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Abstract: We give a systematic construction of epimorphisms between

2-bridge link groups. Moreover, we show that 2-bridge links having such

an epimorphism between their link groups are related by a map between

the ambient spaces which only have a certain specific kind of singularity.

We show applications of these epimorphisms to the character varieties

for 2-bridge links and π1-dominating maps among 3-manifolds.

1. Introduction

For a knot or a link, K, in S3, the fundamental group π1(S
3−K) of

the complement is called the knot group or the link group of K, and is
denoted by G(K). This paper is concerned with the following problem.

For a given knot (or link) K, characterize which knots (or
links) K̃ admit an epimorphism G(K̃)→ G(K).

This topic has been studied in various places in the literature, and, in
particular, a complete classification has been obtained when K is the
(2, p) torus knot and K̃ is a 2-bridge knot, and when K and K̃ are prime
knots with up to 10-crossings; for details, see Section 2. A motivation
for considering such epimorphisms is that they induce a partial order on
the set of prime knots (see Section 2), and we expect that new insights
into the theory of knots may be obtained in the future by studying
such a structure, in relation with topological properties and algebraic
invariants of knots related to knot groups.

In this paper, we give a systematic construction of epimorphisms
between 2-bridge link groups. We briefly review 2-bridge links; for
details see Section 3. For r ∈ Q̂ := Q ∪ {∞}, the 2-bridge link K(r)
is the link obtained by gluing two trivial 2-component tangles in B3

along (S2, 4 points) where the loop in S2 − (4 points) of slope ∞ is
identified with that of slope r, namely the double cover of the gluing
map

(
∈ Aut(T 2) = SL(2, Z)

)
takes ∞ to r, where SL(2, Z) acts on

Q̂ by the linear fractional transformation. To be more explicit, for a
continued fraction expansion
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r = [a1, a2, · · · , am] =
1

a1 +
1

a2 + .. . +
1

am

,

a plat presentation of K(r) is given as shown in Figure 1.
We give a systematic construction of epimorphisms between 2-bridge

link groups in the following theorem, which is proved in Section 4.

Theorem 1.1. There is an epimorphism from the 2-bridge link group
G(K(r̃)) to the 2-bridge link group G(K(r)), if r̃ belongs to the Γ̂r-orbit
of r or ∞. Moreover the epimorphism sends the upper meridian pair
of K(r̃) to that of K(r).

Here, we define the Γ̂r-action on Q̂ below, and we give the definition of
an upper meridian pair in Section 3. For some simple values of r, the
theorem is reduced to Examples 4.1–4.3.

The Γ̂r-action on Q̂ is defined as follows. Let D be the modular
tessellation, that is, the tessellation of the upper half space H2 by
ideal triangles which are obtained from the ideal triangle with the ideal
vertices 0, 1,∞ ∈ Q̂ by repeated reflection in the edges. Then Q̂ is
identified with the set of the ideal vertices of D. For each r ∈ Q̂, let
Γr be the group of automorphisms of D generated by reflections in the
edges of D with an endpoint r. It should be noted that Γr is isomorphic
to the infinite dihedral group and the region bounded by two adjacent
edges of D with an endpoint r is a fundamental domain for the action
of Γr on H2. Let Γ̂r be the group generated by Γr and Γ∞. When
r ∈ Q−Z, Γ̂r is equal to the free product Γr∗Γ∞, having a fundamental
domain shown in Figure 1. When r ∈ Z∪{∞}, we concretely describe

Γ̂r in Examples 4.1 and 4.2. By using the fundamental domain of the
group Γ̂r, we can give a practical algorithm to determine whether a
given rational number r̃ belongs to the Γ̂r-orbit of ∞ or r (see Section
5.1). In fact, Proposition 5.1 characterizes such a rational number r̃ in
terms of its continued fraction expansion.

Now we study topological characterization of a link K̃ having an
epimorphism G(K̃)→ G(K) for a given link K. We call a continuous
map f : (S3, K̃)→ (S3, K) proper if K̃ = f−1(K). Since a proper map
induces a map between link complements, it further induces a homo-
morphism G(K̃)→ G(K) preserving peripheral structure. Conversely,

any epimorphism G(K̃)→ G(K) for a non-split link K, preserving pe-
ripheral structure, is induced by some proper map (S3, K̃)→ (S3, K),
because the complement of a non-split link is aspherical. Thus, we
can obtain K̃ as f−1(K) for a suitably chosen map f : S3 → S3; in
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Figure 1. A fundamental domain of Γ̂r in the modular
tessellation (the shaded domain), the linearization of (the
core part of) the fundamental domain, and the 2-bridge
knot K(r), for r = 5/17 = [3, 2, 2].

Question 9.2 we propose a conjecture to characterize K̃ from K in this
direction.

For 2-bridge links, we have the following theorem which implies that,
for each epimorphism G(K(r̃)) → G(K(r)) in Theorem 1.1, we can
topologically characterize K(r̃) as the preimage f−1(K(r)) for some
specific kind of a proper map f . For the proof of the theorem, see
Sections 5 and 6 and Figure 2.

Theorem 1.2. If r̃ belongs to the Γ̂r-orbit of r or ∞, then there is a
proper branched fold map f : (S3, K(r̃)) → (S3, K(r)) which induces
an epimorphism G(K(r̃))→ G(K(r)), such that its fold surface is the
disjoint union of level 2-spheres and its branch curve is a link of index
2 disjoint to K(r̃), each of whose components lie in a level 2-sphere.

Here, we explain the terminology in the theorem below. More detailed
properties of the map f are given in Proposition 6.2 and Remark 6.3.

By a branched fold map, we mean a map between 3-manifolds such
that, for each point p in the source manifold, there exist local coordi-
nates around p and f(p) such that f is given by one of the following
formula in the neighborhood of p.

f(x1, x2, x3) = (x1, x2, x3)

f(x1, x2, x3) = (x2
1, x2, x3)

f(z, x3) = (zn, x3) (z = x1 + x2

√
−1 )

When p and f(p) have such coordinates around them, we call p a
regular point, a fold point or a branch point of index n, accordingly.
The set of fold points forms a surface in the source manifold, which
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we call the fold surface of f . The set of branch points forms a link in
the source manifold, which we call the branch curve of f . (If f further
allowed “fold branch points” which are defined by f(x1, z) = (x2

1, z
2)

for suitable local coordinates where z = x2+x3

√
−1, and if the index of

every branch point is 2, f is called a “nice” map in [17]. It is shown [17]
that any continuous map between 3-manifolds can be approximated by
a “nice” map.)

A height function for K(r) is a function h : S3 → [−1, 1] such that
h−1(t) is a 2-sphere intersecting K(r) transversely in four points or a
disk intersecting K(r) transversely in two points in its interior accord-
ing as t ∈ (−1, 1) or {±1}. We call the 2-sphere h−1(t) with t ∈ (−1, 1)
a level 2-sphere.

Theorems 1.1 and 1.2 have applications to the character varieties for
2-bridge links and π1-dominating maps among 3-manifolds. These are
given in Sections 7 and 8.

The paper is organized as follows; see also Figure 2 for a sketch
plan to prove Theorems 1.1 and 1.2. In Section 2, we quickly re-
view known facts concerning epimorphisms between knot groups, in
order to explain background and motivation for the study of epimor-
phisms between knot groups. In Section 3, we review basic properties
of 2-bridge links. In Section 4, we prove Theorem 1.1, constructing
epimorphisms G(K(r̃)) → G(K(r)). In Section 5, we show that if r̃

belongs to the Γ̂r-orbit of r or ∞, then r̃ has a continued fraction ex-
pansion of a certain specific form in Proposition 5.1, and equivalently
K(r̃) has a plat presentation of a certain specific form in Proposition
5.2. In Section 6, we give an explicit construction of the desired proper
map (S3, K(r̃))→ (S3, K(r)) under the setting of Proposition 5.2 (see
Theorem 6.1). This together with Proposition 5.2 gives the proof of
Theorem 1.2. We also describe further properties of the map in Section
6. In Sections 7 and 8, we show applications of Theorems 1.1 and 1.2
to the character varieties for 2-bridge links and π1-dominating maps
among 3-manifolds. In Section 9, we propose some questions related
to Theorems 1.1 and 1.2.

Personal history. This paper is actually an expanded version of the
unfinished joint paper [30] by the first and second authors and the
announcement [36] by the third author. As is explained in the intro-
duction of [33], the first and second authors proved Theorem 6.1, mo-
tivated by the study of reducibility of the space of irreducible SL(2, C)
representations of 2-bridge knot groups, and obtained (a variant) of
Corollary 7.1. On the other hand, the last author discovered Theorem
1.1 while doing joint research [1] with H. Akiyoshi, M. Wada and Y.
Yamashita on the geometry of 2-bridge links. This was made when
he was visiting G. Burde in the summer of 1997, after learning several

4



r̃ belongs to the Γ̂r-orbit of r or ∞

�
�
�
�
�
�
�
�
�
�
��

Theorem 1.1

Q
Q

Q
Q

Q
Q

Q
Q

QQs

Theorem 1.2

?
Proposition 5.1

A
A
AU
Proposition 5.2

r̃ is presented as
in Proposition 5.1 ⇐⇒
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in Proposition 5.2
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�

��
Theorem 6.1

There exists a branched fold map

(S3, K(r̃))→ (S3, K(r))
⇐=There exists an epimorphism

G(K(r̃))→ G(K(r))

Figure 2. Sketch plan to prove Theorems 1.1 and 1.2.

examples found by Burde and his student, F. Opitz, through computer
experiments on representation spaces. The first and third authors re-
alized that Theorems 1.1 and 6.1 are equivalent in the autumn of 1997,
and agreed to write a joint paper with the second author. But, very
sadly, the second author passed away on March 4, 2000, before the
joint paper was completed. May Professor Robert Riley rest in peace.

Acknowledgment. The first author would like to thank Osamu Saeki
for helpful comments. The third author would like to thank Gerhard
Burde and Felix Opitz for teaching him of their experimental results
on 2-bridge knot groups. He would also like to thank Michel Boileau,
Kazuhiro Ichihara and Alan Reid for useful information. The first and
the third authors would like to thank Teruaki Kitano and Masaaki
Suzuki for informing of their recent results to the authors. They would
also like to thank Andrew Kricker, Daniel Moskovich and Kenneth
Shackleton for useful information. Finally, they would like to thank
the referee for very careful reading and helpful comments.

2. Epimorphisms between knot groups

In this section, we summarize topics and known results related to
epimorphisms between knot groups, in order to give background and
motivation to study epimorphisms between knot groups.

We have a partial order on the set of prime knots, by setting K̃ ≥ K
if there is an epimorphism G(K̃) → G(K). A non-trivial part of the
proof is to show that K1 ≥ K2 and K1 ≤ K2 imply K1 = K2, which
is shown from the following two facts. The first one is that we have a
partial order on the set of knot groups of all knots; its proof is due to
Hopfian property (see, for example, [38, Proposition 3.2]). The second
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fact is that prime knots are determined by their knot groups (see, for
example, [20, Theorem 6.1.12]).

The existence and non-existence of epimorphisms between knot groups
for some families of knots have been determined. Gonzaléz-Acũna and
Ramı́nez [12] gave a certain topological characterization of those knots
whose knot groups have epimorphisms to torus knot groups, in particu-
lar, they determined in [13] the 2-bridge knots whose knot groups have
epimorphisms to the (2, p) torus knot group. Kitano-Suzuki-Wada [25]
gave an effective criterion for the existence of an epimorphism among
two given knot groups, in terms of the twisted Alexander polynomials,
extending the well-known criterion that the Alexander polynomial of
K̃ is divisible by that of K if there is an epimorphism G(K̃)→ G(K).
By using the criterion, Kitano-Suzuki [23] gave a complete list of such

pairs (K̃, K) among the prime knots knots with up to 10 crossings.
The finiteness of K admitting an epimorphism G(K̃) → G(K) for

a given K̃ was conjectured by Simon [22, Problem 1.12], and it was
partially solved by Boileau-Rubinstein-Wang [4], under the assumption
that the epimorphisms are induced by non-zero degree proper maps.

A systematic construction of epimorphisms between knot groups is
given by Kawauchi’s imitation theory [19]; in fact, his theory constructs
an imitation K̃ of K which shares various topological properties with
K, and, in particular, there is an epimorphism between their knot
groups.

From the viewpoint of maps between ambient spaces, any epimor-
phism G(K̃) → G(K) for a non-split link K, preserving peripheral
structure, is induced by some proper map f : (S3, K̃) → (S3, K), as

mentioned in the introduction. The index of the image f∗(G(K̃)) in
G(K) is a divisor of the degree of f (see [16, Lemma 15.2]). In partic-
ular, if f is of degree 1, then f∗ induces an epimorphism between the
knot groups. Thus the problem of epimorphisms between knot groups
is related to the study of proper maps between ambient spaces, more
generally, maps between 3-manifolds. This direction has been exten-
sively studied in various literatures (see [3, 4, 19, 34, 38, 40, 41, 44] and
references therein).

3. Rational tangles and 2-bridge links

In this section, we recall basic definitions and facts concerning the
2-bridge knots and links.

Consider the discrete group, H, of isometries of the Euclidean plane
R2 generated by the π-rotations around the points in the lattice Z2.
Set (S2, P ) = (R2, Z2)/H and call it the Conway sphere. Then S

2 is
homeomorphic to the 2-sphere, and P consists of four points in S

2. We
also call S

2 the Conway sphere. Let S := S
2−P be the complementary

4-times punctured sphere. For each r ∈ Q̂ := Q ∪ {∞}, let αr be the
6



simple loop in S obtained as the projection of the line in R2 − Z2 of
slope r. Then αr is essential in S, i.e., it does not bound a disk in S

and is not homotopic to a loop around a puncture. Conversely, any
essential simple loop in S is isotopic to αr for a unique r ∈ Q̂. Then r
is called the slope of the simple loop. Similarly, any simple arc δ in S

2

joining two different points in P such that δ ∩ P = ∂δ is isotopic to
the image of a line in R2 of some slope r ∈ Q̂ which intersects Z2. We
call r the slope of δ.

A trivial tangle is a pair (B3, t), where B3 is a 3-ball and t is a union
of two arcs properly embedded in B3 which is parallel to a union of
two mutually disjoint arcs in ∂B3. Let τ be the simple unknotted arc
in B3 joining the two components of t as illustrated in Figure 3. We
call it the core tunnel of the trivial tangle. Pick a base point x0 in
int τ , and let (µ1, µ2) be the generating pair of the fundamental group
π1(B

3 − t, x0) each of which is represented by a based loop consisting
of a small peripheral simple loop around a component of t and a sub-
arc of τ joining the circle to x. For any base point x ∈ B3 − t, the
generating pair of π1(B

3 − t, x) corresponding to the generating pair
(µ1, µ2) of π1(B

3 − t, x0) via a path joining x to x0 is denoted by the
same symbol. The pair (µ1, µ2) is unique up to (i) reversal of the or-
der, (ii) replacement of one of the members with its inverse, and (iii)
simultaneous conjugation. We call the equivalence class of (µ1, µ2) the
meridian pair of the fundamental group π1(B

3 − t).

τ

Figure 3. A trivial tangle

By a rational tangle, we mean a trivial tangle (B3, t) which is en-
dowed with a homeomorphism from ∂(B3, t) to (S2, P ). Through the
homeomorphism we identify the boundary of a rational tangle with the
Conway sphere. Thus the slope of an essential simple loop in ∂B3 − t
is defined. We define the slope of a rational tangle to be the slope of
an essential loop on ∂B3 − t which bounds a disk in B3 separating the
components of t. (Such a loop is unique up to isotopy on ∂B3−t and is
called a meridian of the rational tangle.) We denote a rational tangle
of slope r by (B3, t(r)). By van-Kampen’s theorem, the fundamental
group π1(B

3− t(r)) is identified with the quotient π1(S)/〈〈αr〉〉, where
〈〈αr〉〉 denotes the normal closure.
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For each r ∈ Q̂, the 2-bridge link K(r) of slope r is defined to be
the sum of the rational tangles of slopes ∞ and r, namely, (S3, K(r))
is obtained from (B3, t(∞)) and (B3, t(r)) by identifying their bound-
aries through the identity map on the Conway sphere (S2, P ). (Recall
that the boundaries of rational tangles are identified with the Conway
sphere.) K(r) has one or two components according as the denomina-
tor of r is odd or even. We call (B3, t(∞)) and (B3, t(r)), respectively,
the upper tangle and lower tangle of the 2-bridge link. The image of the
core tunnels for (B3, t(∞)) and (B3, t(r)) are called the upper tunnels
and lower tunnel for the 2-bridge link.

We describe a plat presentation of K(r), as follows. Choose a con-
tinued fraction expansion of r,

r = [a1, a2, · · · , am].

When m is odd, we have a presentation,

r = B · ∞ where B =

(
1 0
a1 1

)(
1 a2

0 1

)(
1 0
a3 1

)

· · ·
(

1 0
am 1

)

,

and B acts on Q̂ by the linear fractional transformation. Then, K(r)
has the following presentation, where the boxed “ai” implies ai half-
twists.

monodromy = B
�T 2

?

double
cover

T 2

?

double
cover

K(r) = a1 −a2

a3 am

t(r)
︷ ︸︸ ︷

︸︷︷︸

t(∞)

︸︷︷︸

t(∞)

Similarly, when m is even,

r =

(
1 0
a1 1

)(
1 a2

0 1

)(
1 0
a3 1

)

· · ·
(

1 am

0 1

)

· 0,

and

K(r) = a1 −a2

a3 −am

t(r)
︷ ︸︸ ︷

︸︷︷︸

t(∞)

︸︷︷︸

t(0)

We recall Schubert’s classification [42] of the 2-bridge links (cf. [6]).

Theorem 3.1 (Schubert). Two 2-bridge links K(q/p) and K(q ′/p′)
are equivalent, if and only if the following conditions hold.
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(1) p = p′.
(2) Either q ≡ ±q′ (mod p) or qq′ ≡ ±1 (mod p).

Moreover, if the above conditions are satisfied, there is a homeomor-
phism f : (S3, K(q/p)) → (S3, K(q′/p′)) which satisfies the following
conditions.

(1) If q ≡ q′ (mod p) or qq′ ≡ 1 (mod p), then f preserves the
orientation of S3. Otherwise, f reverses the orientation of S3.

(2) If q ≡ ±q′ (mod p), then f maps the upper tangle of K(q/p)
to that of K(q′/p′). If qq′ ≡ 1 (mod p), then f maps the upper
tangle of K(q/p) to the lower tangle of K(q ′/p′).

By van-Kampen’s theorem, the link group G(K(r)) = π1(S
3−K(r))

of K(r) is identified with π1(S)/〈〈α∞, αr〉〉. We call the image in the
link group of the meridian pair of the fundamental group π1(B

3−t(∞))
(resp. π1(B

3 − t(r)) the upper meridian pair (resp. lower meridian
pair). The link group is regarded as the quotient of the rank 2 free
group, π1(B

3 − t(∞)) ∼= π1(S)/〈〈α∞〉〉, by the normal closure of αr.
This gives a one-relator presentation of the link group, and is actually
equivalent to the upper presentation (see [10]). Similarly, the link group
is regarded as the quotient of the rank 2 free group π1(B

3 − t(r)) ∼=
π1(S)/〈〈αr〉〉 by the normal closure of α∞, which in turn gives the lower
presentation of the link group. These facts play an important role in
the next section.

4. Constructing an epimorphism G(K(r̃))→ G(K(r))

In this section, we prove Theorem 1.1, which states the existence of
an epimorphism G(K(r̃))→ G(K(r)). Before proving the theorem, we
explain special cases of the theorem for some simple values of r.

Example 4.1. If r = ∞, then K(r) is a trivial 2-component link.

Further, Γ̂r = Γr = Γ∞. Thus the region bounded by the edges 〈∞, 0〉
and 〈∞, 1〉 is a fundamental domain for the action of Γ̂r on H2. Hence,
the assumption of Theorem 1.1 is satisfied if and only if r̃ = ∞. This
reflects the fact that a link is trivial if and only if its link group is a
free group.

Example 4.2. If r ∈ Z, then K(r) is a trivial knot. Further, Γ̂r is
equal to the group generated by the reflections in the edges of any of D.
In particular, any ideal triangle of D is a fundamental domain for the
action of Γ̂r on H2. Hence, Γ̂r acts transitively on Q̂ and every r̃ ∈ Q̂

satisfies the assumption of Theorem 1.1. This reflects the fact that
there is an epimorphism from the link group of an arbitrary link L to
Z, the knot group of the trivial knot, sending meridians to meridians.

Example 4.3. If r ≡ 1/2 (mod Z), then K(r) is a Hopf link. Further,
r̃ = q/p satisfies the assumption of Theorem 1.1 if and only if p is even,
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i.e., K(r̃) is a 2-component link. This reflects the fact that the link
group of an arbitrary 2-component link has an epimorphism to the link
group, Z⊕ Z, of the Hopf link.

The proof of Theorem 1.1 is based on the following simple observa-
tion.

Lemma 4.4. For each rational tangle (B3, t(r)), the following hold.

(1) For each s ∈ Q̂, the simple loop αs is null-homotopic in B3−t(r)
if and only if s = r.

(2) Let s and s′ be elements of Q̂ which belongs to the same Γr-orbit.
The the simple loops αs and αs′ are homotopic in B3 − t(r).

Proof. The linear action of SL(2, Z) on R2 descends to an action on
(S2, P ), and the assertions in this lemma are invariant by the action.
Thus we may assume r =∞.

(1) Let γ1 and γ2 be arcs in ∂(B3, t(r)) of slope ∞, namely (γ1 ∪
γ2) ∩ ∂t(∞) = ∂t(∞) and γ1 ∪ γ2 is parallel to t(∞) in B3. Then
π1(B

3 − t(∞)) is the free group of rank 2 generated by the meridian
pair {µ1, µ2}, and the cyclic word in {µ1, µ2} obtained by reading the
intersection of the loop αs with γ1∪γ2 represent the free homotopy class
of αs. (After a suitable choice of orientation, a positive intersection with
γi corresponds to µi. If s 6= 0, then αs intersects γ1 and γ2 alternatively,
and hence the corresponding word is a reduce word. Thus αs is not
null-homotopic in B3 − t(r) if s 6= ∞. Since the converse is obvious,
we obtain the desired result.

(2) Let A be the reflection of D in the edge 〈0,∞〉, and let B be the
parabolic transformation of D around the vertex ∞ by 2 units. Then
their actions on Q̂ is given by A(s) = −s and B(s) = s + 2. Since A
and B generates the group Γ∞, we have only to show that the simple
loop αs on ∂B3 − t(∞) is homotopic to the simple loops of slopes −s
and s + 2 in B3 − t(∞)

We first show that αs is homotopic to α−s in B3 − t(∞). Let X be
the orientation-reversing involution of (S2, P ) induced by the reflection
(x, y) 7→ (x,−y + 1) on R2. The fixed point set of X is the simple loop
of slope 0 which is obtained as the image of the line R × {1/2}. The
quotient space S/X is homeomorphic to a twice punctured disk, which
we denote by R. The projection S → R extends to a continuous map
B3− t(∞)→ R, which is a homotopy equivalence. Then the two loops
αs and α−s project to the same loop in R and hence they must be
homotopic in B3 − t(∞).

Next, we show that show that αs is homotopic to αs+2 in B3− t(∞).
To this end, consider the Dehn twist of B3− t(∞) along the “meridian
disk”, i.e., the disk in B3−t(∞) bounded by the simple loop α∞. Then
it is homotopic to the identity map, and maps αs to αs+2. Hence αs is
homotopic to αs+2 in B3 − t(∞). �
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Remark 4.5. The above lemma is nothing other than a reformulation
of (a part of) Theorem 1.2 of Komori and Series [26], which in turn is a
correction of Remark 2.5 of [21]. However, we presented a topological
proof, for the sake of completeness. Their theorem actually implies
that the converse to the second assertion of the lemma holds. Namely,
two simple loops αs and αs′ are homotopic in B3 − t(r) if and only if
they belong to the same orbit of Γr. This is also proved by using the
fact that π1(B

3 − t(r)) is the free group of rank 2 generated by the
meridian pair.

The above lemma implies the following consequence for 2-bridge
knots.

Proposition 4.6. For every 2-bridge knot K(r), the following holds.

If two elements s and s′ of Q̂ lie in the same Γ̂r-orbit, then αs and αs′

are homotopic in S3 −K(r).

Proof. Since Γ̂r is generated by Γ∞ and Γr, we have only to show the
assertion when s′ = A(s) for some A in Γ∞ or Γr. If A ∈ Γ∞, then αs

and αs′ are homotopic in B3− t(∞) by Lemma 4.4. Since G(K(r)) is a
quotient of π1(B

3 − t(∞)), this implies that αs and αs′ are homotopic
in S3 − K(r). Similarly, if A ∈ Γr, then αs and αs′ are homotopic in
B3− t(r) by Lemma 4.4. Since G(K(r)) is a quotient of π1(B

3− t(r)),
this also implies that αs and αs′ are homotopic in S3 − K(r). This
completes the proof of the proposition. �

Corollary 4.7. If s belongs to the orbit of ∞ or r by Γ̂r, then αs is
null-homotopic in S3 −K(r).

Proof. The loops α∞ and αr are null-homotopic in B3 − t(∞) and
B3 − t(r), respectively. Hence both of them are null-homotopic in
S3 −K(r). Thus we obtain the corollary by Proposition 4.6. �

We shall discuss more about the corollary in Section 9.

Proof of Theorem 1.1. Suppose r̃ belongs to the orbit of r or∞ by Γ̂r.
Then, αr̃ is null-homotopic in G(K(r)) = π1(S)/〈〈α∞, αr〉〉. Thus the
normal closure 〈〈α∞, αr̃〉〉 in π1(S) is contained in 〈〈α∞, αr〉〉. Hence
the identity map on π1(S) induces an epimorphism from G(K(r̃)) =
π1(S)/〈〈α∞, αr̃〉〉 to G(K(r)) = π1(S)/〈〈α∞, αr〉〉. It is obvious that
the epimorphism sends the upper meridian pair of G(K(r̃)) to that of
G(K(r)). This completes the proof of Theorem 1.1. �

5. Continued fraction expansion of r̃ in Γ̂r-orbits

In this section, we explain what r̃ and K(r̃) look like when r̃ be-

longs to the Γ̂r-orbit of r or ∞, in Propositions 5.1 and 5.2. These
propositions are substantially equivalent.
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For the continued fraction expansion r = [a1, a2, · · · , am], let a, a
−1,

εa and εa−1, with ε ∈ {−, +}, be the finite sequences defined as follows:

a = (a1, a2, · · · , am), a
−1 = (am, am−1, · · · , a1),

εa = (εa1, εa2, · · · , εam), εa−1 = (εam, εam−1, · · · , εa1).

Then we have the following proposition, which is proved in Section 5.1.

Proposition 5.1. Let r be as above. Then a rational number r̃ belongs
to the orbit of r or ∞ by Γ̂r if and only if r̃ has the following continued
fraction expansion:

r̃ = 2c + [ε1a, 2c1, ε2a
−1, 2c2, ε3a, · · · , 2cn−1, εna

(−1)n−1

]

for some positive integer n, c ∈ Z, (ε1, ε2, · · · , εn) ∈ {−, +}n and
(c1, c2, · · · , cn−1) ∈ Zn−1.

The following proposition is a variation of Proposition 5.1, written
in topological words, which is proved in Section 5.2.

Proposition 5.2. We present the 2-bridge link K(r) by the plat closure

K(r) = b

for some 4-braid b. Then, r̃ belongs to the Γ̂r-orbit of ∞ or r if and
only if K(r̃) is presented by

K(r̃) = b± 2c1 b−1
± 2c2 b± 2c3 b±1

±

for some signs of b± and b−1
± and for some integers ci, where a boxed

“2ci” implies 2ci half-twists, and b±1
± are the braids obtained from b by

mirror images as shown in the forthcoming Theorem 6.1.

5.1. Continued fraction expansions of r̃ and r. In this section,
we prove Proposition 5.1. The proof is based on the correspondence
between the modular tessellation and continued fraction expansions
(see [15, p.229 Remark] for this correspondence).

We first recall the correspondence between continued fraction ex-
pansions and edge-paths in the modular diagram D. For the continued
fraction expansion r = [a1, a2, · · · , am], set r−1 = ∞, r0 = 0 and
rj = [a1, a2, · · · , aj] (1 ≤ j ≤ m). Then (r−1, r0, r1, · · · , rm) deter-
mines an edge-path in D, i.e., 〈rj, rj+1〉 is an edge of D for each j
(−1 ≤ j ≤ m − 1). Moreover, each component aj of the continued
fraction is read from the edge-path by the following rule: The vertex
rj+1 is the image of rj−1 by the parabolic transformation of D, centered
on the vertex rj, by (−1)jaj units in the clockwise direction. (Thus
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r−1

A2

A1

r1 rm−1

a = (3, 4, 2, 3)
B1

r0 r2 r′
B2

r = rm

∞

B1(∞)

B1B2(∞)

(B1B2)B1(∞)

r = (B1B2)
c(∞)

=
(
(B1B2)

cB1

)
(r)

Figure 4. Continued fractions

the transformation is conjugate to

(
1 (−1)j−1aj

0 1

)

in PSL(2, Z).) See

Figure 4.
Conversely, any edge-path (s−1, s0, s1, · · · , sm) in D with s−1 = ∞

and s0 = 0 gives rise to a continued fraction expansion [b1, b2, · · · , bm]
of the terminal vertex sm, where bj is determined by the rule explained
in the above. If we drop the condition s0 = 0, then s0 ∈ Z and the
edge-path determines the continued fraction expansion of the terminal
vertex sm of the form s0 + [b1, b2, · · · , bm].

Now recall the fundamental domain for Γ̂r described in the intro-
duction. It is bounded by the four edges 〈∞, 0〉, 〈∞, 1〉, 〈r, rm−1〉 and
〈r, r′〉, where

rm−1 = [a1, a2, · · · , am−1] and r′ = [a1, a2, · · · , am−1, am − 1].

Let A1, A2, B1 and B2, respectively, be the reflections in these edges.
Then

Γ∞ = 〈A1 |A2
1 = 1〉 ∗ 〈A2 |A2

2 = 1〉,
Γr = 〈B1 |B2

1 = 1〉 ∗ 〈B2 |B2
2 = 1〉.

The product A1A2 is the parabolic transformation of D, centered on
the vertex ∞, by 2 units in the clockwise direction, and it generates
the normal infinite cyclic subgroup of Γ∞ of index 2. Similarly, the
product B1B2 is the parabolic transformation of D, centered on the
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vertex ∞, by 2 or −2 units in the clockwise direction according as m
is even or odd, and it generates the normal infinite cyclic subgroup of
Γr of index 2.

Pick a non-trivial element, W , of Γ̂r = Γ∞ ∗Γr. Then it is expressed
uniquely as a reduced word W1W2 · · ·Wn or W0W1 · · ·Wn where Wj is a
nontrivial element of the infinite dihedral group Γ∞ or Γr according as j
is even or odd. When W = W1W2 · · ·Wn, we regard W = W0W1 · · ·Wn

with W0 = 1.
Set ηj = +1 or −1 according as Wj is orientation-preserving or

reversing. Then there is a unique integer cj such that:

(1) If j is even, then Wj = (A1A2)
cj or (A1A2)

cjA1 according as
ηj = +1 or −1.

(2) If j is odd, then Wj = (B1B2)
cj or (B1B2)

cjB1 according as
ηj = +1 or −1.

Now let r̃ be the image of ∞ or r by W . If n is odd, then Wn ∈ Γr

and hence W (r) = W0W1 · · ·Wn−1(r). Similarly, if n is even, then
W (∞) = W0W1 · · ·Wn−1(∞). So, we may assume r̃ = W (∞) or W (r)
according as n is odd or even.

Lemma 5.3. Under the above setting, r̃ has the following continued
fraction expansion.

r̃ = −2c0 + [ε1a, 2ε1c1, ε2a
−1, 2ε2c2, · · · , 2εncn, εn+1a

(−1)n

],

where εj = η0(−η1) · · · (−ηj−1).

Proof. First, we treat the case when W0 = 1. Recall that r is joined to
∞ by the edge-path (r−1, r0, · · · , rm−1, rm). Since W1 fixes the point
r = rm, we can join the above edge-path with its image by W1, and
obtain the edge path

(r−1, r0, · · · , rm−1, rm, W1(rm−1), · · · , W1(r0), W1(r−1)).

This joins ∞ and W1(r−1) = W1(∞). By applying the correspon-
dence between the edge-paths and the continued fractions, we see
that the rational number W1(∞) has the continued fraction expan-
sion [a, 2c1,−η1a

−1]. This can be confirmed by noticing the following
facts (see Figure 4).

(1) W1(rm−1) is the image of rm−1 by the parabolic transformation
of D, centered on the vertex rm = W1(rm), by (−1)m2c1 units
in the clockwise direction.

(2) W1(rj−1) is the image of W1(rj−1) by the parabolic transfor-
mation of D, centered on the vertex W1(rj), by (−1)j−1aj or
(−1)jaj units in the clockwise direction according as W1 is
orientation-preserving or reversing.

By the temporary assumption W0 = 1, we have ε1 = η0 = +1 and
ε2 = η0(−η1) = −η1. This proves the lemma when n = 1.
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Suppose n ≥ 2. Then, since W1W2(r−1) = W1(r−1), we can join
the image of the original edge-path by W1W2 to the above edge-path,
and obtain an edge-path which joins ∞ to W1W2(r). More generally,
by joining the images of the original edge-path by 1, W1, W1W2, · · · ,
W1W2 · · ·Wn, we obtain an edge-path which joins ∞ to r̃. By using
this edge path we obtain the lemma for the case W0 = 1.

Finally, we treat the case when W0 6= 1. In this case, we consider
the edge-path obtained as the image of the above edge-path by W0.
Since W0(∞) = ∞, this path joins ∞ to r̃ and the vertex next to ∞
is equal to the integer −2c0. Hence we obtain the full assertion of the
lemma. �

Proof of Proposition 5.1. Immediate from Lemma 5.3. �

5.2. Presentation of K(r̃). In this section, we give a proof of Propo-
sition 5.2. It is a substantially equivalent proof to the proof of Propo-
sition 5.1 in Section 5.1, but written in other words from the viewpoint
of the correspondence between SL(2, Z) and plat closures of 4-braids
(see [6, Section 12.A] for this correspondence).

In the proof of Proposition 5.2, we use automorphisms of the modular
tessellation D. Let Aut(D) denote the group of automorphisms of
D, and let Aut+(D) denote its subgroup consisting the orientation-
preserving automorphisms. Then,

Aut+(D) = PSL(2, Z),

Aut(D) =
{

A ∈ GL(2, Z)
∣
∣
∣ det(A) = ±1

}/{

±
(

1 0
0 1

)}

.

Proof of Proposition 5.2. We give plat presentations of K(r) and K(r̃),
and show that they satisfy the proposition.

First, we give a plat presentation of K(r), as follows. By Theorem
3.1, we may assume that r = odd/even or even/odd. Then we can
choose a continued fraction expansion of r with even entries, i.e., of the
form [2a1, 2a2, · · · , 2am]. Then, m is odd if r = odd/even, and m is even
if r = even/odd. In the latter case, we replace the continued fraction
expansion with [2a1, · · · , 2am−1, 2am − 1, 1], and set [a′

1, a
′

2, · · · , a′

n] to
be this continued fraction. Namely, [a′

1, a
′

2, · · · , a′

n] is
{

[2a1, 2a2, · · · , 2am] if m is odd (i.e., if r = odd/even),

[2a1, · · · , 2am−1, 2am − 1, 1] if m is even (i.e., if r = even/odd).

Then, we have a presentation

r = B · ∞, where B =

(
1 0
a′1 1

)(
1 a′2
0 1

)(
1 0
a′3 1

)

· · ·
(

1 0
a′n 1

)

,

recalling that B acts on Q∪{∞} by the linear fractional transformation.
Further, the 2-bridge link K(r) is given by the plat closure of the braid
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b corresponding to the matrix B,

K(r) = b
,

b =
a′1

−a′2
a′3 a′n ,

where a boxed “a′

i” implies a′

i half-twists.
Next, we give a plat presentation of K(r̃). Since B ∈ Aut(D), Γr is

presented by

Γr = B Γ∞B−1, where Γ∞ =
{(

1 even
0 ±1

)}

⊂ Aut(D).

By definition, r̃ belongs to the orbit of ∞ or r = B · ∞ by the action
of Γ̂r, which is generated by Γr and Γ∞. Hence, r̃ is equal to the image
of ∞ by one of the following automorphisms of D:

B

(
1 even
0 ±1

)

B−1

(
1 even
0 ±1

)

· · ·B
(

1 even
0 ±1

)

B−1,

(
1 even
0 ±1

)

B

(
1 even
0 ±1

)

B−1

(
1 even
0 ±1

)

· · ·B
(

1 even
0 ±1

)

B−1,

B

(
1 even
0 ±1

)

B−1

(
1 even
0 ±1

)

· · ·B−1

(
1 even
0 ±1

)

B,

(
1 even
0 ±1

)

B

(
1 even
0 ±1

)

B−1

(
1 even
0 ±1

)

· · ·B−1

(
1 even
0 ±1

)

B.

By using

B+ := B,

B− :=

(
1 0
0 −1

)

B

(
1 0
0 −1

)

=

(
1 0
−a′1 1

)(
1 −a′2
0 1

)

· · ·
(

1 0
−a′n 1

)

,

the above elements have the following unified expression:
(

1 even
0 1

)

B±

(
1 2c1

0 1

)

B−1
±

(
1 2c2

0 1

)

B±

(
1 2c3

0 1

)

· · ·B±1
±

.

Hence K(r̃) is given by the plat closure of its corresponding braid,

K(r̃) = b± 2c1 b−1
± 2c2 b± 2c3 b±1

±

,

where b− is the braid corresponding to B−,

b− = −a′1
a′2 −a′3 −a′n .

The difference between the presentations of the required K(r̃) of
Proposition 5.2 and the above K(r̃) is that b− of the required K(r̃) is
the mirror image of b with respect to (the plane intersecting this paper
orthogonally along) the central horizontal line, while b− of the above
K(r̃) is the mirror image of b with respect to this paper. Indeed, they
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are different as braids, but their plat closuers are isotopic, because both
of them are isotopic to, say, the following

−2am−1

2am

2c1

±2am

∓2am−1

,

and we can move any full-twists to the opposite side of the square pillar
by an isotopy of the plat closure. Here we draw only a part of the braid
in the above figure. (See, for example, [37], [6, Figure 12.9(b)], or [18,
Section 2] for an exposition of this flype move.) Hence, the required
K(r̃) is isotopic to the above K(r̃), completing the proof of Proposition
5.2. �

6. Constructing a continuous map (S3, K(r̃))→ (S3, K(r))

In this section, we prove Theorem 6.1 below. As mentioned in the
introduction, we obtain Theorem 1.2 from Proposition 5.2 and Theorem
6.1.

Theorem 6.1. Let K be a 2-bridge link presented by the plat closure
of a 4-braid b, and let K̃ be a 2-bridge link of the following form,

K = b

K̃ = b± 2c1 b−1
± 2c2 b± 2c3 b±1

±

for some signs of b± and b−1
± and for some integers ci, where a boxed

“2ci” implies 2ci half-twists, and b±1
± are the braids obtained from b by

mirror images in the following fashion.

braidb = b+ = braid = b−1
+

6?mirror image

-�
mirror image

braid
b− =

braid

= b−1
−

Then, there is a proper branched fold map f : (S3, K̃)→ (S3, K) which
respects the bridge structures and induces an epimorphism G(K̃) →
G(K)

Proof. To construct the map f , we partition (S3, K) and (S3, K̃) into
B3’s and (S2 × I)’s as below, where I denotes an interval, and we call
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a piece of the partition of (S3, K̃) including b±1
± (resp. 2ci half-twisted

strings) a b-domain (resp. c-domain).

B3

b

S2×I B3

B3

b±

S2×I

2c1

S2×I

b−1
±

S2×I

2c2

S2×I

b±

S2×I

2c3

S2×I

b±1
±

S2×I B3

We successively construct the map f , first on a b-domain, secondly on
a c-domain, and thirdly on B3’s, so that the required map is obtained
by gluing them together.

First, we construct f on each b-domain by mapping (S2× I, b±1
± )

to (S2× I, b) according to the definition of b±1
± . To be precise, af-

ter the natural identification of the b-domain and the middle piece of
(S3, K) with S2 × I, the homeomorphism is given by the following
self-homeomorphism on S2 × I.

(1) If the associated symbol is b+1
+ , the homeomorphism is id× id.

(2) If the associated symbol is b+1
− , the homeomorphism is R1× id,

where R1 : S2 → S2 is the homeomorphism induced by (the
restriction to a level plane of) the reflection of R3 in the vertical
plane which intersects this paper orthogonally along the central
horizontal line.

(3) If the associated symbol is b−1
+ , the homeomorphism is id×R2,

where R2 : [−1, 1]→ [−1, 1] is defined by R2(x) = −x.
(4) If the associated symbol is b−1

− , the homeomorphism is R1×R2.

Secondly, we construct the restriction of f to each c-domain. To this
end, note that the two b-domains adjacent to a c-domain are related
either by a π-rotation (about the vertical axis in the center of the c-
domain) or by a mirror reflection (along the central level 2-sphere in
the c-domain). This follows from the following facts.

(1) The upper suffixes of the symbols associated with the b-regions
are +1 and −1 alternatively.

(2) b+1
ε and b−1

ε are related by a mirror reflection for each sign ε.
(3) b+1

ε and b−1
−ε are related by a π-rotation for each sign ε.

The restriction of f to a c-domain is constructed as follows. If the
two relevant b-domains are related by a π-rotation, then f maps the c-
domain to the left or right domain of (S3, K) as illustrated in Figure 5.
If the two relevant b-domains are related by a mirror reflection, then f
maps the c-domain to the left or right domain of (S3, K) as illustrated
in Figure 6. In either case, the map can be made consistent with the
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maps from the b-domains constructed in the first step. Moreover, it is
a branched fold map and “respects the bridge structures”. In fact, in
the first case, it has a single branch line in the central level 2-sphere,
whereas in the latter case, it has two branch lines lying in level 2-spheres
and a single fold surface, which is actually the central level 2-sphere.

Thirdly, the restriction of f either to the first left or to the first right
domains of (S3, K̃) is defined to be the natural homeomorphism to
the left or the right domain of (S3, K) which extends the map already
defined on its boundary.

By gluing the maps defined on the pieces of (S3, K̃), we obtain the

desired branched fold map f : (S3, K̃) → (S3, K) which respect the
bridge structures. The induced homomorphism f∗ : G(K̃) → G(K)

maps the upper meridian pair of G(K̃) to that of G(K) and hence it
is surjective. �

braid

braid

?

quotient by
π rotation

?isotopy

π rotation

!!!!!!!!!!!!

??

braid

Figure 5. Construction of the map f on a c-domain,
when the two adjacent b-domains are related by a π-
rotation.

At the end of this section, we present further properties of the map
f we have constructed.

Proposition 6.2. The map f : (S3, K(r̃)) → (S3, K(r)) of Theorem
6.1 satisfies the following properties.

(1) f sends the upper meridian pair of K(r̃) to that of K(r).
(2) The degree of f is equal to d :=

∑

j δjεj, where εj and δj are

are the signs such that the j-th b-domain of K̃ corresponds to

b
δj
εj .

(3) The image of the longitude(s) of K(r̃) by f∗ : G(K(r̃)) →
G(K(r)) is as follows.
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braid braid

?

quotient by
π rotation

?

quotient by
π rotation

?isotopy ����� mirror image

mirror image

��������������������

??

braid

Figure 6. Construction of the map f on a c-domain,
when two adjacent b-domains are related by a mirror
reflection.

(a) If both K(r) and K(r̃) are knots, then f∗(λ̃) = λd.
(b) If K(r) is a knot and K(r̃) is a 2-component link K̃1∪ K̃2.

Then f∗(λ̃j) = λd/2µlk(K̃1,K̃2) for each j ∈ {1, 2}.
(c) If K(r) is a 2-component link K1 ∪K2, then K(r̃) is also

a 2-component link and f∗(λ̃j) = λd
j for j ∈ {1, 2}.

Here λ (resp. λj, λ̃, λ̃j) denotes the longitude of the knot K
(resp. the j-th component of the 2-component link K, the knot

K̃, the j-th component of the 2-component link K̃j). The symbol
µ represents the meridian of K(r).

(4) If εj = + for every j, then f : S3 → S3 can be made to be an
n-fold branched covering branched over a trivial link of n − 1
components which is disjoint from K(r). If n = 2, then it is
a cyclic covering. If n ≥ 3, then it is an irregular dihedral
covering.

Proof. It is obvious that the map f from (S3, K̃) to (S3, K) constructed
in the above satisfies the conditions (1), (2) and (4). (In order for f
to satisfy (4), one may need to modify the map f so that the image of
the branch lines lie on different level 2-spheres.) Thus we prove that f
satisfies the condition (3).

Suppose both K and K̃ are knots. Then the degree of the restriction
of f to K(r) is equal to the degree d of f : S3 → S3, and therefore we

see f∗(λ̃) = λdµc for some c ∈ Z. However, since [λ̃] = 0 in H1(S
3−K̃),
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we have f∗([λ̃]) = 0 in H1(S
3 − K), which is the infinite cyclic group

generated by [µ]. Hence c = 0 and therefore f∗(λ̃) = λd.
Suppose K is a knot and K̃ is 2-component link K̃1 ∪ K̃2. Then the

degree of the restriction of f to each of the components of K̃ is equal
to d/2, and therefore we see f∗(λ̃1) = λd/2µc for some c ∈ Z. Then

[λ1] = 0[µ1]+ lk(K̃1, K̃2)[µ2] in H1(S
3− K̃). Since f∗[µ1] = f∗[µ2] = [µ]

in H1(S
3 − K), we have f∗([λ̃1]) = lk(K̃1, K̃2)[µ]. Hence we see c =

lk(K̃1, K̃2) and therefore f∗(λ̃1) = λd/2µlk(K̃1,K̃2). Similarly, we have

f∗(λ̃2) = λd/2µlk(K̃1,K̃2).
Finally suppose both K and K̃ are 2-component links. Then the

degree of the restriction of f to each of the components of K̃ is equal
to d, and therefore we see f∗(λ̃1) = λd

1µ
c
1 for some c ∈ Z. Note that f

induces a continuous map S3−K̃1 → S3−K1 and therefore [f∗(λ̃1)] = 0

in H1(S
3 − K1). Thus we have c = 0 and therefore f∗(λ̃1) = λd

1.

Similarly, we have f∗(λ̃2) = λd
2. �

Remark 6.3. (1) Under the notation in Proposition 5.1, we can see
that the degree of f is equal to

∑m
j=1 εj.

(2) Let q′ be the integer such that 0 < q′ < p and qq′ ≡ 1 (mod p),
and set r′ = q′/p ∈ (0, 1). Then there is an orientation-preserving self-
homeomorphism of S3 which sends K(r) to K(r′) and interchanges the
upper and lower bridges. Thus Theorem 1.2 is valid even if we replace
a with a

−1. The induced epimorphism f∗ : G(K(r̃)) → G(K(r)) for
this case send the upper meridian pair of K(r̃) to a lower meridian
pair.

7. Application to character varieties

In this section, we give applications of Theorem 1.1 to character
varieties of some 2-bridge knots.

Roughly speaking, a character variety is (a component of a closure
of) the space of conjugacy classes of irreducible representations of the
knot group G(K) to SL(2, C). An explicit definition of the character
variety is outlined as follows; for details see [8, 43]. Let R(K) be the
space of all representations of G(K) to SL(2, C), and let X(K) be the
image of the map R(K) → CN taking ρ to

(
tr(ρ(g1)), · · · , tr(ρ(gN))

)

for “sufficiently many” g1, · · · , gN ∈ G(K). Then X(K) is shown to
be an algebraic set. We define X irr(K) to be the Zariski closure of the
image in X(K) of the space of the irreducible representations of G(K)
to SL(2, C). By a character variety of K, we mean an irreducible
component of X irr(K). If X irr(K) is irreducible, X irr(K) itself is a
variety. In fact this holds for many knots, though in general X irr(K)
is an algebraic set consisting of some irreducible components.

The second author [31, 32] concretely identified X irr(K(r)) of any
2-bridge knot K(r) with an algebraic set in C2 determined by a single
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2-variable polynomial, by the map ρ 7→
(
tr(ρ(µ1)), tr(ρ(µ1µ

−1
2 ))

)
∈ C2

for the (upper or lower) meridian pair {µ1, µ2} of the 2-bridge knot
group. Further, the first author [29] classified the ideal points of
X irr(K(r)).

If r = 1/p for odd p ≥ 3, the 2-bridge knot K(1/p) is the (2, p) torus
knot, and X irr(K(1/p)) consists of (p−1)/2 components of affine curves
[31], whose generic representations are faithful (up to the center of the
torus knot group). In particular, X irr(K(1/p)) is reducible for p ≥ 5.
Otherwise (i.e., if K(r) is not a torus knot), K(r) is a hyperbolic knot,
and X irr(K) has an irreducible component including the faithful (dis-
crete) representation given by the holonomy of the complete hyperbolic
structure of the knot complement.

We have the following application of Theorem 1.1 to the reducibility
of X irr(K).

Corollary 7.1. Let K(r) and K(r̃) be distinct non-trivial 2-bridge

knots such that r̃ belongs to the Γ̂r-orbit of r or ∞. Then X irr(K(r̃))
is reducible.

Proof. By Theorem 1.1, there is an epimorphism ϕ : G(K(r̃)) →
G(K(r)), and it induces an inclusion ϕ∗ : X irr(K(r)) → X irr(K(r̃)).
As mentioned above, any 2-bridge knot group has faithful representa-
tions (modulo the center when it is a torus knot group), and hence,
X irr(K(r)) is non-empty. Hence the image ϕ∗

(
X irr(K(r))

)
is a non-

empty union of the irreducible components of X irr(K(r̃)), consisting of
non-faithful representations,

G(K(r̃))
non-faithful−→ G(K(r)) −→ SL(2, C).

On the other hand, X irr(K(r̃)) has an irreducible component including
a faithful representation

G(K(r̃))
faithful−→ SL(2, C).

(modulo the center when it is a torus knot group). This representa-
tion is not contained in ϕ∗

(
X irr(K(r))

)
, even when K(r̃) is a torus

knot. Hence, X irr(K(r̃)) is reducible, including at least 2 irreducible
components. �

Remark 7.2. For a 2-component 2-bridge link K(r), the second author
[32] concretely identifies X irr(K(r)) with a 2-dimensional algebraic set
in C3 determined by a single 3-variable polynomial, unless r ∈ 1

2
Z∪{∞}

(where X irr(K(r)) is empty). Moreover, it can be shown by a similar
proof that Corollary 7.1 also holds for every 2-bridge link, unless r ∈
1
2
Z ∪ {∞}.
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A similar argument as the above proof is used by Soma [40] to study
the epimorphisms among the fundamental groups of hyperbolic mani-
folds (see Section 8). The proof of following corollary may be regarded
as a kind of the inverse to that of his main result in [40].

Corollary 7.3. For any positive integer n, there is a hyperbolic 2-
bridge knot K(r), such that X irr(K(r)) has at least n irreducible com-
ponents.

Proof. By Theorem 1.1, we can construct an infinite tower

· · · → G(K(rn))→ G(K(rn−1))→ · · · → G(K(r2))→ G(K(r1))

of epimorphisms among 2-bridge knot groups such that none of the
epimorphisms is an isomorphism. Then by the argument in the proof
of Corollary 7.1, X irr(K(rn)) has an irreducible component including a
representation

G(K(rn)) −→ G(K(ri))
faithful−→ SL(2, C),

for each i = 1, 2, · · · , n. Since these components are distinct, X irr(K(rn))
has at least n irreducible components. �

8. Application to π1-surjective maps between 3-manifolds

Let M and N be connected closed orientable 3-manifolds. Then a
continuous map f : M → N is said to be π1-surjective if f∗ : π1(M)→
π1(N) is surjective. If the degree d of f is non-zero, then the index
[π1(N) : f∗(π1(M))] is a divisor of d. In particular, if the degree of f
is 1, then f is π1-surjective. Motivated by this fact, Reid-Wang-Zhou
[34] proposed various questions, in relation with Simon’s problem [22,
Problem 1.12] and Rong’s problem [22, Problem 3.100]. In this section,
we study the following questions proposed by [34].

(1) (Question 1.5) Let M and N be closed aspherical 3-manifolds
such that the rank of π1(M) equals the rank of π1(N). Assume
φ : π1(M) → π1(N) is surjective or its image is a subgroup of
finite index. Does φ determine a map f : M → N of non-zero
degree?

(2) (Question 3.1(D)) Are there only finitely many closed orientable
3-manifolds Mi with the same first Betti number, or the same
π1-rank, as that of a closed orientable 3-manifold M , for which
there is an epimorphism π1(M)→ π1(Mi)?

Example 1.4 in [34] presents a closed hyperbolic 3-manifold M with
π1-rank > 2 (and b1(M) > 2), for which there are infinitely many
mutually non-homeomorphic hyperbolic 3-manifolds Mi with π1-rank
2 (and hence b1(M) ≤ 2), such that there is a π1-surjective degree 0
map M → Mi. This shows that the conditions on the π1-ranks (and
Betti numbers) in the above questions are indispensable. Moreover,
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they give the following partial positive answers to the questions for
Seifert fibered spaces and non-Haken manifolds.

(1) Any π1-surjective map between closed orientable Seifert fibered
spaces with the same π1-rank and with orientable base orbifolds
is of non-zero-degree [34, Theorem 2.1].

(2) For any non-Haken closed orientable hyperbolic manifold M ,
there are only finitely many closed orientable hyperbolic 3-
manifolds Mi for which there is an epimorphism π1(M) →
π1(Mi) [34, Theorem 3.6].

Gonzaléz-Acũna and Ramı́nez have constructed a counter example to
the questions where the source manifold is hyperbolic and the target
manifolds are Seifert fibered spaces [13, Example 26]. They asked if
there is a counter example where the source and target manifolds are
hyperbolic manifolds. The following corollary to Theorem 1.2 gives
such an example.

Corollary 8.1. There is a closed orientable hyperbolic Haken 3-manifold
M and infinitely many mutually non-homeomorphic, closed, orientable,
hyperbolic 3-manifolds Mi which satisfy the following conditions.

(1) There is a π1-surjective degree 0 map fi : M →Mi.
(2) The ranks of the fundamental groups of M and Mi are all equal

to 2.

Proof. Pick a proper map f : (S3, K(r̃))→ (S3, K(r)) between 2-bridge
links satisfying the conditions of Theorem 1.2, such that the degree of
f is 0 and K(r̃) is a 2-component link K̃1 ∪ K̃2 and K(r) is a knot.

Set q = lk(K̃1, K̃2). Then, by Proposition 6.2, f maps the essential

simple loop λ̃j − qµ̃j on ∂N(K̃j) to a null-homotopic loop on ∂N(K).

Let M0 be the manifold obtained by surgery along the link K̃1 ∪ K̃2,
where 2-handle is attached along the curve λ̃j−qµ̃j on ∂N(K̃j) for each

j = 1, 2. Then for every manifold M(s) (s ∈ Q̂), obtained by s-surgery
on K(r), the map f : S3 −K(r̃)→ S3 −K(r) extends to π1-surjective
map M0 → M(s) of degree 0. On the other hand, we may choose
r and r̃ so that M0 is hyperbolic and that M(s) are hyperbolic with
finite exceptions. For example, if r = [2, 2] and r̃ = [2, 2, 2,−2,−2],
then K(r) is the (hyperbolic) figure-eight knot and therefore M(s) is
hyperbolic with finite exceptions. Moreover we can check by SnapPea
[45] that M0 is hyperbolic. Since M0 and M(s) are closed hyperbolic
manifolds whose fundamental groups are generated by two elements,
their π1-ranks must be equal to 2. Moreover, M is Haken, because the
first Betti number of M is 2 or 1 according as lk(K̃1, K̃2) = 0 or not.
This completes the proof of Corollary 8.1. �

Remark 8.2. In the above corollary, the first Betti number of M is
≥ 1, whereas the first Betti numbers of Mi are all equal to 0. This is
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the same for [13, Example 26]. We do not know if there is a counter
example to the second question such that the first Betti numbers of M
and Mi are all equal.

Corollary 8.1 does not have a counterpart where the condition that
the maps are of degree 0 are replaced with the condition that the
maps are non-zero degree. In fact, Soma [40] proves that for every
closed, connected, orientable 3-manifold M , the number of mutually
non-homeomorphic, orientable, hyperbolic 3-manifolds dominated by
M is finite. (Here a 3-manifold N is said to be dominated by M if
there is exists a non-zero degree map f : M → N .) In Soma’s theorem,
the condition that the manifolds are orientable is essential. In fact,
as is noted in [40, Introduction], some arguments in Boileau-Wang [3,
Section 3] implies that there is a non-orientable manifold M which
dominates infinitely many mutually non-homeomorphic 3-manifolds.

We present yet another application of Theorem 1.2 to π1-surjective
maps. By studying the character varieties, Soma [41] observed that
there is no infinite descending tower of π1-surjective maps between
orientable hyperbolic 3-manifolds, namely, any infinite sequence of π1-
surjective maps

M0 →M1 → · · · →Mi →Mi+1 → · · ·
between orientable hyperbolic 3-manifolds Mi (possibly of infinite vol-
ume) contains an isomorphism. On the other hand, Reid-Wang-Zhou
constructed an infinite ascending tower of π1-surjective maps of degree
> 1 between closed orientable hyperbolic 3-manifolds with the same
π1-rank [34, Example 3.2]. The following corollary to Theorem 1.2
refines their example, by constructing such a tower for degree 1 maps.

Corollary 8.3. There is an infinite ascending tower of π1-surjective
maps of degree 1

· · · →Mi →Mi−1 → · · · →M1 →M0

between closed (resp. cusped) orientable hyperbolic 3-manifolds which
satisfies the following conditions.

(1) The ranks of π1(Mi) are all equal to 2.
(2) H1(Mi) ∼= Z for every i, and each map induces an isomorphism

between the homology groups.

Proof. By Theorem 1.2, we can construct an infinite ascending tower

· · · → (S3, Ki)→ (S3, Ki−1)→ · · · → (S3, K1)→ (S3, K0)

of degree 1 proper maps among hyperbolic 2-bridge knots, such that
each map induces an epimorphism among the knot groups which is not
an isomorphism. By taking the knot complements and induced maps,
we obtain a desired tower of cusped hyperbolic manifolds. Now, let Mi
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be the result of 0-surgery on Ki. Since each map sends the meridian-
longitude pair of Ki to that of Ki−1, the above tower gives rise to a
tower of π1-surjective maps of degree 1

· · · →Mi →Mi−1 → · · · →M1 →M0.

By the classification of exceptional surgeries on hyperbolic 2-bridge
knots due to Brittenham-Wu [7] and by the orbifold theorem [2, 9], we
can choose Ki so that every Mi is hyperbolic. Thus the above tower
satisfies the conditions on the π1-rank and the homology. Thus our
remaining task is to show that none of the maps is a homotopy equiva-
lence. To this end, we choose Ki so that the genus of Ki is monotone in-
creasing. This can be achieved by starting from the continued fraction
consisting of only non-zero even integers, i.e., the components of the
sequence a in Proposition 5.1 are all non-zero even integers. (Though
it seems that any tower satisfies this condition, it is not totally obvious
that this is actually the case.) Then the degree of the Alexander poly-
nomial of Ki is monotone increasing. Since the Alexander polynomial
is an invariant of (the homotopy type of) the manifold obtained by
0-surgery, this implies that Mi are mutually non-homotopy equivalent.
This completes the proof of Corollary 8.3. �

We note that if we drop the condition on π1-rank, then the existence
of such an infinite ascending tower is obvious from Kawauchi’s imitation
theory [19].

9. Some questions

In this final section, we discuss two questions related to Theorems
1.1 and 1.2.

Question 9.1. (1) Does the converse to Theorem 1.1 holds? Or more
generally, given a 2-bridge link K(r), which 2-bridge link group has an
epimorphism onto the link group of K(r)?

(2) Does the converse to Corollary 4.7 hold? Namely, is it true that

αs is null-homotopic in S3−K(r) if and only if s belongs to the Γ̂r-orbit
of ∞ or r?

F. Gonzaléz-Acũna and A. Ramı́nez gave a nice partial answer to
the first question. They proved that if r = 1/p for some odd integer p,
namely K(r) is a 2-bridge torus knot, then the knot group of a 2-bridge
knot K(r̃) (r̃ = q̃/p̃ for some odd integer p̃) has an epimorphism onto
the knot group of the 2-bridge torus knot K(1/p) if and only if r̃ has a
continued fraction expansion of the form in Proposition 5.1, namely r̃
is contained in the Γ̂r-orbit of r or ∞. (See [12, Theorem 1.2] and [13,
Theorem 16]). By the proof of Theorem 1.1, this also implies a partial
positive answer to the second question for the case when r = 1/p for
some odd integer p.
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In [36], the last author studied the second question, in relation with
a possible variation of McShane’s identity (see [27]) for 2-bridge links,
by using Markoff maps, or equivalently, trace functions for “type-
preserving” SL(2, C)-representations of the fundamental group of the
once-punctured torus. See [5] for the precise definition and detailed
study of Markoff maps, and see [1, Section 5.3] for the relation of
Markoff maps and the 2-bridge links. He announced an affirmative
answer to the second question for the 2-bridge torus link K(1/p) for
every integer p, the figure-eight knot K(2/5) and the 51-knot K(3/7).
In his master thesis [11] supervised by the third author, Tomokazu
Eguchi obtained, by numerical calculation of Markoff maps, an affir-
mative answer to the question for the twist knots K(n/(2n + 1)) for
2 ≤ n ≤ 10.

At the beginning of the introduction, we mentioned the problem: for
a given knot K, characterize a knot K̃ which admits an epimorphism
G(K̃)→ G(K). Motivated by Theorem 1.2, we consider the following

procedure to construct knots K̃ from a given knot K.

(a) Choose a branched fold map f : M → S3 for a closed 3-manifold
M such that the image of each component of the fold surface
is transverse to K and the image of each component of branch
curve is a knot disjoint from K. Then, we obtain K̃ as the
preimage f−1(K).

Such a K̃ often admits an epimorphism G(K̃)→ G(K). Further, when
we have an epimorphism φ : G(K̃)→ G(K), we consider the following

procedures to modify (M, K̃).

(b) Replace (M, K̃) with the pair obtained from (M, K̃) by surgery
along a simple closed curve in the kernel of φ.

(c) Replace K̃ by the following move.

g1 g2

-

if φ(g1) = φ(g2)

We can construct many examples of K̃ from K by the construction (a),
further modifying K̃ by applying (b) and (c) repeatedly. (Even if an
intermediate ambient 3-manifold is not S3, we may obtain a knot in
S3 by modifying it into S3 by using (b).) The following question asks
whether the constructions (a), (b) and (c) give a topological charac-

terization of a knot K̃ having an epimorphism G(K̃) → G(K) for a
given knot K.

Question 9.2. If there is an epimorphism G(K̃) → G(K) between
knot groups preserving the peripheral structure, can we obtain K̃ from
K by repeatedly applying the above constructions (a), (b) and (c)?
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The first author has given a positive answer to this question for all such
pairs of prime knots (K̃, K) with up to 10 crossings, by checking the
list in [23] (see Table 1). The answer to the question is also positive, if
either (i) K̃ is a satellite knot with pattern knot K (cf. [38, Proposition

3.4]), or (ii) K̃ is a satellite knot of K of degree 1 (i.e., K̃ is homologous
to K in the tubular neighborhood of K.) In particular, the answer to

Question 9.2 is positive, when K̃ is a connected sum of K and some
knot. We can also obtain a positive answer for the case when there are
a ribbon concordance C from K̃ to K and an epimorphism G(K̃) →
G(K) which is compatible with G(K̃) → π1(S

3×I − C) ← G(K) (cf.
[14, Lemma 3.1]). (In general, a ribbon concordance between knots
does not necessarily induce an epimorphism between their knot groups;
see [28].)

Finally, we note that certain topological interpretations of some of
the epimorphisms in the table of [23] have been obtained by Kitano-
Suzuki [24], from a different view point.
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