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Abstract

We give presentations of the asymptotic expansions of the Kashaev invariant of the knots with
6 crossings. In particular, we show the volume conjecture for these knots, which states that the
leading terms of the expansions present the hyperbolic volume and the Chern-Simons invariant of
the complements of the knots. As higher coefficients of the expansions, we obtain a new series of
invariants of these knots.

A non-trivial part of the proof is to apply the saddle point method to calculate the asymptotic
expansion of an integral which presents the Kashaev invariant. A key step of this part is to give a
concrete homotopy of the (real 3-dimensional) domain of the integral in C* in such a way that the
boundary of the domain always stays in a certain domain in C3 given by the potential function of
the hyperbolic structure.

Mathematics Subject Classification (2010). Primary: 57M27. Secondary: 57TM25, 57TM50.

1 Introduction

In [12, 13] Kashaev defined the Kashaev invariant (L), € C of a link L for N =2,3,---
by using the quantum dilogarithm. In [14] he conjectured that, for any hyperbolic link L,
%’r log ( L), goes to the hyperbolic volume of S*— L as N — oo, and verified the conjecture
for some simple knots, by formal calculations. In 1999, H. Murakami and J. Murakami
[18] proved that the Kashaev invariant (L), of any link L is equal to the N-colored
Jones polynomial Jy (L; e2™=1/N) of L evaluated at e>™V=1/N where Jy(L; q) denotes the
invariant obtained as the quantum invariant of links associated with the N-dimensional
irreducible representation of the quantum group U,(sly). Further, as an extension of
Kashaev’s conjecture, they conjectured that, for any knot K, 2% log | Jy (K; e>™V=1/N)| goes
to the (normalized) simplicial volume of S® — K. This is called the volume conjecture. As

a complexification of the volume conjecture, it is conjectured in [19] that, for a hyperbolic
link L,
JN(L, e?Tl’\/j/N) ~ 6NQ(L)7

N—oo

where we put

1
3 3
§(L) = ———=(es(S® = L) + v—1vol(5° — L)),
2w/ —1
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and “cs” and “vol” denote the Chern-Simons invariant and the hyperbolic volume. Fur-
thermore, it is conjectured [9] (see also [3, 10, 35]) from the viewpoint of the SL(2,C)
Chern-Simons theory that the asymptotic expansion of Jy(K;e*™V=1/%) of a hyperbolic
knot K as N,k — oo fixing u = N/k is presented by the following form,

— = 21/~ 1,
Jn (K e¥™V=Lk) o eVSN32 . <1—|—Z/@i-( WN )) (1)
Jk—o00
u=N/k: fixed i=1

for some scalars ¢,w, k; depending on K and wu, though they do not discuss the Jones
polynomial in the Chern-Simons theory in the case of vanishing quantum dimension,
which is discussed in [29]. Further, the first author showed in [20] that, when K is the 59
knot, the asymptotic expansions of the Kashaev invariant is presented by the following
form,

2/ — 1.
)

(K, = NEON () (143 wi(K) - ) )

for any d, where w(K') and k;(K)’s are some scalars.

The volume conjecture has been rigorously proved for some particular knots and links
such as torus knots [15] (see also [4]!), the figure-eight knot (by Ekholm, see also [1]?),
Whitehead doubles of (2, p)-torus knots [36], positive iterated torus knots [27], the 55 knot
[16, 20], and some links [8, 11, 26, 27, 28, 36|; for details see e.g. [17].

The aim of this paper is to extend the formula (2) to the knots with 6 crossings, that
is, we show the following theorem. In particular, this means that the volume conjecture
holds for these knots.

Theorem 1.1. The asymptotic expansions of the Kashaev invariant ( K'), of the knots
K with 6 crossings are presented by the form (2) for any d, where w(K) and k;(K)’s are
some constants depending on K.

The knots with 6 crossings are the 6;, 6o and 63 knots, and all of them are hyperbolic.
Their ¢(K) are presented by

) = ¢(61) = 0.5035603... + v—1 - 1.08078...
¢(62) = 0.700414... — /=1 -0.934648... ,
) = 0.906072... .

(

We note that their w(K') and x;(K)’s are also their invariants; in particular, we will show
that their w(K') are presented by

w(6;) = w(6;) = —0.52139... — v=1-0.071732... ,
w(6y) = —0.42920... + /—1-0.20337... ,

LA detailed asymptotic expansion of the colored Jones polynomial for torus knots is given in [4].
2A detailed proof of the volume conjecture for the figure-eight knot was given in [1] and the term N3/2 in (1) and (2)
was also verified there.



w(63) = 0.416927... .

We note that the values of ¢(63) and w(63) are real, since the 63 knot is amphicheiral.
It is shown [22] that 2v/—1w?(K) for these knots is equal to the twisted Reidemeister
torsion associated with the action on sly of the holonomy representation of the hyperbolic
structure. We also remark that Dimofte and Garoufalidis [2] define a formal power series
from an ideal tetrahedral decomposition of a knot complement, which is expected to be
equal to the asymptotic expansion of the Kashaev invariant of the knot.

We show proofs of the theorem for the 61, 65, 63 knots in Sections 3.1, 4.1, 5.1 respec-
tively. An outline of the proofs is as follows. From the definition of the Kashaev invariant,
the Kashaev invariant of K is presented by a sum. We rewrite the sum by an integral by
the Poisson summation formula (Proposition 2.3). When we apply the Poisson summation
formula, the right-hand side of the Poisson summation formula consists of infinitely many
summands, and we show that we can ignore them except for the one at 0 in the sense
that they are of sufficiently small order at N — co. Further, by the saddle point method
(Proposition 2.6), we calculate the asymptotic expansion of the integral, and obtain the
presentation of the theorem.

A non-trivial part of the proof is to apply the saddle point method, whose concrete
procedure is quite different from the proof for the 55 knot in [20]. In this part, we need
to calculate the asymptotic behavior of an integral of the following form as N — oo,

// exp (N(V(t, S,u) — g)) dt ds du,

for a certain function V (¢, s, u) which depends on N, where V' (¢, s, u) converges to V(t, S, u)
as N — oo, and ¢ is a critical value of V(t, s,u). Here, V(t, s,u) is the potential function
of the hyperbolic structure of the knot complement. As we mention in Remark 2.7, the
above calculation is reduced to the calculation of the following case,

// exp (N(V(t, S,u) — g)) dt ds du.

The domain A’ of the integral is a compact domain in R?, and its boundary is included
in the following domain

{(t,s,u) € C* | Re (V(t, s,u) —¢) <0}. (3)

The critical value ¢ is given by a critical point (to, So,up), and it is located near A’ in
C3. In order to apply the saddle point method, we need to show that we can move A’
into imaginary direction by a homotopy in such a way that the new domain A/ contains
(to, S0, uo), and A} — {(tg, S0, u0)} is included in (3), and the boundary of A’ always stays
in (3) when we apply the homotopy. We note that, when we restrict the domain (3) to a
sufficiently small neighborhood of (g, so, ug), the resulting space is homotopy equivalent
to a 2-sphere. The existence of the above homotopy means that the boundary of A’ is
homotopic to this 2-sphere in the domain (3). It is a non-trivial task to see that they are
homotopic in the domain (3), since it is not easy to see the topological type of the domain



(3) directly. We give such a homotopy concretely in Sections 3.5, 4.5, 5.5 for the 61, 6,
63 knots respectively. This part of the proof is quite non-trivial; in fact, we note that we
can not make such a homotopy for the 75 knot as shown in [21].

By the method of this paper, the asymptotic behavior of the Kashaev invariant is
discussed for the hyperbolic knots with 7 crossings in [21] and for some hyperbolic knots
with 8 crossings in [24].

The paper is organized as follows. In Section 2, we review definitions and basic prop-
erties of the notation used in this paper. In Sections 3, 4, 5, we show proofs of Theorem
1.1 for the 64, 65, 63 knots respectively. In Appendices A, B, C and D, we show proofs of
some lemmas used in Sections 3, 4, 5.

The authors would like to thank Tudor Dimofte, Kazuo Habiro, Hitoshi Murakami,
Toshie Takata and Dylan Thurston for helpful comments.

2 Preliminaries

In this section, we review definitions and basic properties of the notation used in this
paper.

2.1 Integral presentation of (q),

In this section, we review the integral expression of g-factorials (¢),, and their basic prop-
erties.

Let N be an integer > 2. We put ¢ = exp(27ry/—1/N), and put
(@) = (1=2)(1—2%)---(1—2a")
for n > 0. It is known [18] (see also [20]) that for any n,m with n < m,

(@@ns = N, .
1
n;k;m D@ (5)

Following Faddeev [5], we define a holomorphic function ¢(t) on {t € C| 0 < Ret < 1}

by
0o 6(2t71)xdx
o0 = [
oo 4z sinh z sinh(z/N)

noting that this integrand has poles at nmy/—1 (n € Z), where, to avoid the pole at 0, we
choose the following contour of the integral,

v = (-00,-1] U {z€C||z|=1, Imz >0} U [1,00).
It is known [7, 31] that

(@) = exp (w(%) — 90(27;;\; 1)),

@ = o (91 - )~ p(1- 51))

4



We put h = 2my/—1/N, and put

q)d(Z) = LIQ(Z) + Z FLQkCQk . (Zi>2k21 i > N

dz
1<k<d

where we define ¢y, by
t/2 2k
L £2%,
sinh(t/2) D e
k>0
Then, it is known [7, 31] (see also [20]) that, for any d > 0,

N

Plt) = 5= Rale™ ) O, 7)
) = G () Rl + 00, (®)

for each k > 0. More precisely, as for the convergence of %(p(t) as N — oo, we recall the
following proposition.

Proposition 2.1 (See [20]). We fiz any sufficiently small 6 > 0 and any M > 0. Let d
be any non-negative integer. Then, in the domain

{teC|d<Ret<1-94, [Imt|<M}, (9)
o(t) is presented by
N 1
1 = Li 2my/—1t O _
90( ) 27T\/—_1 12(6 ) + (N)’

where O(1/N) means the error term whose absolute value is bounded by C/N for some
C' > 0, which is independent of t (but possibly dependent on 0). In particular, %go(t)

uniformly converges to 2WX1ELi2(e2”ﬁt) in the domain (9).

As for properties of ¢(t), it is a consequence of (4) and (6) (see [20]) that, for any ¢t € C
with 0 < Re t < 1,

N 1 1
Deol—n = myT(~ Vi s 1Y) |
ot) +o(1—1) = o R (10)
Further, the following formulas are known (due to Kashaev, see [20]),
1 N 21 V-1 V-1
go(—) = 7T——i——log]\7-|~7r I ;
2N 2ry/—1 6 2 4 12N (11)
1 N 7 1 =1 m/—1
gp(l——) = — — —log N + — .
2N 2my/—1 6 2 4 12N



2.2 Some behaviors of the dilogarithm function

In this section, we show some behaviors of the dilogarithm function.
We put

A(t) = Re ! Lis(e™Y 1),

2/ —1
Since
N(t) = —log2sinwt, A'(t) = —mcotmt,
the behavior of A(t) is as follows.
t [0 - 3 : : 1
At) |0 v AF) > 0~ —A(g) -~ 0
N (1) 0 - - — 0 4+
AN (t) - - - 0 + + +

Here, A(3) = 0.161533... . For the graph of A(t), see Figure 1.
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Figure 1: The graph of A(t) for 0 <t <1

Further, the behavior of Liy (ezﬂﬁ(t+xﬁ)) fixing t is presented by the following
lemma.

Lemma 2.2. Let t be a real number with 0 <t < 1. Then, there exists C' > 0 such that
0 1 Z:fX >0 o< Re( 1 L12(62w¢?1(t+X¢jl))>
2r(t— )X if X <0 21/ —1

2
0 if X >0
<<<{%@-@X’ﬁX<o)+C

for any X € R.
Proof. Since

: 1 . 27/ =1 (t+X /1) _ 1 : _
)gljnmRe <27T\/__1L12(6 )) = Re (—27r\/—_1L12(1)) = 0,

the “X > 0” part of the lemma is satisfied.



Further, by (7) and (10),

- o1
Li, ( QWFt) + Liy ( —27rﬁt> _ 2%2(f2—t+6).
Hence,
1 1
Re <Li 2TVTLIFXVEDY | L, (o7 2V 1 IHXVED) ) = 2r(t— =) X.
(o )+ Lin( ) = 2l 1)
Therefore, we obtain the “X < 0” part of the lemma from the “X > 0" part. n

2.3 Definition of the Kashaev invariant

In this section, we review the definition of the Kashaev invariant of oriented knots.
Following Yokota [33],> we review the definition of the Kashaev invariant. We put
= {0,1,--- ,N —1}.
For i, j,k,l € N, we put
AR o Na
(@3 @D i5-1(Dp-—r-1@ - (@fi—31(0) -0 (@ p—r—1(@p—i

where [m] € N denotes the residue of m modulo N, and we put

4 _ {1 if =]+ -0+l —k—1+[k—i]=N-1,

ij _
Rkl -

0 otherwise.

Let K be an oriented knot. We consider a 1-tangle whose closure is isotopic to K such
that its string is oriented downward at its end points. Let D be a diagram of the 1-tangle.
We present D by a union of elementary tangle diagrams shown in (12). We decompose
the string of D into edges by cutting it at crossings and critical points with respect to the
height function of R%2. A labeling is an assignment of an element of A to each edge. Here,
we assign 0 to the two edges adjacent to the end points of D. For example, see (28). We
define the weights of labeled elementary tangle diagrams by

A — Ry, w( m )= a2, w( m ) = s,

~ - .
)/\k RZ;Jl’ ( U ) = q1/251'7j+1, W( U ) =0

3We make a minor modification of the definition of weights of critical points from the definition in [33], in order to make
(K )y invariant under Reidemeister moves.




Then, the Kashaev invariant ( K ), of K is defined by

N
(K), = g H W (crossings) H W (critical points) € C.
labelings crossings critical
of D points of D

2.4 The Poisson summation formula

In this section, we review the Poisson summation formula and a proposition obtained
from it.

Recall (see e.g. [23]) that the Poisson summation formula states that
Y fm) = Y f(m) (13)
mezZnr mezZn
for a continuous integrable function f on R"™ which satisfies that

J@) < Crla) ™ @) < C@rla)

(14)

for some C,§ > 0, where f is the Fourier transform of f defined by
fw) = | flz)e ™1™ "dg,
R?’L

The following proposition is obtained from the Poisson summation formula.
Proposition 2.3 (see [20]). For (c1,ca,¢3) € C* and an oriented 3-ball D' in R®, we put
A:{_ 5 AT 5 AT EC’77k€Z7 AT AT AT ED}7
(N+Cl N+C2 N+Cg) 1,7 (N N N)

D = {(t+c,s+c,utes) €C|(ts,u) € D' CR*}.

Let (t,s,u) be a holomorphic function defined in a neighborhood of 0 € C? including D.
We assume that 0D 1is included in the domain

{(t, s,u) € C? ‘ Re(t, s, u) < —50}

for some g9 > 0. Further, we assume that 0D is null-homotopic in each of the following
domains,

{(t+(5\/—_1, s, u) € C3 ‘ (t,s,u) € D', § >0, Rep(t +6v/—1, s, u) < 2m0},  (15)
{(t- 5v/—1,s,u)€C? ’ (t,s,u) € D', 6§ >0, Rep(t —dvV—1, s, u) < 216}, (16)
{(, s+0v—1,u) e C? ‘ (t,s,u) € D', § >0, Reyp(t, s+ 6v/—1, u) < 2m0},  (17)
{(t,s— 5v/—1,u) e C? ’ (t,s,u) € D', 6§ >0, Re)(t, s — 0v/—1, u) < 216}, (18)
{(t, s, u+0v/—1) € C3 ‘ (t,s,u) € D', § >0, Reyp(t, s, u+0v—1) < 2m0},  (19)
{(t, s,u—6v-1) e C®| (t,s,u) € D', § >0, Retp(t, s, u— 6v/—1) < 2md}. (20)



Then,

Z vtsu) /6N¢(t’s’“)dtdsdu —|—O(6_N€),
) D

for some € > 0.

Proof. We briefly review the proof; for details, see [20].
The sum of the left-hand side of the required formula is rewritten,

k
ZGXP (N 1/) +01, +C27 N+C3)> (21)
1,5,k
In order to apply the Poisson summation formula, we put
t
f(t,s,u) = g(ﬁ + ¢, % +c2, = N +C3) exp (N 10( +a, = N + ¢, % +C3))7

where g is a differentiable function on R"+ ¢ satisfying that

B 1 if (x7y,z)€D,
g@@@-% if (2,y,2) ¢ N(D),

Here, N(D) is a neighborhood of D in R*+ (c1, ca, ¢3) such that N(D) — D is included

in the domain {(¢,s,u) € C* | Rey(t,s,u) < —eo/2}. Then, the Fourier transform of f
is given by

flmy, ma,ms3) = /

t s U
Rgg(ﬁ—i‘cl, N—FCz’ —+03)

N
X exp (N w( +o, = N + Ca, % + 03)) e~ 2V mittmastmau) gt g dy,

_ N3/ g(x,y,z) eN(¢(z,y,z)—2ﬂ\/jl(m1(33—01)+m2(y—02)+m3(z—03))dx dy dZ,
R3+(

€1,¢2,¢3)

where we put © = t/N +¢1, y = /N +cy and z = u/N +c3. Further,

(G+E+* (0.6 G)
1

— N3(— 2/ z,y,2) e V@)
(47T2N) R3+(01,CQ,C3)g< 4 )

((8_2 + 8_2 + 8_2)2627?\/71]\7((1(9061)+Cz(y02)+C3(203))>dx dy d=

ox? Oy 022
-1 |2 < 0? 0? 0% |2
_ 3 N (z,y,2)
— —+t ==+ 55)9(z,y,2)e )
(47r2N R3-4(c1,c9,¢3) (8332 dy? 822) ( )

« = 2VIN (Ga—en+ly—co) taatz—e) g dy dz

3( —1 \2 h(x, n Z) N (@y,2) e—QW\/jN(Cl($—01)+C2(y—02)+C3(Z—C3)) dz dy dz,
47T2N Rs_,_(cl’cz’%)



where h(z,y,z) is some polynomial in derivatives of g(z,y,z) and ¥(x,y,z). Here,

we obtain the second equality by repeatedly using the fact that [ F'(w)G(w)dw +
[ Fw)G (w)dw = [ (F(w)G(w))'dw = 0 if F(w)G(w) = 0 for w € R — (a,b). Since

~

the above integral is bounded independently of (z,y, 2), f(z,y, z) satisfies the assumption
(14) of the Poisson summation formula. Further, f(t, s, u) also satisfies (14). Therefore,
by the Poisson summation formula (13),

(21) = Z f(ml,mg,mg).

mi,ma,ms €7

When (mq, ms, m3) # (0,0,0), we have that

-1 )2 _ 1

42N’ (m3 + m3 4+ m3)?

% / h(z,y, z) N (w(x7y72)—27fm(ml(I—Cl)+m2(y—02)+m3(z—03))) dx dy dz
R

3+ (c1,c2,¢3)

(o)
4mAN7 (mi+m3 4+ m3)?

f(m17m27m3) = NQ(

(22)
« / qj(l’, n Z) eN(ip(ac,y,z)—Qﬂ'\/TI(m1(;B—c1)+m2(y—cg)+m3(z—cg)))dx d'g dz
D
-1 |2 1
+ N*( )"
4w N m3 +m3 + m3)?
( 1 2 3) (23)

> / h(I,y,Z) €N(w(z,y,z)f%r\/jl(m1(:zsfcl)erg(yfcg)erg(zfcg)))dx dy dZ,
N(D)-D

where U(z,y, z) is some polynomial in (at most the 4th) derivatives of ¥ (z,y, z). Further,
since Re(x,y, z) < g9/2 for (z,y,z) € N(D) — D,
Z (23) = O(e™™)
(m1,m2,m3)#(0,0,0)

for some ¢; > 0. Furthermore, when m; > 0, pushing the contour D into the domain

(16), we obtain
> (@) = 0

mi,ma,m3 €Z
m1>0

for some €5 > 0. Similarly we obtain

> (22) = O(e™V)
m1,ma,m3 €L
m1<0
for some €3 > 0, by pushing D into the domain (15). Hence,

> (22 = > (22) +0(e7N)

(m1,m2,m3)7(0,0,0) (m1,m2,m3)#(0,0,0)
m1=0

10



for some 4 > 0. By repeating this argument for my and ms, we obtain
> (22) = O(e™™)
(m1,m2,ms3)#(0,0,0)

for some €5 > 0. Therefore,
(21) = f(0,0,0) +O(e ™) = N* / NVEvAdy dy dz + O(e V)
D
for some ¢ > 0, and this implies the required formula. n

Remark 2.4. By modifying the proof of Proposition 2.3, we can show that, instead of
the domains (15)—(20), we can use the domains (17)—(20) and

{t+6v-1,5-6y=1,u)eC®|

(t,s,u) € A", 6§ >0, Re(t + 5v/—1, s — 5v/—1, u) <27T5},
{(t—=6v-1, s+30v—1,u) € C?|

(t,s,u) € A, § >0, Rep(t — /=1, s+ 5v/—1, u) <27r(5}.

In this case, we can prove the proposition by considering the cases where mq # my, mo # 0
or mg # 0, instead of the cases where m; # 0, mo # 0 or mg # 0.

(24)

(25)

Remark 2.5. Similarly as in [20, Remark 4.8], Proposition 2.3 can naturally be extended
to the case where the holomorphic function ¥ (¢, s, u) depends on N, if ¢ (¢, s, w) uniformly
converges to ¥y(t, s,u) as N — 0o, and ¥y (t, s, u) satisfies the assumption of the proposi-
tion, and |U(¢,s,u)| is bounded by a constant which is independent of N. We note that
we can choose ¢ of the proposition independently of N in this case.

2.5 The saddle point method

In this section, we review a proposition obtained from the saddle point method.

Proposition 2.6 (see [20]). Let A be a non-singular symmetric complex 3x3 matriz, and
let (21, 22, 23) and r(z1, 29, z3) be holomorphic functions of the forms,

(21,2, 23) = 2" Az +7(21, 2, 23),
(26)
r(21,22,23) = D x bigkziZizn + D0y CigkZizizRA
defined in a neighborhood of 0 € C3. The restriction of the domain
{(21722723) S C3 | Rew(zlyz%z?)) < 0} (27>

to a neighborhood of 0 € C? is homotopy equivalent to S*. Let D be an oriented 3-ball
embedded in C* such that D is included in the domain (27) whose inclusion is homotopic
to a homotopy equivalence to the above S? in the domain (27). Then,

73/2

d
3 1
N¢(21»Z272‘ ) — _Z T
/De B A N ey (1 — N +0(57am) )

11



for any d, where we choose the sign of v/det(—A) as explained in [20], and \;’s are con-
stants presented by using coefficients of the expansion of (z1, 22, 23); such presentations
are obtained by formally expanding the following formula,

T
= A\ o o 0 AN
L+ ;W - P (NT(('?wf@wQ’@wg)) exp <_ M( )A (w2)>

w2
w3 w3

w1 =wo=w3=0
For a proof of the proposition, see [20].

Remark 2.7. As mentioned in [20, Remark 3.6], we can extend Proposition 2.6 to the
case where 1(z1, 29, z3) depends on N in such a way that ¢(z1, 29, 23) is of the form

1 1
Y(z1, 29, 23) = Yo(21, 22, 23) + Y1(21, 22, Z3)N + (21, 29, Z3)m
1 1
+ ot Y21, 22, Za)m + rm (21, 22, ZS)W )

where ;(z1, 22, 23)’s are holomorphic functions independent of N, and we assume that
(21, 29, 23) satisfies the assumption of the proposition and |r,, (21, 22, 23)| is bounded by
a constant which is independent of V.

3 The 6; knot

In this section, we show Theorem 1.1 for the 6; knot. We give a proof of the theorem in
Section 3.1, using lemmas shown in Section 3.2-3.5.

3.1 Proof of Theorem 1.1 for the 6; knot

In this section, we show a proof of Theorem 1.1 for the 6; knot.

Since the Kashaev invariant of the mirror image of a knot is equal to the complex
conjugate of the Kashaev invariant of the original knot, it is sufficient to show the theorem
for the mirror image 6, of the 6; knot. The 6, knot is the closure of the following tangle.

(28)

12



As shown in [33], we can put the labelings of edges adjacent to the unbounded regions as
shown above. Hence, from the definition of the Kashaev invariant, the Kashaev invariant
of the 6; knot is presented by

— Nq% Nq%""i Nq_%_i
6 = X X
D D Y Ml v W 5 3 1 Sl - N o B 1)
N —1+k N —1—k+1 N -1
X a: X a4 X a:

(D@D 1@n—r @DN(Dir(@Dr—1 (N1

_ Z N4 qfl

ocitizien (Di@i(0)j-i1(@ 1 (DN (Dr—5 @1 (@) v -r

_ Z N4 qfl

o<icizhen (Di@i(@) ;@i (@D v -1 (Dr— (@ k(@) N -1

— N4 q—l
- ngwk (0)i(@)i(0);(@i+i (@ N—imj=1 (D k(@i jsr (D) N—i—jmt—1 (29)
i+j+k<N

where the second equality is obtained by (4) and (5), the third equality is obtained by
replacing j and k£ with j 4+ 1 and k£ 4 1 respectively, and the last equality is obtained by
replacing 7 and k with ¢ + j and ¢ + j + k respectively.

Proof of Theorem 1.1 for the 6, knot. By (6), the above presentation of ( 6; ), is rewrit-

ten
_ ) - 2i+1 2j+1 2k+1
a4 -1
(B = N S ew (VT (5 50 5y))
0<i,j5,k
i+ jHE<N
where we put
Vit s,u) = i(@(t)—w(l_t)+§0(3)_‘P(t"‘s_L)_w(l_t_s"'i)
) 85 N 2N 2N
1 1
+ou) —p(t+s+u—5) —pl—t-s—ut <)
1 1
—3@(ﬂ)+5@(1_ﬁ))
1 1 w2 4 =1 7m/-1
T I SR R WS
N (200 +0() +0l0) + 5= T - T logN + T - T
1 1 9 1 2 1 3 1
2 —1-—( -~ “oN PoBi—2s—ut g ___>'
Loy o1 ) (t—{—s+u N) +(t+s 2N> +t° — 3t S u+2+2N IN?

Here, we obtain the last equality by (10) and (11). Hence, by putting

4
V(t,s,u) = V(t,s,u)+ NlogN

13



- (o0 + 00+ o) + 5= T+ ol vl

1 1.2 1 .9 1 3 1
2 \/—1-—<t —— t+s——— 2 — 3t —2s — — ———),
+ 27 5 (~|—s+u N) —I—(+S 2N> + S u+2—|—2N e

the presentation of ( 6, ), is rewritten

N
_ ) % +1 2j+1 2k+1
_ 1
(O = a Z eXp<N'V( 9N ' 2N ' 2N )>
0<14,5,k
i+j+k<N
B 2% +1 2j+1 2k+1
- N-V )
! ijkzezexp( <2N’ 2N QN)’

2i4+1 25+1 2k41
(2N’2N’2N)GA

2i+1 2541 2k+41
2N 7 2N 7 2N

where the range A of ( ) of the above sum is given by the following domain,

A = {(t,s,u)€R3 ‘ 0<ts,u<l, t—l—s—l—ugl—k%}.

By Proposition 2.1, as N — oo, V/(t,s,u) converges to the following f/(t,s,u) in the
interior of A,

2

<2 L12(627r\/jlt) + Li2(627r\/jls) + L12(€27r\/jlu) + %)

A 1
V(t, S, U) = m

1 1
+27r\/—1-5((t+s+u)2+(t+s)2—|—t2—3t—2s—u+§).

By concrete computation, we can check that the boundary of A is included in the domain
{(t,s,u) € A | Re Vit s,u) <, — e} (30)

for some sufficiently small € > 0, where we put ¢, = 0.5035603... as in (41); we will know
later that this value is equal to the real part of the critical value of V at the critical point of
Lemma 3.3. Since we will know later that the sum of the problem is of the order O(e™*r),
we can ignore the sum of the problem restricted in the above domain, and hence, we can
remove this domain from A; see Appendix D for concrete procedure of this argument.
Therefore, we can choose a new domain A’ in the interior of A such that A — A’ C (30);
more concretely, we can choose A’ as

(31)

A — {(tsu)eA 0.03<t<04, 0.001§s§0.5,}

0.001 <u <0.5, t+s+u <0.94

where we calculate the concrete values of the bounds of these inequalities in Section 3.2.
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Hence, since A — A’ C (30), we obtain the second equality of the following formula,

_ B 2i+1 2j+1 2k+1
6 )y = Mgt > (N-V —N)
(61)y = €™q ijkezexp Gon"av v )

2i4+1 2j+1 2k+1
(S8 3v o av )EA

B 2 +1 2j+1 2k+1 .
= eNg(ql Z exp<N~V( SN "IN N )—N§> +O(e N)), (32)
ij k€L

2i+1 25+1 2k+41 /
2N ? 2N ? 2N )EA

for some £ > 0. To be precise, in order to obtain the second equality, we need to estimate
of the summand of the above sum in terms of V(ng(,l, 2%;\;1, 2’2“;1); see Appendix D for the
proof of the equality of (32).

Further, by Proposition 2.3 (Poisson summation formula, see also Remark 2.5), the
above sum is presented by

(6,), = & <N3q_1/ exp (N -V (t, s,u) — Ng) dtdsdu + O(e_NE)), (33)

noting that we verify the assumption of Proposition 2.3 in Lemma 3.4. Furthermore, by
Proposition 2.6 (saddle point method, see also Remark 2.7), there exist some &’s such
that

(det(—H)) ™" (1 +5 KR+ 0(hd+l)) ,

=1

(61 )y = N°¢lexp (N -V(te, 5c, uc)) - (

for any d > 0, noting that we verify the assumption of Proposition 2.6 in Lemma 3.9.
Here, (t., s, u.) is the critical point of V' which corresponds to the critical point (¢, so, 1)
of V of Lemma 3.3, and H is the Hesse matrix of V at (tey Sy Ue).

We calculate the right-hand side of the above formula. Since t. = ty + O(h), s. =
so+ O(h) and u, = ug + O(h), we have that V (t,, s, u.) = V (to, S0, ug) + O(h?). Further,
by comparing V (to, o, o) and V(to, S0, Up) = <, we have that

T —1 B 27T\/—1(t s — 1) B 2w/ —1
2N N o st 2N

2
Therefore, there exist some k;’s such that

1
V(to, s0,u0) = <+ (to 4 s0 — 5) + O(h?).

d
(61), = eV N2y (1 + Z Kb+ O(hd“)),
i=1
for any d > 0. Here, we put
W= (27T)3/2V —1 ( - ﬂfoyozo)il( - ﬂfoyo)im(det(—Ho))il/2

= —0.52139... + v/-1-0.071732... ,
where we put zo = eVl g — 2mV=Ts0 o0 — 2mV=Tuo and Hy is the Hesse matrix of
V' at (to, S0, ug) whose concrete presentation is given in (42); see also [22] for a relation of

this value and the twisted Reidemeister torsion. Hence, we obtain the theorem for the 6;
knot. O
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3.2 Estimate of the range of A’

In this section, we calculate the concrete values of the bounds of the inequalities in (31)
so that they satisfy that A — A’ C (30).

Putting A as in Section 2.2, we have that

A

ReV(t,s,u) = 2A(t) + A(s) + A(u).
We consider the domain
{(t,s,u) € A | 2A(t) + A(s) + A(u) > <, }, (34)

where we put ¢, = 0.5035603... as in (41). We note that this domain is symmetric with
respect to the exchange of s and u. The aim of this section is to show that this domain
is included in the interior of the domain A’ of (31). For this purpose, we estimate ranges
of t, s, uw and t+s+wu in the domain (34).

We calculate the minimal value t,,;, and the maximal value ty,, of . Since A(-) <

A®5),

6
1
2A(t) > gR—QA(E) = 0.180494... .

The minimal and maximal values of ¢ are solutions of the following equation,
1
2A(t) = ¢, — 2A(6). (35)

Noting that the behavior of A(t) is as shown in Section 2.2, this equation has exactly
two solutions in 0 < t < 0.5. By calculating a solution of this equation by Newton’s
method from ¢ = 0.01, we obtain t,;, = 0.0364809..., and from ¢t = 0.4, we obtain
tmax = 0.363674... . Therefore, we obtain an estimate of ¢ in A’ as

003 <t < 04.

Remark 3.1. To be precise, the above argument is not partially rigorous, since we do
not estimate the error terms of the numerical solutions of Newton’s method, though the
above argument is practically useful, since we can guess that such error terms would be
sufficiently small for the above purpose. In order to complete the above argument, we
give a rigorous proof of estimates of solutions of (35) in Lemma A.1.

We calculate the minimal value s,;, and the maximal value s, of s. Since A(-) <

A(g), 1
A(s) > ¢, _3A(6) = 0.0189614... .

The minimal and maximal values of s are solutions of the following equation,

1

Similarly as above, we note that this equation has exactly two solutions in 0 < s < 0.5.
By calculating a solution of the equation by Newton’s method from s = 0.001, we obtain

16



Smin = 0.00406176..., and from s = 0.5, we obtain s,., = 0.472596... . Therefore, we
obtain an estimate of s in A’ as

0.001 < s < 0.5.

To be precise (see Remark 3.1), we can rigorously verify the above estimate of the solutions
of the above equation in a similar way as in Section A.1.

We obtain the estimate of u in A’ from the above formula by the symmetry with
respect to the exchange of s and u.

Before calculating t+s+u, we show that the domain (34) is convex, as follows. As
mentioned in Section 2.2, the function A(t) is a concave function for 0 < ¢ < 0.5, whose
second derivative is negative. Hence, the function 2A(t) + A(s) + A(u) is concave on
{(t,s,u) ’ 0 <t,s,u< 0.5}, whose Hesse matrix is negative definite. Therefore, the
domain (34) is convex. Further, we note that its boundary is a smooth closed surface
in {(t, S, ) ‘ 0 <tsu< 0.5}, whose Gaussian curvature is positive everywhere (see
Lemma B.2).

We calculate the maximal value (t4s+u)max Of t+s+u. We consider the plane t+s+u = ¢
for a constant c. The range of t+s+wu is given as the range of ¢ such that this plane and
the domain (34) has non-empty intersection. Since the domain (34) is a compact convex
domain whose boundary is a smooth closed surface, the maximal and minimal values are
given by the planes tangent to this domain. Putting w = t+s-+wu, the tangent points of
such planes are given by solutions of the following equations,

2Aw—s—u)+A(s) + A(w) = ¢,
%(2A(w—s—u)+A(3)+A(u)) = 0,
%(2A(w—s—u)+/\(s)+1\(u)) = 0.

These equations are rewritten
2A(w —s—u)+ A(s) + A(u) =
—2N(w—s—u)+AN(s) = 0,
—2N(w—s—u)+AN(u) = 0.

2

R

Since the boundary of the domain (34) is a smooth closed surface whose Gaussian curva-
ture is positive everywhere (see Lemma B.2), there are exactly two such tangent points,
and the above system of equations has exactly two solutions, corresponding to the maxi-
mal and minimal values of t+s+u; we put the maximal value to be wy... Since the above
system of equations is symmetric with respect to the exchange of s and w, the (unique)
solution of the form (wpax, s, u) satisfies that s = u. Hence, we can rewrite the above
system of equations as

{ 2A(w—2s) +2A(s) = <, (36)

—2AN(w—2s)+ AN(s) = 0.
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By calculating a solution of these equations by Newton’s method from (w,s) = (1,0.3),
we obtain (t+s+u)max = 0.925048... . Therefore, we obtain an estimate of ¢t + s+ u in A’
as

t+s+u < 0.94.

Remark 3.2. To be precise, the above argument is not partially rigorous, since we do
not estimate the error term of the numerical solution of Newton’s method, though the
above argument is practically useful, since we can guess that such an error term would
be sufficiently small for the above purpose. In order to complete the above argument, we
give a rigorous proof of an estimate of a solution of (36) in Lemma A.2.

3.3 Calculation of the critical value

In this section, we calculate the concrete values of a critical point and the Hesse matrix
of V.
The differentials of V' are presented by

%V(t, s,u) = —2log(l —z)+2rv—1(3t+ 25+ u— ;), (37)
gV(t,s,u) = —log(l —y)+27v—-1(2t +2s+u—1), (38)
s

%V(t, s,u) = —log(l—z)+2rv—1(t+s+u— %), (39)

where x = ™V =1ty = ¥V=1s and 2 = 2™V LlY,

Lemma 3.3. V has a unique critical point (ty, so, o) in P~(A), where P : C3 — R3 is
the projection to the real parts of the entries.

Proof. Any critical point of V is given by a solution of %V = %V = %V = 0, and these
equations are rewritten,

(1—2)? = —2%y?z, 11—y = 2%y 2, l—2 = —zyz.

Putting 3y = zy and 2z’ = zyz, they are rewritten,

/ !/
(1—2)? = —ay'?, 1-L =y, 1—2—/ = -2\
Z Y
From the third formula, we have that ' = 2’'/(1+2"). Hence, from the second formula, we
have that z = —2//(2"> — 2/ — 1). By substituting them into the first formula, we obtain
that

2/ 01 = 0.

Its solutions are given by

2 = —0.677958... & v=1-0.15778... , 0.927958... + /=1 -0.413327... .
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Further, their corresponding values of (¢, s) are given by

(t,s) = (0.16676... — /=1-0.0928453... , 0.224343... — /=1 -0.0127069...),
0.83324... — /=1-0.0928453... , 0.775657... — /=1 - 0.0127069...),
0.111002... + /=1 - 0.0376865... , 0.922078... + /=1 - 0.0678661...),
0.888998... + =1 -0.0376865... , 0.0779221... + /=1 - 0.0678661...).

A~~~ N I/~ /N

Among these, the first solution is in A’, from which we have that

xo = 0.895123... +/—1-1.55249... , t, = 0.16676... — /=1-0.0928453... ,
yo = 0.17385... + +/=1-1.06907... , so = 0.224343... — /—1-0.0127069... ,
2o = 0.322042... + v/-1-0.15778... | ug = 0.0725053... +/-1-0.163214... |

where zq = 2™Vl g0 = 2TV and 25 = 2™V 1%, These give a unique critical point

of V in P~H(A). O

The critical value of V at the critical point of Lemma 3.3 is presented by

S = V(t07 50, UO)

1 2
= = (2Lia (o) + Lia(yo) + Lia(20) + %)
/T 1
+2mV/=1- S (o + 0+ o) + (fo + 50)° + 15— 3t — 250 —wo + 5)  (40)

= 0.5035603... — /=1 - 1.08078... .
Further, we put its real part to be ¢, ,
S, = Reg¢ = 0.5035603... . (41)

We calculate the Hesse matrix of V. Since z = e2™V=1t, % = 2my/—1 x%. Hence, from
(37), we have that

0? . 0 3—x
5V = 21/ —1 x£( —2log(1 —z)) +27v—-1-3 = 2mv/—1- p—
Similarly, we have that
0? 0? . 0? - 2—y
V:2\/—1‘2 V:2\/—1 —V:—
Otds 4 ’ otou i ’ 0s? 1—y’
0? 0? . 1
V = 2nv/—1 Vv = .
0sou m ’ Ou? 1—2
Hence, the Hesse matrix of V at (to, S0, ug) is presented by
3— o 1
1-— Zo
2 —yo
Hy = 27v—1 2 1 1 ) (42)
— Yo
1 1 L
1-— 20
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3.4 Verifying the assumption of the Poisson summation formula

In this section, we verify the assumption of the Poisson summation formula in Lemma 3.4,
which is used in the proof of Theorem 1.1 for the 6, knot in Section 3.1. As we mentioned
in Remark 2.5, we verify the assumption for V' (¢, s, u) instead of V (¢, s, ), since V (¢, s, u)
converges uniformly to V(t, s,u) on A’ in the form mentioned in Remark 2.5.

Re V(t, s,u) has a unique maximal point in A’ at

1
xU:y[):yO:eﬂ-\/jl/B’ t0:50:u0267
and its maximal value is 0.646131.... Hence,
ReV(t,s,u) —¢, < 0.142571... (43)

for any (¢,s,u) € A’. Therefore, in the proof of Lemma 3.4, it is sufficient to decrease,
say, ReV(t, s, u+ d/—1) — 2w by this value, by moving § (though we do not use this
value in the proof of the lemma).

Lemma 3.4. V(t,s,u) — ¢,
Proof. We show that dA’ is null-homotopic in each of (17)—(20), (24) and (25).

satisfies the assumption of Proposition 2.3.

As for (19), we show that we can move A’ into the following domain,
{(t, s, u+0v—1) e C? ‘ (t,s,u) € A, § >0, ReV(t, s, u+ 0v—1) — G, — 210 < O}.
Hence, putting
F(8) = ReV(t, s, u+dvV—1) —¢, — 270,
it is sufficient to show that there exists oy > 0 such that
F(6) < 0 forany (¢,s,u) € A, and (1)
F(6) < 0 for any (t,s,u) € A" and 0 € [0, d.
Therefore, it is sufficient to show that
iF(é) = 2Ref/(t, s, u+0vV—1)—¢, — 21 < —¢,
dd o)

for some ¢’ > 0 (because, if the above formula holds, then (44) holds for a sufficiently
large dp). Hence, it is sufficient to show that

0 - /
Re(%V(t, 3,u+(5\/—1)> < 2m—¢.

Further, as for (20), similarly as above, it is sufficient to show that

d - /
Re <% V(t, s, u—5\/—1)) < 2m—e¢

for some € > 0.
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Hence, as for (19) and (20), it is sufficient to show that

o .
_ _/
(2r — &) < Re((%

for some &' > 0. The middle term is calculated as

Re (2‘7(15, s, U+ (5\/—_1)> = Re (\/—_1 2‘7(15, S, U+ (5\/—_1)>

(t, s, u+5\/_)> 2r — &' (45)

00 ou
1
= —Im(—log(l —z2)+2nvV-1(t+s+u— 5))
1
= Arg(l—z)—?w(t—i—s—l—u—?,
where z = 2™~ Since 0 < u < %,
1
—277(5 u) < Arg(l—2) < 0.
Hence,
1
—2r(t+s) < Re(;& (t, s, u+ vV — )) < 2W(§—t—s—u).
Therefore, since t + s < 0.4+ 0.5=0.9 and ¢, s, u > 0,
2709 < Re((% (t, s, u+6y/—1 )) < 2705,
and hence, (45) is satisfied.
As for (17) and (18), similarly as above, it is sufficient to show that
—@Qr—¢) < Re((% (t, s +0y/—1 u)) < ¢ (46)

for some € > 0. The middle term is calculated as
0 ~
Re (8(5 (t, s +0v—1 u)) = Arg(1—y) —2m(2t +2s +u—1),
where y = 2™V=15. Since 0 < s < 1,

—2m(= —s) < Arg(l—y) < 0.

[\3|>—l

Hence,

1 0 -~
—27?(2t—|—s—|—u—§) < Re(a(S

Therefore, since t + (t + s+ u) < 0.4+ 0.94 = 1.34 and ¢t > 0.03, s,u > 0,

(t, s+ 6v/—1, u)) < 2m(1 —2t — 2s — u).

—927.0.84 < Re (%V(t, 8+5\/—1,u)> < 21-0.94,
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and hence, (46) is satisfied.
As for (24) and (25), similarly as above, it is sufficient to show that

—(2r—¢') < Re (%V(t—i—é\/—_l,s—é\/—_l,u)) < 2mr—¢ (47)

for some €' > 0. The middle term is calculated as

Re <%V(t+5\/—_1,s — 0/ —1, u)) = 2Arg(1— =) — Arg(1 —y) — 2 (t — 1),

2
where 2 = ¢*™ =1t Since 0 < t < I
—27?(% —1) < Arg(l—z) < 0.
Further, since Arg (1 — y) is in the range mentioned above,
—27?(% - t) < Re (%V(t +0v—1,5 — v/ —1, u)) < 27T(1 —t— s).
Therefore, since t > 0.03 and s > 0,
“27.0.5 < Re (%V(H—d\/—_l,s - 5\/—_1,u)> < 27097,
and hence, (47) is satisfied. O

3.5 Verifying the assumption of the saddle point method

In this section, we verify the assumption of the saddle point method in Lemma 3.9. In
order to show this lemma, we show Lemmas 3.5-3.8 in advance. As we mentioned in
Remark 2.7, we verify the assumption for V(¢,s,u) instead of V (¢, s, u), since V (¢, s, u)
converges uniformly to V (¢, s,u) on A’ in the form mentioned in Remark 2.7.

In the proof of Lemma 3.9, by (43), it is sufficient to decrease Re V(t, s,u) by 0.142571...
by pushing t,s,u into the imaginary directions. In order to calculate this concretely,
putting

f(X,Y,Z) = ReV(t+ Xv—1,s+YV—-1,u+ Zv—1) —¢,,

we consider the behavior of f at each fiber of the projection C* — R3,
Lemma 3.5 ([34]). Fizing X and Y, we regard [ as a function of Z.

(1) Ift+s+u> %, then f is monotonically decreasing.
(2) Ift+s+u< %, then f has a unique minimal point at Z = g3(t, s, u), where

1 sin 27 (t + s)
tosu) = — 1 .
9a(t: ;) o 8 sin2m(3 —t — s —u)

In particular, gs(t,s,u) goes to 0o ast+s+u— 3 — 0.
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Proof. As a function of Z, the differential of f is presented by

of
07

where z = ™V -1(+2V=1)_Since 0 < u < 3,

= Arg(l—z)—27r(t+s+u—%),

—27r(1—u) < Arg(l1—2) < 0,

2
and Arg (1 — z) is monotonically increasing as a function of Z. Further,
af 1
L — (= —t — 5 —
0717 ~ 775 s =),
af 1 1
37l = —27T(§ —u) —2m(t+s+u— 5) = —27(t+s) < 0.

Ift + s+ u > 3, then g—é is always negative, and (1) holds.

ft+s+u< %, then there is a unique zero of g—g, which gives a unique minimal point
of f. When % = 0, we have that —Arg (1 —2) = 2n(3 —t —s—u), and ¢,s,u and Z are
related as shown in the following picture.

Hence,
6—27‘(’Z 1
sin2m(—t—s—w)  sin2n(t+s)
Therefore,
7 1 og sin127r(t + ) ’
27 sin2m(; —t — s —u)
and this gives the minimal point of the lemma. Hence, (2) holds. [l

Lemma 3.6 ([34]). Fizing X and Z, we regard f as a function of Y.

(1) If 2t + 2s +u > 1, then f is monotonically decreasing.

(2) If2t+2s+u < 1 and 2t + s +u > %, then f has a unique minimal point at
Y = go(t, s,u), where

1 sin2m(2t 4+ s+ u — 3)
o 08 sin27(1 — 2t —2s —u)

g2(t,s,u) =
In particular, go(t, s,u) goes to 0o as 2t +2s+u — 1 —0, and goes to —co as 2t+s+u —
5+0.
(3) If2t +s+u < %, then f is monotonically increasing.
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Proof. As a function of Y, the differential of f is presented by

of
oy

where y = >V Gince 0 < s < 2,

= Arg(1—y) —2m (2t +2s +u—1),

—QW(%—S) < Arg(l—y) < 0,

and Arg (1 — y) is monotonically increasing as a function of Y. Further,

of _

Y lysee 2m(1 =2t =25 —u),

of 1 ,
Y lyse _27T(§_5)—27T(2t+28+U—1) = —27r(2t+s+u—§).

If 2¢ 4+ 2s +u > 1, then & is always negative, and (1) holds.

f2t+s+u< %, then g—{j is always positive, and (3) holds.

[f2t+2s+u<1and 2t+ s+ u > %, then there is a unique zero of g—{j, which gives
a unique minimal point of f. We can obtain the value of the minimal point in the same
way as in the proof of Lemma 3.5. m

Lemma 3.7 ([34]). Fizing Y and Z, we regard f as a function of X.

(1) If 3t +2s +u > %, then f is monotonically decreasing.

(2) If 3t +2s +u < % and t + 2s +u > %, then f has a unique minimal point at
X = g1(t, s,u), where

1 sin 2w (t +2s +u — 3)

t,s,u) = — log— .
9( ) 27 gsm27r(%—3t—2s—u)

In particular, gi(t, s,u) goes to 0o as 3t+2s+u — %—0, and goes to —o0 ast+2s+u —
5 +0.
(3) If t +2s+u < %, then f is monotonically increasing.

Proof. As a function of X, the differential of f is presented by

of
%

where z = 2™V 1HXV=D Qince 0 < ¢ < %,

= 2Arg(1—x)—27r(3t+28+u—g),

—27?(%—t) < Arg(l—2z) < 0,

and Arg (1 — z) is monotonically increasing as a function of X. Further,

of

3
2y d 27r(5 — 3t —2s — u),
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of

0X I x——c0
If 3t + 2s +u > 2, then % is always negative, and (1) holds.
If t + 25+ u < 1, then g—)’; is always positive, and (3) holds.
If3t+2s4+u< % and t + 25 +u > %, then there is a unique zero of g—)];, which gives

a unique minimal point of f. We can obtain the value of the minimal point in the same
way as in the proof of Lemma 3.5. m

— —27r(1—2t)—27r(3t—|—23+u—g) = —27r(t+23+u—%)_

Lemma 3.8 ([34]). For each (t,s,u) € A’ satisfying that 2t +2s+u <1, t+s+u <3,
t+2s+u > % and 2t + s +u > %, f has a unique minimal point and no other critical
points.

Proof. From the definition of f,

3
f(X,Y,Z) = Re ( : 2Li2(e2”‘/j(t+x\/j))> +2m(5 -3t —25 —u)X

1
21w/ —1

1 —1 —
+ Re ( - Lig(e2™V-1HY 71))) +2r(1—2t—2s —u)Y
2my/—1
1 . om/—1 (ut+Zv/—1) ) 1
+ Re <27r\/—_1 Lis(e ) +27r(2 t—s—u)Z.

By Lemma 3.7, fixing Y and Z, f has a unique minimal point at X = g¢;(¢,s,u). By
Lemma 3.6, fixing X and Z, f has a unique minimal point at Y = gs(¢,s,u). By
Lemma 3.5, fixing X and Y, f has a unique minimal point at Z = g5(¢, s, u). Since the
contribution to f from X, Y and Z are independent, f has a unique minimal point at

(Xa}/aZ) = (gl(ta37”)792@737“)7g3(t787u))' L
Lemma 3.9 ([34]). When we apply Proposition 2.6 to (33), the assumption of Proposition
2.6 holds.

Proof. We show that there exists a homotopy Aj (0 < § < 1) between Aj = A" and A]
such that

(fo, S0, u0) € A, (48)

A} —{(to, 50, u0)} C {(t,s,u) € C* | ReV(t,s,u) <.}, (49)

A5 C {(t,s,u) € C* | Re V(t,s,u) <} (50)

For a sufficiently large R > 0, we put

(R if 3t+2s+u> 3,

gi(t,s,u) = (max{ — R, min{R, gi(t,s,u)}} if 3t+2s+u<3andt+2s+u> 3,
| —R if t+23+u§%,
(R if 2t+2s+u>1,

g2(t,s,u) = {max{ — R, min{R, go(t,s,u)}} if 2t+2s+u<land2t+s+u>1,
| —R if 2t+s+u§%,
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) R if t4+s4+u> %,
93(t787u) = . . 1
min {R, g3(t,s,u)} if t+s+u<3.

We note that, since g3(t, s,u) — oo as t+s+u — %, g3(t, s, u) is continuous, and similarly,
we can check that g;(¢,s,u) and go(t, s, u) are also continuous. We set the ending of the
homotopy by

A = {(t—i-gl(t,s,u)\/—l, s+ golt, s,u)\/—l,u—l—gg(t,s,u)\/—l) eC? ‘ (t,s,u) € A’}.

Further, we define the internal part A (0 < 6 < 1) of the homotopy by setting it along

the flow from (t, s, u) determined by the vector field ( — g—)’;, —g—{;, —%).

We show (50), as follows. From the definition of A/
N {(t,s,u) eC? | ReV(t,s,u) < Sn}-

Further, by the construction of the homotopy, Re 1% monotonically decreases by the ho-
motopy. Hence, (50) holds.
We show (48) and (49), as follows. Consider the following functions

F(t,s,u, X,Y,Z) = ReV(t+XvV-1, s +YV-1, u+ Zv-1),
h(t,S,U) = F<t7 S, U, gl(t787u)7 g?(ty S,U), 93(t’87u))‘

When 3t+2s+u > 3, —h(t, s, u) is sufficiently large (because we let R be sufficiently large),
and (49) holds in this case. Similarly, we can check that (49) holds when g;(t, s, u) = +R.
The remaining case is the case where g;(t,s,u) = ¢;(t,s,u) for ¢ = 1,2,3. In this case,
we show (49), as follows. It is shown from the definitions of g;(t,s,u) that 9% = 0
at X = gi(t,s,u) and 2& =0 at Y = go(t,s,u) and 95 = 0 at Z = g3(t,s,u). Hence,
Im2F =Im 2¢ = Img—‘; =0 at (t—irgl(t,:s,u)\/—_l, s+gg(t,:9,u)\/—_1, u+gs(t, s, u)v/—1).
Further, ¢ = Re%r and 28 = Re%. and 28 = Re%- at (¢t + gi(t,s,u)v/—1, s +
ga(t, s,u)/—1, u+ gs(t, s,u)\/—_l). Therefore, when (¢, s,u) is a critial point of h(t, s, u),

(t+g1(t, s,u)v—1, s+ golt, s,u)v/—1, u+ gs(t, s, u)\/—l) is a critical point of V. Hence,
by Lemma 3.3, h(t,s,u) has a unique maximal point at (¢,s,u) = (Reto, Re so, Reuy).
Therefore, (48) and (49) hold. O

4 The 65 knot

In this section, we show Theorem 1.1 for the 65 knot. We give a proof of the theorem in
Section 4.1, using lemmas shown in Section 4.2-4.5.

4.1 Proof of Theorem 1.1 for the 65 knot

In this section, we show a proof of Theorem 1.1 for the 6, knot.
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The 65 knot is the closure of the following tangle.

As shown in [33], we can put the labelings of edges adjacent to the unbounded regions as
shown above. Hence, from the definition of the Kashaev invariant, the Kashaev invariant
of the 65 knot is presented by

Nq> Ngz N g2t
6 = — X — X — —
(G2 = 2 G ™ Ora@a@s < D@
1 1 1
X NQZ X qu X Nq2

(@D @DN-k-1( D= @Dr@N-1-1(D)1=r  (@1(@)N-1-1

_ N'q
= 2 (q)

N-i(@N-i(@)i—j-1(0) (@ j(Dr— (@D (D) Nk

_ . N'gq
- ZN (@ N 1 @ N1 @i (@3 @5 (DR @@ g (51)
0<k<N-—j

where the second equality is obtained by (4) and (5), and the last equality is obtained by
replacing ¢ with ¢+ + 1 and replacing k with j + k.

Proof of Theorem 1.1 for the 65 knot. By (6), the above presentation of ( 65 ), is rewritten

241 241 2k+1
_ 4
(6)y = N'q D, eXp<NV( 2N ' 2N ' 2N )>’

0<y<i<N
0<k<N-—j

where we put

Vit ) = (0= 1) = plt) — (1 1+ 5 — 52) +p(s) — 91— 5) + ()

N 2N
1 1 1 1
—go(l—s—u—l—m)—@(s+u—ﬁ)—3¢(ﬁ)+5¢(l—ﬁ)>
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= %(—2gp(t)—<p(1—t+s—%) +2<p(s)+<p(U)> —%IOgN

1 2 /=1 w/—1

+ orv/—1 3 TN 62

1 1 .o 1 1 1
2 \/—1-—(—1&2 2 - — t—2s — — ———).
+ 27 5 +s +(s+u QN) + S u+6+2N ON?

Here, we obtain the last equality by (10) and (11). Hence, by putting

~ 4
V(t,s,u) = V(t,s,u)+ NlogN
1

= N<—2gp(t)—(p(1—t—l—8—%)+2<,0(5)‘|‘90(u)>
1 w2 m/=1 /-1
2v—1 3 2N 6N

1 1 .o 1 1 1
2 \/—1-—(—152 2 - — t—2s — -4+ — — ),
+ 27 5 + s +(s+u QN) + S u+6+2N ON?

the presentation of (65 ), is rewritten

2i+1 2j+1 2k—+1
(62)y = ¢ D, eXp<N'V< 9N ' 2N ' 2N >>

0<j<i<N
0<k<N—j
2i+1 2j+1 2k +1
_ 3 N . )
! ijkezexp( V( 2N 2N ' 2N ) '

2i+1 2541 2k+1
aN 0 oN 0o JEA

2i+1 2541 2k+41
2N 7 2N 7 2N

where the range A of ( ) of the above sum is given by the following domain,
A= {tsueR|0<s<t<1, 0<u<l-—s}

By Proposition 2.1, as N — oo, V/(t,s,u) converges to the following f/(t,s,u) in the
interior of A,

- 1
Vitsu) = \/__1(—2L12(e2”ﬁt)—L12(e2wﬁ<s—t>)
2
+2L12(62wﬁ3)+m2(62nmu>+%)
1 1
—|—27T\/—1'§(—t2—|—32—|—(s—|—u)2+t—s—(s+u)+6).

By concrete computation, we can check that the boundary of A is included in the domain
{(t,s,u) eA | Re V(t,s,u) < S, — 8} (52)

for some sufficiently small ¢ > 0, where we put ¢, = 0.700414... as in (63); we will know
later that this value is equal to the real part of the critical value of V' at the critical point
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of Lemma 4.2. Hence, similarly as in Section 3.1, we choose a new domain A’, which
satisfies that A — A’ C (52), as

06<t<086. 014<s<04. 00b<u<o04
A’:{(t,s,u)eA =b=5eh =9 =5% == } (53)

03<t—-5<0.67, 2s+u <097

where we calculate the concrete values of the bounds of these inequalities in Section 4.2.
Then, similarly as in Section 3.1, we can restrict A to A’ as

%+1 2j+1 2%k +1 )
o Ng . _ Ne
(62), = e (q ”zk;Z exp <N V( SN "IN N ) N§> +O0(e )), (54)

(21+1 23+1 2k+1 )EA/

)

for some € > 0.
Further, by Proposition 2.3 (Poisson summation formula, see also Remark 2.5), the
above sum is presented by

(6y), = eN° (N?’q/ exp (N -V (t,s,u) — N¢) dtdsdu + O(e‘NE)>, (55)

noting that we verify the assumption of Proposition 2.3 in Lemma 4.3. Furthermore, by
Proposition 2.6 (saddle point method, see also Remark 2.7), there exist some &’s such
that

d
<62 >N = N3q exp (N . V<tc>5c,uc)) . (N3/2 (det(_H>)—1/2 <1 + Zli;hl —|—O(ﬁd+1)>’

for any d > 0, noting that we verify the assumption of Proposition 2.6 in Lemma 4.9.
Here, (t., s, u.) is the critical point of V' which corresponds to the critical point (¢, so, uo)
of V of Lemma 4.2, and H is the Hesse matrix of V at (tey Sey Ue)-

We calculate the right-hand side of the above formula. Similarly as in Section 3.1, we
have that V (t,, s, u.) = V (to, S0, ug) + O(h?). Further,

1 1
90(1—t0+50—ﬁ) = (1 —to+50) —¢'(1 —to+ s0) - ﬁﬂLO(hQ)

= (1 —ty+s0) + —10g (1- —) +O0(1%),

where we put zg = 2™V~ and Yo = e2™=1s0  Hence, by comparing V (%o, s, ug) and

V (to, S0, uo) = s, we have that

V-1 Ll (1 B @) B 27n/—1(
2N 2N T 2N

Therefore, there exist some k;’s such that

1
So + ug — —) + O(hQ)

V(to, so,u0) = <+ 5

d
(65), = eNN¥2y. (1 + kil +O(hd+1)>,

i=1
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for any d > 0. Here, we put

w = (@)*PV=T (1= )7 (= yoz) P (det(—Hy))
0
= —0.42920... + v-1-0.20337... ,

where we put zy = eQ’TH“O, and H is the Hesse matrix of V at (to, S0, up) whose concrete
presentation is given in (64); see also [22] for a relation of this value and the twisted
Reidemeister torsion. Hence, we obtain the theorem for the 65 knot. O

4.2 Estimate of the range of A’

In this section, we calculate the concrete values of the bounds of the inequalities in (53)
so that they satisfy that A — A’ C (52).

Putting A as in Section 2.2, we have that
ReV(t,s,u) = —2A(t) + At —s) +2A(s) + Alu).
We consider the domain
{(t,s,u) € A| —2A(t) + At — s) + 2A(s) + Alu) > <, }. (56)

We note that this domain is symmetric with respect to the exchange of (t,s,u) and
(1—s,1—t,u). The aim of this section is to show that this domain is included in the
interior of the domain A’ of (53).

In order to estimate ¢ and s, we consider the area of (¢, s) such that (¢, s, u) belongs to
the domain (56) for some u. Since A(-) < A(3),

—2A(t) > ¢, — 4A(%) = 0.054282... > 0,
and hence, £ < ¢ < 1. Similarly, we have that 0 < s < 5. Further, since A(u) < A(3),
—2A(t)+ At —8)+2A(s) > ¢, — A(é) = 0.538881... .
We consider the following domain
{(t,s) |05 <t<1, 0<s<05, —2AF)+A{t—s)+2A(s) > g, — A(é)}. (57)

We graphically show this domain in Figure 2.
Before calculating ¢ and s, we show that the domain (57) is convex. We put F(t,s) =
—2A(t) + A(t — s) + 2 A(s). Its differentials are given by

8F / / aF _ / o / .

o = 2N (t)+ AN(t—s), 5 = 2N (s) = AN'(t —s).
Hence,

O*F

7 = —2N"(t)+AN'(t —s) = 2mcotmt — weotww(t — s),
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05}
s<04
04}
0.3<t—s
osl £ < 0.86
02106t t—s < 0.67
0.1+ ‘ 0.14 <s
o6 07 08 09

Figure 2: The domain (57)

O*F
5108 —N'(t—s) = wcotn(t—s),
S
agF " "
5z = 2N'(s) + A" (t —s) = —2mcotms —weotm(t — s).
We put a = —cot it and b = cot 7s, noting that they are positive since 0.5 < ¢t < 1 and

0 < s < 0.5. Further, noting that cot(a+p3) = (cot acot f — 1)/(cot o + cot ), we have
that

1 O0*F ab—1 1 0O*°F ab—1 1 0*F ab—1
- — = —2a-+ , — = - - — = —2b+ )
T Ot? a-+b ™ Otos a+b T 0s? a+b
We put the Hesse matrix of F' to be H. Then,
1 b—1 2((a+b)? —ab+1 2(a? +b* +ab+1
—-trace H = —2a—2b—|—2-a = — ((a ) ¢ ) = — (a ¢ ) <0
s a—+b a-+b a—+b
Further,

1 ab—1

ﬁ-detH = 4ab — (2a + 2b) - paa 2(ab+1) > 0.

Hence, the two eigenvalues of H are nagative, and H is negative definite. Therefore, F'
is a concave function on {(t, s) ‘ 0b<t<l1 0<s< 0.5}, whose Hesse matrix is
negative definite. Hence, the domain (57) is a compact convex domain, and its boundary
is a smooth closed curve whose curvature is non-zero everywhere (see Lemma B.1).

We calculate the minimal value ¢,,;, and the maximal value ¢, of ¢ in the domain
(57). We consider the line ¢t = ¢ in the (¢, s) plane for a constant ¢. The values ¢, and
tmax are given when this line is tangent to the domain (57). The tangent points of such
lines are given by the following equations,

—2A(t) + At — ) +2A(s) = 5, —A(}),

S (20 + Al - 5) +2A() = 0
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Since the curvature of the boundary curve of the domain (57) is non-zero everywhere (see
Lemma B.1), there are exactly two such tangent points, and the above system of equations
has exactly two solutions ., and t,.. By calculating a solution by Newton’s method
from (t,s) = (0.6,0.25), we obtain ¢y, = 0.619717... , and from (¢,s) = (0.85,0.25), we
obtain ¢, = 0.857766... . Therefore, we obtain an estimate of ¢t in A’ as

06 <t < 0.86.

To be precise (see Remark 3.2), we can rigorously verify the above estimate of the solutions
of the above system of equations in a similar way as in Section A.2.

We obtain an estimate of s in A’ from the above formula by using the symmetry
exchanging (¢, s) and (1—s,1—t), and hence, we obtain that

014 < s < 04.

We calculate the minimal value u,,;, and the maximal value ., of u. The maximal
point of =2 A(t) + A(t — s) + 2 A(s) is given by a solution of the following equations,

—(=2A() + At —s) +2A(s)) = 0,
—(=2A(t) + At — s) +2A(s)) = 0.
Their solution is (t,s) = (%, %) Hence,

1
Au) > ¢, — 4A(Z) = 0.117292... .
By calculating solutions of the equality of the above formula by Newton’s method, we
obtain uy,;, = 0.0586318... and Uy, = 0.315289... . Therefore, we obtain an estimate of
win A’ as
0.05 < u < 04.

To be precise (see Remark 3.1), we can rigorously verify the above estimate in a similar
way as in Section A.1.

We calculate the minimal value (f — $)yin and the maximal value (¢ — s)yax of t — s.
Putting w =t — s, they satisfy the following equations,

—2A(t) + Aw) +2A(t —w) = ¢, —A(3),
0
a( —2A() + A(w) +2A( —w)) = 0.
We note that this system of equations has exactly two solutions. By calculating a solution
of them by Newton’s method from (¢, w) = (0.65,0.3), we obtain (¢ — s)um = 0.334132...,
and from (¢, w) = (0.85,0.7), we obtain (t — s)max = 0.665868... . Therefore, we obtain an
estimate of t — s in A’ as

03 < t—s < 0.67.

To be precise (see Remark 3.2), we can rigorously verify the above estimate of the solutions
of the above system of equations in a similar way as in Section A.2.
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Before calculating 2s + u, we show that the domain (56) is convex. Since the function
—2A(t) + A(t—s) + 2A(s) and A(u) are concave functions whose Hesse matrices are
negative definite, the function —2A(t) + A(t—s) + 2A(s) + A(u) is also such a function
on {(t,s,u) ‘ 056 <t<1,0<s<0b5 0<u< 0.5}. Hence, the domain is a convex
domain and its boundary is a smooth closed surface whose Gaussian curvature is positive
everywhere (see Lemma B.2).

We calculate the maximal value (254 u)yax Of 25 +u. We consider the plane 2s+u = ¢
for a constant ¢. The maximal value (25 + %)max is obtained when this plane is tangent
to the domain (56); we note that there are exactly two such tangent points. Putting
2w’ = 2s + u, such tangent points are given by the following equations,

S2AW)+ A~ ) 20— ) A = o,

%(—2A(t)+A(t—w’+%U)+2A(w'—%u)+/\(u)) =0, (58)
%(-2A(t>+/\(t—w’+%u)+2A(w’—%U)+A(U)) = 0.

We note that this system of equations has exactly two solutions. By calculating a solution
of them by Newton’s method from (¢,w’,u) = (0.75,0.5,0.25), we obtain (2s + ©)max =
0.958506... . Therefore, we obtain an estimate of 2s + v in A’ as

2s+u < 0.97.

Remark 4.1. To be precise, the above argument is not partially rigorous, since we do
not estimate the error term of the numerical solution of Newton’s method, though the
above argument is practically useful, since we can guess that such an error term would
be sufficiently small for the above purpose. In order to complete the above argument, we
give a rigorous proof of an estimate of a solution of (58) in Lemma A.3.

4.3 Calculation of the critical value

In this section, we calculate the concrete values of a critical point and the Hesse matrix
of V.
The differentials of V are presented by

oV (ts.u) = 2log(1—x) ~log (1 - %) —2mV/—1 (t — %), (59)
%V(t, s,u) = —2log(l —y) + log (1 — %) +2mv/—1 (25 +u — 1), (60)
%V(t, s,u) = —log(l —2z2)+ 2myv/—1 (5 +u— %), (61)

where x = ™V =1ty = ¥V=1s and 2 = 2™V LlY,

Lemma 4.2. V has a unique critical point (to, so, o) in P~(A), where P : C3 — R3 is
the projection to the real parts of the entries.

33



Proof. Any critical point of V is given by a solution of %f/ = %‘7 = %f/ = 0, and these
equations are rewritten,

(1—-2)* = —x(l—%), (1—-y)? = yQZ(l—%), l—2z = —y=z.

By using the first and third formula, we remove y and z from the second formula, to
obtain
2 =22t +22° =32+ 22 -1 = 0.

Its solutions are given by
r = —0.232705... £ /-1-1.09381... , 0.438694... &+ /—1-0.557752... ; 1.58802... .
Since z = e2™V-1t,
t = 0.283362... — v/=1-0.0177936... , 0.716638... — /—=1-0.0177936... ,

0.143927... + /=1 0.0545975... , 0.856073... + /=1 -0.0545975... ,
—+/—=1-0.0736072... .

Among these, the second and fourth solutions are in the range of ¢ in A’. Further, as for
the fourth solution, s = 0.0243944... + /=1 - 0.127823... , and this is not in A’. From the
second solution, we have that

xo = —0.232705... —/-1-1.09381... , ¢, = 0.716638... — /-1-0.0177936... ,
yo = 0.0904327... +/-1-1.60288... , so = 0.24103... — /-1-0.0753425... ,
2o = 0.267792... +/-1-0.471915... , up = 0.167853... + v/=1-0.0973042... ,

where zg = 2™V "1ty = 2™V =150 and 2z, = 2™V 1%, These give a unique critical point
in P71(A). [

The critical value of V at the critical point of Lemma 4.2 is presented by

~

S = V(t()? 50, UO)

1 ) . /Yo . . i
_ _9L ~Lin(Py 4o L —)
27r\/__1< i>(o) 12(930) T 2Lix(g0) + Liz(20) + 73
1 1
+ 21y —1 - 5(—t%+83—|—($0+U0)2+t0—80— (30+U0)+6) (62>

= 0.700414... — /—1-0.934648... .
Further, we put its real part to be ¢, ,

¢, = Re¢ = 0.700414... . (63)

We calculate the Hesse matrix of V. Since z = e2™V~1t 4 — 9r. /77 x%. Hence, from
(59), we have that
0? y

~ Vv = 27r\/—_1x(%<210g(1—x)—10g (1—y)>—27r\/—_1 = 2mv/—1 (_1—|—x_1_£).

ot? z 1—=x

xT
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By calculating other entries similarly, the Hesse matrix of V at (to, S0, up) is presented by

Yo Yo
l—2p 1-—-% 1—%
o )
% ) Yo
Hy = 2mv/-1 _ %o _ %0 1 . (64)
- & =y 1-%
0 1 L
1—2’0

4.4 Verifying the assumption of the Poisson summation formula

In this section, we verify the assumption of the Poisson summation formula in Lemma 4.3,
which is used in the proof of Theorem 1.1 for the 6, knot in Section 4.1. As we mentioned
in Remark 2.5, we verify the assumption for V (¢, s, u) instead of V (¢, s, u), since V (¢, s, u)
converges uniformly to V (¢, s,u) on A’ in the form mentioned in Remark 2.5.

By computer calculation, we can see that the maximal value of ReV — G, is about
0.06. Therefore, in the proof of Lemma 4.3, it is sufficient to decrease, say, Re V(t, S, u+

dv/—1) — 276 by 0.06, by moving 0 (though we do not use this value in the proof of the
lemma).

Lemma 4.3. V(t, s, u) —¢

R

Proof. We show that 0A’ is null-homotopic in each of (15)—(20).
As for (15) and (16), similarly as the proof of Lemma 3.4, it is sufficient to show that

satisfies the assumption of Proposition 2.3.

0 ~
—(2r—¢') < Re (%V(t + v —1, s, u)) < 2mr—¢ (65)
for some &' > 0. The middle term is calculated as
0 ~ 1
Re <%V(t +0v—1, s, u)) = —2Arg(1—x)+ Arg (1 — %) + 27 (t — 5),

where x = e2™V-1(E+XV=1) 4nd y/x = e~ 2mV=1(t=9) 27(X=Y) Gince 0.6 < ¢ < 0.9,

0 < Arg(1l—2) < 27?(15—1).

2
Hence,
—2m(t — %) < —2Arg(l—xz)+2n(t — %) < 27 (t — %)
Further,
min{O7 —27T(t —5— %)} < Arg (1 — %) < max{?w(% —t+ s), O}.
Therefore,

min{—QW(t—%), —27r(2t—5—1)} < Re (%V(t—i—(s\/—_l, S, u)) < max{27r-s, 27?(75—%)}.

35



Since t < 0.9, t+ (t —s) <0.940.67 = 1.57 and s < 0.4,

9706 < Re(a

SSV(E+0vV=L, s, u)> < 2104,

and hence, (65) is satisfied.
As for (17) and (18), similarly as above, it is sufficient to show that

—(27—¢€') < Re (%f/(t, s+ 0v/—1, u)) < 2 —¢
for some ¢’ > 0. The middle term is calculated as
Re (%f/(zﬁ, s+ 0v—1, u)) = 2Arg(1—y) — Arg (1 — %) —2m(2s +u — 1),
where y = e2™V=1EHYV=D and y/x = e 27109 27(XY) Since 0.14 < 5 < 0.4,
—271'(% —s) < Arg(l—y) < 0.

Hence,
—2m-u < 2Arg(1—y)—2r(2s+u—1) < 27(1 —2s —u).

Since u < 0.4 and 2s + u > 0.33,
—271-04 < 2Arg(l—y) —27(2s+u—1) < 27-0.67.

Further,
minf0, ~2n(t s~ )} < Arg(1-2) < max{2n(5 —1+3), 0}
Since 0.3 < t — s < 0.67,
27017 < Arg(1-2) < 2702,

Therefore,

—2m-0.57 < Re (%V(t, s+ 0v—1, u)) < 27 -0.87,

and hence, (66) is satisfied.
As for (19) and (20), similarly as above, it is sufficient to show that
0 ~
—(27 —€') < Re <%V(t, S, U+ 5\/—1)) < 2m—¢
for some € > 0. The middle term is calculated as

J - 1
Re <%V(t, s, u+ (5\/—1)) = Arg(l—2z)—2n(s+u— 5),
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where z = e2™V-1(+2V=1) Gince 0.05 < u < 0.4,

—2%(%—u) < Arg(l—2) < 0.

Therefore,

—27-s < Re (%V(t, s,u+5\/—1)> < 2%(%—3—@.

Since s < 0.4 and s +u > 0.19,

9
o)
and hence, (67) is satisfied. O

“9r .04 < Re( Vi, s,u—i—é\/—l)) < 27-0.31,

4.5 Verifying the assumption of the saddle point method

In this section, we verify the assumption of the saddle point method in Lemma 4.9. In
order to show this lemma, we show Lemmas 4.4-4.8 in advance. As we mentioned in
Remark 2.7, we verify the assumption for V (¢, s,u) instead of V (¢, s,u), since V (¢, s, u)
converges uniformly to V (¢, s,u) on A in the form mentioned in Remark 2.7.

10r

Figure 3: Contour lines of Re V(0.8 + Xv/—1, 0.18 + Y /=1, 0.1) — ¢,

In the proof of Lemma 4.9, as mentioned at the beginning of Section 4.4, it is sufficient
to decrease Re V' (¢, s,u) by 0.06, by pushing ¢, s, u into the imaginary directions. In order
to calculate this concretely, putting

f(X,Y,Z) = ReV(t+XvV—1, s+ YV—1,u+ 2ZvV—-1) —g,

as in Section 3.5, we consider the behavior of f at each fiber of the projection C3 — R3.
Then, unlike Section 3.5, there are some (¢, s,u) € R? such that, fixing X and Z, f has
a maximal point as a function of Y; for example, see Figure 3. We also note that the
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Hessian of f is not positive where the contour lines are not convex, though we like to
show that the Hesse matrix of f is positive definite at any critical point of f.

Lemma 4.4. Fixing X and Y, we regard f as a function of Z.
(1) If s+u> %, then f is monotonically decreasing.
(2) If s+u< %, then f has a unique minimal point at Z = g3(t, s,u), where

sin 27s

(ts,u) = —1
,s,u) = — log — .
g3 21 gstw(% — 8 — u)

In particular, this minimal point goes to co as s+ u — % —0.

Proof. As a function of Z, the differential of f is presented by

0 1

8_£ = Arg(l—z)—27r(s+u—§),
where z = ¢2™V~1+ZV=1)  Hence, we can show the lemma in a similar way as the proof
of Lemma 3.5. O

When we regard f as a function of Z fixing X and Y, by Lemma 4.4, f has a unique
minimal point at Z = g3(t, s, u); we note that this minimal point does not depend on X
and Y. In order to consider the behavior of f, putting

FXY) = f(X,Y,g5(t,5,u)), (68)
we consider the behavior of f in each fiber of the projection C* — R at (t,s,u) € A" C R3.
Lemma 4.5. For each (t,s,u) € A’ satisfying that t—% < stu < %, f has a unique
minimal point and no other critical points.

Proof. The differentials of f are presented by

of _ of y 1
of of Yy
W - 5y Im(210g(1—y)—10g(1—;)>—27r(25+u—1),
where 2 = ¢2™V-1HXV=D and y = 21V Henge, since & — 2,
0% f 2 % | dx 2x 4
() < (2 )
oxz — (1—x+1—§)dX S N gy

2 1
:27rIm<— — ),
l—z 1-1%

where we obtain the last equality by changing the content of the parentheses by a real
number, which does not change its imaginary part. Similarly, we have that

0% f 1 0% f 2 1
= 21 = 2rlm (—— — .
oxoy — TTMIZE Gy? 7”“(1—3/ 1—5)

T
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Therefore, the Hesse matrix of f is presented by
2@1 + b —b
2m ( b 2ay+ b) ! (69)

1 1 1
s agzImm, b:—Iml_%

where we put

ay = — Im 1—»
Since 0.6 <t < 0.9, Im (1 — x) > 0, and hence, a; > 0. Similarly, since 0.14 < s < 0.4,
we have that ay > 0.

When t — s < %, we have that Im (1 — %) > 0, and hence, b > 0. Then, we can verify
that the trace and the determinant of the Hesse matrix (69) are positive. Hence, the
Hesse matrix (69) is positive definite. Therefore, by Lemma 4.7, f has a unique minimal
point and no other critical points, as required.

When ¢t — s > %, putting ' = —b, we have that & > 0. Since any critical point of f is
in the domain (72) by Lemma 4.6 below, it is sufficient (by Lemma 4.7) to show that the
Hesse matrix (69) is positive definite in the domain (72). Hence, it is sufficient to show
that

(the trace of (69)) = 4m(a; +ax — V) > 0, (70)
(the determinant of (69)) = 47°((2a; — V')(2az — V') — b'2)
2 1 1
= 871'2611612[?/(—, - — —) > 0. (71)

b aq Q9
We show that (71) = (70), as follows. Suppose that (71) holds. Then, 3 > %(a—ll + é)
Since a1, as and b’ are positive, % > i or % > é Hence, V' < a; or b/ < ay. Therefore,

(70) holds.
We show (71), as follows. Since z = e>™V~—1+XV=1) "4, is presented by

. I 1 | 1-7 e~2™X sin 27t
= —1m = —1m --——: = —
1 1— 21 |1 _ x‘2 (1 — e2nvV/—Tte=2mX)(] — g2/~ Ttg—2nX)
B sin 27t B sin 27 (1 — t)
e2mX e=2mX _9cos2mt €N e 27X —2cos2m(1—t)
Hence,
1 e 4™ —2cos27m(1 —1)
a sin27(1 —¢)
Similarly, we have that
1 e e 2™ —2cos2ms 1 e 4 27X 9 cos27m(1 —t + s)
as sin 27s ’ v sin2m(1 —t + s)
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Therefore, the differential of % — a—ll — 12 with respect to X is given by

a

2n(X-Y) _ 627r(Y—X) 2rX _ 27X

1 o2 1 1y 5. € e e
2r OX 'V a1 ay’ sin2m(1 —t + s) sin2m(1—t¢)

Since X >0, V<0, 033<1—-t+s<05and0.1<1—-¢t<04,

2 1
N S 2nX 27X .
27 0X (b’ aq ag) > (6 € )<sin 2r(l—t+s) sin27(1— t))

2nX 27X 2 o 1 1 >
> (e ¢ )<sin27r-0.33 max{ 2o 5T s 04

2nX 27X 2 _ 1 1
> (e ¢ )<O.876307... max{ g 0.587785...}>

> (¥ — e ™). 0.581004... > 0.

Hence, it is sufficient to show the required inequality when X = 0. Similarly, since X > 0,
Y <0, 033<1—-t+s<0.5and0.14 <s<0.4,

1 o 2 1 1 e27r(X—Y) _ 627r(Y—X) e~ 2mY _ p2nY
(22 = 9. —
2r Y (b’ a a2> sin2m(1 —t + s) sin 27s
9 1
—2nY 2nY
> p— —
(e ‘ )<Sin27r(1 —t+s) sin27rs>
2 1 1
—2nY 2nY
> -
(e ) <sin o 033~ ™ Sier01d’ smon 0.4}>
2 1 1
—27Y 2nY
> - —_— — :
(e ) (0.876307... max{ 0.770513... " 0.587785... }>

> (e7™ —¢e*™) - 0.581004... > 0.

Hence, it is sufficient to show the required inequality when ¥ = 0. When X =Y =0,

1(2 1 1) B 1—cos2m(l—t+s) 1—cos2m(l—1t) 1—cos2ms
2\ a; ay’ sin2w(1 —t + s) sin 2w (1 — t) sin27s
Further, since 1;‘;1023:;“ =3 anif;‘;‘m = tan wa,
1,2 1 1
(- ———-—) = 2tana(l—t+s)—tan7(l —t) — tanms > 0.
2N aq a9

Hence, we obtain (71), as required. O]

The following two lemmas are used in the proof of Lemma 4.5.

Lemma 4.6. Let f be as defined in (68). If s < t—1 < s+u < 1, then any critical point
of f is in the following domain,

{(X,Y)eR* | X >0, Y <0}. (72)

40



Proof. Let (X,Y) be a critical point of f. ]
We show that X > 0, as follows. Since g—)f( =0,

—2Arg (1 —x) +27r(t— %) = —Arg (1 — %)7

where 2 = e?V=1UHXV=D) and y/z = e 27V-1(E9)2n(XY) - Gince % <t—s < 0.67,
the right-hand side of the above formula is positive. Further, since 0.6 < ¢t < 0.9, the

left-hand side is monotonically increasing with respect to X, and is equal to 0 at X = 0.
Therefore, X > 0.

We show that Y < 0, as follows. Since g—{; =0,
2Arg (1 —y) = Arg (1 — g) + 27r(23 +u— 1),
x

where y = 2™V TEHYVD and /o = e 2V-10-9)27(XY) - Since Arg (1-%) <0 as
mentioned above,
2Arg (1 —y) < 2r(2s+u—1).

Hence,
2Arg (1 —vy) +27r(% —s) < 2m(s+u-— %)

From the assumption of the lemma, the right-hand side of the above formula is negative.
Further, since 0.14 < s < 0.4, the left-hand side is monotonically increasing with respect
to Y, and is equal to 0 at Y = 0. Therefore, Y < 0. O

Lemma 4.7. For each (t,s,u) € A’ satisfying that t — % < s+u, f(X,)Y) = oo as
X?24+Y? 5 0.
Proof. From the definition of V, we have that

ReV (t+XvV—1,s+YV-1,u+ Zv-1)

- R ( _9 Li2(62n¢jl(t+X¢jl)) B LiQ@Zwﬁ(s—t-ﬁ-Yﬁ—Xﬁ))

1
e S —
21/ —1
) Liz(ez’”/*l (s+Y\/—1)) 4 Li2(62“*/*1 (u+Z\/71))>

+ 2w (t — %)X —2m(s — %)Y —2m(s+u— %)(Y + 7).

Since f is defined from the above formula by fixing Z, it is sufficient to show that
1
e S
2w/ —1
1
_ Li2(€2ﬂ-\/71(sftJrY\/fle\/fl))) + 277(15 _ §)X + 271,(1 — 9 — u)Y

5 (= 2Lip(exV VD) g L2 T VD)
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goes to 0o as X? + Y2 — oo. Hence, putting
FXY) = (t—3)X fX>0 N (1-2s—uw)Y %fyzo
—(t- DX if X <0 —uy ity <0
(t—s+ DX -Y) ifX>Y
fX <y )
by Lemma 2.2, it is sufficient to show that F(X,Y) — oo as X? + Y? — oo.
We show that F(X,Y) — oo as X? + Y2 — oo, as follows. As for the first summand
of (73), since t > 0.5, this summand goes to 0o as | X| — co. As for the second summand
of (73), since 1 —2s —u > 0 and w > 0, this summand goes to oo as |Y| — co. As for

the third summand of (73), since t — s + % > (, this summand is non-negative. Hence,
F(X,Y) — 0o as X% +Y? — oo, as required. O

(73)

Lemma 4.8. Suppose that t—% > s+u, and consider the flow from (X,Y) = (0,0) along

the vector field ( 6X, —g—{j). Then, Y — —o0.

Proof. The differential of f with respect to X is presented by

of  of y 1
9T 9 oparg(1— )+ Arg (1Y) 4 2n(t — =
X ~ ox g (1= o)+ Arg (1= ) +2m(t = 5),
where z = 2™V-1EHXV=D) 4nd = e~ 2V =1(t=5)2n(X=Y) Ty particular, when X = 0,
noting that Arg (1 —z) = (¢t — 1),
of y
9Tl Z A (1-Y) <0
0X Ix=0 g ( x) <5

since 3 <t —s < 0.7. Hence, the flow of the lemma goes in the domain {X > 0}. We
suppose that X > 0 in the following of this proof.
The differential of f with respect to Y is presented by

of _ of
oy oy
where y = e2™V1EHYVED gnd ¥ = o= 2mV=1(E-9)o27(X=Y)  Hepce,

= 2Arg(1—y) — Arg (1— Z) — 27(2s + u — 1),
xXr

of

1 1 1
(9_Yyﬁfoo: —2.2ﬂ(§—s)+27r(t—5—§)—27?(23—|—u—1) = 27T(t—s—u——) > 0.

2
Further, when Y < 0, similarly as in the proof of Lemma 4.5, we have that
1 9%f 2 1
— = Im < — )
2w 0Y? l—y 1-¢
2sin 27s sin27(1 —t + s)
e2™Y 4 o2 — cos2ms  e2mXY) 4 e2n(Y=X) — cos2mr(1 — t + )
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2sin27s —sin2w(1 — t + s)
e2m™Y 4 e=2mY — cos 27s

where we obtain the last inequality since 0.14 < s <1 —-t+ s < % Further, since
sin27s > max{sin2r-0.14, sin27(1 —t +s)}

1
= max{0.770513... , sin2n(1 —t+s)} > istWUx—t+s%

we have that 57 > 0. Hence, 5> is monotonically increasing. Therefore, since 5 N >

0 as shown above, we have that g—{j > 0. Hence, by the flow of the lemma, ¥ — —oco. [
Lemma 4.9. When we apply Proposition 2.6 to (55), the assumption of Proposition 2.6
holds.

Proof. We show that there exists a homotopy A} (0 < 6 < 2) between Aj = A’ and A}
such that

(th 807u0) S AIQ’ (74>
Ay —{(to, s0,u0)} C {(t,s,u) € C* | ReV(t,5,u) <<, }, (75)
OA; C {(t,s,u) € C* | ReV(t,s,u) <, }. (76)

For a sufficiently large R > 0, we put

in{R, g5(t, s, if <1
g3(t,s,u) = min {R, gs(t, 5,0} Lo i
R if s+u> 3,

where g3(t, s, u) is given in Lemma 4.4. We note that, since g3(¢, s,u) — 0o as s+u — %—0,
g3(t, s,u) is continuous. We set the middle part A} of the homotopy by

AL = {(t, s, u+ gs(t,s,u)v/-1) € C° ‘ (t,s,u) € A"}

Further, we define the internal part A (0 < § < 1) of the homotopy by setting it along
the flow from (¢, s,u) determined by the vector field (O, 0, —g—g). By Lemma 4.4, such a
flow goes to A}. We note that, when s 4+ u > %, ReV is sufficiently small on Al Tt is a
problem how to move A further to make Re V smaller, when s + u < 2.

We consider the behavior of the flow from each point of A} determined by the vector
field ( — %, —%, O). When t — % < s+u, by Lemma 4.5, f has a unique minimal point,
and the flow goes to it; we put this minimal point to be (g1(t, s,u), g2(t, s,u)). When

— % > s+ u, by Lemma 4.8, Y goes to —oo by the flow. We put

—R t if t+— 1<
ot s,u) = {maX{ , ga(t, s,u)} i Los+u,

—-R if t—1>s+u.
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We note that, since go(t, s,u) - —occ ast—s—u — %—O, g2(t, s, u) is continuous. We put
g1(t, s,u) so that (gl(t, s,u), ga(t, s, u)) is on the flow. We set the ending of the homotopy
by

A = {(t—i-gl(t,s,u)\/—l, s+ go(t, s,u)v—1, u—l-gg(t,s,u)\/—l) eC? | (t,s,u) € A’}.

Further, we define the internal part A (1 < § < 2) of the homotopy by setting it along

the flow from (t, s, u+ gs(t, s, u)\/—l) determined by the vector field ( — g—;, —g—{i, )
We show (76), as follows. From the definition of A/,

N C {(t,s,u) eC® | ReV(t,s,u) <, }.

Further, by the construction of the homotopy, Re 1% monotonically decreases by the ho-
motopy. Hence, (76) holds.
We show (74) and (75), as follows. Consider the following functions

F(t,s,u, X,Y,Z) = ReV(t+XvV—1, s +YV~-1, u+ Zv-1),
h(t,S,U) = F(ta S, U, gl(ta‘S?u)a g?(ta S,U), 93(t737u))'

When ¢t — 3 > s+uor s+u > 3, —h(t,s,u) is sufficiently large (because we let R be
sufficiently large), and (75) holds in this case. When ¢t — 1 < s+ u < i, similarly as
in the proof of Lemma 3.9, we can show that, if (¢,s,u) is a critical point of h(t, s, u),

(t+gl(t, s,u)vV/—1, s+ ga(t, s, u)v/—1, u+ gs(t, s, u)\/—l) is a critical point of V. Hence,
by Lemma 4.2, h(t,s,u) has a unique maximal point at (¢,s,u) = (Retg, Re sg, Reug).
Therefore, (74) and (75) hold. O
5 The 65 knot

In this section, we show Theorem 1.1 for the 63 knot. We give a proof of the theorem in
Section 5.1, using lemmas shown in Section 5.2-5.5.

5.1 Proof of Theorem 1.1 for the 6; knot

In this section, we show a proof of Theorem 1.1 for the 63 knot.
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The 63 knot is the closure of the following tangle.

As shown in [33], we can put the labelings of edges adjacent to the unbounded regions as
shown above. Hence, from the definition of the Kashaev invariant, the Kashaev invariant
of the 65 knot is presented by

N %—n N %-&—n—i N —%—k
<63 >N = Z 4 — X — g — X — 4 —
(ON-2(@Dn—1 @DN-n(Dn=i(@i=1  (DN=5(Q)j—r=1 (D
N g3 ti-1 N g5 +kt N g~ ++1
X g X q° X g’

(@;-i(@)i-1(@nv—; (D @DNv-11(@Di—r (@) N-11
- ¥ N*
B o<ien (D1 @i1( @O n (@ v—5 (051 (D) (@

- Z (@):(@ a - (77)

e (@)@ (N1 (@D n—-1(0) ;-1 DD

where the second equality is obtained by (4) and (5), and the last equality is obtained by
replacing ¢ with ¢ + 1 and replacing j with j 4 1.

Proof of Theorem 1.1 for the 63 knot. By (6), the above presentation of ( 63 ), is rewritten

_2i+1 2j+1 2k+1
_ 4
(6a)y = N* D eXp<NV< 9N ' 2N ' 2N )>’

0<i<j<N
0<k<j

where we put

Vits,u) = (000~ o~ 1) — (1 =541 = =15) — p(s) + (1~ 5)

+¢(s—u+%) + o(u) — (1 — u) —4@(%) +4p(1— %))
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_ %(2gp(t)—s0(1—s+t—%) —290(5)+90(5—u+%) +2<P(“)>

1 1 4
+27T\/—1-§(t2—32+u2—t+s—u+6)—NlogN.

Here, we obtain the last equality by (10) and (11). Hence, by putting

4
V(t,s,u) = V(t,s,u)+ NlogN

1 1 1
— —(20(t)—p(1—s+t——)—2 Ut ) 42 )
N( o(t) —p(l—s+t QN) o(s) +o(s u+2N)—|— o(u)
1 1
—|—27T\/—1-§(t2—32—|—u2—t—|—s—u—|—6),
the presentation of (63 ), is rewritten
2+1 2j+1 2k+1
- N - >
(63 ) 2. eXp( S i T
0<i<j<N
0<k<j
2i+1 2j+1 2k+1
- N - )
ZeXp( VSN TN T )

i k€T
2i+1 2541 2k+1
2N 7 2N ’ 2N )EA

2i+1 2541 2k+41
2N 7 2N 7 2N

A = {(t,s,u)ERg‘Ogtﬁsgl, Ogugs}.

where the range A of ( ) of the above sum is given by the following domain,

By Proposition 2.1, as N — oo, V/(t,s,u) converges to the following V(t,s,u) in the
interior of A,

Vit s,u) = %—\1/__1 (2Lia(eY 1) — Lip(e 21670 — 2 Lin(eV 1)
+ Lig(e?™V-16-w) 42 Liz(ezw‘/jl“)> + 2my/—1 - %(tz — st —tds—u+ é)
By concrete computation, we can check that the boundary of A is included in the domain
{(t,s,u) € A | Re Vit,s,u) < ¢— e} (78)

for some sufficiently small ¢ > 0, where ¢ is given by (86), noting that < is real unlike the
cases of the 6; and 65 knots. Hence, similarly as in Section 3.1, we choose a new domain
A’ which satisfies that A — A" C (78), as

/o
A = {WW)EA 0.3<s—1<047, 0.3<s—u<047

0.18<t<03, 054<s<07 0.18<u<03 } (79

where we calculate the concrete values of the bounds of these inequalities in Section 5.2.
Then, similarly as in Section 3.1, we can restrict A to A’ as

% +1 2j+1 2k+1 )
— ,Ng N . - N Ne
<63>N € ( ijkzez eXp( V( IN ) IN ) IN ) §> —|—O<€ ))7 (8())

2i4+1 25+1 2k41 /
(2N’2N’2N)GA
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for some € > 0.
Further, by Proposition 2.3 (Poisson summation formula, see also Remark 2.5), the
above sum is presented by

(63), = eN° <N3 // exp (N - V(t,s,u) — Ng)dtdsdu + O(e_N5)>, (81)

noting that we verify the assumption of Proposition 2.3 in Lemma 5.2. Furthermore, by
Proposition 2.6 (saddle point method, see also Remark 2.7), there exist some &’s such
that

(63), = N’exp (N . V(tc,sc,uc)) .

(det(~H)""*(1+ i kil + O™

for any d > 0, noting that we verify the assumption of Proposition 2.6 in Lemma 5.5.
Here, (t., s, u.) is the critical point of V' which corresponds to the critical point (¢, so, uo)
of V of Lemma 5.1, and H is the Hesse matrix of V at (Ley Sy Ue).

We calculate the right-hand side of the above formula. Similarly as in Section 3.1, we
have that V(t,, s, u.) = V (to, S0, ug) +O(h?). Further, similarly as in Section 4.1, we have
that

1 1 x
go(l—so—i—to—ﬁ) = gp(l—so~|—to) +§log(1—y—2)+0(h2)’

1 1
¢ (s0 — uo + ﬁ) = ¢(so—uo) — Elog (1- z—g) + O(h?),

where we put zo = eVl o — 2V=1s0 and zy = 2™V 1w Hence, by comparing
V (to, S0, ug) and V' (tg, S0, ug) = <, we have that

1 Zo 1 Yo
V(to,So,Uo) = ¢ — ﬁlog (1 - %) - ﬁlog (1 - Z_O) + O(hz)

Therefore, there exist some k;’s such that
d
(65), = N N32y. (1 +3 kil + o<nd+1))
i=1

for any d > 0. Here, we put

w = (221 - ?)‘1/2(1 — )7 (det(~Ho))"* = 0.416927..
0 0

where H, is the Hesse matrix of V at (to, So,up) whose concrete presentation is given in
(88); see also [22] for a relation of this value and the twisted Reidemeister torsion. Hence,
we obtain the theorem for the 63 knot. ]
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5.2 Estimate of the range of A’

In this section, we calculate the concrete values of the bounds of the inequalities in (79)
so that they satisfy that A — A’ C (78).

Putting A as in Section 2.2, we have that
ReV(t,s,u) = 2A(t)+A(s —t) —2A(s) + Als — u) + 2 A(u).
We consider the domain
{(t,s,u) € A | 2A(t) + A(s —t) = 2A(s) + A(s —u) + 2A(u) > <}, (82)

where we put ¢ = 0.906072... as in (86). We note that this domain is symmetric with
respect to the exchange of ¢ and u. The aim of this section is to show that this domain
is included in the interior of the domain A’ of (79). We graphically show the set of (¢, s)

satisfying that Re V (¢, s,u) > ¢ for some u in Figure 4.

<0.7
[ &\ 8;7
L Q-
&
L /\)
r o

0.60 -

0.18<t

0.3 <s—t

0.54<s

0.20 0.25 0.30

Figure 4: The set of (¢, s) satisfying that Re V (¢, s,u) > ¢ for some u

We can show (see Lemma C.1) that the domain (82) is a compact convex domain and
its boundary is a smooth closed surface whose Gaussian curvature is positive everywhere.

We calculate the minimal value ¢,,;, and the maximal value t,,,, of t. We consider the
plane t = ¢ for a constant c. The range of t is given as the range of ¢ such that this plane
and the domain (82) has non-empty intersection. Since the domain (82) is a compact
convex domain whose boundary is a smooth closed surface, the maximal and minimal
values are given by the planes tangent to this domain. The tangent points of such planes
are given by solutions of the following equations,

2A(t)+ A(s—t) —2A(s) + A(s —u)+2A(u) =

%(2A(t)+A(s—t)—2A(s)+A(8—u)+2A(u)) = 0,
%(2A(t)+A(s—t)—2A(s)+A(8—U)+2A(U)) = 0.

Since the boundary of the domain (82) is a smooth closed surface whose Gaussian cur-
vature is positive everywhere, there are exactly two such tangent points, and the above
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system of equations has exactly two solutions, corresponding to the minimal and maximal
values of t. By calculating a solution by Newton’s method from (¢, s,u) = (0.2, 0.6, 0.2),
we obtain fy;, = 0.186629... , and from (¢,s,u) = (0.3, 0.6, 0.3), we obtain ty., =
0.296109... . Therefore, we obtain an estimate of ¢ in A’ as

018 < ¢t < 0.3.

To be precise (see Remark 4.1), we can rigorously verify the above estimate of the solutions
of the above system of equations in a similar way as in Section A.3.

We calculate the minimal value s,,;, and the maximal value sy, of s. They satisfy the
following equations,

QA() +A(s — ) —2A(s) + A(s —u) +2A(u) =

9 (2A0) + Als — 1) ~ 2A(5) + Als — ) +2A(u)) = 0,

0 (2A(t) + A(s — 1) = 2A(s) + A(s —u) + 2A(u)) = 0.

ou
They are rewritten
2A(t) +A(s—1t) —2A(s) + A(s —u) + 2A(u) = g,
2N(t) = N(s—1),
2N (u) = N(s—u).
We note that this system of equations has exactly two solutions. Since the above system

of equations is symmetric with respect to the exchange of ¢t and wu, the solutions of the
form (, Smin, w) and (, Smax, ©) satisfy that ¢ = u. Hence, the above system of equations

is rewritten

2A(t) + A(s —t) — A(s) = 3,

2N (t) = N(s—t).
We note again that this system of equations has exactly two solutions. By calculating
a solution of them by Newton’s method from (¢,s) = (0.25, 0.55), we obtain Sy, =

0.547094... , and from (¢,s) = (0.25, 0.7), we obtain sy, = 0.688624... . Therefore, we
obtain an estimate of s in A’ as

054 < s < 0.7.

To be precise (see Remark 3.2), we can rigorously verify the above estimate of the solutions
of the above system of equations in a similar way as in Section A.2.

We calculate the minimal value (s — t)y;, and the maximal value (s — t)yax of s — t.
Putting w = s — ¢, they satisfy the following equations,

2A(t) + A(w) —2A(E+w) + At +w —u) + 2A(w) = s,
%(ZA(t)—l—A(w)—2A(t+w)+A(t+w—u)+2A(u)) = 0,
(%(2/\(75)+A(w)—2A(t+w)+A(t+w—u)+2A(u)) ~ 0.
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We note that this system of equations has exactly two solutions. By calculating a solution
by Newton’s method from (w,t,u) = (0.3, 0.25, 0.25), we obtain (s — )i, = 0.301964...
and from (w,t,u) = (0.5, 0.2, 0.2), we obtain (s — t)yax = 0.462284... . Therefore, we
obtain an estimate of s — ¢ in A" as

03 < s—t < 047.

To be precise (see Remark 4.1), we can rigorously verify the above estimate of the solutions
of the above system of equations in a similar way as in Section A.3.

We obtain the other bounds of A’ from the above bounds by the symmetry with respect
to the exchange of t and wu.

5.3 Calculation of the critical value

In this section, we calculate the concrete values of a critical point and the Hesse matrix
of V.
The differentials of V are presented by

%V(t, s,u) = —2log(l —z) +log (1 — g) +2myV/—1(t - %), (83)
%V(t, s,u) = 2log(l—y) —log (1 - g) —log (1 - g) —2mV/—1 (s — %), (84)
O ¥t su) = ~2108(1 - 2) 4 log (1 - ¥) 20V T (u - 3), (85)

where x = 2™V =1t gy = ¥V=1s and 2 = 2™V 1Y,

Lemma 5.1. V has a unique critical point (to, o, uo) in P~ (A), where P : C3 — R3 is
the projection to the real parts of the entries.

Proof. Any critical point of V is given by a solution of %f/ =2y = %V = 0, and these

S
equations are rewritten,

(1=2p = —o(1-1),
(1-y)?* = —y(l—i)(l—%)’
(127 = —2(1-2).

From the first formula, we have that y = 2%/(z* —z+1). Hence, from the second formula,
we have that z = 2%/((z — 1)(2* 4 1)). By substituting these into the third formula, we
obtain

2% — 22° + 52 — 62 + 507 —=3xr +1 = 0.

Its solutions are given by

x = 0.108378... £/-1-0.818891... , 0.23185... £ /-1 -1.65564... ,
0.659772... = /=1-0.298454... .
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Since z = ¥V 11,

= 0.229058... + /=1-0.030418... , 0.770942... + /-1 -0.030418... ,
0.227856... — v/—1-0.081789... , 0.772144... — /-1-0.081789... ,
0.067611... ++/—1-0.051371... , 0.932389... + v/=1-0.051371... .

Among these, the first and third solutions are in the range of ¢ in A’. Further, as for the
third solution, u = 0.932389... — /=1 -0.0513713... , and this is not in A’. From the first

solution, we have that

xo = 0.108378... +—1-0.818891... , to = 0.229058... + v/=1-0.030418... ,
yo = —0.57395... —/-1-0.818891... , 5o = 0.652705... ,
2o = 0.158836... +/~1-1.20014... , ug = 0.229058... — /=1-0.030418... ,

where zo = e2mV=1to o — e2mV=1s0 and 25 = 2™V -1u0_ These give a unique critical point
of Vin P7H(A). O

The critical value of V at the critical point of Lemma 5.1 is presented by

~

g = V(t07 S0, UO)

1
2my/—1
1 1
+27T\/—1~§(t3—88+u3—t0+50—u0+6) (86)
— 0.906072... |

noting that this value is real, since the 63 knot is amphicheiral and the above value is
invariant under the symmetry

(t, s, u) — (u, s, t), (x,y, z) — (1/Z, 1/y, 1/7). (87)

We calculate the Hesse matrix of V. Since z = ¢2™V~1t, % = 2my/—1 x%. Hence, from
(83), we have that

By calculating other entries similarly, the Hesse matrix of V at (to, So,up) is presented by

2 1
8_17:277\/—_1<x( 2 _

ot? 1—2 1

| |<is

< |8

)+1) _ 277\/—_1<1+I—

11—z 1

< |8

1+ZL‘0_ ﬁl % 0
-2y 1-— % 1— 2o
* vo 1+ 10 d’ % %
Hy, = 2m/—1 Y0 — Sg—A 20 - . (88
o= 1= 1=y 1—§—g+1—g—g 1B (88)
Yo Yo
0 _ 28 1+Zo zg
1—y—0 1—20 — 0
20 20

o1



5.4 Verifying the assumption of the Poisson summation formula

In this section, we verify the assumption of the Poisson summation formula in Lemma 5.2,
which is used in the proof of Theorem 1.1 for the 63 knot in Section 5.1. As we mentioned
in Remark 2.5, we verify the assumption for V' (¢, s, u) instead of V (¢, s, ), since V (¢, s, u)
converges uniformly to V(t, s,u) on A’ in the form mentioned in Remark 2.5.

By computer calculation, we can see that the maximal value of ReV — ¢ is about
0.02. Therefore, in the proof of Lemma 5.2, it is sufficient to decrease, say, Re V (¢, s, u +
dv/—1) — 276 by 0.02, by moving 6 (though we do not use this value in the proof of the
lemma).

Lemma 5.2. V(t, s,u) — ¢ satisfies the assumption of Proposition 2.3.
Proof. We show that 0A’ is null-homotopic in each of (15)—(20).
As for (15) and (16), similarly as the proof of Lemma 3.4, it is sufficient to show that

—(2r—¢') < Re (%V(t + v —1, s, u)) < 2mr—¢ (89)

for some € > 0. The middle term is calculated as

0 ~ x 1
Re (%V(t%—é\/—l, s, u)) = 2Arg(1—2z)— Arg (1 — ;) — 27r(t — 5)7

where 2 = 2™V -1HV=D  GQince (.18 < ¢ < (0.3,
1
—27?(5 —t) < Arg(l—z) < 0.
Further, since 0.3 < s —1t < 0.47,

0 < Arg(1-7) < (5 5 +1).

Therefore,
0 ~ 1
—27m(l —s) < Re (%V(t + 0V —1, s, u)) < 27?(5 —t).
Since s > 0.54 and t > 0.18,
_927.0.46 < Re (%V(t 46V, s, u)> < 27-0.32,

and hence, (89) is satisfied.
As for (17) and (18), similarly as above, it is sufficient to show that

o .
—(@2r—¢) < Re <%V(t, s+ 0v/—1, u)) < o —¢ (90)
for some €' > 0. The middle term is calculated as
0 ~ 1
Re <%V(t, s+ 0v—1, u)) = —2Arg(1—y)+Arg (1 - g) + Arg (1 — g) + 27 (s — 5)
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where y = 2™V -15+0V=1) GQince 0.54 < s < 0.7,
0 < Arg(l—y) < 27(3—%).
Further, since 0.3 < s —1t < 0.47,
0 < Arg(l—%) < 27T(%—S—|—t).

Furthermore, since 0.3 < s —u < 047,

1
—271'(5 —S+u) < Arg(l— y) < 0.
2
Therefore,
—2m-u < Re (2\7@ s+0v—1 u)) < 27m-t.
65 Y Y
Since u© < 0.3 and t < 0.3,
“27-0.3 < Re (%V(t, s+ 0V, u)> < 2703,

and hence, (90) is satisfied.
As for (19) and (20), similarly as above, it is sufficient to show that
9 -
—(27 —€") < Re <%V(t, S, U+ 5\/—1)> < 2m—¢
for some € > 0. We obtain this formula from (89) by the symmetry (87). O

5.5 Verifying the assumption of the saddle point method

In this section, we verify the assumption of the saddle point method in Lemma 5.5. In
order to show this lemma, we show Lemmas 5.3 and 5.4 in advance. As we mentioned in
Remark 2.7, we verify the assumption for V (¢, s,u) instead of V (¢, s,u), since V (¢, s, u)
converges uniformly to V (¢, s,u) on A’ in the form mentioned in Remark 2.7.

In the proof of Lemma 5.5, as mentioned at the beginning of Section 5.4, it is sufficient
to decrease Re V' (¢, s,u) by 0.02, by pushing ¢, s, u into the imaginary directions. In order
to calculate this concretely, putting

f(X,Y,Z)=ReV(t+XvV—1, s+ YV—1, u+ Zv—-1) —g,
as in Section 3.5, we consider the behavior of f at each fiber of the projection C* — R3.

Lemma 5.3. For each (t,s,u) € A, f has a unique minimal point and no other critical
points.
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Proof. By Lemma 5.4, it is sufficient to show that the Hesse matrix of f is positive definite
at any (X,Y,Z) € R3. Similarly as in the proof of Lemma 4.5, we have that

02 f 2 1 02 f
X2 7Tm<1—g; 1—§>’ X 0Y 7Tm1—§’
02 f 2 1 1 02 f
— orIm|( — _ -
i G v 1—§+1—g>’ Y 0Z T T

02 f 2 1
()
A e

where z = 2™V LIHXV=D) 1y — @20V =T(+YV=1) gp 5 = 27V=1(+2V=1) Hence, the Hesse

matrix is presented by

al—l—bl —bl 0
2 —b1 as + b1 + b2 —bg ,
0 —bg a3—|—b2
where we put
2 -2 2 -1 1
a; = Im , ay = Im—, a3 = Im , bh=Im——, by = Im——,
l—x 1—y 11—z -2 1-4

noting that these numbers are positive since (¢,s,u) € A’. Since the above matrix is
equivalent as a quadratic form to the following matrix,

aq + bl 0 0
aib asb
2 0 az + all-H; + a3i-§2 0 ’
0 0 as + bg
the Hesse matrix of f is positive definite, as required. m

The following lemma is used in the proof of Lemma 5.3.
Lemma 5.4. For each (t,s,u) € A/, f(X,Y,Z) = o0 as X* +Y?+ Z? — oo.
Proof. From the definition of f, we have that

F(X,Y,Z) = Re (2 Li2(62nﬁ(t+xﬁ)) _ Li2(e27r\/j1(1+tfs)+27r(YfX))

1
2y —1

— D Lig(eMVTOHVD) Ly (VT HAIEN) g gy (VT 4V T

1 1 1
— 27r(t — §)X + 27r(3 — Q)Y — 27T(u — E)Z —G.
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Hence, by Lemma 2.2, putting

1 .
FX.Y.Z) = L)X ifX>0 0
~i-HX if X <0 (%
N s—3)Y Y >0 ifYy >Z
—(s—3)Y ifY <0 %—s+u WZ-Y)ifYy <Z

. ({_g( w)Z ifX20>

—u)Z if X <0
it is sufficient to show that F(X,Y, Z) — oo as X?*4+Y?+Z? — co. Since F(c X, cY,cZ) =
cF(X,Y,Z) for any ¢ > 0, it is sufficient to show that F(X,Y, Z) is positive on the unit
sphere {(X,Y,Z) e R® | X2 +Y?+ Z? = 1}.

Note that all of the five summands in the right-hand side of the formula of F/(X,Y, 7)
are non-negative. Further, the first summand is positive if X # 0, the third summand
is positive if Y # 0, and the last summand is positive if Z # 0. Hence, F\(X,Y,Z) is
positive on the unit sphere, as required. O]

itX>Y
—s+t)(Y - X) f X <Y

N[ |

Lemma 5.5. When we apply Proposition 2.6 to (81), the assumption of Proposition 2.6
holds.

Proof. We show that there exists a homotopy A5 (0 < 6 < 1) between Aj = A" and A}
such that

(to, S0, ug) € Al, (91)
A} —{(to, so,u0)} C {(t,s,u) € C* | ReV(t,s,u) <<}, (92)
A5 C {(t,s,u) € C* | Re V(t,s,u) <} (93)

At each fiber of the projection C* — R3, we consider the behavior of f(X,Y,Z) =
Re V(t + XvV—-1,5+Yy/=1,u+ Zy/—1) —¢. By Lemma 5.3, f has a unique minimal
point. We put this minimal point to be (X,Y, Z) = (gl(t, s,u), ga(t, s,u), gs(t, s, u)) We
define the ending of the homotopy to be the set of these minimal points,

A = {(t—l—gl(t,s,u)\/—l, s+ go(t, s,u)v/—1, u—i—gg(t,s,u)\/—l) eC? | (t,s,u) € A’}.

Further, we define the internal part of the homotopy by setting it along the flow from
(t,s,u) determined by the vector field ( — g—f(, —g{i, gé)
We can show (91), (92) and (93) by Lemma 5.1 in a similar way as the proof of Lemma

3.9. O

A Estimate of solutions of systems of equations

In Sections 3.2, 4.2 and 5.2, we estimate solutions of some systems of equations by using
numerical solutions obtained by Newton’s method. As mentioned in Remarks 3.1, 3.2 and
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4.1, this argument is not partially rigorous, since we do not estimate the error terms of
such solutions. In order to complete their proofs, we show how to estimate such solutions
rigorously in this appendix. We explain 1-; 2-; 3-variable cases in Sections A.1, A.2, A.3
respectively.

A.1 Estimate of solutions of (35)

In this section, we explain how to estimate solutions in 1-variable case. We explain it for
solutions of (35); we can estimate solutions in other 1-variable cases in similar ways.

As mentioned in Section 3.2, there are exactly two solutions of (35) in 0 < ¢ < 0.5. We
put them to be tyi, and tya (such that i < tmax). As we mentioned in Remark 3.1,
we give a rigorous proof of estimates of them in the following lemma.

Lemma A.1. 0.03 <t and thax < 0.4.

Proof. We put

P(t) = 2A(t) — ¢, + 2A(é).

Then, (35) is rewritten as P(t) = 0. Since

1
P(0.03) = —0.020344... < 0, P(5) = 0.142571.. > 0, P(04) = —0.045188... < 0,

we have that ]
— < tmax < 0.4,

6

as required. O

0.03 < thm <

A.2 Estimate of a solution of (36)

In this section, we explain how to estimate a solution in 2-variable case. We explain it
for a solution of (36); we can estimate solutions in other 2-variable cases in similar ways.

As mentioned in Section 3.2, there are exactly two solutions of (36). We put wyay to
be w of the solution whose w is the larger one. As we mentioned in Remark 3.2, we give
a rigorous proof of an estimate of wy,., in the following lemma.

Lemma A.2. wy. < 0.94.

Proof. The system of equations (36) is rewritten

A(w —2s) + A(s) — 3¢, = 0,
2N (w—2s) = AN(s).

Since A'(t) = —log 2sin ¢, the second equation is rewritten

2sin’ r(w — 2s) = sinws.
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We put t = w—s—u = w— 2s. Since 0.03 < t < 0.4 as shown in Section 3.2,

sin(w — 2s) > 0. Therefore,
: /1.
sinm(w — 2s) = 5 sins,
1 _ 1 .
w = 25+ —arcsin4/ - sSIn7s.
U 2

We put the right-hand side of this formula to be f(s), that is, w = f(s).
In order to transform a range of s to a range of w later, we show that f(s) is mono-
tonically increasing in an area where we consider a solution, as follows. We put

and

F(w,s) = 2sin’7(w — 2s) — sin7s.
Since F'(w,s) =0,
d OF OF
iy - 2 e+ & <o
TF(f(9)8) = 5 F(s)+ o
Hence, since
oF : :
90 4 sinm(w—2s) cosm(w—2s) = 27 sin 2w (w—2s),
w
OF
55 = —4msin 2w (w—2s) — wsinws,
we have that
or CoS TS CoS TS
/ ow
= —0w - 9 =24+——— >0
/() or T o 27 (w—2s) T s ont ’

where we obtain the last inequality since 0.001 < s < 0.5 and 0.03 <t < 0.4 as shown in
Section 3.2. Therefore, f(s) is monotonically increasing in the area of such s and t.

We estimate a solution of (36) by rewriting it as a 1-variable equation, as follows. We
put

P(s) = A(f(s) —2s) 4+ A(s) — %gR :
Then, (36) is rewritten as P(s) = 0. Since
P(0.346) = 0.0003872... > 0, P(0.347) = —0.0002516... < 0,
a solution of P(s) =0 is in the following range,
0.346 < s < 0.347.

Further, since f(s) is monotonically increasing, w of a solution of (36) is in the following
range
£(0.346) < wmax < f(0.347).

Therefore,
Wmax < f(0.347) = 0.925927... < 0.94,

as required. N
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A.3 Estimate of a solution of (58)

In this section, we explain how to estimate a solution in 3-variable case. We explain it
for a solution of (58); we can estimate solutions in other 3-variable cases in similar ways.

As mentioned in Section 4.2, there are exactly two solutions of (58). These solutions
give the maximal and minimal values of 2s+u. We put the solution for the maximal value
to be (t1,s1,u1). Then, the maximal value of 2s + u is given by (28 4+ %) max = 281 + u1.
As we mentioned in Remark 4.1, we give a rigorous proof of an estimate of (2s 4 %) pax in
the following lemma.

Lemma A.3. (25 + t)max < 0.97.

Proof. The system of equations (58) is rewritten

—2A(t) + At —w' + Ju) + 2A(w — $u) + Au) — ¢, = 0,
2N @t)+N(t—w +3u) = 0,
INE—w + 2u) — A(w' — Ju) + A'(u) = 0,

where ¢, = 0.700414248.... Putting s = v’ — %, they are rewritten

—2A(t)+ At —s)+2A(s) + Au) —¢, = 0,
2N'(t) = N(t—s), (94)
TNt —s)—N(s)+N(u) = 0.

The second equation is rewritten
2sin® 7t = sinnw(t — s).

Hence,*
1
s = t— —arcsin (2 sin? 7Tt).
T

We put the right-hand side of this formula to be f(¢), that is, s = f(t). By the second
and third equations of (94), we obtain that

Nu) = N(s)— N(b).

Hence,

1 . sin7s
u = —arcsin - )
T 2sin 7t

Putting s = f(t), we put the right-hand side of this formula to be g¢(t), that is, u = g(t).
Further, putting

P(t) = —2A(t)+ A(t— f(1) +2A(f(1) + A(g(t) — i,

the system of equations (94) is rewritten as a single equation P(t) = 0.

4Here, we choose a branch of arcsin as —m/2 < arcsin(-) < 7/2. By choosing another branch, we obtain an estimate of
the minimal value of 2s + .
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We estimate the solution (t1, s1,u;), as follows. Since
P(0.7586) = 0.000307098... > 0, P(0.7587) = —0.000200034... < 0,

we have that
0.7586 < t; < 0.7587.

In this range, arcsin (2 sin? 7rt) is monotonically decreasing. Hence,
£(0.7586) < s; < f(0.7587).
Further, since
f(0.7586) = 0.363692... > 0.3636, f(0.7587) = 0.364407... < 0.3645,

we have that
0.3636 < s; < 0.3645.

is monotonically increasing with respect to t and s respectively.

sin s

In these ranges, =
sin 7t

Hence,
1 . ( sin 7 0.3636 )

7 M S G 7 0.7586

Therefore, we obtain that

- - 1 . < sin 7 0.3645 )
—arcsin [ ———————— ).
s O oG 07587
sin 7 0.3645
2sin 7 0.7587
as required. 0

|
(25 + Wmae = 251 +u < 2-0.3645 + — arcsin ( ) — 0.959440... < 0.97,
T

B Curvature of the boundary of the domain {ReV >¢,}

In Sections 3.2, 4.2 and 5.2, we estimated the maximal and minimal values of some linear
function L(t, s, u) on the domain {(t,s,u) | ReV (¢, s,u) >, }. This domain is a convex
domain whose boundary is a smooth closed surface. These maximal and minimal values
are obtained when the plane L(t,s,u) = ¢ (where ¢ is a constant) is tangent to this
domain. In order to show that there are exactly two such planes,® we show that Gaussian
curvature of the boundary surface of this domain is positive in this section. We explain
2-, 3-variable cases in Sections B.1 and B.2 respectively.

B.1 Curvature of the boundary of a convex domain in a plane

In this section, we consider 2-variable case.

Let F(z,z) be a smooth concave function whose maximal value is positive. Then, the
domain

{(z,2) eR* | F(x,2) >0} (95)

is a convex domain and its boundary is a smooth curve. The aim of this section is to
show the following lemma.

5We use this fact, when we show that the system of equations presenting such tangent points has exactly two solutions
in Sections 3.2, 4.2, 5.2 and Appendix A.
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Lemma B.1. Let F(x,z) be a smooth concave function whose mazximal value is positive
and Hesse matriz is negative definite. Then, the domain (95) is a convex domain and its
boundary s a smooth curve whose curvature is non-zero everywhere.

Proof. We choose any point on the boundary of the domain (95). It is sufficient to show
that the curvature of the boundary curve at this point is non-zero. By changing the
coordinate (z, z) by an affine transformation appropriately, we can assume that this point
is the origin (0,0), and the domain (95) is in the upper half plane and it is tangent to the
r-axis at the origin. Then, in a neighborhood of the origin, we can present the boundary
curve as z = f(z) with some smooth function f defined in a neighborhood of 0. It is
sufficient to show that f”(0) # 0.

We show that f”(0) # 0, as follows. Since the boundary curve is given by F(zx, z) = 0,
we have that F(z, f(z)) = 0. Its differential is given by

Fy(x,2) + F.(x,2) f'(x) = 0,

where the subscripts of  and z means 6% and % respectively. Since the domain (95) is
tangent to the z-axis at the origin, F,(0,0) = f'(0) = 0. Further, the differential of the
above formula is given by

Fro(®,2) + 2 Foa(2, 2) f'(2) + Fae(z, 2) (f'(2))” + Fu(z, 2) f"(x) = 0.
By putting z = z = 0, we have that
F,(0,0) + F,(0,0) f”(0) = 0.
We obtain (Fm) from the Hesse matrix

F$l' FJ:Z

FZUZ FZZ
by restricting R? to Rx {0}. Since the Hesse matrix is negative definite, we obtain that
Fo.(z,z) < 0 for any (z,z). Further, we consider the function ¢g(z) = F(0,z). This is a
concave function such that ¢”(z) < 0 and the maximal point zy of g(z) is positive. Hence,

the function ¢'(z) is monotonically decreasing, and ¢'(zp) = 0 for z > 0. Therefore,
F.(0,0) = ¢’(0) > 0. Hence, we obtain that

F.(0,0)

as required. N

F10) = -

> 0,

B.2 Curvature of the boundary of the domain {Re V(t,s,u) >, }

In this section, we consider 3-variable case. Instead of the function Re V(t, S,U) — G, , We
consider a function F(z,y, z) in general.

Let F(z,y,z) be a smooth concave function whose maximal value is positive. Then,
the domain

{(z,y,2) € R’ | F(z,y,2) > 0} (96)
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is a convex domain and its boundary is a smooth surface. The aim of this section is to
show the following lemma.

Lemma B.2. Let F(x,y, z) be a smooth concave function whose maximal value is positive
and Hesse matriz is negative definite. Then, the domain (96) is a conver domain and its
boundary is a smooth surface whose Gaussian curvature is positive everywhere.

Proof. We choose any point on the boundary of the domain (96). Similarly as in the proof
of Lemma B.1, we can assume that this point is the origin (0,0,0), and the domain (96)
is in the upper half space and it is tangent to the (z,y)-plane at the origin. Then, in a
neighborhood of the origin, we can present the boundary curve as z = f(z,y) with some
smooth function f defined in a neighborhood of 0. It is sufficient to show that the Hesse
matrix of f is positive definite at the origin.

We show that the Hesse matrix of f is positive definite at the origin, as follows. Since
the boundary curve is given by F(z,y,z) = 0, we have that F(z,y, f(z,y)) = 0. Its
differentials are given by

Fo(z,y,2) + Fo(2,y,2) fao(x,y) = 0,

Fy(z,y,2)+ F.(z,y, 2) fy(z,y) = 0.
Since the domain (95) is tangent to the (x,y)-plane at the origin, f,(0,0) = f,(0,0) = 0.
Further, the differentials of the above formulas are given by

Foo(2,y,2) + 2 For(2,y, 2) fo(2,y) + Fea(2,y, 2) (fx(xv y))2 + F.(2,9, 2) fae(z,y) = 0,
Foy(z,y, 2) + Fos(,y, 2) fy(2,y) + Fya(2,y, 2) fo(,y)
+ a2,y 2) fo(2,y) fyl2,y) + Fo(z,y, 2) fay(z,y) = 0,
F(z,y,2) + 2 F,.(x,y,2) f(z,y) + F..(z,v, z)(fx(x,y))2 + F.(x,y, 2) fy(z,y) = 0.
By putting z = y = z = 0, we have that

F(0,0,0) + F(0,0,0) f2(0,0) = 0,
Fy(0,0,0) + F3(0,0,0) f4y, (0,0) = 0,
F,,(0,0,0) + F,(0,0,0) f,,(0,0) = 0.

Further, by considering the function g(z) = F(0,0, z), we can show that F,(0,0,0) =
¢'(0) > 0, similarly as in the proof of Lemma B.1. Furthermore, we obtain the following

matrix
_F.(0,0,0) (fx:c(ovo) fxy((),o)) _ (Fxx(07070) ny(O,O,O))
S\ Sw(0,0) - £,y(0,0) Fy(0,0,0) F,(0,0,0)
from the Hesse matrix of F' by restricting R® to R? x {0}. Therefore, the above matrix

is negative definite. Hence, the Hesse matrix of f is positive definite at the origin, as
required. O]

C On the domain {ReV(t,s,u) > ¢} for the 65 knot

In Section 5.1, we put

A = {(t,s,u)€R3|O§t§s<1, 0§u§s},
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and consider the following domain in (82), which we put to be A in this section,
A = {(t,s,u) € A | 2A(t) + A(s —t) = 2A(s) + A(s —u) + 2A(u) —¢ > 0}.

We note that this domain is symmetric with respect to the exchange of t and w. The aim

of this section is to show the following lemma.

Lemma C.1. Aisa compact conver domain in the interior of A, and the boundary of

A is a smooth closed surface whose Gaussian curvature is positive everywhere.

We show a proof of the lemma later in this section. Before showing it, we show some

lemmas.

Lemma C.2. The boundary of A is included in the complement ofA in A. That is, A

is included in the interior of A.

Proof. We consider the defining inequality of A,
2At)+A(s—1t) —2A(s) + A(s—u) +2A(u) —¢ > 0. (97)

It is sufficient to show that any boundary point of A does not satisfy this inequality. The
boundary of A consists of five faces: {t =0}, {t = s}, {s =1}, {u =0} and {u = s}.
When t = 0, the left-hand side of (97) is rewritten

1
~A(s)+A(s —u) +2A(u) —¢ < 4A(6) —¢ = —0.25994... < 0.
Hence, the face {t = 0} is included in the complement of A.
When t = s, the left-hand side of (97) is rewritten
1
At —u) +2A(u) —¢ < 3A(6) —¢ = —0.421473... < 0.

Hence, the face {t = s} is included in the complement of A.
When s = 1, the left-hand side of (97) is rewritten

1
At) 4+ A(u) —¢ < 2A(6) —¢ = —0.583006... < 0.
Hence, the face {s = 1} is included in the complement of A.
Further, it is shown that the other faces are included in the complement of A from the

above results by the symmetry with respect to the exchange of ¢ and .
Therefore, we obtain the lemma. O

Lemma C.3. Let (t,s,u) € A. Then, s > 0.5.

Proof. We suppose that s was less than or equal to 0.5 (and show a contradiction). The
function of the defining inequality of A splits into the following two summands,

2A(t)+A(s—1t) —2A(s) + A(s —u) +2A(u) —¢

— (2A() + A(s —t) — Als) — %g) 4+ (2A%w) + A(s — u) — As) — %g). (98)
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We show that, for such an arbitrarily fixed s, the first summand is negative,
1
2A(t)+A(s—t)—A(5)—§g < 0 for 0<t<s. (99)

(Then, it is shown similarly that the second summand of (98) is also negative, and this

contradicts the defining inequality of A, which implies the assumption of the lemma.)
Hence, it is sufficient to show (99) for s < 0.5.
We show (99), as follows. For a fixed s < 0.5, we put

f(t) = 2A(t)+A(s—t)—A(s)—%§

for 0 <t < s. Then,
f'(t) = 2N () —AN(s—1).

Since A(t) and A(s — t) are concave functions in 0 <t < s whose second derivatives are
negative, f(¢) has a unique maximal point in 0 < ¢ < s, noting that lime 49 fl(t) = o0
and lim;_,, ¢ f/'(t) = —oo. We put such a unique max1mal point to be ¢, that is,  is a
unique solution of f'(t) = 0in 0 < ¢ < s. Since f'() =0,

2N'(t) = N(s—1).
Further, since A’'(t) = — log 2 sin t,

sinm(s —t) = 2sin’7t.

Since 2sin? 7t <land 0 <t <0.5, we have that 0 < t < 0.25. Hence,

R 1 “
s = t+ — arcsin (QSinzﬂ't>.
T

We put the right-hand side of this formula to be g(#), that is, s = g(f). Since sin® 7t is
monotonically increasing in 0 < £ < 0.25, g(#) is also monotonlcally increasing. We note
that ¢(0) = 0 and ¢(0.25) = 0.75. So, in fact, we can define g(#) for 0 < ¢ < 0.25, but we
substantially consider the case where

0 <& < g 05 = 02148... < 0.22.

In order to show (99), it is sufficient to show that
2A(6) + A(g(f) —t) —A(g(£)) —=¢ < 0

for 0 < t < g7'(0.5). We put the left-hand side of the above formula to be P(%). We
have that

P'(t) = 2N'(£) + N (g(f) — 1) (¢



where we obtain the second equality by 2A’(#) = A/(s—1). Since g(%) is monotonically
increasing, ¢’(¢) > 0. Further, since A’(v) is monotonically decreasing in 0 < v < 0.5 and
0<s—t<s<0.5, we have that A'(s—1) — A’(s) > 0 for 0 < ¢ < g~*(0.5). Therefore,
P'(t) > 0, and P(t) is monotonically increasing. Since

P(0) = —0.453036.. < 0 and P(0.22) = —0.00453122... < O,
we obtain that P(#) < 0 for 0 < £ < g~'(0.5). This implies (99), completing the proof of
the lemma. 0
Lemma C.4. Let (t,s,u) € A. Then, t < 0.5 or u < 0.5.

Proof. We suppose that 0.5 <t <1 and 0.5 < u < 1. Then, the function of the defining
inequality of A is calculated as

2A(t)+A(s—1t) —2A(s) + A(s —u) +2A(u) —¢
1
< A(s—1t) —2A(s) +A(s —u) —¢ < 4A(6) —¢ = —0.25994... < 0,
and this contradicts the defining inequality of A, which implies the assumption of the

lemma.
Hence, t < 0.5 or u < 0.5, as required. O

Lemma C.5. Let (t,s,u) € A. Then, t < 0.5 and u < 0.5.

Proof. By Lemma C.4, we have that ¢ < 0.5 or u < 0.5. We consider each of these two
cases in the following of this proof.

We suppose that t < 0.5. Then, we show that u < 0.5, as follows. We consider the
maximal value of 2A(¢) + A(s —t) —2A(s) for 0 <t < 0.5 and 0.5 < s < 1. As we showed

in Section 4.2 (exchanging ¢ and s), when (¢, s) = (1,32), this maximal value is given by
4A(3). Hence, by the defining inequality of A,
0 < (2A() +A(s—t) —2A(s)) + A(s —u) +2A(u) — ¢
1
< 4/\(1) +A(s —u)+2A(u) —.

Therefore,

1 1 1
2A(u) > <— 4A(Z) —A(s—u) > ¢— 4A(Z) - A(E) = 0.161417... > 0.
Hence, u < 0.5, and we obtain the conclusion of the lemma in this case.
We suppose that v < 0.5. Then, it is shown that ¢ < 0.5 from the above argument by
exchanging ¢ and u. Hence, we also obtain the conclusion of the lemma in this case. [

We now show a proof of Lemma C.1 by using above lemmas.
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Proof of Lemma C.1. By Lemmas C.2, C.3 and C.5, the domain A is included in
{(t,s,u) |0 <t <05, 05<s<1, 0<u<O05}.

We put H to be the Hesse matrix of the function
2A(t)+A(s—1t) —2A(s) + A(s —u) +2A(u) —,

which defines A, By Lemma B.2, it is sufficient to show that H is negative definite.
We show that H is negative definite, as follows. We have that

2N"(t)+ N'(s—t) —N'(s—1) 0
H = —A\'"(s —1t) —2A"(s)+AN'(s—t)+ AN'(s —u) —N'(s —u)
0 —A"(s —u) 2N (u) + N'(s —u)
2 cot it + cot w(s—t) —cotm(s—t) 0
= —7 —cotm(s—t) —2cotmws+ cotm(s—t)+cotm(s—u) —cotm(s—u)
0 —cot m(s—u) 2 cot mu + cot m(s—u)
We put a = cot nt, b = —cot s and ¢ = cot mu, noting that they are positive. Further,

noting that cot(a+p) = (cot acot B — 1)/(cot v + cot 3), we have that

ab—1 ab—1
20 — 5 atb 0
- H = ab—1 2 — ab—=1 _ bc—1 bc—1
T - a+b a+b b+c b+c
0 be—1 2¢ — be—1
b+c b+c

It is sufficient to show that the above matrix is positive definite. By Lemma C.6 below,
it is sufficient to show that

2a — ab—1 ab—1 bh— be—1 be—1
a+b a+b b+c b+c
( ab—1 bh— ab—l) and ( be—1 2¢ — bc—l)
a+b a+b b+c b+c

are positive definite. Further, by Lemma C.7 below, they are positive definite. Therefore,
H is negative definite, as required. O

The following two lemmas are used in the above proof of Lemma C.1.

Lemma C.6. Let a; and §; be real numbers. If (31 g2> and (g?’ gz) are positive
2 Q3 2 P

definite, then

(7] [6%) 0
ay az+f3 [
0 B2 B

1s positive definite.

Proof. Since (oq) is obtained from (31 32> by restricting R? to Rx{0}, (al) is positive
2 O3
o 0

ay g 0 az—ai/o

definite, i.e., a; > 0. Hence, <a1 aQ) is related to ( > by an elementary
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transformation as a quadratic form. Therefore, az — a3/a; > 0. In the same way, we
obtain that 8; > 0 and 83 — 35/8; > 0. Further, the required matrix is related to the
following matrix by elementary transformations,

(03] 0 0
2 2
0 a5—24+8-2 0
0 0 B3
Since the diagonal entries are positive, the required matrix is positive definite. O

Lemma C.7. Let a, b and c be positive real numbers. Then, the following matrices are

positive definite,
ab—1 ab—1 be—1 bc—1
2a — a+b a+b b— b+c b+c
ab—1 bh— ab—1 | » be—1 2¢ — be—1

a+b a+b b+c b+c

Proof. We show the lemma for the first matrix, as follows. Its trace is given by

b—1 2 b b) — 2ab+ 2 2a% + b? b+ 2
2 +b—2- 2 _ Zatblatb)—2b+2 2o tbtabt2
a+b a+b a+b

Further, its determinant is given by

ab—1 2ab(a + b) — (2a + b)(ab — 1) ab® +2a +b
2ab — (2a + ) - b P = P > 0.

Hence, the two eigenvalues of this matrix are positive, and the first matrix of the lemma
is positive definite.

It is shown that the second matrix is also positive definite from the above argument
replacing a with c. O

D Estimate of |(¢),| and restriction of A to A’

In this section, we give an estimate of < log|(¢),| in Lemma D.2. By using this estimate,
we explain why we can restrict A to A’ in Sections 3.1, 4.1 and 5.1.

We explain the motivation to show Lemma D.2. By (6) and (11), we have that

1 2n+1 1 2n+1
log}(Q)n’ = Rego(ﬁ)—Rego( 5N ) = §logN—Reg0( 5N )
We arbitrarily fix a sufficiently small § > 0. Then, we can show by Proposition 2.1 that
1 2n+1 1 ) " 1 2n+1 1
Reye(GN) = Regm Lip (B EY) +0(55) = MTx) +0(w);

for sufficiently large N and any integer n such that § < % < 1-9, where O(%) means
that the absolute value of the error term is bounded by C;/N? with some constant C,
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which is independent of N and n (but might be dependent on §). Hence, there exists

C > 0 such that . 5 . o N
n+ og
lﬁlogl(q)n\ + A5y 5

for sufficiently large N and any integer n such that § < % < 1-9. The aim of Lemma
D.2 is to extend this estimate to the case where § = 0.
Before we show Lemma D.2, we show the following lemma.

)| < ¢

Lemma D.1. There exist C1,Cy > 0 such that

1 log N 1 log N
APl a5 [aGp)| = e
for any sufficiently large N. That is,
Iy log N L B log N
A(N) - O( N )7 (QN) - O( N )

Proof. Since A'(t) = —log2sin wt, we have that

t
A(t) = / (—log2sins)ds.
0

Let t be sufficiently small. Since sinx > z — ¢2® = (1 — ¢2?) for sufficiently small z,

t 1 t 1
A(t) < / (—log2ms (1 — 6 m’s%))ds = / (—log2ms — log(1 — 8 7°s%))ds
0 0

t
2
< / ( —log27s — 232)ds = —tlog2nt +t+ §t3,
0
where we obtain the second inequality, since —log(1 — §m?s?) = ¢m%s* + O(s*) < 2s? for
sufficiently small s. Hence,
1 2r 1 2 log N
A=) < ——log—+—=+-——= =0 :
(¥) = ~yley t vt o )
Since A(t) is non-negative for sufficiently small ¢, we obtain the first formula of the lemma.

We obtain the second formula of the lemma from the first formula by replacing N with
2N. O

Lemma D.2. There exists C' > 0 such that

1 2n+1 log N
‘Nlog‘(Q)n|+A( 2N )‘ — ) N
for any sufficiently large N and any integer n such that 0 <n < N. That s,
1 2n+1 log N
7 logl(@h] = M=) +0(—)

as N — oo fizing a value of n/N.
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Proof. When n = 0, we can verify the lemma by Lemma D.1. So, we assume that
1 <n < N —1, in the following of this proof. From the definition of (¢), , we have that

log‘(q)n| = log H ‘1—qj| = Z log251n7r— = — Z A’ (100)

1<5<n 1<j<n 1<5<n

Further, we note that A’(¢) is a convex function for 0 < ¢ < 1, since A" (t) = 7%/ sin® 7t >
72 for 0 <t < 1.

We give a lower bound of “3 log |(¢)n| + A(251)7, as follows. Since A’(t) is a convex
function, the tangent line of the graph of A’(¢) at ¢ = N/j is located under the graph of
A'(t). Hence, by integrating them for 21 <t < 221 we obtain that

2N
1 A’(j ) /(QJH)/(?N)A/( d
—AN(L) < t) dt.
N N (2-1)/2N)

Further, by making the sum of the above formula over 1 < j < n, we have that

. j (2n+1)/(2N) 2n + 1 1
S IRYCOIEN Nt = M) = AMGR):

1<j<n 1/(2N)

Therefore, by (100),

1 2n+1 1 log N
—1 o 4+ A > A(—) = , 101
S ogfi@)] + ACEED) = aGh) = o(2) (101)
where we obtain the last equality by Lemma D.1.
We give an upper bound of “% 7 log } ’ + A(Q”“) as follows. Since A’(t) is a convex

function, the line connecting (J N (£ )) and (L4, A (3%1)) is located over the graph of
A'(t). Hence, by integrating them for £ <t < J%l, we obtain that

(j+1)/N 1 ; +1
A/ < T (A/ ] A/ j )
/j/N (e < 55 (M) + V()
Further, by making the sum of the above formula over 1 < 7 < n, we have that
n/N 1 ‘ 1 1
j n
Neydt < = S N (L ——<A’— A'—).
[ w5 3N = (VR ()
1<j<n
Furthermore, in a similar way as above, we have that

(2n+1)/(2N) 1 n 2n + 1
/ / /
/n/N N(t)dt < m(A(N)JFA( N )).

Hence, as the sum of the above two formulas, we obtain the following inequality,

2n+1 1 /(2n+1)/(2N) ,
A LA = A1) dt

B - [

1 Iy bty oLy L 20l
<y 2 ANE) NG N )

1<j<n
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Therefore, by (100),

1 log }(q)n‘ + A(Qg;l)

N
1 1 1 1 n 1 2n+1 log N
< A=) —=—=N(=)———=AN(=)+-—=N =
- (2]\7) 2N (N) 4N (N)+4N ( N ) of N ):
where we obtain the last equality by Lemma D.1 and from the fact that A’(¢) = — log 2 sin 7t
noting that 1 <n < N — 1.
Therefore, by (101) and (102), we obtain the required formula of the lemma. O

(102)

Restriction of A to A’ for the 6; knot

We explain why we can restrict A to A’ in Section 3.1, that is, we show the equality
of (32).

Proof of the equality of (32). By Lemma D.2, we can show that

1 241 25+ 1 2k 41 log N
Nlog‘thesummandof(29)| = ReV/( 5N N oN ) N

We note that this convergence is uniform, i.e., the absolute value of the error term is
bounded by C'- 101ng , where C' is a constant which is independent of i, j, k. We recall that
A’ is a domain in A satisfying (30) for some € > 0. Then, in order to show the equality
of (32), it is sufficient to show that the following sum is of the order O(e~"') for some

e >0,

+0( ). (103)

2% +1 2j+1 2k+1
‘ > eXp<N'V( ON ' 2N ' 2N )_N§>‘

 ijkez
(B A B ea—n
20 +1 2541 2k+1

< N.V , , _N ) ‘
= Z ’eXp< Con av o ) A

, VRS

(2;E1,2;?\}1,2§;1)6A—A’

2+1 2j+1 2k+1

= Z exp(N-ReV( SN TIN  oN )—N§R>. (104)

) _'L,],kEZ

(B A Bt ea—a

By (103), the convergence of Re V() to Re V/(+) is uniform. Hence, for any e; > 0,
2i4+1 25 +1 2k—|—1) 2i+1 2j+1 2k+1)
2N 7 2N ~ 2N 2N = 2N ' 2N

for sufficiently large N. Therefore, by choosing sufficiently small ;, we have that

2i+1 2j+1 2k+1
2N ' 2N ' 2N

ReV( < ReV( &1

(104) < Z exp (N-ReV(

i1 2501 s
(N on )AL

) — Ng, —I—N51> = O(e_N”),

for some €5 > 0. Hence, we obtain the equality of (32). O
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Restriction of A to A’ for the 6, knot and the 63 knot

In similar ways as above, we can restrict A to A’ for the sums of (65 ), and (63 ),.
That is, we can show (54) and (80) by using Lemma D.2 in similar ways as in the above
proof for the 6; knot.
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