nyy00OD0OOOODODOOOO
ggoooobboboobdddoooooobobbbbooooooooo

0000000 —-0000000 200000 {(z,y,2)| c—y=2}0000000
n>mUduogdn (n,m>€N2DDDDDDDDDDDDDDDDDDDD n—mUdoO00
DDDDDDDD<n,m>ENQDDDDDDDDDDDDDDDDDDDDDDDDDD
gbobooo20b0b000b0o0obooooboon

0000000 RCNOOOODDOOOOODODDODO (characteristic function) xg :
N—-NOOODODODOoOoooooooooooooooo

xr(n) = 1 (Rn)0ODOOODOO)
= 0(R(r)0OODOO0DO0OO)

000000 Even={z| 2000000 }00000 xpe, J0O000O00O0O0O0OO
goog

XE'ven(n) = 1(’0DDDDDD)
= 0(pOOOOOO)

D0000D0D00D0D000 KOO0 RCNFOOODDOODOODOODOO xg:NF—
NOOoOooooooooog

e, ...,n) = 1(R(ny,...,np;)0000000)
= 0(R(ny,...,np) 00000000D0)



oooooobooob1000b0O0OO0k0ODO fFODOODOOOO f:Nk—>{0,1}
goooobooboobboooobon

f={en,..,ap)|f(xr,. .. 2p) =1}

00000000000 f000000 AO00O00O0O0OOOO RC NODOOO f:
Nt — {0,1} 00000000000000

XRZR, Xf:f

000000000000 kO00DOoooOo{o,1}00000ODOOOOOOODOf:
Nk—>{0,1}DDDDDDDDDDDDDDDDDDDDDDDDD

gbog 3.1 XR:R,Xf:fDDDDDDDDDDDDD
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4 0000004

gboobobobooboobooboboobobooobooobobbobooobo
vbooboboooboboobuooboooboobobobbobuoobooooaod
00000000000 000000 primitive recursion0 000000000000
gboooboboooboobobobooboobobooobooboooobooong
vbobobobuodgobouoboobooboobuooboboooboobobooobooodgd
ggdgboodgboboooboogboobboobooboboonod

gboooobgoboboobooboboobooboboobobbobooo
OO00O00DO0O0DOO0bOOO00D0OOrecursive formulaD OO000O00O0OOODOO
ubbooobooboobbodn ag,ar,a,.. . 00000000

CLO:5

ant+1 = 2an+3

UD0O0000b00bObD e =5000000000000000a;1 = 130ae =290
a3 =61000000000000000000O0000O000O0000O0O0O00O0O0O00 @, 00
gbooobobooobooboboobooboooobooboooooobooong
gbbobobboboobobbobbobuooboooboobooboooooboo
gboooobooboobbooboobooobooboonoobo
gbooboooobooobobooboobooobobooboobobobooon
gbobobboouoobooboobooboobobobobbobobbobooboboo
goobobooboboobooboobooooobooobobobooboooboobong
vbooboboboobbobuoobuooboboboboboobobobooobooondgd
vbobooobgbouoobobooboobuooboboobooboboobooongd
gboboobobooobooobooomoooboooboooboobbooobooag
vboobobboobooboboboobuoobobobbobooboobooongd
vbooboboooooboboobuoobuoobooboobooooboobooaogd
goobooboobobobooboobooboobobboboobobooong
gbboobuogboobboobboooboobooon

4.1 0O0OO0OO0OO0OO0OO0

00 4.1 0000000 (primitive recursive functions) D0 000000000000
ooooOo

1. 0000 (zero function)d zero"™(xy,...,z,) =00 00000000000000
0 <nO

2. 0000 (projection functions)d proji(z1,...,x,) =2, 000000000000
oo i1<:i<nd

3. 00000 (successor function)Osuc(z) =2x+1000000000000

11



/.

00 (composition)Jg0 mOO000000000O0O0Ry,...,h,0nd00000
gooaogn

flxy,..oyxn) =glhi(z1, . yxn), oo hm (21, - . Tp)
0000000000 fOODOODOOOODOOODOOO0O 1< m,0<n0

00000 (primitive recursion)D g0 nO000000000000ARO n+200
gooooooood

flxi,...,20,0) = g(x1,...,25)
f(x17"'7xn7y+]-) = h(xlu"'7xn7y)f(x17"'7xn7y))

0000db0obo0On+1000 fO00000O0OO0ODOODODOODOLSNOgOOO
00 (base function) D00 O00AOD0OOO0OO0DOOOO (recursion step function)
O000000000AODONn+100y00000000000000 (regressive
argument) 00000 n+ 200 f(z1,...,2,,y) 00 000000000000
(recursive argument) 00 00 00O

gboogboooobob z+y00o00boobbOob0bO0obDbOOo0bOo0obOogn
ugbobooboodan

proj%D 2.0000100000000O00D0DO4
proj%D 2.0000300000000000DO0
suc 3.000010000000000000

ho(z1, 29, 23) = suc(projs(x1,22,23)) 00000000 3000 heD 400000
goooooood

oboobobobob 2000 plus 5.0000000O00OO0O0OODO

plus(z,0) = proji(z)
plus(z,y +1) = ho(z,y,plus(z,y))

00000000000 plusO0 00000000000 OOOPIs(3,2) 0000000

12



ubobooboboobuooboooo

plus(3,2) =

ho(3,1, plus(3,1))
suc(proji(3, 1, plus(3,1)))
suc(plus(3,1))
suc(ho(3,0,plus(3,0)))
suc(suc(projs (3,0, plus(3,0))))
suc(suc(plus(3,0)))
suc(suc(proji(3)))
suc(suc(3))

(

suc(4)
5

000 plus(3,2) =50000000000000pkwsO000DOO0O0O0DOOOOOOODOO
gboboobooobobooooooobooboooboooobooboboo 20000

ugboog 4.2

1. plus(4,3)=700000000000

2. (*) 000000 n,mO00000plus(n,m)=n+mO000000000M00
000mO000000000000

ubboooobbd-e-yudb0Oboobbuooobbbooobbooobboanon

googon

ezerol 0 1.000010000000000000

pus 00 00000000020000000000000
proj3, projs 0 2. 000 03000000000000O0

hi(x1,z0,23) = plus(proj:f(xl,xg,xg),proj%(xl,xg,xg,)) 00000000 3000

D4 000000DOODOOODO

times(z,0) =

times(z,y +1) =

ugboog 4.3

Ooob0obOobOob 2000 tmesO 5. 0000000O0ODODODO

zero! ()

hl (.CU, Y, times(x, y))

1. times(4,3) = 1200000000000

2. (*) 000000 n,mOO0O000times(n,m)=n-mO0000000000M00
000mO000000000000

13



s 00000000000000000D00O0O00ODODO

4. 0000000000000 COODOODOOO

oo4100000oo0oooooboboboobooooooboobobobooboo
vbobobobuooboogboboobobuoobobooobooboboobooboonodgd
goooog

00 44 f00000000000000COO0DOOOOOO0OO0O f/fO00000COOO0O

(1, an) = f(miy, .. @)
000 4,...,i, 00000 {1,...,n} 0000000

gbooooboobooboboboobooboboobooboobooobooon
0000000000000 0Uo0oUooooUoooof/ooooooooooog
gooooboobooboobod

Ubooboobooboobboobdsquare0 0000000000 O0O0ODOO

square(z) = times(zx, x)
O00yO000000000200000twiced 000000000000 O0O0OO0
twice'(z,y) = plus(z, z)
00 f0 f0prof,...,profp. 000000000000000000
P n) = Fprof (D), proff (7))

000 £=uxy,...,2,0000 f/O000000O0O0OO ]

000000000000000000000000000000000000000
000000000 f(z,...,2,)0000000000000000000000000
000 f1,f, 000000000000

1. 0000000 weakening[M fi(z1,...,2n,y) = f(x1,...,25)
2. 0000000000 contraction[D fo(z1,. .., Tn_2,y) = f(T1,. . Tn_2,Y,Y)
3. 00000 DDODODOOexchange f3(z1,...,Tn—2,9,2) = f(x1,...,Tn-2,2,9)

vboobobooboogboboobbobooboobuooboboobooobgao
goooobooboobboobooboboooobon

o 4.5

14



1. 00000y, zw 0000000009, hOODOOOODOOODOODOODOOOO
o0d0O fO0O0oO0ooOooog
f(z1,...,20n) = g(¥, h(Z), W)

0000o00boO0d0D ¢y, z,4000000D00000OC0000O 21,...,2, 000
oboboon

2. 00000000g, AO0DOOO0COOODOOODOOODOOODOODOO fFOO
gooooood

f(xl,...,xn,O) = g(,g)
f(xla"'vxnvy—i_l) = h(’lﬁvyvf(xlv"'vxnay))

oooooooboodooD z«whooo0 a,...,2,000000000C000D0CO
oooooooooo f(y,z,...,x,) 0000 y0O0O0OO0O00O0OOCODOOCODOO
ggbobooboboooboboobobuoobboobbuooobooobaaon
gooooo

00 1.00000000000000000¢,/”O000000000

1

gl(CCl,...7fEn7’l}) = g( 7/1)7“7)

B (z1,...,2,) = h(2)
FO0 ¢ 0RO proj},....pro" 00 0000000000000 DDOO

f(x1,...,2n) = ¢ (proj{(Z), ..., proji(Z), K (Z))

o000 ¥=x,...,2, 0000000 fOO0D00C0OODOOODO
2.00000000 [ |

oooooooooooO f(ey,...,z,)00000000a2,...,2, 0000000
gogoooobobobbooooobobodoogoooooooboooooobooobog
o0o0o00oO0oO000o0oO0oO0o0o0D0o0ooooooOO f(y,«,...,z,) 000000000
z,..., 2, OO00000D00O0DOO0ODOO0O0OO0ODOOO0O0DOO0OO0O0ODO0O0O0O0DOO0
gooboobooboobboobooobooboo

vbooboboobooguobobooboobuooboobobobobooobaan
googon

plus(z,0) = =
plus(z,y +1) = suc(plus(z,y))
times(z,0) = 0
times(z,y + 1) = plus(z,times(z,y))

000000000 20 projl(z) 0000000000000000 00 zere®0000
O0Ozere?0 000000000000000000MOO0O0O0O0O0O0O0O0OOOOOO
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00000000000000000y0000000000000000000000
000000000000000000000000000000

00000000000000bplus(z,y), times(z,y)0 z+y, z-y000000000
infix notation 0 0 0 0000000000000 0Zy000000000000000
0000000000

00 4.6 JO00OO0O0D0OO0OO0OODOODOOOOOOOO
1. 0000 (constant functions)J O p,n > 00000 O consty(x1,...,7,) = pU
2. 0000 (predecessor function)O

pred(0) = 0
predly +1) = y

3. 0000000 (modified subtraction)d

z-y = z—yUOz>y0000
= 0UOzx<yOODOO

4. 000000
pos?(0) = 0
pos?(y+1) = 1
5. 0gogoonon
zero?(0) = 1
zero?(y+1) = 0
6. 00O |x—y|

00 1. const] (&) = suc(-- - suc(zero(Z)) - - - )0
———

p times

0. 0000000000000 00D00D000000N000N000N00N0NONNOO
000000000000 000000000000000000000pred(y+1) =
proji (y, pred(y)) 0 OO O

3. 000000000000000000000

z=0 = =
z=(y+1) = pred(z-y)
4. pos?(y) = y-pred(y)O
5. zero?(y) = 1-pos?(y)0
6. |z —y| = (z=y) + (y=2)0 m

16



0000 4.7 (*)00000 max(z,y) D20 y00000000O0O0O0O0OIOOOOO
min(z,y) Dz 0 y 000000000000 00OO0O0O0O00ODOOODOOOOOOOOmMO
ogboo+0 =000ooom

00 48 n+100000000 f(#,y)0000 Z=m,...,2,00000000000
oooooooooooo-+1000000000000

1. 000 (bounded sum)O

Zf(f,y):f(:E’,O)—Ff(:E’,l)+~-—|—f(f,z—1)

y<z

gobodby0obbOo0obooboobboobogn Zy<zf_’

,y)On+10
ud f,zDDDDDD|:||]DDDDDDZ:ODDDDDZy<Zf(f,y)

=00000

2. 000 (bounded product)d

Hf(:?,y):f(f,())~f(f,1)~-f(:?,z—1)

y<z

#=000000]],.. f(#y)=10000

o0 1. 0boob0osAb0OO0ODbObOODOOLOOOOODODODOODOODOO
god

h(Z, w1, w2) = plus(wa, f(Z,w1))
d fE@y = 0

y<0

> f@Ey) = hEzY (&)
y<z+1 y<z

ubobooboboobuooboooo

> @) = W@z f(@y)

y<z+1 y<z

= plus(z f(:a y)vf(:a Z))

y<z

OO000O00DO0OO00ODOO00DO0O0"AR,meNDODOOOO

Zf(ﬁay):f(ﬁ’o)+f(ﬁ’1)+"'+f(ﬁ7m_1)

0oooo0o0o0oo0on
2. 00000000 m
0000 4.9

1. Y, ssuc(y) =600000000000

2. [l <psquare(y+1) =4 00000000000

17



4.2 0000000

00 4.10 0000000 (primitive recursive relation) 0000000 xzgOOOOO
000000000 RCNFODDOOOD

U0 411 0000 z2<y00000 c=y000000000O0O

00 2<y000000 pos?(y=—x)000000000000x<(z,y)=pos?(y—z)0O
0o0o0odooooO0nmeNOOOOO

pos?(m=n) = 10n<mO000
= 00ngmOO0O0O

0000000000000 pos?(y—x) 000000000 ODOODOODODOx<yOO
000000000000 0xz=y000000 zero?(x~y)-zero?(y—z) 0000000
vgbooobbooobbmbooobbooobbuoodbe=yuobooogbod
god [ |

k00000000 ROOOO n,...,n, eNOOOOOOOOOR(ng,...,n,)000
000000000000000000000000000000000000 ROOOO
0000 (decidable) 0 00 MO000000ROOOOO xzg00000xg(04,...,nk)
0000000000yz,000000000000000 yg(n,...,n,) 000000
000000000000000000010000000R(0,...,n) 0000000
0000000 R(m,...,n,) 00000000

000000000000 000000000000000000000000000
000000000000000

00 412 0000000 RCNMIOODODODOODOO f:N —-NOOOOOOOOO
R(z,7) 00000 <= R, f(y) 00000

0000000000 RRCNMOooooooooo

00 RODODO0D00000000OxR(Z,9)=xer@ f(7)) 00000000000

googon [ |

Uoboodbood0z+y<z02z+4=2-200000000000000000000
gbobooboooooobobibool «,=00000000 +,-0000000000
gboogooobon

00 413 00 R SCNFOOODODODODDDOOOOOOODODODOOOOOO —-R, RAS,
RvSOOOOODOOOOO

~R(#)00000 <« REFO0000000
RAS(Z)ODD0DO00 <« R@,S® 000000000
RVS(Z) 00000 <« R(@,S(Z000000000000

18



00 -RORAS,RVSOOOOODOOOOO

) = zero?(xr(7))

) = xr(@)-xs(7)

) = pos?( r(T) + xs(7))
000000000000000000000 m

8y

XﬂR(

XR/\S(

8y

8y

XRVS(

oddobbboodb z<y00000000O0O0DODODOOO0O0O0O0O0O0O0z <yO
r<yVer=y0000000000

000z #y0 ~(zr =y 0000O0OOR—- S, R« SO0000 -RVS, (R—
SYN(S—R)00D0O0O0O0OR,SOO000OO0O0DOO0OOOODODOO0OOOOODOOOO
goon

obo0d 4.14 3000020y00000000000000000000000000

Ut 4.15 00O R(f,y)gNk+1|:||:||:||:||:||:||:||:||:||:||]|:||:||:||:||:||:||:||:||:| k+100
0 Vy < zR(Z,y), Jy< zR(Z,y) 000000000 R,meNOOOOOO

Vy <mR(f,y) 00000 <« 0OO0O0i<mO0000R(#,:) 000000
Jy <mR(f,y) 00000 <« 0O0i<mO000RA{)OO0DDOO

00000 y0000000000000000000 Vy < 2R(Z,y), 3y < zR(&,y) O
k+1000 00000000000

00 Vy<zR(Zy),y<zR(Z,yO0DOOOODOOOOO

Xvy<zR(Z,y) (f7 Z) = H XR(f7 y)
y<z

Xay<zR(#y) (T 2) = pwﬂ}:XR@iw)
y<z

gboogn [ |

0000000 R@EZy) C N 0OO0D0D0D00000000000k+1000
Vy < zR(Z,y), < R(Z,»y) 0000D0D0000000AmeNDOODODOODO

)
Vy<mR(i,y) 00000 <« 000i<mO0000RF{HOOOOOO
Jy <mR(i7,y) 00000 <« O0O0i<mO000R(#:)000000

Vy < zR(Z,y), Jy < zR(Z,y) 000000 (Vy < zR(Z,y)) N R(Z, 2), (Jy < zR(Z,y)) V
R(#Z,)0000000ORODODOOOOOOOOOOOUODOOOODOODOOOVY < 2,3y < z,
Vy<z Jy<00000O0O (bounded quantifiers) 0 0 00O

ubogboboobgooboubod =, <,~,A,vObhuooooooooooboao
ggooooboogooooboogobbooobobobbooobobbouoooan
goooooooooboooooo
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ol 416 U00OOO0O0OoooDoOOoOoooabooOo
1. even(z)D2z 0000000
2. div(z,y) D20 yO0D000O00OO
3. prime(z) 020000000

00 1. even(z)0 Jy<z(x=2y)0000000000000000
2. div(z,y) <= 2z < y(z-z=y)0
3. prime(z) <=2 <z A -3y < z(y # 1 Adiv(y,x))0 ]

0000 417 0000000 DOOODDOOOOOOODOOd
1. cd(z,y,2) 0 20 y0 200000000
2. em(z,y,2) 0 20 y0 200000000
3. rp(x,y) 0 20 yO0O00O0O0O0O0OOO0100000D0000O0O0O

4. mersenne(z) D2 0000000000002 1000000000

gbooboboobooboobobobobooboobooboboboobooon
gboogoobgodd

00 418 D0O0O0O0O0OO0O gORODOODUODOD ROODODODOODOOOODOODOODOO
00000 fO00000000000000O00O00000000000 (definition by
cases) 0 0 0O M

f(@ = ¢(@ (R@ 00000000
= K@ (R(@) 0000000000

00 f(&) = 9(@) - xr(Z) + WT) - x-r(T) 00O u
0000000000000000 f0000000000

f(x) = 22+1 Oeven(x)000O0O0000
x? 00o0o0oooooo

ub 4.19 00O R(:E’,y)QNk‘HDDDDDDDDDDDDDDDDDDDD kE+100
0wy <z2R(Z,y) 000000000000 #R,meNOOOOOO

pwy <mR(i,y) =k<mO0O R(A,k)0O0O0D0O0OODO k

00000000 A0000000000 py<mR(A,y)=mO0000

20



O0000y0O000000D0O0O0O0O00000O0D0O0000 py<zR(Z,y)00 2,20
0000000000000 0000000000D0O000 (bounded minimization) O
ood

Ul dboboooboobbooboobbooboobboobuoobbod

py <OR(Z,y) = 0
wy < z+1R(Z,y) = py<zR(Z,y) (@Qy<:zR(#,y)OOOODOOOO
0 z+1 goooooood

O0000z0y00000000000 gd(z,y) DOODDODODODOODOOOOOOOO
gad(z,y) 000 O0O0DOOODODOOOOOOODO

ged(z,y) = pz < ylcd(@,y,2) AJw < y(z <wAcd(z,y,w)))

goog 4.20 1.z0y00000000000 lem(z,y) DOOOODOOOOOOO
goo

2. py < 2R(@,y) = Yo [lycw X-r(@y) 0000000000 MOO00000
00 O0[]0000000000m

.00 R(#,y) C N 0O0000000000000000000 k41000
t,<-R(%,y) 000000000000 0000O0#meNOODDOOO

fyemR(y) = k<mOO R(,k)DO0D00 KOOD
0000000 (bounded counting))
oot bobuooooooooooooga

ub 421 n0O00O0O0O0O p, 0D0O0O0OO0O0O0O0OOOOOOO p,00O0OOODOOU
god

gobooobooboonDDbOo0bbOo0bOl pp=20p; =30pe=50000

OO0 p,!+100000000000010000000mO0000p, <m<pp!+1
O0D00000000000O00O0000Op,!+10200 p, 00000000D0ODOO0O
o000 100000000p,!+1000000000p, 00CCCDO0O0OOOOO M
Up,dbbogbbogobbooboboobuoboobboobuoobbomuonOd
gbooboobogboobooboboobobobooboobooboooobooong
OoooOo0ooOO0oO0oOodp,0000ooOoOoOp,!+100000DDOOCOOOOOO
good
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00000 (upper bound) 000 0000000000000 O0O00O0O00OOp, 000
ubboobodabooood

po = 2
Pet1 = py < pg!+1(ps <y Aprime(y))

000000000000000000000000000000000000000
000000000 ng,...,n, 000000000

ni1+1 ni+1
<n17"'7nk>:p01 pkk_l

oooooooob k+100000000DO0O0ODO0OO0cODOOODOOODO
gboobooboobooo :00obon

(2); = py < z(~div(p!*], 2))

0o0o00ooodoobooooooog 0000
leng(z) = pi < z(—div(p;, x))
0o0o00ooooobooodo z0000000o0oooa
seq(z) < Vi < z(div(p;, ) — i < leng(x))

goooboboobooboboobooboobooooboboobooobooboooong
gboooooboood
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4.3 0O0OO0OOO0OOO0OOOO

gbooboboobooboobobboboobooboobobbooobooo
vbobobobboobogbuoobuobobbobuooboobobobooobooogd
gooobooobooboboooboobooboobobobobooboobooboooo
o0 “cocobo”oobbo0obooboobooobooboboUlbobog fogboboooO
000000000 NOOUOOOODOODOOOO0O00002z>NOOOO g(z) < f(x)
00000000D000000000 2200000000 ex+b000000000 a,b
000MO00000002*0000000000000000002°0000000
0000000000022 000000000000000000000000

O0O00000000000 Yo, 1,,Ye,...00000000000000000 fO
ooY,00000000000000000000 Yo, Yy, Ye...0 00070000
0000000ooO0o0o0oooOoO0o00o Y, 0000000000000 Y,(x)O
gbooobobooboobobooobooobobbobooboobobonooobooong
ugbboobuogboobbooboboobooboobboobooabobo

00 4.22 100000000 f(x)000000000000000000 f®W(z)00
000000000

fO(@) = f()
y times

D00 fO(x)=200000000 f@(x)000000000000

gbooooooobooboooooooobooboodbgbditerationd 000000

g

fO) = @
fO @) = f(fY))

00 4.23 10000000000 Yo, Yy, Y,...00000000000O00O0OO

Yo(x) = suc(x)

Tooi(z) = YO ()
gooo
= Y@ () = suc® () =
Ti(x) = YTy (x)=suc(z) =2z
Tolr) = T (2)=20(2) =2° & <22 =47
417
T3(z) = T(Qx)(ﬂﬁ) <4 }x times
oooo
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ud 4.24
1. 000 n,z000002 < To(z)O
22n<m,z>000007,(z)<YTh(z)O
3. x<y00007T,(x) <YT,(y)O

00 1.2.000000000000000gz<suc(z)="To(z)0000 z<Ty(z)O0O
0000000000000000z< YTy (z)0000000000000000
0000000000000 00000

< Tn(x) < Tn(To(x) < <Ypeo-Tp(x) =T (2) = Thir ().
x times

00000000000 2<Y,(x)000OO
2.z>00000

To(z) < YTp---Yp(z) OO0 Lxe>0000
—_—
T times
ngx) () = Thya(2)
Y% (z) = Tpya(z) 0OODODODO
< Ton(2).

<
0 <
3.0000000000000007T(z)=suc(z) <suc(y) =To(y)D OO T,(z) <
Y,(y) 0000000 0000000000MM YTap(z) < Ten(y)0O0O0OO0O0OODO
000000 1000000000000002z00000

Toii(e) = T (2)

x times

T, --YT,(y) OO0ODO0OO0O0OD0 200000
N——

x times

T, - Yo(y) 000 1000
~—

y times

= YW (y) = T1(y)

gboogoo [ |

IN

IN

00 4.25 f0 10000000f0 1000 ¢g00000 (dominates) 00000 N € N
000000002z >NODOOOg(x) < f(x)000000000000000f0n
000 ¢y0000000000NeNOOODOOOOO Z=a4,...,2,>N0O00O0O
9(F) < f(max(£)) 00000000000

oooodfogbOOoOobDbOOOO0OOOOODDODOODODODOOO fODOODOO
b g0bbOo0obOo0obbOo0oboobbooonDg
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00 426 0000000000 f0007Y,0000000000000000000
0n,00000000 ZF=21,...,2,>100000 f(&) < Yo(max(7) 0000

00 f000000000000000000
£0 zero, suc, proj 000000000 Y, 000000000
f00000000g, hy,...,h, 0000000000000000000000
F(@) = gm(@),... . hn(7)000000000000 4242 0000, 000000
00000000 &7 > 10000 g@) < Talmax(7)), hi(Z) < Th(max(Z)),
han(Z) < Tp(max(Z)) 000000000

ey

f@) = g(hi(@),.... hm(T))
7), .

< Tn(max(h1( o hin (2)))
< T (max(Y,(max(Z)), ..., Tp(max(Z))))
= Tp(Tn(max(1)))
T (max(7))
< T (max(7)) O max(7) > 2000 4.241000
< Topa(max(@)).

fo0b0odboodg, AhO000O0DOOOO0ODOOODOOOODOODOOODOOD

f(Z,0) = g(z)
f(fvy"i'l) - h(fvyvf(fvy))

00000000004242000000 0000000 &,y,2>100000g(F) <
T, (max(¥)), h(Z,y,z) < Tp(max(Z,y,2)) 000000

0000 f(Zm) < T (max(#,m)) 000000 0000000000000
0000000

F(#0) = g(&) < Ta(max(@)) = T (max(#,0))
f@m+1) = WZ m, f(Zm))
< Yu(max(Z,m, f(Z,m)))
< Tn(max(x,m,Tnm+1)(
T (
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good

~
—~
=

N

T (max(#, 1))

Yo (T (max(Z,y)))

T, (T, (max(Z,y))) O0Z,y>1000
Yo Try1(max(Z,y)))

Tn-l—l( n—l—l(max( )))
= Tgll(max(az Y))
Y@ (max(#, y)) O max(#,y) > 2000
= Ypy2(max(Z,y)).

(max(Z,y))

I IA

IN

IN

0 4.27 Y(z)=Y,(x)0000000000Y00O000000000

00 00YOODOODOODOOOODOODOO4260000Y0007Y,00000
O0000000000000000000 NeNOOOOOOm=max(n,N)+100
ERERN

T(m) = Yp(m) > Y,(m)
00000b0O0 >0004242000000Y0 Y, 000000000000000
gooogon ]

000YOOOO0OO0O000000000000000000000000000»00
00000007Y(n)=",(n)0000Y,000000000000Y,(n)000000
000000000000000YO0OO00000000000000000000000
0000000000 YO0O00000000000000000

0000000000000 Yo, Yy, Ys,...00 YOOOOOOODOOOO (diagonal-
ization) 00000000, (m)000n=0,1,...;m=0,1,...000

0 1 - m
0] Yo(0) Yo(1) Yo(m)
n| Th(0) Ta(l) Y, (m)

oo0o0oo00oYn»ODOOn=0,1,..000000000000000000O

0000 4.28 (*)0000000000000000000000000000000
00000000000
f0,y) = y+1
flx+1,0) = f(z,1)
fle+1Ly+1) = f(z, flz+1,y)).
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4.4 0O0OO0O0OO0OO0OO0

gbooooboobooboboboobobobobooboobobooboobooon
gbooooooobobo 4200000000000 000ODOO0OO0ODLODOODODO
gooobobooboobobooboboobobbobooboobobooobooboooong
OO00000DO0O00O0O000O00DO00 arithmetization, 000000000000
vbobogbgoboobobuooboogboobobobbobooboboonodgd
00000000000 0DO0OO00DO00DOO00DOO0bOO0OoDoOoOonD AggoO
uboobbooobgodd

00 429 Aj0000OODOODOOOOOOODODOOO

1. f,g00,suc,+,-000000000 4500000000000000F(%) = g(F)
0A,000000

2. R,SO Ag000O0ODO-R,RAS,RVSO ApDOODODOO

3RO Ag0DO0O fO Oysuc,+,- 0000000000 OO0O0ODOOOODOVY <

f(@).R(Z,y), Iy < f(®).RFy) 0 Ay0D0DO0D0O0000 y0 #000000
Doooooo

0000 A,000000,suc,+,-,=,-,A,vOOOOOOOOOOOOO0O0O00O000O
00000000000000000000

0000000000000 (mp)0000000000000000000000
00000000000 N20000000200y0000000000000000
00000000000000000000000000000000

9

9 9

)
) (
) (
) (
) (

9

9

/\
\_/

)

9 9

=W N = O
o O O O O

1
1
1
1

W N = O

(
( )
( ): (0
( )A
b 1), (2,

vboobobboobooobobbooboboobuobobobbobbooboooooongd
O0D00N2000NODODOOODODOOO00000000000O0000000000
gooobooonboonoom

e (m,n)0 m+n0000000000 (3,1)040000000

o ;UD0O:+10000000000D0ODO40000 50000000000

O0ooooooooogd (m,n)0
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gbobobobooboboobobooboobo 2000

@J»:(x+yﬂz+y—ﬂ

vbobobobuooboogbobooboobooboboobuoounooobooondgd
ugboobodgbooboobooon

+y

m(z) = pr<z(Jy <zz= (x,9))

mo(z) = py<z(3z < z.z=(x,y))

0000000000000 m({ny,ne))=mn; (i=1,2)00000000000000
000000000000000000

00 4.30 3000 (z,y) =20 Ap000O0O

00 (r,y)=z<=2z=(m+n)(m+n—-1)+2n000 ]
0000 4.31 (%) (,4) 0 N2OONOODODOOOODOOOOOOOO

gbooboboobooobobobobooboobobbobobobooobooon
00000000000 oO0o0oo0o0ooooooUooooooMmuom

00 43200000 A)00O0O0O

1. power,(r) : 0 pO0000D000D0000D000 0000 x=p"M000 p0
goooooood

2.y =lstpow,(z) : y0 200000 p000000000000000000 p00O
Doooooog

0000 powery(16) 000000 Opowery(18) 0000000016 < n < 3200
0032 = Istpow,(n) 0000000 0 p00000000000000 k00000
Istpow,,(n) 0 pO OO0 10000000

k
00 1.p0000000z0p0000000000000000200000000
000010000000 p000000000000000:

power,(z) <= Vz < x((div(z,7) A z # 1) — div(p, 2)).

OdivO AjOO0O0O0ODOO0OODO416000000000000O3
2.0000:

y = Istpow,,(z) <= (y > x A power,(y)) A =3z < y(z > = A power,(z)).

|

Uz0OyUpUdiO0O000 z,yOUOOO0O0OO0O00O0O0000000 zx,ydOdon

U00000000000123%104567 =1234567 D0 003 2=1400000000
obo0o30 11020 100140 111000003
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00 433 pO000000038000 z*y=20 Ac000000
g

THRyy =2 <= x-lstpow,(y)+y ==
<= Jw < zaw = Istpow,(y) Ar-w+y = 2.
|
xDprDDDDDDDDDDxDyDDDDDDDDDDDinitsegp(x,y)[l]]nyDD
000000000 endseg,(x,y)M 20 y0 000000000 party(z,y) 0000000

00 O Oinitseg (123, 123456789)0 endseg; (789, 123456789)0 part, (456, 123456789) [
ooooo

00 4.34 pO000000OOinitseg,(z,y)0 endseg,, (v, y)0 part,(z,y) 0 A 00D OO0
g

initseg,,(2,y) <= z=yV(@#0NTz<yr*2=Y)
endseg,(z,y) <= z=yV(@#0AIz<yzxz=y)
part,(z,y) <= Jz < y.initseg,(z,y) A endseg,(z, 2).
|
000000 p>200000000 p=70000part,(z,y) 000 part(z,y) 00

0000 z*y000 zy0O00O0p0000000O 2111---120000000000
ubooobooood

00 4.35 00000 Ag00O00
1. 1seq(z) : x0 p0 0000000 1---1000000
2. delim(z) - 2000000000
3. maxdelim(z,y) - 20 y0 pO00000000000000000000000000

g

Iseq(x) <= z#0AVy <z(part(y,z) N\y<p—y=1)
delim(z) <= dz <x.(r =222 A\ 1seq(z))
maxdelim(z,y) <= delim(z) A =3z < y(delim(z) Az < z)

|

oooooooodd A=dap,...,a,} 000000000000 ;0D000DODOOO

O0DoO0O0O0ooooooigoooooClaplal---la,lOO00O00O00 AODODDOOO

OO00oDo00AQ0OODOOOODOOOODOOODOOOUODOOlIODOODODOOODOO

oooooooooooo™«0 {ap,...,a,}000000000O0O0OOOOOCODOO

vbooboboobobodboobuoobuoobobooboobuooobooooboodgd
gobooboobboooboooboon
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00 436 0000000 ApUD0 e0pOOO0:0000000 A={ag,...,a,}00
ubbodybgood

reye20 AD00D00DOO
00 ag,...,an <y0O000O

O00y0OODODO AQDODODOODOOODOOODOOOO

OO0 =z €y <= Jz < y.maxdelim(z,y) A part(zzz,y) OO0 O0O00O00O0O0O0O00O0OI0O
00 0000000000000 000000000000000 A0dO0O0Oogad
laglail---la,l 0 y OO0 0O00O0O0O0O0OID yOODOODDODOODODDODOOODOOO!xO
yOOOOOOOOO 20 ADODOODOODODOODODOODOOO0OODzeyOOOODO
Ozz0 ADODDOOOOOOOOOOOaq,...,a,<y0000000000O0O00 =

0000000000000000000000000000000000000000
00 ag,...,a, 000 {(0,a0), (1,a1),...,{n,a,)}00000000000000000
00000000000 A0000000000000

OO0 437 00000000 200000000 p000000O

1. 0o0ooooog ap,-.-.,a, 0000000000 wOOOOO
B(w,0) = ag, f(w,1) =a1, ..., flw,n) =ay
00000000 Oag,...,a,<wOO000
2. 8000 Bw,z) =y0 Ag0O0DO0O0O

oo
Blw,x) = py < w.(a,y) € w

00000000 0wO {{0,a),...,(n,a,)} 0000000000000 B(w,0) =
ap, B(w,1) =ay,...,f(w,n)=a, 000000
00000 B(w,z) =y O

((x,y) ewAVz <yx,z) w)V (=3z <w((z,2) € w) Ny =w)

000000 A)0O00 [ |

A00000000000000000O0O0O0 (1931) 0000000000 0OO0O00
ocooooboooooooooo phObO00bbObO0O0O0OobODObOOoObODOOOOOoOoDoOo
good
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5 oo
5.1 Udggobobooooboo

vboobobobobooboboooboobuoobooboboobooobaan
gboooboooboobooboboobobbobooooboobooobobooong
gboboboboobooooboooboboobobooboooboboon

00 5.1 00000 (recursive functions) 00 0000000000000 OODOO
1. 000000000000 0ooooOooOb0bb00o
2.dbbO00obbooobooobooboooobogbooao
s 00b0bo0ob0obooboooooobboooooooboboOooon

4. 0000 minimization g0 n+ 10000000000
Vay Ve, y(g(xy, ..., z0,y) =0)

0000000000000 0000 effectiveness condition00 O O Mg(xy, ..., Ty, y) =
00000000 yO uy(g(zr,...,2n,y) =00 0000000000

flxy, .. xn) = py(g(e, ..., 2,,y) = 0)

O00Oo000O0O00D fOO0DOOODOOO

00000 (recursive relations) 00 0000000000000 DO0O0O0OOOOO
ooOo

gbbooboobooobboobuobbooboobbooboobooon

e g0 n+10000000000Va - Voo Jy(R(z1,...,20,%) 000000000
0000000000 R(zy,...,2ey) 0000000 yO py(R(z1,. .., Zn,Y))
ugobogoooooogo

flxi, .. xn) = py(R(z1,. .., 2y, y))
0000000000 fO0O0OOOOO

U0 RODDOOOODODOODODOOOOODOOOOODODDODOOOLObODOOOO
0000 fO0000O0OO0O0OOOOCODOOOOOOCOODODOOOOOO m=my,...,my, €
NOODOOOOOO f(rm)DO0ODOOO0OOOOOODODOOOOOO

1. Rm,0) 000000000000 DO0O0OROOOOOOOUOOOOOOOOOOO
O00000o0OoO000oO0O0oo0o@ooOoUooUoooOogfm) =00000

2. 000000R(M,1) 0000000 0DO0OO0ODO0ODOODOODOOOOOOOOf(m) =
10000000000R(Mm,2) 0000000000 OOOODO
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3.0000000000000000000 R(m,3),R(m,4),R(m,5),...00000

ROODODOOOOODODODOODOOO KODUODDOOR(ME)ODDODOOOOODOOOOOOO
O0o00ooOoooO0ooOfmO0000000O0O00OO0O0OOODOODOOOO0OOOO
gooobooobobobobooboobooobobooboboboobooboooboonoo
gbboooboobuoobbooobod
gboooobooboobobooboooboooboboobobobobobooon
gboooboboooboobobooboobooooboobooobbooobooong
gbboobuoaboboobuoobboobooobod

oo s2 000000OD0ODODODL’ODOOOOOOOODOOUODODUOOODODOOODO
. 0Dogboooooooobooboobood+,-000 x=0O00OO0O’D0O0D

2. 00b0’0Dob0bbobobobobobobobobobobcoboo

OO0 0O0OD’00D0C00O000D0O000bODOO0000obooObOOoOonooon Ap0O
oooo’'obocobooooooobo

1. 00 f(@) =¢(@0000’0000000000000 f,¢0 0,suc,+,-0000
000000000000

2. ROOOD’000-ROODO0O0’0000000-RO00000 x-r(%) = x=(xz(Z),0)
00000000000y 000000000°0000000

3. ROOOD’O0ODO RVS, RANSOUOOD’ODOOOODOOODOOO

4. R(z,2)0000°00000000000000000 f(&,y) =pz<y.R(,2)0
000°0000000f(Fy) =pz(R@F2)Vz=y) 0000000

5. R(#,)0000°’000 32 < y.R(Z,2)0000°00000003z < y.R(T, 2) <
(uz < y.R(Z,2)) #y000000#0000°000000000000000°0
00000000000000000000Vz<a.R(Z2)0-03z<20000
0000000000°0000

000000 ApODO0ODOO’ODO00DOOODOOOODDOO4400 p00000O0O
uod

gobooobooobooboooboob’obobobobobooboboobob g,AOOOD’DOO
oo

f(Z,0) = g(z)
f(fvy"i'l) - h(fvyvf(fvy))

00000000 f0000’000000000000000000 &y000000
00 f£(z,0),...,f(Zy) 000000000 #7y)0000°000000000000
00t0 40000000000

t(fv y) = /LZ(ﬁ(Z,O) - g(f) AVi < y'ﬁ(zvi + 1) = h(fvlvﬁ(zvl)))
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00000000000000000 B(2,0) = g(F)AVi < y.8(z,i+1) = h(Z,i,8(z,i)))
00000000000000000000 #y000000000000000 200
00000000043700000000000

00¢00000000000 f0

ooooooboono fo0ooD’oboOon [ |
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5.2 0OUogn

4000000000000 0ODO0OO00O0OLO0ODODODODODOOOODOODLO
vbobobobuooboogbobbooboobooboboooobobooboobooogd
00o0oooO000oooOoooooo0oooooOoooooOooDoDobO fOODO
efO0D0O0OO0O0OO0ODOOOOOODOOOOO0ODOUOeOODOOODOODOOOOO fO
ubbobobooboabouogbuoobuoobuoobobooboobobuebodnd
goobobooboobooobooobobbbobooboobooboboooboonoo
ubbodbbooobooboboobboobboobbmaobbuoobbogbod
vboboboboboobboobobobobbobuoobuoobobobooobooonog
goooboobobobobooobobooboobooboooboboboboooboo
ugbboobuodgbobooobuoobobod

vboobobooboogbobobobbobuoobooboboboobooobogon
gbooobobooboobooboobobobooboobobooboboooobooong
oooDooOooooOOoOoooo0ooDD fO0DOOO0ODOUOeobOOObDOOfFO
gbbogdgbbuoobboobboobbooobooobboobbuooboboooboo
0000 e0000OOO fO0D0OO0O00ODOOODOOOOODOOODODOOOOODOO
vbobobobbooboboboobuobbobbooboobooboboooboaogd
gbobogboaood

gboobobooboooboboobobooboobobbobooboobobon
oboboooboboobobobooboo 4200000000 00000000O00 44
gbboubuodgouogbooboobobuoboooboboobooboooboboo
oMooboobobobobobobom4.20000goooboboboboobooon
ubbooboabobooobodan

1.0o0oo0odng,...,n0000000O0O00OO0DOOOO (n,...,n,) 000000000

2. 0000000000000000+00000D0DO0O0O0O0 2000 (2,000
O1<¢<k00Onog

((nl, e ,nk>)2 = Nn;.

3. 00000000000 leng(x)D000O0OOOOOOO:
leng({n1,...,ng)) = k.

4. 0200000000000000000 seq(z)0000 seq({ng,...,n)) 000
ooo

00 5200000000000000000 zero, suc, proj, +, -, xe 1000000
0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
00000000000000000

00 53 000’00 fO00 (index) 0000000000 0OODOOOCODOOOODOO
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1. [zero™| =(0,n)0 zero" 0 OO OO0O0O

2. [suc] =

(L) OsucOOOODOOO

3. [progll = (2,n,i) 0 proj; 00 OO0 D000

4. [plus] =(3,2)0 + 0000000

5. [mult] =

(4,2)0 -000000O0

6. [equal] = (5,2)0 x- OO OOOOO

7. f0o00000 g,h,...,h, 0000000000000 000O0C0O0O0O0OO f(%) =
g(h (), ... k(@)D [9), [ha], ..., [hw] 00000 g, he,....h, 0000000
[comp(g,h1,...,hp)] = (6,n,[g], [h1],...,[hn]) 0 fOO0O00O00000O nO
f000m

8 f000000¢y0000000000000O0O0000O0OOD ¢g000000
0000000000000000/ [min(g)]=(7,n,[¢])0 f000000000
On0O 000

000000000000000000000000000000000000000
0000000000000000000000000000000000000000
0D000000000000000000000000000000000000000
0D00»,0000000000000000000000 —seq(r)0000000000
n000000000000000000000000000000000 00000
0000000nO [min(g)] 000000000 [¢]000000000000000
0000000000

D000 arity 00000 wfOOOOOOOO0OO0O

arity(z) =

(z)2

wf(z) <= seq(z)A(0< (z); <7)

A(()1 = 0 — leng(
A

2)

( 2 Aarity(z) = 1)

( =3 A (z)3 < arity(z))
(3 < (z)1 <5 — leng(x) =2 Aarity(x) = 2)
(

(

x)
(2)1 =1 — leng(x)
x)

>

()1 =2 — leng(

> >

()1 =6 — leng(x) = arity((x)2) + 3 A V1 <y < m(arity((x)y+2) = arity(x)))
(x); =7 — leng(x) = 3 A arity(x) = arity((z)3)

>

O0000000Owf(e)DODOODOeODO0OO0OODOUODOOOOOOOOOOODOOOODOO
0000000000000 000 fO0D0O000ODODOW(e)DOOOODOOODO wf(e)
gbobobooobooboboobedbbOobboOobOo0oboooobo0oboong
goboboooobbtotdebbdooobbO0OOooobbOo0ObLbDOO0oOooDbDOO
arity(e)0 e0 00 fO0O0O0OO0OOOOODOD fO000O0OOO
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[f]0k000000000M=m4,...,m0n0000000000000 ([f],7,n)
oooo [fm) =n|0000000000CO0O00OODODODODOODOOOOOOOO
fm)=n0000000000

00 10004 fname, outputd 1000 equation0 00 O0O0O0OOODO0O

frame(z) = (2)
OUtPUt(x) = (x)leng(:t)
equation(z) <= wf(fname(z)) A leng(x) = arity(fname(z)) + 2
000 equation([f(m) =n]) 0000000000

frame([f(m) =n]) = [f]0
output([f(m) =nl) = n
gooooo

[comp(g,hy,...,h)(M)=n]0000000000000000000000000
000000000000000

(Tha(m) = nal,..., [he(m) = ngl, [g(na, ..., nk) = nl)

000000000000000000 k() =n, ..., () = ng, gn,...,ng) =n
000000000000 [comp(g, hi,...,hy)] 00000 0000 f(m)=k000
000000000000 f(m)=k00000000000 “00”7000000

[min(g)(m)=n]0000000000000000000000000000000
oooo

([g(m,0) = kol, ..., [g(m,n — 1) = kn—1], [g(12,n) = 0])
oodd ky,....k,q>000000000000000O0O00O00OO uz(g(’rﬁ,z):()):nlj
0000000 “o0r’goouooog
O000 cwitness muwitnessO OO OO OO0OOO0OO
cwitness(z,y) <= seq(y) A (V1 < z < leng(y).equation((y).))
AV1 < z < leng(y)-1((frame(z)) .43 = fname((y).)
AV1 < w < arity(fname(z)) ((2)w+1 = ((¥)2)w+1)
/\OUtPUt((y) ) (( )leng(y)) )
/\(fname( ))3 = fname(( )Ieng y)) (OUtPUt((y)Ieng(y)) = OUtPUt(x))‘
muwitness(z,y) <= seq(y) A (V1 < z < leng(y).equation((y),) A (fname(z))s = fname((y).)
AV1 < w < arity(fname(z)) ((2)w+1 = ((¥)2)w+1)
/\(((y)z)arity(fname(m))Jrl +1= Z) N (Z 7£ leng(y) - OUtPUt((y)Z) > 0))
A(leng(y) = output(z) +1).
0000000000000000000: eqq = [comp(g, by, ..., h) (1) = n], ega =
[min(g)(m)=n|0000
cwitness(eq,w) <= wl e 0000000
muwitness(eq, w) <= wl e 0000000
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ooo {g,...,¢)0 0000000000000 ;0000000000 ODOOOO

1. 00000000000
2. fname [zerof1 000 ¢ = [zero®(m) =01000000
3. fname(q;) = [suc] 000 ¢; = [suc(m) =m+ 11000000

= [progk] 000 ¢ = [proj]]-“(ml,...,mk) =m;| 000000

(¢:) =
(¢:)
(¢:)

5. fname(q;) = [plus] 00O ¢ = [plus(mi,ms) =m1 +my] 000000
(¢;) = [mult] 000 ¢ = [mult(mi,ms) =my -me] 000000
(¢;) = [equal] 000 ¢ = [mult(my,ms) = x=(m1,m2)] 000000
(:) =

[comp(g,h1,...,h;)] OO0 O frname(q;) = [min(g)] D00 0¢q 000
0000 q,...,,0000000

00 5.4 [f]000000 000000000000
fM)=n000 < [f(m)=n]0000000000

00 (=)000°00 f00000000000000
(<) k0000000 [g()=n10000000000g9(@)=n000000 leng(k)
000000000000000000000 [¢]0g¢0000000 m

1000 compseq(z)0 1000 main(z) 00000000000

compseq(zr) <= seq(z) A V1 <i < leng(z)(equation(x)
AVE < z(fname((z);) = [zero®] — output((z);) = 0)

A(fname((z);) = [suc] — output((x);) = ((z)i)2 + 1)
NVk1 < aVke < z(fname((z);) = [projlljgl] — output((x);) = ((2)i)ky+1)
A(fname((z);) = [plus| — output((z);) = ((x)i)2 + ((x))3)

A(fname((x);) = [mult] — output((z);) = (()s)2 - ((2):)s
A(fname((x);) = [equal] — output((2)i) = x=(((2)i)2, (=
A((fname((z);))1 = 6 — Jy < z(cwitness(y)

AV1 < 2 <leng(y)3l < j < i((y)i = (x);)))
A((fname((z);))1 = 7 — Jy < z(muwitness(y)
AV1 < z <leng(y)31 < j < i((y)i = (2);)))-
main(z) = (T)ieng(a)-
gdodooooobbbibdududdibegdggbbnonobnoogd

)
)i)3))

compseq(w) Amain(w) =eq <= wl eq0 0000000

O00000000000000 (normal form theorem) 0000000000000
goobooboobboooboooboobod
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OO0 5.5 0000000000 100000000 UVOOODOO0O0O Ty, Te,...00
OooDOo0DO T;0+++20000Me0+00000D0O fOODOODOOOO

f(@) = U(uyTile, 7, y))
00000 ed00D00000O0+1000 Ty(e,Z,y)00D00DOOODOOO
oooubOo T, 00ob00ob00oboobooooboooobooboon
o JI0IDOUODUUODLDOUDLUIODbDDbLULODUUODbDUODOO
o0 T, u000oooooooooooog
Ti(e,#,y) <= compseq(y) A 3z < y(main(y) = (e, 7, z)).
U(y) = output(main(y)).

O00f0:000000000e00000000D0DOOO f(m)=n0O0000O00O54
000 [em)=n|0000000000000000000O000wOO0OO0OOO
compseq(w) A main(w) = (e,m,n) 000000 n<wOO000O00T,(e,m,w)0000
U0wOOOoOoooOoOnO

U(uyTi(e,m,y)) = U(w) = output({e,m,n)) = n.

000 f(m)=n000 U(uyTi(e,m,y)) =n0000000000000000000
ooooo m

googd 5.6

1. (*f) 00 5300000’0000000000000O0OO0O0DODOOODOOOOOO
ggbogobuobbooboooboooboobbooboooboooon
goboooog

2. (¥Y)000000000MDz000000000O0DOOODODOOODOODOODODOO
goooboobogoboomoboooooooobooooboooboobooon
UM 0000000000000 000DO0000DO0O00DbOO0M™

3. (¥)00 54000000

4300000000000000000ODODO0O0O0O0O0ODOOOO0O0ODOO Ty, Yy,
...00000000000O00000 Y(x) =Y, (x)DO00000O0OOOOO0ODODOO
gbboobuoabboobuobbodobooobod

OO0 57 YOODOOODOOOOO

00 On~>000007,0000000000000000uwps(n)0DO0DOOODOO
ups(n) 0 nO0 0000 1000000000Cuwps0000O0O0O0O0O0O0ODOOOOOODO
googon
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gboooboood
Yuw(z) = U(uyTi(ups(w), z, y)).
ups(w) 0000 wOOO00O00D0000000D00D000 Ywva3y(Ti(ups(w),z,y)) O

00000000 Tu(z)0 w,z 00000 20000000000000000000
YT(z)=Y,(x) 0000000000 m

TYOOOOODOOoOOooOoOoooDOooooooooooooooooboooooboo
goobooboobobooobooobooon

gboog s8 00004200000 00000DL0O00O0O0DOO0ODLOOOOODOO
uod

1g0bogobooboboooboobooboobooboobobobboobooo
0000000000000 00000000000Rn00000DO recindex(n) DO OO
O00O00Orecindex(z) 0 200000 10000000000O0O0OO00OOOOCOOO
gbooboobogboooboobobooboobobobooobooboon

OO0 59 recindex 00000000000
OO0 OO0 recindexODOOOO0O0OOO0OO00O02000 value(w,z)D0O0ODO0O0OO0O0OOO
value(w, z) = U(uyT1(recindex(w), z,y)).

value(w,z) 0 MMw OO0 1000000000 0000000000 OODOOOODOO
recindex(w) 00 0000000000000 0000000000 OOOOOOOOO
00000 VwVae3dyTi(recindex(w),z,y)) 000000000 value(w,z) 0000000
googon

0000000000000000000 1000 value0 0000000

value(x) = value(z, z) + 1.

vaueOODOOOODO eODOOUOODOOOOeD kOD0OOO01000DOOODDOODOO
000000000000 0Ovalue(k,z) =value(x) 00D O0OO0O0O0OODOOOOOOOO
gobooboogood

value(k) = value(k, k) + 1 = value(k) + 1
000000000000 0000 recindex0 OO0 OO0O0DOOO ]

0002000 valueDO 1000 valte00000000000000000000O
00000000 value(n,m)000nr=0,1,...;m=0,1,...000

0 1 m

0 | value(0,0) value(0,1) --- value(0,m)
1 | value(1,0) value(1,1) --- value(1l,m)
n | value(n,0) value(n,1) --- value(n,m)
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O00000Ovalue(n) 000000 nO0000O value(n,n)0 100000000000
googoo

O 510 000000000 0O0OO recindex?000OO00OOODO
recindex?(n) <= nl0 10000000000000O
OO0 DOO0Orecindex? 0000001000 recindexdO0O0OOO0ODOOODDOO

recindex(0) = px.recindex?(z)
recindex(y + 1) = px(recindex(y) < = A recindex?(z)).
000 recindex(y) < z Arecindex?(x) 00000000000 O0DOOOOOOOOOO

Uydboobuobobobboobdgdbobbobboobuooboboaobdand
O0index?000000O0OCOOrecindex0O0DOOODODOOOODOOOODODOO [ |
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6 Uubobuoooooobobuoogd
6.1 OUO4goooo

gbbodbbooobooobbooobboobboobooobboobboobn
0oo0opoooOooD fO00O00O0ODOOOO00OODOOOODOOODOOOOOOOO
vbobobobuoobouogbobboooobuooboboooboobobooboobooogd
vboboboboboobobobuoobuooboboobooboobobooobodoongd
O0o0ooood0oOm fOo000DOOOOO0O0OODOOO0OODODOOOOOOOO
gboodgbobobooboboboobobbobuoobooboobooboboboboo
goooboooobooooboobobbobboooobooboooobooong
00000 fOOO00DO0O0ODOODOOO0MODOOOOOO0ODOOODOOOOOOOOn
gboogoo

gbooobooboooooboobooboobooboboobooooobooon
obobobobooobooooobobobobooooobobobobo “Do”obO
000@mOo0000030000oooo00 /JOoooooooooooooooo
0000000000000 »0mO00000000O0O0Rn/mOO000000O0OOO
00000000 /0000000000000 000000000000ooOOoOo o000
O0n/000000000000DO0O0ODOO0O0O/000000C0ODOOOOO0OOODOO
googoo

googboobooboboooobon

ob 6.1

e fO0ODODUOUDODOAReNODOOOUODf(R)UDODLOOOOOOOOOOO f(R) |
O00000ooooO fM10000

e /(0 ¢(#) 00000000000 f(F)~gE@ 00000000000 AeND
oooo

1. f(7) <= g(7) |
2. f(@) 1000 f(7i) = g(n)
Ooo00o000o0ooon

0000 fO0000O (tota) 0D OD0OOO0DO0OO0O0OReNOODODOO f(R) |]ODODOO
gbboobuodaboooboobbooboobooobogboonon

0000000000000 00000oOoooooODO (1)) D0OObODOoODoDOO
goobooboobboooboooboobon

00 6.2 0000000 (partially recursive functions) D0 000000000000
ooooOo

1. Jgbboobbooobooboooboobooon
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2. 00 (composition)Dg0 mOO0O0000000000A,...,h, 0000000
gooaogn

flxy,..oyxn) ~glhi(z1, .. yxn), s hm (21, .. Tp)

DD000D000D fO00000000000000 ghi(z1,- - 2n), -
h(x1,.. . 2n)) 0 A (Z) = 21, o) (@) = 2, 00 g(21,...,20,) 00000
gbdbooodouoooooudodoo :.0b00oooooao

3. 00000 (primitive recursion)d g0 nO0O00000000000AO n4+200
cooooooooo

flxi,...,20,0) ~ g(x1,...,25)
flze, .. ;zn,y+ 1) ~ h(z1,... 20,y f(T1,.. ., 20, Y))
0000000000 fO000000000000 h(z1,. .., 20y, f(@1,. 20 y))
0 f(Z,y) =200 h(f,y,20)=:0000000000000000000000

0000000000000 0000000DOD0O0O00Rn0000 f(#n) 10
000000 m>n0000 f(#m)10000

4. 0000 minemization ] g0 n4+-100000000000

flze, ... ) ~ py(g(xr, ... xn,y) = 0)

0000000000 0000000000000 py(g(ay,...,ony) = 0)0
g(z1,...,2,,y)=000000000y0000000000000000000
000000000000000000000000@MO000000000000
0000000000000000000000000000000 ™

vboobobooboogbobobobboboobobooboboobooobogoon
gobooboogn

ob 63 00000Db0O0OOODOLOO'DDUODLOUODODbLOLDDUODOODDOODLO
good

. 00o0ooooooooboooDbo+,-000x=000000’0000

2. 000bo0’bbbooboobooobboobbooboboboobboboDOobbOUoDO
ooo’oogog

gooooooobobooboboboo’rboboboboboboogs3bobon
gbooboboboobooboobooboobboboobooboobgos3toboong
goobooboobboooboooboobod

00 6.4 0000000 f000 (index) 0000000 5,30 8000000000
gboboobooaood
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8 f000000¢00000000000O00000O00000OO0 [min(g)]=
(7,n,[¢g))0 f000000O0000 D fO0O0MO

gbobooboobobooobooboooboobobon

o0 6.5 D000 0ODO0ODOOO010000DLODOOUVUODODOOOO Tq, Te,...00
00000000 T;0:+20000e0+000000D000 fOOOOOOODOO

f(f) ~ U(M:’-/Ti(evay))'

oooooooooo g T, ooobooboobooooooooooooooooog
O00000 00000000 Tile,Z,y) DOOOODODODDOOODOOOOODODOODOO
ugbboobodabooood

goobooobbooooboooobbooobbboooboooon 1320
ugbboobodabogoood

00 6.6 x000 100000000000000O0O0 parrecindex(z) 00000000
gboobobbooboobobe.0 700000 boobbo0oboobooboong
000 parrecindex?(z) 0000000000

OO0 parrecindex? 0000000000 Orecindex? 0000000000 OODOOOO
gboobggbogoboobobobobbobuooboobooooobobobooboo
gboogooobon

oooo 6.7 (f)UD 66000000

gbooboboobooboooboboboobooboooooboobooobooon
gbooobobobobobuoobobooboobobooboobobobobooboo
vboboooboobooboobobobobbobuoobuoobobobooobooog
goboobooboooboooo

Ub 68 0000DO0ODOODDOODLOODDODO

00 f0:00000000000000000e0 f0000000000 6500
00 f(Z) ~ U(uyTi(e,Z,y)) 000000 0000000000 uyTi(e,#,y) 0000
Ff0000000000000000000000 T(e,4,y)000000000000
000000000000000 U(uyTe,#,y) 0000000000 m

gbooooboobobobboobooboobobooboobobooboobooon
vbobobobuooboogboboboobuooboboooboobobooboobooogd
ugboogno

n+100000000 {e}™(a1,...,2,) 0

{e}n(f) ~ U(:U'yTn(ev z, y))

0o0o0oo0ooooou,T,00065000000000000000{e}™(x1,...,2x)

00000 e00000A00000000 fOO0O0ODOOOO f(xy,...,2,) 00000

gbboobuogboobbodobbooobuooboobobooboobboan
000000000000 (parameter theorem) 000 s=sm-n00000000
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o0 69 000,00000000O0DDOCOS,00000

{e}nJrl(xlv <oy Iy y) ~ {Sn(ev y)}(xlv cee vxn)

ooooooooooooooo0dOmm,e>000000000000S00000

(™ (@, Ty ) ~ SRy} @ )

googoo

U0 0bobooobooobooboobod

0000 const}(#) =k00000000000000000000 [eonst}|0000
ugbobbdntboooboodg [constmDyDDDDD 100d0oboobogoaoood
0O000O00obOoOO00oOooU0obOooooOo0ooooOoooOoosSs,0oooboogoog:

Sn(e,y) = (6,n, ¢, [projt'], ..., [proj,1, [consty]).

0000000 ep000000000000e0n+100000 f(Z,y)000000
Sn(e,p) D nODO0O0DO00D f(Z const)(7)) 0000000000000 D00DO0

{6}n+1(f7p) =q < f(*fvp) =9
<= f(Z,const, (7)) = q
— {Saule,p)}"(¥) = ¢

00000000e00000000000MOO0O0O0O0O0O00O0O000{e}"(Zp)=¢q
0000000 {Su(e,p)}"(#) =¢000000000000000000000000
000000000000Mm m

0000000000D000000 (recursion theorem)JO O 0000000 (fixpoint
theorem) 0 0 0000

0o 6.10 f(:cl,...,xn,y)DDDDDDDDDDDDDDDDDDDfinDDDDDD
{fixp} (x1, ... ) ~ fo1, ..., 2p, fixy)
ogooogao
00 omega(y) =Sn(y,y) 00000000000 69000000 y00000
{y}" (@ y) ~ {Suly, y)}" (&) ~ {omega(y)}" (7)

000000 f(Z,omega(y)) 0000000000000 DOO0Oe00O0OOOOODODOO
fixp =omega(e) IO DO OOOO0OO0O

{fixs}" () ~ {omega(e)}"(7) ~ {e}" (7, €) ~ f(&,0mega(e)) ~ f(Z,fixy)

gboogoo [ |
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6.2 U0OO0OO0OO0ODOOOO

gbooooboobooboboobooobooobobooboooboboobobooon
ubboogdgbbooboboobbogbbooobboobboobbuoobobooboo
gobobobobobooooooobobobobobobobobobobobobo

00 6.11 n0O00 RCN"OOOOOOODO (recursively enumerable) D 000000
000000000 »-00000 ¥z,000000000000000

Xp(Z) = 1 R(Z)0000DO0O0DO
000 0000000

ub 6.12 J0O0O0OO0oOooboobooobooaooboaood

00 RCN'OOO0OO0ODO0OO0OO0ODOO0O0OO0OO0OO0O0OO00O0X,0000000000000
good

Xr(T) = pz(R(Z) Az =1).

gogbogboooboaoboboobuooboon

0ob 6.13 RCNUOODUOOODOOOODOODOODOO ROUODODOOOOOOOOOODOO
obooooboobodb eennimp OOOOOODOODOO

R(n)«<—=00meNDODOOO enumg(m) =n

0000 R={enumg(m)m e N}OODOOOOOOOOO
0D00000O0ORCNtOOO0O0O0,O00000000000 ROOOOOOOOOO
000000000000000 eenumg 00000000000

R() <= 00 meNDODOOO enumg(m) = (7).

o0 ODobobbOobdoboOoRCNUOODODOODODOOODODODOODO
00000 xz000000

Xplz) = 1 R(z)0000000
000 0000000

O000e0 xx,0O0OO0O0OD0OO0O0O00OO0000DOO06500000000000UDOTO
good

Xr(@) ~ U(uyT (e, z,y))
000000000000 nrRneNOOOODO

(*) R(n)<=00keNOODOO T(e,n,k)

good
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00000 ROODOUDDOUOOOOR(ODDOODDOUIDDOOOOOOOOD enump
gboboobooaood

enump(z) = mi(z) T(m(z),m(z)) 0000000
d uoagoaon

000 m,704400000000000000000000 (x1,z0) DO0OOO0OOO
O0000m({x1,20)) =2, 0i=1,200 0000000000 enump 00000000
ugbodobogobodbobooubodbooobodnbooboooboonboa

00000020000 Rn)ODOODODODOODOOOOOOMDODOODODODO EeNO
000 T(e,n,k)0000m = (n, k) 00000 T(m(m),m(m)00000000000
enumpg(m) =m(m)=n0000

00000 mOO0O0O enumg(m) =n0000000000 T(m(m), m(m)) 0000
0000000000 nr=m(m)0000(F) 0000RMR) 000000 T(m(m),m2(m))
O000000000000n=d0 RAOOOOOOOOO R(n)OOOO ]

000000000000ROOOO00000000 enump0000MO0O00000
enump(0), 0100000 0enump(l), 02000000enumg(2),...00000000
00000000000000000000MO0000000»-000000 R(n)0O0O
0000000000000000000000000000 mO0000 enumg(m) =n
00000000000000000000000000000000 R(x)OOO0O000
0000000000000000000 1000000000000000000 0000
0000000 100000001 000 n00000000000000000000000
000000000000000000000 (partially decidable) 000000000

00 6.14 R, SO000000000000O0RAS, RVS, Vy < 2R(Z,y), 3y < 2zR(Z,y),
WR(Z,y)00000000000000

00 RAS,RVS,Vy<zR(Zy),y<zR(#y)00000000000000000
00 4130004.1500000000000000000
JyR(#,y) 0000000000000 x4,,00000000000000

X5yr(T) = pos? ((yR(Z,y)) + 1).

god ,uyR(f’,y)DDDDDDDDDDDDDDDDDDDDD){HZ/RDDDDDDDDD
uod [ |

00000 -R,VyR(Z,y) DOOOODOOODOOOO

ol 6.15 RCN'OODOODODODOOOOOODODOODODOOOORO -ROOODODO
gooooboobooobobod

OO0 RO-ROODODDOOOOOOOOOOOCODOODODOGBA3OOOO
R(Z) <= Jy(enump(y) = (Z))

—R(Z) <= Jy(enum-r(y) = (7))
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00000000087, y) <= enump(y) = (£)0T(Z,y) <= enum_g(y) = (¥) D00
000000000000 R@F) V-R@EF 0000000000
R(Z)V-R(¥) < JyS(Z,y)V IT(Z,y)

— Jy(S(Z,y) VT(Z,y)).
0000003y(S(&y) vT(Zy) 00000000000 uy(S@Ey) Vv T(&y) 000
goooogogoonn

R(Z) <= S(Z, py(S(%,y) vV T(Z,y))

oboboboRrO0OOODOOODODO [ |

gdel20 000000000000 0DO0OODOOODOODOOODOODOOODODOO
gboooboboobobooboobobboboobooboobonoooboooong
ugbboobuoobooboboobbooboayd

O000000000000000000000100000 fo(x) 0000000 fi1(x)0
000000 fo(x)...00000000000000000 00010000000
000000000 parrecindex(x) 00 0000000000 OOOOOOOOOOOO
ogooooobooboogoon

defined?(z,y) < +000000000000000000 yOOO0OO0OOO
000000000 f(y) |0

00 6.16 defined?(z,y) DO OO00O0OO0O0O0O0O0OOO
RN

defined?(z,y) <= fa(y) |

<= U(pzT(parrecindex(x),y, z)) |
<= pzTi(parrecindex(x), y, z)
<= Jz.T(parrecindex(z),y, z)

T, 0000000000000000 6.14000032Ty(parrecindex(z),y,2) 00000
ugbobooboodan [ |

00 6.17 defined?(z,y) OO0 ODO0OO0OOOO

00 defined?(z,y) 00000000000 COOCOODOOOOOdefined?(z,y) 0000
000000000 —defined?(z,y) 0000000000000 ODOODOOODOOOO
g 1000000000000

g(x) = pz(—defined?(z,x) A z = 1).
0000000 k000100000000 fp,0000000000

defined?(k, k) <= fu(k) |
<= pz(—defined?(k,k) ANz=1) |
<= —defined?(k, k)
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00000000000 defined?(z,y) 00000000000 [ |

gboobooboobbooobooboboooboobobon

0 6.18 K(z) <= defined?(z,z) 000000000 KOODOOOODOOOOOOOO
gooooog

gbobooboobbooobooboon
(DDDDDDDDD):(DDDDDDDDDDDDD)O(DDDDDDDDDDDDD)C

(DO0oooooOo0)c(Doboooooooooon)
000 X0 XO000oooooood
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6.3 UUOOUOObObOOOoOoon

goooooboobooboooo

Robin Gandy, The Confluence of Ideas in 1936, The Universal Turing Ma-
chine: A Half-Century Survey (2nd. ed.), 1995.

gobooboogn
e D. Hilbert(1900):0 00000000000 DOODOOOOOOOOODO

gboboboobobooboboooobobobooboboooon
ggbodgbooobooaoobaoood

e M. Dehn (1911), A. Thue (1914): OOOO0O0O0OO0DOOO
e H. Behmann (1922): 0 0000000000000 OOOOOO
e D. Hilbert (1928): 0000000 OO OO O EntscheidungsproblemT]

gbogbobuooobogobbodobuonobooboobobobboooood
goooboboboboboobooboboooobobonoooobon
goood

gbobooooboboboboboboboooboboooboboboboboobg
vbobobobuooboogbobbooboobooooooboobobooobooogd
gbobobobooboooooboboboboooobobmobooooooon
goboobbooboboomooobooboobbooobboobboobboooboobag
ugbboobogboogn

gobooboogoogd
e K. Godel (1931,1934)0 000 0000000000000 OOODOOOO

gbodgbdoboooodgboboobbobuobboboboooon
TOooDooooOoboorooooogorobobobooboooog
goboooboooobooo

gbooooobooboooboboobobbobobooboboboboobobobog
gbooboobobooobooboooboobboobbo@moboboobooobobooobooag
ubbobooboooobboboobbobobboboboobuodbi= 00004
goooobooobooooo

gboogbobgon
e R. Dedekind (1888): OO OOOOO

e T. A. Skolem (1923): DO O0OOODOOOO
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e D. Hilbert (1926): 000000000 of finite types)

e W. Ackermann (1928): 0000000000 O0O0OO0ODOOOOOOOOODOO
gogbodgbboooooaobboobooboboobuooboon

gooooboboooooooboooooobboboooooooooboooobbbobooooo
OHerbrand 19310 00000000000 O00O0OO0OO0ODOOOOOOODO

goooooboobooboooon
e J. Herbrand (1931): OO0 OOOOOO

e A. Church (1932): OO0 O0O0O0O0DOOOOOOOOOOODO

K. Godel (1934): Herbrand-Godel D D 0000000000000 O0O0OOOOO
ggbodgbogbogodan

A. Church (1934): 000000000000 O0OCOOOOOOOOOODOODOO

S. C. Kleene (1936): O Herbrand-Godel D D 000000000000 OOMMO
gogbodbbooobouoabbooboobboobuoobooobuooboo

A. Church (1936): OO OOOOODO
gogboobbooobooobboobouoaobboobooaoobd

gboobbobobogboogbuogbuoobbobbooboooboobbooobon

gobooboogn
e A. M. Turing (1936): DO O0O0O0OOOOOOOODOO

gbooobo@moboooobooboooboooooomoooboooboon
goboobooooboobobooboobbooboooobd

vbobooboboobboboobuooboboobooboobobooboobooongd
goboboooboobooboobooobmuoobooooboobD “computer” OO0
gbobooboboooboooobooobooobobooboboobboobobooobomag
vbogboobooboodgbuobobbobooboobooboboobodood
gboooboboooboboobobobobobooboboboboobooboono
goooboboboooboboobobbobuoobooboooobooboooong
vboobobouoboobobbooboobobobooboboobooobodood
gboooboboooboobobooboobooooooboobonooobooong
gbboobobobooboogbbooobouoobboobouoobbooboobobooongd
gobobooobooboobooboboobooboooooboooOomWoooo
uboobobooboobobooobobobobbooboooobooboonbooon
gbbooboobuoobbooboobboobooaobooboboan
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e E. Post (1936)

e A. Church (1936), A. M. Turing (1936)0 00000000000 O0OOOO

o1



0110
Juoggod

7T Ooog

gbooboboobooboboboobboboboobooboboobobooon
vbgdbobobooboboboboboooboboboooobooogobaobon
goooboooboobobooboboobooboobobobobooboobooboonoo
0000000000000 00D0O0C000D00formalizeD0O00000OOO0ODODOO
ubobogbgoooboobuoobouoboobooboboobuoooobooodgd
gboobobooboboboooobbobobomobooooobobobboooog
gboobobooobooboooboobooboobooboobooboooboooong
vbobobobbooboobuoobobobbobobooboobobooobooongd
gbooooobooooobooboooboobbooboobooboboooboooon

gooobooobooboorToooooboobobooogooooboobobooboo
ubbooobogboobbooboooo

l.TO0000o00obO0oboboobooobooobobooOorooooboboobOobOoo
gobooooog

2. 00000b00boobobooogoo roooboobobobooobDobDUoDO
ggooaoo

. 700000000 0O00b0oooboobb0 rooooobooboobboobon

4. TO0000O0bDO0OoOooDOoOooobLorooooboboboobobUobDOboDoboUooo
goood

5. T0U0b0O00OO0bObOorooobobobobobLOobobDoboOobDbobn
googoo

gbooooboobooooboobooboobooboobooboobooboobooon
oobooboobooboboobbobbooboobooboooboUubiod Tarskild
OO0DO000O0o0o0bO0o0oDOoO0DO ChurchdOOD0OOODO O Godel-Rosser0d O O
OO0000GodelDDDOO0OO0O0ODMOOOO0OOOOOOODOOOOODODOOOOODOO
ubbodbbumoobbuogobooobuoobobooboooboooboad
gbbooboobuoobbooboobbooboaboo

gboobobobooboobobobobooboboooboboobooboobogoon
b zZzrobooboobooboboobobooboboooobooboobooboon
vbogboobogoboboobooboboboobooboobuoooboobooongd
00000000000 (Kleene) DOOOOOOOOOOOODOOODOODOOOOODOO
vbobobobobooboobobobobbobuoobooboboobobooobad
vboobobboobboboobuoobobobobobobboboouoobooaoad
gbooboobooobboobboobbooobooobboobboobobooboo
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vbooodgboobobuooboobooboobuobobobboboobooboonod
vbobuobuoooooboooboboboouobooooobobobobobobo
gboooboboobooooboboobobboboobooboobonoooboooong
vbobobobboobogbuoobuobbobooboboobobooboaoboobgd
gbobobboobooguogbuogboobooobobuoobooboobooobooo
gbobobooboboooboboooobbooboboboooooobobobg
vboboboboubooboobooboobuooboboooboobobooobooogd
gboogbooon

8 Uubunbuogoog

gboobobooobooooobooboobooobobobooboobooooo
gboboboobobboboobooboobuoobobbobooboboboaoboo
vbobobobuooboogbobboobooboobobooobooboboobooboonod
gbooobobooboobooboobobobooboobooboboboboobobong
vbobobobbooboogbuoboobboboobobobbobboobooooboond
uboooobogbouogboobobooboobooooboobuoooogooboand
gboooboboooboooboboobooboboobobbobooboboooongd
vboooobuodgoogboobobouobooboobobbobobooobodono
vbobobobbooboogbuooboobbobobuoboooboobobooobooogd
goooooon

00 8.1 (0000) 0000 (arithmetic terms) 00 000000000000000
1. 00 zg,21,72...000000000
2.0000000000

3. t0w000000000(St), (t+w), (t-«)000000000

000 ((S0) + (S(ze-(S0)))D000000000MmM0SI00250 000+ + 00
00000000000000000000.0000000000000000000
0000000000000000000000000000000000000000
00000000000000000 21000000 219343543;0 000000000000
00000000000000000000000000000000000 y,2,y4,23
00000000000000000000

00 8.2 (00)0000,1,2,3,..000000000000
0,50, 5(50), S(S(S0)),...
000000 (numerals) 0000000 00000000 #7000000

000 3=5(5(50)0000
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00 83 (D00D00O0) DDODOOOO (arithmetic formulas) 000000000000
gboogn

1.t0«.000000000(=w 00000000000
2. A0 BOOOODODOOOOO(RA), (AvB)OODooooooooo

3. A000D00000x0000000((MV2zA)OODDDOOOOOODODO

0000((Sz) =2)V (~(Yyly=(z+2)) 0000000000000 = (0 = 0)
U-vo=00000D0O0DOODO

ugboboouooboooooobbuoooobbooobobobbdoaubooan
goobooooobooobbouoooobbboooobooooonbobbooon
O (closed terms) 000 0000000000000 0OOO0O0OOOO (closed formulas)Od
00000 (sentences) 0000000000000 OOOODOOOOODODODODODODOO
0000000000000 00000000000 200000 A(z),B(y)yD0O0OO
00000000000 0000ooO0o0oooO0ooooOooooDOoO A(e,y), B(z,y, 2)
ugodaogooooon

000080+ (SS0-0)000000008(z)0000000000 Va(Sz=2)0
00000000 y=0v(Ve(Szx=x))0 Vz(Se=yVvy=0)00000000000
uydobbtbooodouooouooboiooun ybgobbboobobbooaon
oogooooooood

O0000000O0000 variable clash OO 0OO0OOO0OOO0OOO0OOOODOOOODOO
OVedy(r<y)0O0OOO0O0000000000000000000O03yw(x<y)0OO
gdodtd 0000000000000 0OO0ODODODODODO0O00 x0y0OO0OOODOO
Jyy<y)0ODODOOOODOOOO0DO0DO0O0O0O0O0O0O0000D0D0O0OOOOOOOOOO
EEERERN

goggoooooooooon

(Y OUODO A0O0+¢+000O0O0OO0OOt0 ADDOOOOOOOOOODOOOO

vbobobobboobogbuobobobobbobuoobooboboboooboonod
OO0000OoOO000@moboo0o0ogooD AO0D0ODOOOoOOoOooOoOoOOoOoOoDoDOo
AOD0O0 (2WOOOOODOOOOOOOOOOOOOOOOOOOODOOOOOOOO
O¢(*)OooooOoOoOoooooooo0ootooooooooD z00wO00OOODODOO
000000000 t/z]000000¢t000 :000000000O0O0O0DOOOOO
0000000000t u/z)=t00000000000 AUDDDOOODOO 20000 w
O0000000000O00000000 Aw/z]00000O0OtDO ADDDOODODODOO
0000000000 Ax) 00000000 000000000000 0OOCOO
000000 Aw) 0000000000000
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ooA000 -000 <000 J00 -OvOovOhOooooobooooobooooo

ANB = —=(-AV-B)

A—B = -AVB

A—~B = (A—-B)AN(B—A)
dr. A = —(Vz.mA)

ugbboobuooboboobuoobbooboonon

t<u = Jz(t+zx=w) 000020 t,u 000000
Vi(z <t — AQD0D 20t000000
Jr<tA = F(xz<tANADODODOz0t000000

<
8
IN
o
N
Il

00000000000000000000000000000000000000000
50 < S$S(2)0 3x(S0+2 =55(2)000000000000000 —(Va.(-50 + 2 =
$S(z))) 000000000

000000000000000000000000000000000000000
0000 420000000000000000000000420000000000
000000000000

1. 00000mn,...,n, 00000000000000 {ny,...,n,)000000000

2. 00000«000000000000000000000 2000 (x),000
O1<:<k0Onog

((??,1, e ,nk.>)z = Ny.

3. 000 200000000 leng(x)D0DOOODDOOODDOOO:
leng((n1,...,n)) = k.

4. 0200000000000000000 seq(z)0000 seq({ng,...,n)) 000
ooo

gboooooboobooboboooon

00 84 (DC0ODODO) 1 ODOOOtOOOD¢tODOODOOD [t|CODDODDODODOO
good

[0 = {0

[zi] = (1,9)

(St = (2,]t])
[t+ul = 3[t], [u])
[t-ul = (&4 [t], [ul)
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2.000000 AD0DO0DO0 AODODOOOO JA|lD00DOOOODOOOOOO

[t=ul = (5[t], [ul)
[-A] = (6,[A])
[Av Bl = (7,[A],[B])
VzA] = (8,i,[A])
0000000000000000000000000000000000
00 85 00000000000000000

1. 02:0000000000000000000 term(x)O
2. 0:000000000000000000000 formula(z)O
3. 0:0000000000000000000000 cformula(x)O

4. 0200000000 2000 70000000000D000DO00DOO0ODOO
Iformula(z)0

goooobooboooboood

1.0z, 9y, -000000¢t000 2,00«000000000000 tu/z,)]000
0000000000000OD000o00O0DOOOO0 tsubst(x,y, 2)0

2.0xz,y, 200000000 ADO0 2,00 «000000000000 w0 AO
0000000000 0D000 Au/z)] DO00D0O0O0OO0DO0OODODOOOODOO
0000000 subst(z,y, 2)0

ud 1L.:toouooooddd 4,...,t, 0t =t0 0000000000 000n0n
gboogoobg¢oooo

e ,00000000000000000000 j<i0000S(;)0000000
00 j1,je<i0000 ¢, +t;, 000 t;, ¢, 000000

gbooboo:gbobooboobo«toboobboobooobooboonon
O:z0y0000000000000000 teonsseq(z,y) 00000000000

tconsseq(z,y) <= seq(x) A (T)ieng(z) = ¥ A Vi < leng(z)
((x)i =(0) v Ik <y((x); = (1, k))
vaj <i((z)i = (2, (x);))
VI <i.3je <i.((x)i = (3, (x)),, (2)),))
VI < iFjp <i((x)i = (4, (2);;, (2)5,)))
0000000000000 nO00 0000000 n=40000

00 +0000Oteonsseq(z, [t]) 00 2 < T,([t]) 000 0000000000000
00 term(z) 000000000000

term(z) <= Jy < T, (z)(tconsseq(y,x))

o6



ocoooooboooooooobooboo Yy, ooobooooooobooobobooooooDo
ugboobooboaooboonod [ |

0000 86 UODDOU0ODOOODOOOOOOODOOODOOO formula(x)Ocformula(x)d
1formula(x)0 O O tsubst(z,y, z)0 subst(z,y,2) 0000000000000 OOOO

gbooboboboobooboboboboobooboobbooboobooobooon
goooboboooooboboooooboboboobomooooboooooobooobn
gboboboooooboboboooooboooobobobboooobobobg
gooobobooboobbooboobooboboboboboobobooooobooboog
vbobobobuooboogbobboobooboobobooboobobobooogd
goobobooobobobobooboobooboboobobbobooboboboboo
gboooobooboobbooboooboooboobooobooboobooobd

ubboobboobmuooboboooboooooobobooboboaooboanon
goobooboooboogon

00 87 (0000O0O0) D0O0O0+0O0O0DODOtO00OOOO0DOOOODODOODOODOO
gbooooobon

. goboboobgoooooO
2.0¢+000000Rn00000 S¢H)COOODOO0OR+10000
5. 0¢.0000000000 n,mUO000OD0 t4+000000 n+mO000

4. 060000000000 nnmDO00000¢-.000000n-mOd000

0000+¢000¢t000000 [¢]0000000000000000 $S(0)000
S(0)+5(0)00000000[SS(0)]0 5000000000000

00 8.8 (0000000 D) OLOOULODOUOD AUDDUODADDODOOOODOOODO
ubobooboboobuooboooo

1. Jgbbdt+t=wdbbodbbootgdb«000bbooboaon
2.t<.00000000¢t000«00000000000

3. -A00000000AOODOOOODOOOOO

4. ANBOODOOODOOUDAD BOOOODODOODODOOODOOD

5. Ve<tADOOOOOOOt0ODOOO0O0OOO0OO0O0O0OO0ORn0OO0000AR/z)O00OO
gobogooog

6. Ix <t A00D0OO00D0O0¢+0000000000O0Rn0O00000A[R/zjO000O
gobogooog

7.V:AOODOOOOOOOOOO0OnO0000AR/z)000000O0ODOOOO

o7



8§ 3xA0D0D0DOO000DOOLO 000000 AR/Z)000O0O0OOODODODO

0000000000 A(zy,...,2,)00000000000000 Vay ---Van. Az, . .., 2n)
00000000O00o0
000 AQ BOOOOOOOOODA« BOOOOOOOOOOO

000 A000000OO0O000O00ODO0O00DO00DDOO0O0ONEAQOOODODO
gboobooobbooobooboobboobbo@moboobboobboobboooo
O000000000000000000000A0 true(z) O

true(n) <= n=[A|00 AODOODOO

gbobobubouoooobuobbobobobuobuoboooobobobobobobg
gboobobooobobooboobobobbobooobobobobooooboong
gbooboobobooboobooob™oboobobooobboobooobooooobooag
gbooboboboboooboobooboobuoobooboobooboooooo
god

9 Juoon

gboobobooboobobobobobooboobooboboboobooon
vbobobobuooboogboboboobuoobobooobooboboooboood
0000o000oo0o00oD (2-y=n)0000000R00000000000
goooboboobobooboobooboobooboobobooobooooong
vboboooboobooboobobobobbobuoobuooboboobobooobd
(arithmetical hierarchy) 000 0000000000000 000O0O0OO0DOOOOOO
gboooboboobooboobooboboboobooooboobobooooboooong
vbobobobboobogbuoobuobbobobuooboooobobooobooog
gboooboboobooboobooboboboobobooboooobooooboooong
goooobooboooboobod

00 9.1 (Ag, %, I, 000)

Ay0000D0D00000 =<, ,AVz<t,Ix<t0000000000000MOO0
000000 Ve<t3x<t000

>, 0000 dzy---32, A000000 ODO0OO0On>00A0 AjODDO MM
ILooOo0O0Ve,---V2,,ADDOODO DODODOn>00A0 AjOOOM
¥+ 0000 2y ---32,A000000 ODO00OOn>00A0 IL,O0ODOO

I,.,,0000 Vz;---V2,ADOOOOO O0OD0On>00A0 ;0000

o8



00 9.2(00000) A(z)000000000000000A(z)0000000 XCN
00000000000 nreNOOOO

AmM)DO00O0 <=neX
gboboobooaood

000000 A(x)D B(zx)DOODDODOOOOOOOOOODOODODODODOODDOOO
good

00 9.3(00000)

e JJ0DDOOXCNDO A OOODDDOOOXOOOODO AjUODDOODDOO
gogoodgobod

e OO0, 0000DY; 000DUOLOOODODOODODODODOOILODODOD
I, 000000b0goooooooooogonog

e X, 00000D0ILbOODODDOODOOOOOODODODO A;O0O0DODODOO

A, 00000000C00DO00DO A;O0000X%01I,00000000000

0000000000 ¥,000 (z=2-y)00OOOODODOOOOO X,000000
00000000 Even(z) =y <z(zx=2-y)000 A DO0O0O0O00DODOOOOOO
OO00A,O0000C000DOO0DOOODOOO0ODODOO

Div(y,z) = Fz<z(y-z=ux)
Prime(z) = 2<axANVy<azDiv(y,z) = (y=1Vy=ux))

000000000 A 000000
00 94 (00000) D00O0D0DO0O0ODOOUOOOOOOOODOOODODOO
1z1Q22 -+ - Qnan B
0000 @;O0vO03000000000B0 AjODODOODOODO
oododoooooooooodoooooouobooooooooooooon
ot 95 oo booouooon

U0 0booboobooboobooboobooboobooboobooobod
gboooobooboobbooboooo

1. (VzA)VB « VYa(AVB)O(VzA)AB < Vz(AAB)D OO0 BO 200000
00000000

2. (3zA)VB < Jx(AVvB)O(3zA)AB « Jx(AANB)IIO0OO BO 00000
goooooono
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3. VzA «— dx—A0-dzA < Vx-AODODOOOOODOOO

4. Ve < t.IyA « Ve <t.dy <z AOdx <tVyAd < Vzde <tVy < A0000
t,AD 00000D000D00000

goooboboboobobooboobooboobooboobooooboboooboo
00000000000 VzAVB « Ve(AvB)OOOOOOOO BO zO0ODOODOO
000 VeAO VzoAlzo/z) D000 2000000000000 OOOOOOOODOO
good

O000DO000DO00oDOO0OooDoooDOoooooOve <t3yAODOOOOOOOO

t000 0000000 3yA[0/z],...,3yAR/z]00000000000 A[0/z, m1/y),
..., Alk/z,mz/y)0000000000000000 {m,...,m,}000000000
00mO00000000 3y <mA{0/z],...,3y<m.AR/z)00000000000
OVe<tiIm<:AOOOODDOOOOO 32Vz<tIy<2A000000

00 32vz <t3y<2A000000000000mOOOOVe<tIy<mADD
00000000000 Ve<t3yAOOODOOO m

godd 9.6
1. Vz(x=5)VIy<8Vz(r-y<2) 0000000000000 DOOO
2 000000Uoobbbbobbuobooooooobbobooobooogo

s 000booboboobboobobooboonbog

oo 9.7

1. A, Y%, I, 0000000000000000 — 00000 COOO000000
A, — X, 0000 X0 A, 000000000 %,0000000000000000

i+1

N
N

2. 00 XCNOODOODUOODOOOOUO A(x)0D00O0D00DOOOO0DOXO0O0O0OO
ooobobobobd n0b0ObD Xex,0O0OO
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