Non-ribbon surface braids whose closures are ribbon

Isao Hasegawa

Dedicated to Professor Yukio Matsumoto on the occasion of his 60th birthday.

Abstract

In two-dimensional knot theory, Alexander’s theorem and Markov’s theorem were proved (See [6]). The former insists that every oriented surface-link is ambient isotopic to the closure of a surface braid, and the latter gives the necessary and sufficient condition for closures of two surface braids to be ambient isotopic to the same surface-link. At present, however, there exist few results about relation between surface-links and surface braids. In this talk, we show that there exist non-ribbon surface braids whose closures are ribbon surface-links.

A surface braid of degree m is an oriented compact piecewise linear surface S locally flatly and properly embedded in the 4-disk D^4 ≃ D^2_1 × D^2 such that

i) the restriction map of the second projection

pr_2 |_S : S → D^2

is a simple branched covering map of degree m, where ‘simple’ means that the inverse image pr^{−1}_2 (y) ∩ S for each y ∈ D^2 consists of at least m − 1 points, and

ii) ∂S = X_m × ∂D^2.

Here, X_m is a fixed set of m interior points of D^2_1. We denote the branch point set of pr_2 |_S by Σ(S). Note that we sometimes consider non-simple surface braids, i.e. surfaces which satisfy the above conditions except ‘simple’.

Let y_0 be a fixed point in ∂D^2. We consider a surface braid as a branched covering space embedded in D^2_1 × D^2 . Then we define a surface braid monodromy ρ_S , that is, a homomorphism from π_1(D^2 \ Σ(S), y_0) to B(D^2_1, X_m). Here B(D^2_1 , X_m) is a group consisting of isotopy classes of all orientation preserving homeomorphisms of the pair (D^2_1 , X_m) which is the identity map on ∂D^2_1. Each representative c of an element of π_1(D^2 \ Σ(S), y_0) defines an isotopy of m-points in the interior of D^2_1 as shown in the following:

pr_1(pr^{−1}_2 (c(t)) ∩ S) ⊂ D^2_1

for each t in the interval. This isotopy extends to an orientation preserving homeomorphism of (D^2_1 , X_m).

Let n be the number of Σ(S). A Hurwitz generating system of π_1(D^2 \ Σ(S), y_0) is an ordered free generating system consisting of n lassos ξ_j such that the total product ξ_1 · · · ξ_n is homotopic to the oriented boundary. Here, a lasso is a homotopy class of a simple closed curve which surrounds only one branch point (the left of Figure 1). Although a Hurwitz generating system is not unique, any two of them are equivalent under Hurwitz move (the right of Figure 1).

Figure 1: Hurwitz generating system and Hurwitz move

A monodromy system ⃗b = (b_1, . . . , b_n) of the surface braid S is an ordered n-tuple of elements in B(D^2_1, X_m) defined as

⃗b = (ρ(ξ_1), ρ(ξ_2), . . . , ρ(ξ_n)).

In general, there exists an equivalence relation on n-tuples of elements of a group G called Hurwitz equivalence. Let (g_1, g_2, . . . , g_n) be an n-tuple of elements in G. The Hurwitz equivalence is an equivalence relation generated by the relations of the following: for each j = 1, 2, . . . , n − 1,

(g_1, . . . , g_j , g_{j+1}, . . . , g_n) ∼ (g_1, . . . , g_{j+1}, g^{−1}_{j+1}g_j g_{j+1}, . . . , g_n).

In [5], Kamada proved that two surface braids S and S^′ are equivalent if and only if their monodromy systems are Hurwitz equivalent.

A surface-link is a closed piecewise linear 2-dimensional manifold embedded in the 4-sphere locally flatly. If a surface-link consists of one connected component, it is called a surface-knot. We obtain a closed surface from a surface braid S by attaching (D^2_1 × D^2, X_m × D^2) to (D^2_1 × D^2, S), identifying D^2_1 × ∂D^2 as D^2_1 × ∂D^2. Since this closed surface S ∪ X_m × D^2 is in D^2_1 × S^2, we obtain a closed surface in the 4-sphere by identifying D^2_1 × S^2 with the regular neighourhood of an unknotted S^2 in the 4-sphere. We call it a closure of S, and denote it by ^S. A surface-link is a ribbon surface-link if it is obtained from a trivial 2-link F_0 by surgery along some mutually disjoint 1-handles attaching to F_0. A surface braid is a ribbon surface braid if the monodromy system is equivalent to (b_1, b_2, . . . , b_n) such that b_{2j−1}b_{2j} = id for each j = 1, 2, . . . , n/2. In [4], Kamada showed the following theorem:

Theorem 1 ([4]) The closure of a ribbon surface braid is a ribbon surface-link and that any ribbon surface-link is ambient isotopic to the closure of a ribbon surface braid.

We prove the following theorem related to the above fact:

Theorem 2 There exist non-ribbon surface braids whose closures are ribbon.

We indentify B(D^2_1, X_m) as the braid group B_m of m-strings. Artin’s presentation of B_m is the following:

B_m ≃ ⟨σ_1, σ_2, . . . , σ_{m−1} |σ_iσ_{i+1}σ_i = σ_{i+1}σ_iσ_{i+1}, σ_iσ_j = σ_j σ_i (|i − j| > 1)⟩ .

We give examples for Theorem 2. For given integers p and q, we consider the monodromy systems ⃗b = (β_1, β_2, . . . , β_8) of surface braids of degree 5 such that

β_1 = σ^p_1 σ_2σ^{−1}_3 σ^{−1}_2 σ^{−p}_1 , β_5 = σ^q_4 σ_2σ^{−1}_3 σ^{−1}_2 σ^{−q}_4 ,

β_2 = σ^p_1 σ_3σ_2σ^{−1}_3 σ^{−p}_1 , β_6 = σ^q_4 σ_3σ_2σ^{−1}_3 σ^{−q}_4 ,

β_3 = σ_3σ^{−1}_2 σ^{−1}_3 , β_7 = σ^q_4 σ^p_1 σ_3σ^{−1}_2 σ^{−1}_3 σ^{−p}_1 σ^{−q}_4 ,

β_4 = σ_2σ_3σ^{−1}_2 , β_8 = σ^q_4 σ^p_1 σ_2σ_3σ^{−1}_2 σ^{−p}_1 σ^{−q}_4 .

We refer the surface braid with the above monodromy system as S_{p,q} .

The closure �S_{p,q} is a ribbon surface-link. Moreover the closure of the surface braid with the monodromy system

⃗b′ = (β_1, β^{−1}_1 , β_2, β^{−1}_2 , β_3, β^{−1}_3 , β_8, β^{−1}_8 )

is ambient isotopic to �S_{p,q}. A stabilization for surface braids, one of Markov move, is described by the transformation of monodromy systems as following, by which we obtain an (m + 1)- degree surface braid from an m-degree surface braid:

(b_1, . . . , b_n) → (b_1, . . . , b_n, wσ_mw^{−1}, wσ^{−1}_m w^{−1}),

where b_j and w are in B_m. This transformation does not change the closure of surface braids. We show by a direct calculation that

(β_1, β_2, . . . , β_8, σ_4σ_5σ^{−1}_4 , σ_4σ^{−1}_5 σ^{−1}_4 )

is Hurwitz equivalent to

(β_1, β^{−1}_1 , β_2, β^{−1}_2 , β_3, β^{−1}_3 , β_8, β^{−1}_8 , σ_4σ_5σ^{−1}_4 , σ_4σ^{−1}_5 σ^{−1}_4 )

Remark: Surface braids S_{p,q} appear in [3] in which they classify surface braids with 4 white vertices. We see from the technique in [7] that the ribbon surface-link �S_{p,q} is a connected sum of a spun (2, 2)-link, a spun (2, p)-link and a spun (2, q)-link.

One of ‘easy’ constructions of an invariant of surface braids is to consider a homomorphism from B_m to a finite group G. If we can classify orbits under the Hurwitz equivalence on G^n, we obtain an invariant of surface braids. For example, we choose an associated permutation, from B_m to the permutation group S_m. Then we obtain the genus of each connected component of the closure.

To show that S_{p,q} is non-ribbon surface braid if p ≡ q ≡ 2 modulo 4, we use a homomorphism φ : B_m → M_m(Z[t]/(t^2 − 1))

defined as

σ_i → � � � � I_{i−1} t 0 0 1 I_{m−i−1}

� � � � � � � � I_{i−1} 0 1 1 0 I_{m−i−1}

� � � � . Since the above factorization gives an action of S_m on Z^m_2 , this homomorphism is considered to be a homomorphism from B_m to Z^m_2 ⋊ S_m, also denoted by φ. In a diagonal matrix, the left factor of the factorization, each entry on the diagonal part is either 1 or t. They correspond respectively to 0 or 1 of Z^m_2 .

Figure 2: A value of the homomorphism φ

Lemma 3 If p ≡ q ≡ 2 modulo 4, then the surface braid S_{p,q} is non-ribbon.

Proof. If p ≡ q ≡ 2 modulo 4, it holds that

(φ(β_1), φ(β_2), . . . , φ(β_8)) = (x, x, . . . , x),

where x = ((0, 0, 0, 1, 0), (2, 4)). This 8-tuple is invariant under Hurwitz equivalence. Note that the images through φ of two equivalent monodromy systems are also Hurwitz equivalent. Since x has the order 4 in Z^m_2 ⋊ S_m, the 8-tuple (x, x, . . . , x) can not be the image of a monodromy system of a ribbon surface braid. Thus S_{p,q} is non-ribbon. □

Remark: In [6], Kamada proved Markov’s theorem for surface braids. There exist three kinds of Markov moves, conjugation, fission/fusion and stabilization/destabilization. For the case p ≡ q ≡ 2 modulo 4, the surface braid S_{p,q} nor its conjugate surface braid cannot be applied each of fission/fusion and destabilization. Thus, to relate S_{p,q} and the ribbon surface braid, we need a stabilization.

References

[1] J. S. Birman, Braids, links, and mapping class groups. Annals of Mathematics Studies, No. 82. Princeton University Press, Princeton, N.J.; University of Tokyo Press, Tokyo, 1974.

[2] A. Hurwitz, Über Riemann’sche Flächen mit gegebenen Verzweigungspunkten, Math. Ann.

39 (1891), 1–61.

[3] S. Ishida, T. Nagase, A. Shima, Minimal n-chart with four white vertices, preprint.

[4] S. Kamada, Surfaces in R^4 of braid index three are ribbon. J. Knot Theory Ramifications 1 (1992), no. 2, 137–160.

[5] S. Kamada, An observation of surface braids via chart description. J. Knot Theory Ramifications 5 (1996), no. 4, 517–529.

[6] S. Kamada, Braid and Knot Theory in Dimension Four. Mathematical Surveys and Monographs, 95. American Mathematical Society, Providence, RI, 2002.

[7] S. Kamada, S. Satoh, M. Takabayashi, The braid index is not additive for the connected sum of 2-knots, preprint.

Graduate School of Mathematical Sciences, University of Tokyo, 3-8-1 Komaba Meguro, Tokyo 153-8914, Japan

E-mail address: haseisao@ms.u-tokyo.ac.jp