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We explain the shape of singular fibers of degenerations of Riemann surfaces.
Then we discuss some topics on deformations of degenerations.
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1 Singularities

We investigate the singularities on curves X, ; appeared in multiple barking families:

X, : —s+Ztha z)k¢mokn = 0,

)

where o is a holomorphic section of N®—™ with a zero of order m; at p; (j =

1,2,...,h), and 7 is a meromorphic section of N®" with a pole of order n; (0 < n; <
m;) at p; (j =1,2,...,h). For brevity, we often use the notation 7, for the derivative
dr/dz.

Now we shall study when (2, () € X, is a singularity; we separate into two cases
according to whether or not zj is a pole of .
Case 1. We first consider the case where 2, is not a pole of 7.

Lemma 1.1 Suppose that zy is not a pole of 7. Then (2o, o) € Xsy, (s, #0) is a
singularity if and only if

(1.1)
no,(20)7(20) + mo(20)7,(20) =0

(1.2)
G ="

Proof. For simplicity, setting F' = o(™ "™(¢" +¢71)!, then X, : F(z,(,t)—s =0, and
we shall investigate the singularities on X, (s,¢ # 0). Suppose that (zg, (o) € X5 is
a singularity; this is exactly the case
O(F —s)
o¢

In—m

tT(Z()).

= LF —9) (20,¢0) =0,

(20, Co) B



which, under the assumption s # 0, is equivalent to

Olog F
0z

(13) T8 a0, o) =

(Note: As s # 0, from X,; : F(z,(,t) —s = 0, we have F' # 0, and log F' is well-
defined.) Since log F' =logo + (m — In)log ¢ + [ log(C™ + t1), we have

(20, Go) = 0.

OlogFF m—In n In¢™! Olog F' o ltr,
o < " +ir’ 0z o  ("+tr

and so from (1.3), the necessary and sufficient condition for (29, (o) € X+ (s,t # 0)
to be a singularity is given as follows:

(1.4)
G = ln;LmtT(ZO),

(1.5)
0:(20)¢¢ = —t]0:(20)7(20) + lo(20)72(20) |-

Thus it is enough to verify that (1.5) is equivalent to (1.1).
(1.5) = (1.1): Multiplying (1.4) by 0,(2¢), we have

0,(20)¢5 = ln;mtaz(zo)T(zo).

This equation with (1.5) yields

In—m

to,(20)7(20) = —t|0,(20)7(20) + lo(20)72(20) |-

As t # 0 by assumption, we deduce mo(29)7,(20) + no,(z9)7(z) = 0.
(1.1) = (1.5): Just reverse the above argument. O

We then give a finer result according to m > In or m = In.
Proposition 1.2 Suppose that zy is not a pole of 7.
(1) In the case ln < m, a point (2o, (o) € X5y, (s, # 0) is a singularity if and only
if
(1.6)
no,(20)7(20) + mo(z0)7.(20) =0
(1.7)
In—m
»= t .
G m 7(20)




In this case, s and t satisfy

(1.8) (l" - m>al 5 = (l" - m>btba(z0)“7'(zo)b,

In m

where a and b are the positive integers such that lem(m,n) = am = bn.

(2) In the case In =m, a point (29,(p) € Xsu, (S,t # 0) is a singularity if and only
if Qo =0, and 2y satisfies no,(20)T(20) + mo(20)7.(20) = 0; in this case, s and
t satisfy (o7')(2) t' = s

Proof. (1): The first half of the assertion is nothing but Lemma 1.1, and so it suffices
to show that s and ¢ satisfy (1.8). The defining equation of X, evaluated at (2, (o)
is

o(20)¢" ™ (¢ + tT(ZO))l —s=0.

Substituting t7(2) = ﬁ({} (1.7) into this equation, we obtain

!
—in n m n
(2G5 <€0+ln—mco) —5=0,

and so

(1.9) o(z0)C™ = (l” - m)l N

In

Thus if (2o, (o) € X is a singularity, then

_ln—m

G="""Tr() (17)  and ()G = <l”_m)l3 (1.9).

In

Now write lem(m,n) = am = bn, and taking powers of the above equations, we
obtain

bn In—m bb b a ~am In—m « a
o= t°7(20)°, 0(20)*¢™ = s%.

m In

Since am = bn, the comparison of these two equations gives (1.8):

In—m\% In—m\®
a _ tb a b'
( o > S ( - ) 0(20)*7(20)

(2): In this case (m = In), the equation (1.7) is simply ¢} = 0, and so {, = 0.

Moreover since m = In, the defining equation of X, ; is o(¢"+t7)'—s = 0. Substituting
2 and (o = 0 into this equation, we obtain o (z¢)7(20)'t' = s. O

Case 2. Next in order to investigate the case where z; is a pole of 7, we need the
following lemma.



Lemma 1.3 If m =In, then mj =n; for all j =1,2,...,h (so X =1Y), and T has
no zeros.

Proof. From n1+n2—£---+nh > m1+m2$“'+mh,we have

ln1+ln2+---+lnh > m1+m2+---+mh

In m

(1.10)

Since m = In, we have Iny + Ilny + -+ + Inp > mqy + mo + --- + my. However as
m; > In; (j = 1,2,...,h), the above inequality is actually an equality, and also
m; =In; (j = 1,2,. h) hold. Then the equality of (1.10) implies that 7 has no
Zero. O

Now we demonstrate that the condition “z; is a pole of 7’ poses a numerical
constraint.

Lemma 1.4 Suppose that zy is a pole of 7. Then (2,(y) € X1 (s # 0) is a singu-
larity if and only if m = In; in this case, s and t satisfy (o7')(2)(" " = s, and
(20, Co) s a non-isolated singularity (hence X, is non-reduced).

(Note: m = [n insures m; = In; (j = 1,2,...,h) by Lemma 1.3.)

Proof. Taking F = orl¢m (C? —i—t) then X, : F(z,(,t) —s = 0, and we apply the
same argument as in the proof of Lemma 1.1 to see that (29, (p) € X is a singularity
if and only if

(1.11)
%(ZO)CSL = ln;}}mt,
(1.12)
T ()G =~ [Tz (20) + l;(zo)] |

On the other hand, since z; is a pole of 7, we have %(zo) = 0, and thus (1.11) is

just 0 = In — M= and by ¢t # 0, we derive In = m. (Note that from %(zo) =0

and %(zo) = 0, the equation (1.12) trivially holds; hence (j is arbitrary.) Therefore
(20,Co) € X5 is a singularity if and only if In = m. The equation of X, evaluated

at (29, (o) is
!

(™) o) " (@) +1) — 5 =0.

m—lntl

Since %(zo) =0, we have (o7)(20)(} ot

—s = 0; so s and t satisfy (o7%)(2)§
s. Note that though (, is arbitrary, for each (y, there are at most a finite number of
2o satisfying this equation. O

It is immediate to deduce



Corollary 1.5 If m > In, then there is no singularity (z9,(y) € X5t (s # 0) such
that zy is a pole or a zero of T, that is, 0(zy) = 0 or 7(2) = 0.

Proof. If In < m, then z; is not a pole of 7 by Lemma 1.4. It remains to show that
2o is not a zero of 7. In fact, if 7(zy) = 0, we substitute this into (1.8) of Proposition
1.2 (note that as zp is not a pole of 7, we may apply that proposition):

(ln - m>al 0 — <l" — m)bt”a(zo)“T(Zo)b,

In m

al
and we derive (ml;nm> s* =0, and so s = 0 by In — m # 0. This contradicts the
assumption s # 0. O

Next we study singularities of X, from the viewpoint of a function no,7 + mor,.
We note that this function is rather a global object on C'. Indeed, ¢"7™ is a section
of N®(-mm) @ N®(mn) = .- 50 ¢"7™ is a (meromorphic) function on C. Then

no,T + moT, appears in the logarithmic derivative of a function o"7™:

dlog(c"t™)  no,T +mor,

dz oT ’

no,T+ Mo, 4, is o

57 (meromorphic) 1-form on C.

where

Lemma 1.6 Suppose that mot, + no,7 is not identically zero. Let (2o, (o) € Xs4
(s,t #0) be a singularity.

(1) If In < m, then zo is not a pole of T, and (2o, (o) is an isolated singularity.

(2) If In = m, then there are two cases: (2.1) zy is not a pole of T and (zy, o) 18
an isolated singularity, and (2.2) zy is a pole of T and (2o, (o) s a non-isolated
singularity (hence X, is non-reduced).

Proof. (1): For the case In = m, z, is not a pole of 7 by Corollary 1.5, which also
guarantees us to be able to apply Lemma 1.1: (2, o) € X5+ (s,t # 0) is a singularity
if and only if

(1.13) no,(z0)7(20) + mo(z0)7.(20) =0, = lnn_%mtT(zo).

Since moT,+no,7 is not identically zero, there are at most a finite number of z; which
satisfy mo(20)7.(20) + no,(20)7(20) = 0, and for each z;, there are at most finite
number (just n including multiplicity) of (, satisfying (I = ln%m

there are at most finite points (zo, (o) which are singularities on X, in other words,

t7(20). Hence

X, has only isolated singularities.



(2): Suppose that m = In. (2.1) If 2, is not a pole of 7, then (zy, (p) € X, is a
singularity if and only if {; = 0, and z, satisfies no,(20)7(20) + mo(2)7,(20) = 0 by
Lemma 1.2 (2). Since moT, + no,7 is not identically zero by assumption, there are
at most finite number of zy satisfying this condition, and so (2, {y), where (y = 0, is
an isolated singularity. (2.2) If zy is a pole of 7, then (2o, (o) is a singularity if and
only if In = m, and in this case (, is arbitrary as we saw in the proof of Lemma 1.4,
and thus (zo, (o) is a non-isolated singularity. O

We summarize the results obtained above. Below, (I) is a consequence of Proposi-
tion 1.2 and Lemma 1.6 (1), while (II) is a consequence of Proposition 1.2 and Lemma
1.6 (2).

Proposition 1.7 Suppose that the function moTt, +no,7 of z is not identically zero.

(1) If m > In, then (z9,C) € X5t (s # 0) is a singularity if and only if zy is not a
pole of T, and zy and (y satisfy

In—m
102 (20)7(20) +mo(20)7:(20) =0, (g = ——t7(20).
In this case, s and t satisfy (ln ) (ln ) (20)°, where
a and b are the positive integers such that lem(m,n) = bn

(2) If m =In, then (2, (o) € X5 (s # 0) is a singularity if and only if (2.1) 2o is
not a pole of T, no,(20)7(20) +mo(20)7.(20) = 0, and o = 0, or (2.2) 2y is a pole
of T and (y is arbitrary. In both (2.1) and (2.2), s and t satisfy (o7)!(20)t! = s.

In (1) and (2), a singularity (2o, o) € X4 is isolated except (2.2) (that is, except the
case where zy is a pole of T).

We next consider the case where mot, + no,7 = 0 (identically zero as a function
of z). We note that

z » l n__m

mor. 4 nosr =0 = m= + 0% = 0 e A8l ") _
T o dz

)

<= log(o"7™) is constant.
Thus ¢™7™ is constant and clearly nonzero. Furthermore we note that ¢"7™ is of the

m
form (2™ )" (%) h;, that is, 2™i"~™" h; around p; where h; = h;(z, () is some non-

vanishing holomorphic function. Since o"7™ is constant, we have m;n — mn; = 0.
Thus % = % (j = 1,2,...,h). Letting u and v be the relatively prime positive

integers satisfying % = % <= Z;?) then vm = un and vm = un; (j =1,2,...,h), so

vX = uY. This confirms the following.



Lemma 1.8 If mot, + no,7 is identically zero, then vX = uY where u and v are

the relatively prime positive integers satisfying % = %

Next under the assumption that mor,+no,7 is identically zero, we shall investigate
the singularities on X, (s,t # 0). Let us divide into two cases In < m and In = m.
Case In < m: By Corollary 1.5, z is not a pole of 7. Then by Proposition 1.2 (1),

(20,C0) € X5 (s, # 0) is a singularity if and only if (} = ln;lmtT(zO), in which

case s and t satisfy

In—m\% . In—m btb (20)°7(z0)"
5% = o (20)7(z
lTL m 0 0) >

where a and b are the positive integers such that lem(m,n) = am = bn. In particular,

zo 1s a zero of a holomorphic function of one variable z:

(l" — m)btba(z)“T(z)b - (l" — m) " s°,

m In

where s and ¢ are fixed. Such z; is isolated, and for each z; we have a finite number
of (o satisfying (' = ln%mm_(z())' Thus (2o, () € Xst (s,t # 0) is an isolated
singularity.

Case In = m: For the case where zy is a pole, as we saw in Lemma 1.4, any
singularity (zo, o) € X5+ (s,t # 0) is non-isolated. Next we consider the case where
2o is not a pole. By Proposition 1.2 (2), (2o, (o) is a singularity if and only if (, = 0 (as
moT, + no,T is identically zero, the condition mo(2)7,(20) +no,(20)7(20) is trivially
fulfilled); in which case s and ¢ satisfy (o7!)(z9)# = s, and so z; is a zero of a
holomorphic function (o7!)(2) ¢ — s of one variable z, where s and ¢ are fixed. Such
2o is isolated and hence the singularity (zo, (o), where (; = 0, is isolated. Thus we
obtain the following lemma.

Lemma 1.9 Suppose that mot, + no,7 is identically zero. Let (z, (o) € Xst (5,1 #
0) be a singularity.

(1) If ln < m, then zy is not a pole of T, and (2o, (o) is an isolated singularity.

(2) if Im = m, then there are two cases: (2.1) zy is not a pole of T and (zo, (o) is
an isolated singularity, and (2.2) zy is a pole of T and (2o, (o) s a non-isolated
singularity (hence X, is non-reduced).

Lemma 1.9 with Proposition 1.2 gives us:

Proposition 1.10 Suppose that the function mot, + no,7 of z s identically zero.



(1) If m > In, then (z9,C) € X5t (s # 0) is a singularity if and only if zy is not a

pole of T, and zy and (y satisfy (f = ln;LmtT(zo). In this case, s and t satisfy

(ln — m)al g (l” - m>bt”o(zo)“7(20)b,

In m

where a and b are the positive integers such that lem(m,n) = am = bn.

(2) If m = In, then (z0,() € X5z (s,t # 0) is a singularity if and only if (2.1) z
is not a pole of T and (o = 0, or (2,2) 2z is a pole of T and (y is arbitrary.

In both (2.1) and (2.2), s and t satisfy (o7')(z) t' = s.

In (1) and (2), a singularity (2o, Co) € X4 is isolated except (2.2) (that is, except the
case where zy is a pole of T).

2 Awata polynomial

As we showed in Proposition 1.2 (1), if m > In and z; is not a pole of 7, then
(20, Co) € Xy, (8,t# 0) is a singularity if and only if

no,(20)7(20) + mo(20)7,(20) = 0, G = ln;bmtT(zo).

Actually when C is the projective line, we may rewrite the equation on the left into a
simpler form. To explain this, we prepare some notation. Taking the standard open
covering P! = U UV where z € U is identified with w € V via z = 1/w, let N be
a line bundle on P' obtained by patching (z,{) € U x C with (w,n) € V x C via
z=1/w and { = w"n, where

T_ml—i-mg—i----—i-mh

m

Taking p, = oo, at first we consider the case:

(z=p1)™(z—p2)™...(2 — pp_1)™ 1 on U
o (1 = prw)™ (1 — paw)™ ... (1 — pp_qgw)™r=1qu™" onV,
and
. (z—p1)" (2 — p2)"12 o (2 = ppoa)™ on U

onV.

1
(=P o)™ - (T = )™

So o is a holomorphic section of N®(—™) and 7 is a meromorphic section of N®",

10



Remark 2.1 We may choose pi, pa, . .., pp so that none of them is co. Unfortunately,
such a choice may result in the appearance of a singularity (zq, wo) € Cs; with 2y = 0.
However, by taking p, = oo, we may insure this does not occur.

In this case, we have

h—1 h—1
log(o™1™) = log lH(z —p;)"™ m”f] Z nm; — mn;) log(z — p;).
j=1 7j=1

(We carry out the computation only on U; everything is the same as on V.) Thus

! h—1 o
(2.1) d og nm; — mn;.
PR
We set P = (z —p1)(z —p2) -+ - (2 — pp—1) and
P
Pj = Z—p; =(z—p)(z—p2) (2 = pj-1) (2 — pjt1) -~ (2 — pp-1)-
j

Multiplying the equation (2.1) by P, we deduce

dlog(a™1™) =
j=1
n,._-m
Notice that “multiplying % by P” corresponds to “ multiplying mo7,+no,7
P b
by Z=”, where we note that
P 1
T h—1
oT H (Z _ pj)l-f—mjfnj
j=1

is non-vanishing holomorphic provided that (z,{) € X,; (s, # 0) is a singularity,
because in that case, z is not a pole of 7 (i.e. z # p,) by Corollary 1.5.
We denote by I(z) the polynomial on the right hand side of (2.2):

I(z) = Z(nmj — mn;)P;.

=1

Then moT,(2) + no,7(2) = 0 is equivalent to I(z) = 0. We remark that if nm; —
mn; = 0 for some j, we may rewrite I(zp) = 0 into a simpler equation. Namely we
may further simplify the polynomial I(z) by dividing by some non-vanishing function.
For instance, if nmy,_; — mn,_; = 0, then

I(z) =Y (nm; — mn;)P;,

=1

11



I1(z)
. ) & = Ph-1
a polynomial. Hereafter we assume that not all of nm; — mn; (j = 1,2,...,h) are

where note that P; (j = 1,2,...,h — 2) is divisible by z — pj_1, and so is

zero; for later application to the deformations of degenerations of compact curves with
stellar singular fibers, we need to consider only this case. Without loss of generalty, we
assume that nmy, —mny, # 0. Now if there are v subscripts j satisfying nm;—mn; = 0,
say, j=h—v,h—v+1,...,h—1, then

h—1—v

I(z) = Z (nm; — mn;)P;,

7j=1
which is divisible by (z — pp_4) (2 — Ph—vt1) - - (2 — Pr_1), and denote the polynomial

I(z)
(2 = Ph—v) (2 = Ph—v+1) - (2 — Ph=1)

by J(z), called an Awata polynomial for the case nm; — mn; = 0 for j = h —v +
IL,h—v+2,...,h — 1. (Of course if nm; —mn; # 0 for all j, then J(z) = I(2) =

Z?;ll (nm; — mn;)P;.) Alternatively an Awata polynomial is defined as follows:

J(z) = Z(nmj — mn;) R,
j

where j runs over all subscripts j € {1,2,...,h — 1} satisfying nm; — mn; # 0, and
Rj = [[;(z — pi) where i runs over all subscripts ¢ € {1,2,...,h — 1} satisfying ¢ # j
and nm; — mn; # 0. Letting v be the number of subscripts j € {1,2,...,h — 1}
satisfying nm; — mn; = 0, then the degree of J(z) is of h — 2 — v, as that of R; is
h—2—w.

(From the above discussion, mo(z0)7,(20) + no,(20)7(20) = 0 is equivalent to
J(20) = 0, and so (29, (o) € Xy, (s, # 0) is a singularity if and only if

In—m
J(20) =0, Go = o t7(20)-

(Note: In the present case, i.e. C is the projective line and not all of nm; — mn;
(j =1,2,..., h) are zero, since moT,+no,7 is not identically zero, we do not need the

assumption that zq is not a pole of 7. See Proposition 1.7 (I), p8.) So zg is a root of

In —m
m

again that a singular fiber X, (s,t # 0) has only isolated singulalrties. Note that

J(z) and for each z,, there are m solutions of (f} = t7(zp), which also confirms
the number of roots of J(z) varies as p1,pa, - .., pn_3 vary (we ignore the multiplicity
of a root, and we fixed p,_o = 0,pp_1 = 1, and p, = o00; note that without loss
of generality we may fix arbitrary three points on P!). Accordingly the number of
singularities varies. In the generic case, the number of roots is h — 2 — v where v
is the number of subscripts j € {1,2,...,h — 1} satisfying nm; — mn; = 0; letting
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D = D(p1,po,--.,pn_3) be the discriminant of J(z), we say that p;,ps,...,p, are
in generic position if D(p1,po, ..., pn—3) # 0. Note that “generic” is the notion only
applied for A > 4.

More generally, we take 7 with zeros, that is,

(z—q1)"(z —q2)® ... (2 — @)™
ni n2 np—1 U
_ ) =) )™ )™ o
(1—quw)™(1—qgw)®”...(1 - qgw)*™ on V.,

(1 — pl’w)”l(]_ — p2w)n2 o (1 — ph_lw)nh_lwnh

while o is the same as before:

(z—=p1)™(z—p2)™...(2 — pp_1)™1 on U
O' g
(1 —prw)™ (1 —pow)™ ... (1 — pp_qw)™—1w™n on V.
Then
h—1 k
log(o"7™) =log | [[(z —py)"™ ™™ - [](z — @)™
j=1 i=1
h—1 k
= (nm; —mn;)log(z — p;) + Y _ma;log(z — p;).
j=1 i=1

Thus we have

dlog(o™1™) nm —mns 1
j j ,
(2.3) 7 = E + E ma;

Pyim L = =)= ) (e )= pp) ()

Likewise, we set Q@ = (z — q1)(2 — ¢2) - - - (2 — qx) and

&= 2= ) @) (e )~ ) (2~ )

Multiplying (2.3) by PQ, we deduce

h—1 k
PQlog(o"m™) =Q Z(nmj — mn;)P; + PZ ma;Q;.
j=1 i=1

Here “multiplying % by PQ@” corresponds to “multiplying mo7, + no,7 by
PQ,
oT

, where we note

PQ 1
T h-l k
oT H (Z B pj)1+mj—nj H(Z o qi)ai—l
j=1 i=1

13



is non-vanishing holomorphic if (z,{) € X, (s,t # 0) is a singularity; in fact, by
Corollary 1.5, z is neither p; (a pole of 7) nor ¢; (a zero of 7). We set

h—1 k
I(z)=Q Z(nmj —mn;)P; + PZmaiQi,
j=1 i=1

and then mort,(29) + no,7(2) = 0 is equivalent to I(z) = 0. We note that if
nm;—mn; = 0 for some j, we may further simplify the polynomial I(z) by dividing by
Hj(z—pj) where j runs over such subscripts j € {1,2,..., h—1} that nm; —mn,; = 0.
If there are v subscripts j satisfying nm; — mn; = 0 (after reordering, we assume
j=h—v,h—v+1,... h), then

h—1—v

2)=Q Z nm; — mn;)P; —I—PZmazQZ,
j=1

=1

where note that both P and P; are divisible by

(2 = Ph-v)(2 — Ph—vt1) -+ (2 — Ph—1)-

We then consider polynomials

. P
7 (Z - ph—’u)(z - ph—v+1) T (Z - ph—l),
~ P

(2 = Ph) (2 = Pr—vi1) =+ (2 — Pr-1)’
and then a polynomial

h—1—v

=Q Z nm; — mn;)P; + ma;Q;,
Jj=1

IIM?r

is called an Awata polynomial for the case nm; — mn; = 0 for j = h—v,h —v +
1,...,h—1.

Remark 2.2 In particular, if C' is the projective line, as mo7, + no,7 is a multipli-
cation of J(z) with some non-vanishing function, it is not idetically zero.

Theorem 2.3 (Awata) Suppose that | is a positive integer and N 1s a line bundle
on a curve C such that N®=™) has a holomorphic section o with a zero of order m;
atp; (j =1,2,...,h) and N®" has a meromorphic section T with a pole of order n,
(0<n; <lmj) atp; (j =1,2,...,h). Let Xs;: o(("+1tr)! —s =0 be a barking
family of (open) curves, parametrized by s and t. If m > In and C is the projective
line, then a point (zo,Co) € Xst, (s,t # 0) is a singularity if and only if J(z) =0
and ¢ = ”’%mm(zo).
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Note that the number of roots of J(z) varies as py, po,...,pr 3 and ¢1,qa, . . ., g vary
(we ignore the multiplicity of a root and we fix p,_o = 0,p,_1 = 1, and p,, = 00); ac-
cordingly the number of singularities varies. Letting D(p1,p2, - -, Ph—3,G1,G2, - - -, k)
be the discriminant of the Awata polynomial J(z), we say that pi,ps,...,pn and
q1,92, - - -, Qk are in generic position if

D(plap23 ---yPh-3,41,42, .. an) 7é 0.

In the generic case, the number of roots of J(z) is of h + k — 2 — v, where v is the
number of subscripts j € {1,2,...,h — 1} satisfying nm; — mn; = 0.
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