TOPOLOGY OF MANIFOLDS AND SINGULARITIES OF DIFFERENTIABLE MAPS

DEDICATED TO PROFESSOR YUKIO MATSUMOTO ON THE OCCASION

OF HIS 60TH BIRTHDAY

OSAMU SAEKI

Faculty of Mathematics, Kyushu University, Hakozaki, Fukuoka 812-8581, Japan e-mail: saeki@math.kyushu-u.ac.jp home-page: http://www.math.kyushu-u.ac.jp/~saeki/

Abstract. This is a survey talk on recent developments in the global theory of singularities of differentiable maps. We give several remarkable results concerning differentiable structures of manifolds and singularities of differentiable maps. A generalization of the theory of Morse functions to generic maps is also discussed.

I would like to thank Professor Yukio Matsumoto for having introduced me, as my supervisor, the wonderful world of Topology and Singularities. His encouragement has always made me happy and given me a lot of energy to pursue my work. It is therefore a great pleasure for me to talk at this conference celebrating his 60th birthday.

1. Introduction

This is a survey talk on recent developments in the global theory of singularities of differentiable maps.^1 In this talk, all manifolds and maps are differentiable of class C^∞: i.e. we work in the smooth category.

The first problem that we consider is the following.

Problem 1.1. Given two smooth manifolds M and N, what is the minimal set of singularities that appear for generic smooth maps M → N?

Here, a generic map refers to a C^∞ stable map. Recall that C^∞ stable maps are characterized by the following property (for details, see [9, 1, 5]):

(1) any approximation of a C^∞ stable map f coincides with f up to diffeomorphisms of the source and the target.

Furthermore, they satisfy the following:

(2) if the dimension pair (dim M, dim N) is in the nice range in the sense of Mather [14] (for example, if dim N ≤ 5), then any map f : M → N can be approximated by a C^∞ stable map.

Let C^∞(M, N) denote the space of all smooth maps of M into N endowed with the Whitney C^∞ topology. Furthermore, let S^∞(M, N) be the subspace of C^∞(M, N) consisting of the C^∞ stable maps. Then property (1) (or (2)) above implies that S^∞(M, N) is open (resp. dense) in C^∞(M, N).

The author has been supported in part by Grant-in-Aid for Scientific Research (No. 16340018), Japan Society for the Promotion of Science.

1For developments until around 1996, refer to the author’s survey [30].

For a smooth map f : M → N, a point p ∈ M is a singular point of f if its differential df_p : T_pM → T_{f (p)}N has rank strictly smaller than min{dim M, dim N}. Singularities of C^∞ stable maps have been extensively studied. For example, there are classification results by means of algebraic invariants (for example, see [4]). For low dimensions, it is a routine work to obtain a list of singularities that appear for C^∞ stable maps (see [9]).

Remark 1.2. We warn the reader that a branched covering map is NOT generic in most situations. Therefore, those nice maps which are studied in [11, Chap. 7] are not generic in our sense.

The essential point of Problem 1.1 is the following. If we allow all the singularities that can appear for C^∞ stable maps, then by virtue of property (2) above, there always exists a generic map M → N which has only the allowed singularities. However, if we restrict the set of allowed singularities, then there may not exist a generic map M → N having only the restricted set of singularities. In fact, we will see later that such phenomena do occur and that they sometimes reflect the differentiable structures of manifolds.

Let us start by considering Problem 1.1 in some specific situations.

Example 1.3. If M = N, then clearly we need no singularities. More generally, if M is a covering space of N, then the same holds. Even more generally, if M is the total space of a C^∞ fiber bundle over N, or if M immerses into N, then we need no singularities.

Example 1.4. Let M be a smooth closed manifold of dimension m and set N = R, the real line. Then it is known that a smooth map (i.e. a smooth function) f : M → R is generic if and only if the following two hold (see [9]).

(1) The critical points (= singular points) of f are all nondegenerate: i.e. f is a Morse function.

(2) Distinct critical points have distinct values.

Note that nondegenerate critical points are classified by their indices 0, 1, . . . , m, according to the Morse Lemma (for example, see [15]). If we allow all the indices, then every manifold M admits such a smooth function as above. However, if we restrict the allowed indices, then not all manifolds can admit an allowed function. For example, if we prohibit critical points of index 1, then it is necessary that the manifold M is simply connected for it to admit a generic function with allowed singularities.^2 In this case, Problem 1.1 can be interpreted as follows. What is the minimal set of indices that appear for Morse functions on a given manifold? Note that this problem was completely solved for simply connected manifolds of dimensions greater than or equal to 6 by Smale [38].

In Example 1.4, we cannot exclude the index 0 nor m, since any Morse function on a closed manifold attains its minimum and maximum and the corresponding points are critical points of index 0 and m, respectively. In the extremal case where we allow indices 0 and n only, we have the following theorem due to Reeb [23].

Theorem 1.5. If a smooth closed connected m-dimensional manifold M admits a Morse function f : M → R having only critical points of indices 0 and m, then M is necessarily homeomorphic to the m-dimensional sphere S^m.

In fact, the above theorem can be refined as follows.

2For dimensions m ≠ 3, 4, this is also sufficient. For m = 3, it is sufficient if and only if the

Poincaré conjecture is affirmative. For m = 4, it is still an open problem whether it is sufficient or not.

Theorem 1.6. Let M be a smooth closed connected manifold of dimension m. Then there exists a Morse function f : M → R having only critical points of indices 0 and m if and only if the following holds.

(1) For m ≤ 6, M is diffeomorphic to the standard sphere S^m. (2) For m ≥ 7, M is a homotopy m-sphere.

The above theorem follows from various deep results due to Smale [38], Cerf [3], etc. Note that for m ≥ 5, homotopy m-spheres can be classified (see [12] or [39]). Note also that a homotopy m-sphere with m ≥ 7 is always homeomorphic to S^m, but may not be diffeomorphic to S^m. So the existence of a Morse function with only critical points of extremal indices cannot detect the smooth structures for dimensions m ≥ 7, in general.

Example 1.7. Let us consider an equi-dimensional case. Let M and N be smooth closed manifolds of the same dimension m. Let us assume that there exists a homotopy equivalence h : M → N. Then we can approximate h by a smooth map and then by a C^∞ stable map. It is known that in most cases, such an approximation can be chosen so that it has only the fold singularities. A singular point p ∈ M of a smooth map f : M → N is a fold singular point if there exist local coordinates (x_1, x_2, . . . , x_m) around p and (y_1, y_2, . . . , y_m) around f(p) such that f has the form

y_i ∘ f = � x_i, 1 ≤ i ≤ m − 1, x^2_m, i = m.

For example, every homotopy equivalence between homotopy m-spheres can be approximated by a smooth map with only fold singularities [6].^3 Of course, no singularity is necessary if and only if the homotopy m-spheres are diffeomorphic.

2. Detecting differentiable structures of spheres

As we have seen in Theorems 1.5 and 1.6, the existence of Morse functions with only critical points of extremal indices cannot detect the differentiable structures on spheres. Instead of using functions (i.e. maps into R), let us consider maps into R^n, n ≥ 1, with the following singularities.

Definition 2.1. Let f : M → N be a smooth map between smooth manifolds, where m = dim M ≥ dim N = n. A singular point p ∈ M is a fold singular point if there exist local coordinates (x_1, x_2, . . . , x_m) around p and (y_1, y_2, . . . , y_n) around f(p) such that f has the form

y_i ∘ f = � x_i, 1 ≤ i ≤ n − 1, ±x^2_n ± x^2_{n+1} ± · · · ± x^2_m, i = n.

If all the signs appearing on the right hand side of y_n ∘ f are the same, then we call p a definite fold singular point, otherwise an indefinite fold singular point.

It is known that any smooth map f : M → N exhibits definite fold singular points, provided that M is closed and N is open.

A smooth map f : M → N is a fold map if f has only fold singular points (see [8, 27]). Furthermore, a fold map f is a special generic map if it has only definite fold singular points (see [2, 22, 28]).

Example 2.2. Let us consider the case where N = R. Then, a smooth map f : M → R is a fold map if and only if it is a Morse function. Furthermore, it is a special generic map if and only if its critical points have extremal indices. When m = n, a fold map is automatically a special generic map.

3We warn the reader that such a map is NOT a branched covering in general, since the

restriction to the set of the fold singular points may not be an embedding.

Example 2.3. (1) Let S^m be the unit sphere in R^{m+1}. For n = 1, 2, . . . , m, the standard projection π : R^{m+1} → R^n restricted to S^m, f = π|_Sm : S^m → R^n, is easily seen to be a special generic map.

(2) If f : M → R^n is a special generic map, and Q is a submanifold of R^{n+k} of codimension n with trivial normal bundle, then the composition Q × M^{idQ×f}

−−−−−→ Q × R^n → R^{n+k} is a special generic map, where the last map is the composition of a trivialization of the open tubular neighborhood of Q in R^{n+k} and the inclusion. Thus, for example, S^p × S^q admits special generic maps into R^ℓ with min{p, q} + 1 ≤ ℓ ≤ p + q. We can show that it cannot admit any special generic maps into R^ℓ with ℓ ≤ min{p, q} (see [28, 29]).

In view of these examples, the following definition seems reasonable.

Definition 2.4. Let M be a smooth closed manifold of dimension m. We denote by S(M) (or F(M)) the set of all integers n such that 1 ≤ n ≤ m and M admits a special generic map (resp. fold map) into R^n. Note that we always have S(M) ⊂ F(M) ⊂ {1, 2, . . . , dim M}

and that S(M) and F(M) are diffeomorphism invariants of M.

By Example 2.3, we have S(S^m) = {1, 2, . . . , m} and S(S^p × S^q ) = {min{p, q} + 1, min{p, q} + 2, . . . , p + q}.

In [28, 29], the author showed the following.

Theorem 2.5. A smooth closed connected manifold M of dimension m is diffeomorphic to S^m if and only if S(M) = {1, 2, . . . , m}.

In other words, the standard m-sphere can be characterized as a smooth manifold for which the definite fold singularity is the minimal set of singularities for generic maps into the Euclidean spaces of dimensions ≤ m. For example, if Σ^7 is a 7- dimensional exotic sphere [16], then we have {1, 2, 7} ⊂ S(Σ^7) ⊂ {1, 2, 3, 7} (see [28]).

As the above theorem suggests, special generic maps are closely related to differentiable structures on spheres. Let us introduce the following definition.

Definition 2.6. Two special generic maps f : M → R^n and g : N → R^n of m-dimensional closed manifolds are said to be cobordant if there exist a compact (m + 1)-dimensional manifold V with ∂V = M ∐ N and a smooth map F : V → R^n × [0, 1] with only definite fold singularities such that

F |_{M×[0,ε)} = f × id_{[0,ε)} : M × [0, ε) → R^n × [0, ε), and F |_{N×(1−ε,1]} = g × id_{(1−ε,1]} : N × (1 − ε, 1] → R^n × (1 − ε, 1] for some sufficiently small ε > 0, where we identify the collar neighborhoods of M and N in V with M ×[0, ε) and N ×(1−ε, 1] respectively. It is easy to show that this is an equivalence relation and that the set of cobordism classes of all special generic maps of closed (but not necessarily connected) m-dimensional manifolds into R^n forms an abelian group under disjoint union. This is called the cobordism group of special generic maps and is denoted by Γ(m, n). We can also define the oriented version of this group: we just restrict ourselves to special generic maps of oriented closed manifolds and the manifold V should be oriented so that ∂V = M ∐ (−N) in the above definition. Then the corresponding group is called the oriented cobordism group of special generic maps and is denoted by ~Γ(m, n).

In [31], the author showed the following.

Theorem 2.7. Suppose m ≥ 6. The group ~Γ(m, 1) is isomorphic to Θ_m, the h-cobordism group of homotopy m-spheres. Furthermore, the group Γ(m, 1) is isomorphic to Θ_m ⊗ Z_2.

Recently Sadykov [26] showed that ~Γ(m, 1) is in fact isomorphic to the mapping class group π_0(Diff^+S^{m−1}) of S^{m−1} for all m > 0.

3. 4-dimensional manifolds

Let us concentrate on 4-dimensional manifolds. In [28] the author showed the following (for other related results, see [37, 34, 35]).

Theorem 3.1. Let M be a closed simply connected 4-manifold.

(1) The 4-manifold M admits a special generic map into R (i.e. 1 ∈ S(M)) if and only if it is diffeomorphic to the standard 4-sphere S^4.

(2) 2 ∈ S(M) if and only if M is diffeomorphic to the standard 4-sphere S^4. (3) 3 ∈ S(M) if and only if M is diffeomorphic to a connected sum of the form

Σ^4♯ � ♯^kS^2 × S^2 � ♯ � ♯^ℓS^2 ~×S^2 � , k, ℓ ≥ 0,

where S^2 ~×S^2 ∼= CP^2♯CP^2 is the total space of the nontrivial S^2-bundle over S^2, and Σ^4 is a homotopy 4-sphere of the form ∂(Δ^3 × D^2) for a compact contractible 3-manifold Δ^3.

(4) 4 ∈ S(M) if and only if M is stably parallelizable: i.e. if and only if the second Stiefel-Whitney class w_2(M) ∈ H^2(M; Z_2) and the signature σ(M) ∈ Z of M both vanish.

Using Theorem 3.1 (3), we obtain the following remarkable example.

Example 3.2. Let M be a simply connected spin^4 4-manifold with vanishing signature. By Freedman [7] such a 4-manifold is homeomorphic to a connected sum M^′ of some copies of S^2 × S^2.

Suppose that the second betti number b_2(M) of M is big. If we can show that M is not diffeomorphic to a manifold of the form (S^2 × S^2)♯N for any smooth closed 4-manifold N, then M cannot admit a special generic map into R^3 in view of Theorem 3.1 (3), while the connected sum M^′ of any copies of S^2 × S^2 admits such a map. Such a 4-manifold M does exist. See [18, 19, 21].

In other words, we have M ≈ M^′, while S(M) = {4} ≠ {3, 4} = S(M^′), where the symbol “≈” denotes a homeomorphism. This means that for generic smooth maps of M^′ into R^3, the minimal set of singularities is the definite fold singularities, while for maps of M into R^3, that is not enough, although M and M^′ are homeomorphic.

For fold maps, in contrast to special generic maps, we have the following (see [13, 32, 25]).

Theorem 3.3. Let M be a closed connected oriented 4-manifold.

(1) Every such 4-manifold M admits a fold map into R, i.e. 1 ∈ F(M). (2) 2 ∈ F(M) if and only if M has even Euler characteristic. (3) 3 ∈ F(M) if and only if the intersection form of M is not isomorphic to

±(1) nor ± � 1 0 0 1 � . 4A manifold is spin if its second Stiefel-Whitney class vanishes.

(4) 4 ∈ F(M) if and only if M is stably parallelizable.

Note that in the above theorem, all the conditions depend only on the homotopy type of M. In other words, if M admits a fold map into R^n, then any 4-manifold homotopy equivalent to M also admits a fold map into R^n.

4. A generalization of the Morse theory

In this section, we consider the following problem.

Problem 4.1. Given a generic map f : M → N, how can we get information on the (differential) topology of M?

In the case where N = R, i.e. in the case of Morse functions, we know that we can get a lot of information on the topology of M: betti numbers, Euler characteristic, handlebody decomposition, etc. (for example, see [15, 39]).

In general, if we use generic maps instead of Morse functions, we can get information on the characteristic classes (see, for example, [40, 10, 1]).^5 The following has been proved in [20] and [25] (see also [37]). Recall that three times the signature of a closed oriented 4-manifold coincides with the first Pontrjagin number (see [17]).

Theorem 4.2. Let M be a closed oriented 4-manifold and N an orientable 3- manifold. For any generic map f : M → N, we have

σ(M) = S(f) · S(f),

where σ(M) stands for the signature of M, S(f) ⊂ M denotes the (possibly nonorientable) surface of singular points of f, and S(f) · S(f) is the self-intersection number of S(f) in M.

The above theorem is, in a sense, a horizontal signature formula. In order to get a vertical signature formula, we need to look at the singular fibers of generic maps.^6 The most natural equivalence among singular fibers would be the following [33].

Definition 4.3. Let f_i : M_i → N_i be smooth maps and take points y_i ∈ N_i, i = 0, 1. We say that the fibers over y_0 and y_1 are C^∞ equivalent if for some open neighborhoods U_i of y_i in N_i, there exist diffeomorphisms ~φ : (f_0)^{−1}(U_0) → (f_1)^{−1}(U_1) and φ : U_0 → U_1 with φ(y_0) = y_1 which make the following diagram commutative:

((f_0)^{−1}(U_0), (f_0)^{−1}(y_0))^{~φ}−−−−→ ((f_1)^{−1}(U_1), (f_1)^{−1}(y_1))

f_0 � � � � � �^f1

(U_0, y_0)^φ−−−−→ (U_1, y_1).

When y ∈ N is a regular value of a smooth map f : M → N between smooth manifolds, we call f^{−1}(y) a regular fiber; otherwise, a singular fiber.

In [33], the author classified the singular fibers of proper generic maps of orientable 4-manifolds into 3-manifolds^7 as follows.

5The theory of the so-called Thom polynomials offers a lot of information on this subject. 6The author was inspired by Yukio Matsumoto’s works and lectures on singular fibers of

certain singular fibrations of 4-manifolds over surfaces. Unfortunately, or fortunately, such singular fibrations studied by Matsumoto are not generic in our sense. Any way, the author would like to thank Prof. Matsumoto for his enthusiasm for singular objects and for his constant encouragement!

7For nonorientable 4-manifolds, a similar classification has been obtained by T. Yamamoto

[41, 42].

PSfrag replacements

Figure 1. List of singular fibers of proper C^∞ stable maps of orientable 4-manifolds into 3-manifolds

Theorem 4.4. Let f : M → N be a proper C^∞ stable map of an orientable 4- manifold M into a 3-manifold N. Then, every singular fiber of f is equivalent to one of the fibers as in Fig. 1 up to disjoint union with regular fibers.

In [36], T. Yamamoto and the author observed that if the source 4-manifold M is oriented, then one can define a sign (= ±1) for each singular fiber of type III^8. Furthermore, we obtained the following vertical signature formula.

Theorem 4.5. Let M be a closed oriented 4-manifold and N a 3-manifold. Then for any C^∞ stable map f : M → N, the sum of the signs over all singular fibers of f of III^8-type coincides with the signature σ(M) of M.

It should be a very interesting problem to construct and to study diffeomorphism invariants derived from singular fibers of generic maps. One of the major advantages of using generic maps is that any manifold admits a generic map: i.e. we do not need to restrict the study to certain classes of 4-manifolds.

Furthermore, as has been observed in Theorem 2.7, study of cobordisms of singular maps may serve to find some diffeomorphism invariants. For this subject, see [24] and [33].

References

[1] V.I. Arnol’d, V.A. Vasil’ev, V.V. Goryunov and O.V. Lyashko, Dynamical systems VI.

Singularities—Local and global theory, Encyclopaedia of Math. Sci., Vol. 6, Springer-Verlag, 1993.

[2] O. Burlet and G. de Rham, Sur certaines applications génériques d’une variété close à 3 dimensions dans le plan, Enseign. Math. 20 (1974), 275–292.

[3] J. Cerf, Sur les difféomorphismes de la sphère de dimension trois (Γ_4 = 0), Lecture Notes in Math., Vol. 53, Springer-Verlag, 1968.

[4] J. Damon, Topological properties of real simple germs, curves, and the nice dimensions n > p, Math. Proc. Camb. Phil. Soc. 89 (1981), 457–472.

[5] A. du Plessis and T. Wall, The geometry of topological stability, London Math. Soc. Monographs, New Series 9, Oxford Science Publ., The Clarendon Press, Oxford Univ. Press, New York, 1995.

[6] J.M. Èlias̆berg, On singularities of folding type, Math. USSR-Izv. 4 (1970), 1119–1134. [7] M. Freedman, The topology of four-dimensional manifolds, J. Diff. Geom. 17 (1982), 357–453. [8] T. Fukuda, Topology of folds, cusps and Morin singularities, in “A Fete of Topology”, eds.

Y. Matsumoto, T. Mizutani and S. Morita, Academic Press, 1987, pp. 331–353. [9] M. Golubitsky and V. Guillemin, Stable mappings and their singularities, Grad. Texts in Math., Vol. 14, Springer-Verlag, 1973.

[10] A. Haefliger and A. Kosinski, Un théorème de Thom sur les singularités des applications différentiables, Séminaire H. Cartan, E. N. S., 1956/57, Exposé no. 8.

[11] T. Honma et al., Geometric topology (in Japanese), Kyoritsu, 1999. [12] M.A. Kervaire and J.W. Milnor, Groups of homotopy spheres. I, Ann. of Math. 77 (1963), 504–537.

[13] H. Levine, Elimination of cusps, Topology 3 (suppl. 2) (1965), 263–296. [14] J.N. Mather, Stability of C^∞ mappings: VI, the nice dimensions, Lecture Notes in Math., Vol. 192, Springer-Verlag, 1971, pp. 207–253.

[15] Y. Matsumoto, An introduction to Morse theory (in Japanese), Iwanami, 1997: English translation, Translations of Math. Monographs, Vol. 208, Iwanami Series in Modern Math., Amer. Math. Soc., Providence, RI, 2002.

[16] J.W. Milnor, On manifolds homeomorphic to the 7-sphere, Ann. of Math. 64 (1956), 399–405. [17] J.W. Milnor and J.D. Stasheff, Characteristic classes, Ann. of Math. Stud., Vol. 70, Princeton Univ. Press and Univ. of Tokyo Press, Princeton, New Jersey, 1974.

[18] B. Moishezon and M. Teicher, Existence of simply connected algebraic surfaces of general type with positive and zero indices, Proc. Nat. Acad. Sci. USA 83 (1986), 6665–6666.

[19] B. Moishezon and M. Teicher, Simply connected algebraic surfaces with positive index, Invent.

Math. 89 (1987), 601–643.

[20] T. Ohmoto, O. Saeki and K. Sakuma, Self-intersection class for singularities and its application to fold maps, Trans. Amer. Math. Soc. 355 (2003), 3825–3838.

[21] J. Park, The geography of spin symplectic 4-manifolds, Math. Z. 240 (2002), 405–421.

[22] P. Porto and Y.K.S. Furuya, On special generic maps from a closed manifold into the plane, Topology Appl. 35 (1990), 41–52.

[23] G. Reeb, Sur certaines propriétés topologiques des variétés feuilletées, Actualités Scientifiques et Industrielles 1183, Hermann, Paris, 1952, pp. 91–154.

[24] R. Rimányi and A. Szűcs, Pontrjagin-Thom-type construction for maps with singularities, Topology 37 (1998), 1177–1191.

[25] R. Sadykov, Elimination of singularities of smooth mappings of 4-manifolds into 3-manifolds, to appear in Topology Appl.

[26] R. Sadykov, Bordism groups of special generic mappings, to appear in Proc. Amer. Math.

Soc.

[27] O. Saeki, Notes on the topology of folds, J. Math. Soc. Japan 44 (1992), 551–566. [28] O. Saeki, Topology of special generic maps of manifolds into Euclidean spaces, Topology Appl. 49 (1993), 265–293.

[29] O. Saeki, Topology of special generic maps into R^3, in “Workshop on Real and Complex Singularities”, Matemática Contemporânea 5 (1993), 161–186.

[30] O. Saeki, Global theory of singularities of differentiable mappings: present status and prospects (in Japanese), Sūgaku 48 (1996), 385–399: English translation, Sugaku Expositions 12 (1999), 21–37.

[31] O. Saeki, Cobordism groups of special generic functions and groups of homotopy spheres, Japanese J. Math. 28 (2002), 287–297.

[32] O. Saeki, Fold maps on 4-manifolds, Comment. Math. Helv. 78 (2003), 627–647. [33] O. Saeki, Topology of singular fibers of differentiable maps, to appear as a volume of Lecture Notes in Math., Springer-Verlag.

[34] O. Saeki and K. Sakuma, On special generic maps into R^3, Pacific J. Math. 184 (1998), 175–193.

[35] O. Saeki and K. Sakuma, Special generic maps of 4-manifolds and compact complex analytic surfaces, Math. Ann. 313 (1999), 617–633.

[36] O. Saeki and T. Yamamoto, Singular fibers of stable maps and signatures of 4-manifolds, preprint, July 2004.

[37] K. Sakuma, On special generic maps of simply connected 2n-manifolds into R^3, Topology Appl. 50 (1993), 249–261.

[38] S. Smale, On the structure of manifolds, Amer. J. Math. 84 (1962), 387–399. [39] I. Tamura, Differential topology (in Japanese), Iwanami, 1992.

[40] R. Thom, Les singularités des applications différentiables, Ann. Inst. Fourier (Grenoble) 6 (1955–56), 43–87.

[41] T. Yamamoto, Classification of singular fibers and its applications (in Japanese), Master Thesis, Hokkaido Univ., March 2002.

[42] T. Yamamoto, Classification of singular fibres of stable maps from 4-manifolds into 3- manifolds and its applications, preprint, October 2003.