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Abstract. — In the present paper, we discuss the relationship between the Galois extension
corresponding to the kernel of the pro-l outer Galois representation associated to a hyperbolic
curve over a number field and l-moderate points of the hyperbolic curve. In particular,
we prove that, for a certain hyperbolic curve, the Galois extension under consideration
is generated by the coordinates of the l-moderate points of the hyperbolic curve. This
may be regarded as an analogue of the fact that the Galois extension corresponding to the
kernel of the l-adic Galois representation associated to an abelian variety is generated by
the coordinates of the torsion points of the abelian variety of l-power order. Moreover, we
discuss an application of the argument of the present paper to the study of the Fermat
equation.
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Introduction

Throughout the present paper, let l be a prime number, k a number field [i.e., a finite
extension of the field of rational numbers], k an algebraic closure of k, and C a hyperbolic

curve over k. Write Gk
def
= Gal(k/k), ∆C for the pro-l geometric étale fundamental group

of C [i.e., the maximal pro-l quotient of the étale fundamental group π1(C⊗kk) of C⊗kk],
and

ρC : Gk −→ Out(∆C)
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Key words and phrases. — hyperbolic curve, number field, pro-l outer Galois representation, mod-
erate point, tripod l-unit.
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for the pro-l outer Galois representation associated to C. In the present paper, we study
the Galois extension

ΩC
def
= k

Ker(ρC)

of k corresponding to the kernel of ρC .
The notion for an abelian variety A/k naturally corresponding to the above pro-l outer

Galois representation ρC is the l-adic Galois representation on the l-adic Tate module of
A. Thus, the Galois extension ΩA for the abelian variety A naturally corresponding to
the above Galois extension ΩC is the Galois extension of k obtained by adjoining to k the
coordinates of all torsion points of A of l-power order, i.e.,

ΩA = k(torsion points of l-power order of A) .

From this point of view, we have the following two questions:

• What is an analogue for a hyperbolic curve of a torsion point of l-power order of an
abelian variety?

• If one has an analogue for a hyperbolic curve of a torsion point of l-power order of
an abelian variety, then does the equality

ΩC = k(“torsion points of l-power order” of C)

hold?

Of course, to realize an analogue for a hyperbolic curve of a torsion point of l-power order
of an abelian variety, one may consider a point that lies on the intersection of a given
hyperbolic curve and the set of torsion points of l-power order of the Jacobian variety of
the curve [by means of a suitable immersion from the curve into the Jacobian variety].
On the other hand, however, since [one verifies easily that] the above Galois extension
ΩC of k is always infinite, it follows from the finiteness result of [20], Théorème 1, that
this analogue for a hyperbolic curve of a torsion point of l-power order always does not
satisfy the above equality

ΩC = k(“torsion points of l-power order” of C) .

In §2 of the present paper, we define the notion of an l-moderate point of a hyperbolic
curve and an abelian variety [cf. Definition 2.4]. Typical examples of l-moderate points
of hyperbolic curves are as follows:

• The closed point of the tripod P1
k \ {0, 1,∞} corresponding to a tripod l-unit [cf.

Definition 1.6; Proposition 2.8].

• The closed point of a hyperbolic curve of type (1, 1) corresponding to a torsion point of
l-power order of the underlying elliptic curve of the hyperbolic curve [cf. Proposition 2.7].

In §2, we also prove that,

for a closed point of a hyperbolic curve, the closed point is l-moderate if
and only if the closed point satisfies the condition “E(C, x, l)” introduced
by Matsumoto in [13], Introduction [cf. the equivalence (1) ⇔ (3) of
Proposition 2.5].

Moreover, we prove that,

for a closed point of an abelian variety, the closed point is l-moderate if
and only if the closed point is torsion [cf. Proposition 2.6].



Kernels of the Pro-l Outer Galois Representations 3

In particular,

the notion of an l-moderate point of a hyperbolic curve may be regarded
as an analogue of the notion of a torsion point of an abelian variety.

From this observation, one may pose the following question:

Does the equality

ΩC = kmdr-l
C

def
= k(l-moderate points of C)

hold?

Our first result concerning the above question is as follows [cf. Theorem 3.1].

THEOREM A. — Every l-moderate point of C is defined over ΩC, i.e.,

kmdr-l
C ⊆ ΩC .

Theorem A follows immediately from standard techniques that appear in the study of
Galois sections [cf., e.g., [6], [9]].

At the time of writing, the author does not know whether or not the converse

ΩC ⊆ kmdr-l
C ,

i.e., the equality under consideration, holds in general. However, Theorem A leads nat-
urally to some examples of hyperbolic curves for which the equality under consideration
holds. In particular, we verify the following result [cf. Corollary 3.3; Example 3.4].

THEOREM B. — If one of the following five conditions is satisfied, then the equality

ΩC = kmdr-l
C

holds:

(i) C is isomorphic to P1
k \ S for some S ∈ S({0, 1,∞}) [cf. Definition 1.4, (iv)] such

that S \ {∞} ⊆ k [e.g., the tripod P1
k \ {0, 1,∞}].

(ii) l is odd, and there exists a positive integer n such that C is isomorphic to the
[open] Fermat curve of degree ln

Spec
(
k[s, t]/(sl

n

+ tl
n

+ 1)
)

— where s and t are indeterminates.

(iii) l is odd, and there exists a positive integer n such that (l, n) ̸= (3, 1), and,
moreover, C is isomorphic to the [compactified] Fermat curve of degree ln

Proj
(
k[s, t, u]/(sl

n

+ tl
n

+ uln)
)

— where s, t, and u are indeterminates.

(iv) l = 3, and there exists a positive integer n such that a primitive 3n-th root of
unity is contained in k, and, moreover, C is isomorphic to the modular curve Y (3n)
parametrizing elliptic curves with Γ(3n)-structures [cf., e.g., [12]].

(v) l = 3, and there exists an integer n ≥ 2 such that a primitive 3n-th root of unity
is contained in k, and, moreover, C is isomorphic to the smooth compactification X(3n)
of the modular curve Y (3n) [cf. (iv)].
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Theorem B in the case where condition (i) is satisfied is verified from Theorem A,
together with the explicit description of ΩP1

k\{0,1,∞} given in [1]. Theorem B in the case

where one of conditions (ii), (iii), (iv), and (v) is satisfied is verified from Theorem A and
Theorem B in the case where condition (i) is satisfied, together with some results given
in [7].

Finally, we present an application of the discussion of the present paper to the study
of the Fermat equation [cf. Corollary 3.6].

THEOREM C. — Suppose that l is ≥ 5 and regular. Let a, b ∈ ΩP1
Q\{0,1,∞} \ {0, 1} be

elements of ΩP1
Q\{0,1,∞} \ {0, 1} such that

al + bl = 1 .

Then the hyperbolic curve of type (0, 4) over Q(al)

P1
Q(al) \ {0, 1,∞, al}

is not quasi-l-monodromically full [cf. [5], Definition 2.2, (iii)].

Let us observe that it follows immediately from [the discussion given in the proof of]
Theorem C that

• a positive solution of a problem of Ihara concerning the kernel of the pro-l outer
representation associated to P1

Q \{0, 1,∞} [cf., e.g., [11], Lecture I, §2; also Remark 1.8.1
of the present paper] and

• a positive solution of a problem of Matsumoto and Tamagawa concerning monodromic
fullness for hyperbolic curves [cf. [14], Problem 4.1; also [8], Introduction]

imply Fermat’s last theorem [cf. Remark 3.6.1]. On the other hand, however, the author
answered the problem of Matsumoto and Tamagawa given as [14], Problem 4.1, in the
negative in [8] [cf. [8], Theorem A]. The above implication is one of the main motivations
of studying the problem of Matsumoto and Tamagawa in [8].
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0. Notations and Conventions

Numbers. — The notation Z will be used to denote the ring of rational integers. The
notation Q will be used to denote the field of rational numbers. If l is a prime number,

then we shall write Fl
def
= Z/lZ and Zl for the l-adic completion of Z. We shall refer to a

finite extension of Q as a number field.

Profinite Groups. — Let G be a profinite group. Then we shall write Z(G) for the
center of G. We shall say that G is slim if Z(H) = {1} for every open subgroup H ⊆ G
of G.

Let G be a profinite group and P a property for profinite groups. Then we shall say
that G is almost P if an open subgroup of G is P.

Let G be a profinite group. Then we shall write Gab for the abelianization of G, i.e.,
the quotient of G by the closure of the commutator subgroup of G.

Let G be a profinite group. Then we shall write Aut(G) for the group of [continuous]
automorphisms of G, Inn(G) ⊆ Aut(G) for the group of inner automorphisms of G, and

Out(G)
def
= Aut(G)/Inn(G) for the group of outer automorphisms of G. If, moreover, G

is topologically finitely generated, then one verifies easily that the topology of G admits
a basis of characteristic open subgroups, which thus induces a profinite topology on the
group Aut(G), hence also a profinite topology on the group Out(G).

Curves. — Let S be a scheme and X a scheme over S. Then we shall say that X is a
smooth curve over S if there exist a scheme Xcpt which is smooth, proper, geometrically
connected, and of relative dimension one over S and a closed subscheme D ⊆ Xcpt of
Xcpt which is finite and étale over S such that the complement Xcpt \D of D in Xcpt is
isomorphic to X over S. Note that, as is well-known, if X is a smooth curve over [the
spectrum of] a field k, then the pair “(Xcpt, D)” is uniquely determined up to canonical
isomorphism over k; we shall refer to Xcpt as the smooth compactification of X over k
and to a geometric point of Xcpt whose image lies on D as a cusp of X.

Let S be a scheme. Then we shall say that a smooth curve X over S is a hyperbolic
curve [of type (g, r)] (respectively, tripod) over S if there exist a pair (Xcpt, D) satisfying
the condition in the above definition of the term “smooth curve” and a pair (g, r) of
nonnegative integers such that 2g−2+r > 0 (respectively, (g, r) = (0, 3)), any geometric
fiber of Xcpt → S is [a necessarily smooth proper connected curve] of genus g, and the
degree of D ⊆ Xcpt over S is r.

Let S be a scheme, U ⊆ S an open subscheme of S, and X a hyperbolic curve over U .
Then we shall say that X admits good reduction over S if there exists a hyperbolic curve
XS over S such that XS ×S U is isomorphic to X over U .
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1. Generalities on the Kernels of Pro-l Outer Galois Representations

Throughout the present paper, let l be a prime number, k a number field, k an algebraic
closure of k, C a hyperbolic curve over k, A an abelian variety over k, and V ∈ {C,A}.
Write Gk

def
= Gal(k/k) and Ccpt for the smooth compactification of C over k. In the

present §1, we discuss generalities on the kernel of the pro-l outer Galois representation
associated to V .

DEFINITION 1.1.

(i) We shall write

∆V

for the pro-l geometric étale fundamental group of V [i.e., the maximal pro-l quotient of
the étale fundamental group π1(V ⊗k k) of V ⊗k k];

ΠV

for the geometrically pro-l étale fundamental group of V [i.e., the quotient of the étale
fundamental group π1(V ) of V by the kernel of the natural surjection π1(V ⊗k k)↠ ∆V ].
Thus, we have a natural exact sequence of profinite groups

1 −→ ∆V −→ ΠV −→ Gk −→ 1

[cf. [25], Exposé IX, Théorème 6.1].

(ii) We shall write

ρV : Gk −→ Out(∆V )

for the outer action determined by the exact sequence of (i). We shall refer to ρV as the
pro-l outer Galois representation associated to V .

(iii) We shall write

Gk ↠ ΓV
def
= Gk/Ker(ρV ) (⊆ Out(∆V ))

for the quotient of Gk determined by ρV .

(iv) We shall write

ΩV
def
= k

Ker(ρV )
,

i.e.,

ΓV = Gal(ΩV /k) .

REMARK 1.1.1. — It follows immediately from the discussion given in [18], §18, that there
exists a natural isomorphism of ∆A with the l-adic Tate module Tl(A) of A. Moreover, one
verifies easily that the Galois representation ρA : Gk → Out(∆A) = Aut(∆A) coincides,

relative to this isomorphism ∆A
∼→ Tl(A), with the usual l-adic Galois representation

Gk → Aut(Tl(A)) associated to A.



Kernels of the Pro-l Outer Galois Representations 7

REMARK 1.1.2. — Let U ⊆ C be an open subscheme of C. Then one verifies easily that
U is a hyperbolic curve over k. Moreover, it follows immediately from [25], Exposé V,
Proposition 8.2, that the natural open immersion U ↪→ C induces an outer surjection
ΠU ↠ ΠC . Thus, we have a natural factorization Gk ↠ ΓU ↠ ΓC .

REMARK 1.1.3. — Suppose that Ccpt(k) ̸= ∅, and that Ccpt is of genus ≥ 1. Write JC
for the Jacobian variety of Ccpt. Then it follows immediately from [15], Proposition 9.1,
together with [25], Exposé V, Proposition 8.2, that the morphism C ↪→ JC determined
by a k-rational point of Ccpt induces an outer surjection ΠC ↠ ΠJC . Thus, we have a
natural factorization Gk ↠ ΓC ↠ ΓJC .

REMARK 1.1.4. — Let N ⊆ Gk be a normal closed subgroup of Gk. Then it follows from
the Shafarevich conjecture for abelian varieties over number fields proven by Faltings,
together with Proposition 1.2, (ii), below, that, for a fixed positive integer d,

the set of the isomorphism classes of abelian varieties A of dimension d
over k such that Ker(ρA) = N is finite.

On the other hand, it follows from [5], Theorem C, that, for a fixed pair (g, r) of nonneg-
ative integers such that 2g − 2 + r > 0,

the set of the isomorphism classes of hyperbolic curves C of type (g, r)
over k such that Ker(ρC) = N is finite.

Moreover, it follows from [5], Theorem A, that

the cardinality of the set of the isomorphism classes of hyperbolic curves
C of genus zero over k such that C is l-monodromically full [cf. [5],
Definition 2.2, (i)], every cusp of C is defined over k, and, moreover, it
holds that Ker(ρC) = N is at most one.

REMARK 1.1.5. — If one thinks the [not pro-l, as in the present paper, but] profinite outer
Galois representation associated to C [i.e., the outer representation of Gk on π1(C ⊗k k)
determined by a similar exact sequence to the exact sequence of Definition 1.1, (i)], then
the kernel is trivial [cf. [10], Theorem C].

PROPOSITION 1.2. — The following hold:

(i) The profinite group ΓV is almost pro-l. More precisely, if the composite

Gk
ρV−→ Out(∆V ) −→ Aut(∆ab

V ⊗Zl
Fl)

factors through a pro-l quotient of Gk, then the profinite group ΓV is pro-l.

(ii) Let p be a nonarchimedean prime of k whose residue characteristic is ̸= l. Then
it holds that V admits good reduction at p if and only if the Galois extension ΩV /k
is unramified at p. In particular, the Galois extension ΩV /k is unramified for all but
finitely many nonarchimedean primes of k.

(iii) The profinite group ΓV is topologically finitely generated.
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(iv) The center Z(ΓA) of ΓA is infinite.

(v) The profinite group ΓC is almost slim.

(vi) It holds that Ωtpd/k

def
= ΩP1

k\{0,1,∞} ⊆ ΩC.

Proof. — First, we verify assertion (i). Since ∆V is topologically finitely generated and
pro-l, it follows that the kernel of the natural homomorphism Out(∆V ) → Aut(∆ab

V ⊗Zl

Fl) is pro-l, which thus implies assertion (i). This completes the proof of assertion (i).
Assertion (ii) in the case where V = A (respectively, V = C) follows immediately from
[21], Theorem 1 (respectively, [24], Theorem 0.8). Assertion (iii) is a formal consequence
[cf., e.g., the proof of [14], Lemma 3.3] of class field theory, together with assertions
(i), (ii). Assertion (iv) follows immediately from the fact that the image of ρA contains
infinitely many homotheties in Aut(∆A) [cf. [2], [3]]. Assertion (v) is a formal consequence
[cf., e.g., the proof of [5], Proposition 1.7, (ii)] of the pro-l version of the Grothendieck
conjecture for hyperbolic curves, i.e., [16], Theorem A. Assertion (vi) follows from [10],
Theorem C, (i) [cf. also [23], Remark 0.3; [23], Theorem 0.4; [23], Theorem 0.5]. This
completes the proof of Proposition 1.2. □

COROLLARY 1.3. — ΓC is not isomorphic to ΓA. In particular, in the situation of
Remark 1.1.3, the natural surjection ΓC ↠ ΓJC is not an isomorphism.

Proof. — This follows immediately from Proposition 1.2, (iv), (v). □

REMARK 1.3.1.

(i) In the case of abelian varieties, we have a “tautological geometric description” of
the Galois extension ΩA of k corresponding to the kernel of ρA

ΩA = k(torsion points of l-power order of A)

— where we write k(torsion points of l-power order of A) for the Galois extension of k
obtained by adjoining to k the coordinates of all torsion points of A of l-power order.

(ii) On the other hand, in the case of hyperbolic curves, at the time of writing, the
author does not know the existence of such a description of the Galois extension ΩC

of k corresponding to the kernel of ρC in general. Moreover, we already verified [cf.
Corollary 1.3] that, in the situation of Remark 1.1.3, ΩC does not coincide with ΩJC , i.e.,

ΩJC = k(torsion points of l-power order of JC) ⊊ ΩC .

(iii) If the hyperbolic curve C is of genus zero, then we have an explicit “geometric
description” of ΩC given by Anderson and Ihara as follows [cf. Theorem 1.5 below].

DEFINITION 1.4. — For each algebraic extension k′ ⊆ k of k, let us naturally identify
P1
k(k

′) with k′ ⊔ {∞}. Let S, T ⊆ P1
k(k) be subsets of P1

k(k).

(i) We shall write

S
[l]⇝ T
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if
T = {x ∈ P1

k(k) |xl ∈ S }
— where we write ∞l def

= ∞.

(ii) Let a, b, c ∈ S be distinct elements of S. Then we shall write

S
[(a,b,c)]⇝ T

if the following condition is satisfied: If we write ϕ for the [uniquely determined] automor-
phism of P1

k
over k such that ϕ(a) = 0, ϕ(b) = 1, ϕ(c) =∞, then

T = {ϕ(x) ∈ P1
k(k) |x ∈ S } .

(iii) Let n be a nonnegative integer. Then we shall refer to a finite chain

S = S0
[∗1]⇝ S1

[∗2]⇝ · · · [∗n−1]⇝ Sn−1
[∗n]⇝ Sn = T

—where, for each i ∈ {1, . . . , n}, “∗i” is either “l” [cf. (i)] or “(a, b, c)” [cf. (ii)] for distinct
elements a, b, c of Si−1 — as a cusp chain [from S to T ].

(iv) We shall write
S(S)

for the family of subsets of P1
k(k) that consists of subsets S ′ of P1

k(k) such that there
exists a cusp chain from S to S ′ [cf. (iii)].

(v) We shall write

U(S) ⊆ k
×

for the subset of k
×
that consists of a ∈ S ′ \ (S ′ ∩ {0,∞}) for some S ′ ∈ S(S) [cf. (iv)].

(vi) We shall write

E(S) ⊆ k
×

for the subgroup of k
×
generated by U(S) ⊆ k

×
[cf. (v)].

THEOREM 1.5 (Anderson-Ihara). — Let S ⊆ P1
k(k) be a finite subset of P1

k(k) such that
{0, 1,∞} ⊆ S. [Thus, one verifies easily that P1

k \ S is a hyperbolic curve over k.]
Then it holds that

ΩP1
k\S = k(E(S)) = k(U(S)) .

Proof. — This is a consequence of [1], Theorem B. □

DEFINITION 1.6. — We shall refer to an element of U({0, 1,∞}) as a tripod l-unit. Thus,
it follows from Theorem 1.5 that

Ωtpd/k

def
= ΩP1

k\{0,1,∞} = k(tripod l-units) .

REMARK 1.6.1. — An element of E({0, 1,∞}) is called a higher circular l-unit [cf. [1],

§2.6, Definition]. That is to say, a higher circular l-unit is an element of k
×
obtained by

forming a product of finitely many tripod l-units.
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LEMMA 1.7. — Let S ⊆ P1
k(k) be a finite subset of P1

k(k) such that {0, 1,∞} ⊆ S. Then
the following hold:

(i) Every element of S(S) contains {0, 1,∞}.
(ii) Let T ∈ S(S) be an element of S(S). Then it holds that S(T ) ⊆ S(S). In particular,

it holds that U(T ) ⊆ U(S), E(T ) ⊆ E(S).

(iii) Let T ⊆ P1
k(k) be a finite subset of P1

k(k) such that S ⊆ T . Then, for every
S ′ ∈ S(S), there exists an element T ′ ∈ S(T ) such that S ′ ⊆ T ′. In particular, it holds
that U(S) ⊆ U(T ), E(S) ⊆ E(T ).

(iv) For every pair (a, T ) ∈ U({0, 1,∞})×S({0, 1,∞}) such that a ̸∈ {0, 1,∞}, there
exists an element T ′ ∈ S({0, 1,∞}) such that T ⊊ T ′, and, moreover, a ∈ k(T ′ \ {∞}).

(v) Let T , T ′ ∈ S(S) be elements of S(S); S ′ ⊆ P1
k(k) a finite subset of P1

k(k) such
that T ′ ⊆ S ′ ⊆ T . Suppose that T ⊆ P1

k(k). Then it holds that k(U(S)) = k(U(S ′)).

Proof. — Assertion (i) follows immediately from the various definitions involved. Next,
we verify assertion (ii). Let T ′ ∈ S(T ) be an element of S(T ). Then, by considering the
“composite” of a cusp chain from S to T and a cusp chain from T to T ′, it follows that
T ′ ∈ S(S). This completes the proof of assertion (ii). Next, we verify assertion (iii). Since
S ′ ∈ S(S), there exists a cusp chain from S to S ′. Thus, since S ⊆ T , by considering a
similar cusp chain from T to the cusp chain from S to S ′, we obtain an element T ′ ∈ S(T )
such that S ′ ⊆ T ′. This completes the proof of assertion (iii). Next, we verify assertion
(iv). Since a ∈ U({0, 1,∞}), there exists an element Sa ∈ S({0, 1,∞}) such that a ∈ Sa.
Moreover, since T ∈ S({0, 1,∞}), there exists a cusp chain from {0, 1,∞} to T . Thus,
[since {0, 1,∞} ⊆ Sa — cf. assertion (i)], by considering a similar cusp chain from Sa to
the cusp chain from {0, 1,∞} to T , we obtain an element T ′ ∈ S({0, 1,∞}) such that
T ⊊ T ′ [cf. our assumption that a ̸∈ {0, 1,∞}, which thus implies that {0, 1,∞} ⊊ Sa].
On the other hand, since T ′ is obtained by considering a cusp chain from Sa, it follows

immediately from the definitions of “
[l]⇝” and “

[(a,b,c)]⇝ ” of Definition 1.4, (i), (ii), that
a ∈ Sa ⊆ k(T ′ \ {∞}). This completes the proof of assertion (iv).

Finally, we verify assertion (v). Now I claim that the following assertion holds:

Claim 1.7.A: It holds that k(U(S)) = k(U(T )).

Indeed, let us first observe that one verifies easily that the automorphism “ϕ” of P1
k
in

Definition 1.4, (ii), is defined over k(a, b, c) [cf. also the discussion concerning “T (a,b,c)(x)”
given in [1], §2.3]. Thus, it follows immediately from the induction on the “length” of a
cusp chain from S to T that, to verify Claim 1.7.A, it suffices to verify Claim 1.7.A in

the case where S
[l]⇝ T . Write P1

k \ T → P1
k \ S for the connected finite étale covering

given by mapping u 7→ ul, where we write u for the standard coordinate of P1
k. [Here, we

note that it follows from assertion (i) that every element of S(S) contains {0,∞}.] Then
one verifies easily that this covering satisfies conditions (i), (ii), (iii), (iv), and (v) of [7],
Lemma 28. Thus, it follows from [7], Lemma 28, that ΩP1

k\S = ΩP1
k\T , which implies [cf.

Theorem 1.5] Claim 1.7.A. This completes the proof of Claim 1.7.A.
It follows from Claim 1.7.A that ΩP1

k\S = ΩP1
k\T = ΩP1

k\T ′ . On the other hand, it follows
from Remark 1.1.2 that ΩP1

k\T ′ ⊆ ΩP1
k\S′ ⊆ ΩP1

k\T . Thus, we conclude that ΩP1
k\S = ΩP1

k\S′ ,
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which thus implies [cf. Theorem 1.5] assertion (v). This completes the proof of assertion
(v). □

DEFINITION 1.8. — We shall write

kun-l (⊆ k)

[cf. the notation at the beginning of [6], §1] for the maximal Galois extension of k that
satisfies the following conditions:

(1) The extension kun-l/k is unramified at every nonarchimedean prime of k whose
residue characteristic is ̸= l.

(2) If ζl ∈ k is a primitive l-th root of unity, then ζl ∈ kun-l, and, moreover, the
extension kun-l/k(ζl) is pro-l.

REMARK 1.8.1. — Ihara posed the following question concerning an “arithmetic descrip-
tion” of Ωtpd/Q [cf., e.g., [11], Lecture I, §2]:

(Il): Does the equality
Ωtpd/Q = Qun-l

hold?

Note that the inclusion Ωtpd/Q ⊆ Qun-l was already verified. [In fact, one verifies easily

from Proposition 1.2, (i), (ii), that this inclusion Ωtpd/Q ⊆ Qun-l holds.] The problem

(Il) remains unsolved for general l. On the other hand, if l is a regular prime, then the
problem (Il) was answered in the affirmative as follows [cf. Theorem 1.9 below].

THEOREM 1.9 (Brown, Sharifi). — Suppose that l is an odd regular prime. Then the
equality

Ωtpd/Q = Qun-l

of the problem (Il) of Remark 1.8.1 holds.

Proof. — This follows immediately from the main result of [4], together with [22],
Theorem 1.1. □
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2. Moderate Points

In the present §2, we maintain the notation of the preceding §1. In the present §2, we
define and discuss the notion of an l-moderate point of V [cf. Definition 2.4]. In particular,
we prove that, for a closed point of a hyperbolic curve, the closed point is l-moderate if
and only if the closed point satisfies the condition “E(C, x, l)” introduced by Matsumoto
in [13], Introduction [cf. the equivalence (1) ⇔ (3) of Proposition 2.5 below]. Moreover,
we also prove that, for a closed point of an abelian variety, the closed point is l-moderate
if and only if the closed point is torsion [cf. Proposition 2.6 below]. From this point of
view, the notion of an l-moderate point of a hyperbolic curve may be regarded as an
analogue of the notion of a torsion point of an abelian variety [cf. Remark 2.6.1, (i)].

LEMMA 2.1. — There exists a unique splitting sV of the natural surjection

ΠV ×Gk
Ker(ρV )

pr2↠ Ker(ρV )

that satisfies the following conditions:

(1) The image of sV is normal in ΠV (⊇ ΠV ×Gk
Ker(ρV )).

(2) If V = A, then the image of sA is contained in the image of some [or, alter-
natively, every — cf. (1)] splitting of ΠA ↠ Gk determined by the identity section of
A/k.

Proof. — Lemma 2.1 in the case where V = C follows immediately from [7], Lemma
4, (i), (ii), together with the well-known fact that ∆C is topologically finitely generated
and center-free. Next, we verify Lemma 2.1 in the case where V = A. Let us first
observe that the uniqueness of such an sA follows immediately from condition (2) of
the statement of Lemma 2.1, together with the various definitions involved. Thus, we
verify the existence of such an sA. Now let us observe that the identity section of A/k

gives rise to an isomorphism ΠA
∼→ ∆A ⋊ Gk; moreover, one verifies easily that the

closed subgroup {1}⋊ Ker(ρA) ⊆ ∆A ⋊Gk
∼← ΠA is normal. Thus, the closed subgroup

{1} ⋊ Ker(ρA) ⊆ ∆A ⋊ Gk
∼← ΠA of ΠA gives rise to a splitting of the surjection of the

statement of Lemma 2.1 that satisfies the condition in the statement of Lemma 2.1. This
completes the proof of Lemma 2.1 in the case where V = A, hence also of Lemma 2.1. □

DEFINITION 2.2. — We shall write

ΦV
def
= ΠV /Im(sV )

[cf. Lemma 2.1]. Thus, we have a natural commutative diagram of profinite groups

1 −−−→ ∆V −−−→ ΠV −−−→ Gk −−−→ 1∥∥∥ y y
1 −−−→ ∆V −−−→ ΦV −−−→ ΓV −−−→ 1

— where the horizontal sequences are exact, the vertical arrows are surjective, and the
right-hand square is cartesian.
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REMARK 2.2.1. — If V = C, then it follows immediately from the proof of Lemma 2.1

that the quotient ΠC ↠ ΦC defined in Definition 2.2 coincides with the quotient “Φ
{l}
C/k”

defined in [7], Definition 1, (iv). On the other hand, if V = A, then one verifies easily
that the quotient ΠA ↠ ΦA defined in Definition 2.2 does not coincide with the quotient

“Φ
{l}
A/k” defined in [7], Definition 1, (iv). [In fact, one verifies easily that the quotient

“Φ
{l}
A/k” defined in [7], Definition 1, (iv), coincides with the quotient ΠA ↠ Gk ↠ ΓA.]

DEFINITION 2.3. — Let x ∈ V be a closed point of V . Then we shall write

κ(x) ⊆ k

for the [necessarily finite Galois] extension of k obtained by forming the Galois closure
over k of the residue field of V at x in k.

DEFINITION 2.4. — Let x ∈ V be a closed point of V .

(i) Suppose that x ∈ V is k-rational, i.e., x ∈ V (k). Then we shall say that x ∈ V is
l-moderate if the splitting [that is well-defined, up to ∆V -conjugation] of the upper exact
sequence of the commutative diagram of Definition 2.2 induced by x [i.e., a pro-l Galois
section of V/k arising from x ∈ V (k) — cf. [6], Definition 1.1, (ii)] arises from a splitting
of the lower exact sequence of the commutative diagram of Definition 2.2.

(ii) We shall say that x ∈ V is l-moderate if every [necessarily κ(x)-rational] closed
point of V ⊗k κ(x) arising from x is l-moderate [in the sense of (i)].

PROPOSITION 2.5. — Let x ∈ C(k) be a k-rational point of C. Write U
def
= C \ {x} ⊆ C.

[Thus, one verifies easily that U is a hyperbolic curve over k.] Then the following
conditions are equivalent:

(1) The k-rational point x ∈ C(k) is l-moderate.

(2) The natural surjection ΓU ↠ ΓC [cf. Remark 1.1.2] is an isomorphism, i.e.,
ΩC = ΩU .

(2′) The kernel of the natural surjection ΓU ↠ ΓC [cf. Remark 1.1.2] is finite, i.e.,
the Galois extension ΩU/ΩC is finite.

(3) The kernel of the composite

Gk −→ ΠC −→ Aut(∆C)

of the splitting

Gk −→ ΠC

[that is well-defined, up to ∆C-conjugation] of the upper exact sequence of the commutative
diagram of Definition 2.2 induced by x and the action

ΠC −→ Aut(∆C)

obtained by conjugation coincides with Ker(ρC).
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Proof. — This follows immediately from [7], Proposition 33, (i), together with Re-
mark 2.2.1. □

REMARK 2.5.1. — In [13], Matsumoto studied a closed point of a proper hyperbolic
curve over a number field that satisfies condition (3) of Proposition 2.5. The study of the
present §2, as well as the study of [7], §4, is inspired by the study of [13].

PROPOSITION 2.6. — Let x ∈ A(k) be a k-rational point of A. Then the following
conditions are equivalent:

(1) The k-rational point x ∈ A(k) is l-moderate.

(2) The k-rational point x ∈ A(k) is torsion.

Proof. — Write “H1
cont” for the first continuous cohomology group and Kum: A(k)→

H1
cont(Gk,∆A) for the pro-l Kummer homomorphism associated to A [cf., e.g., [6], Remark

1.1.4, (iii)]. Consider the following condition:

(1′) The cohomology class Kum(x) ∈ H1
cont(Gk,∆A) is contained in H1

cont(ΓA,∆A) ⊆
H1

cont(Gk,∆A) [cf. [19], the discussion following Corollary 2.4.2; [19], Corollary 2.7.6].

Then one verifies easily from the definition of the splitting sA of Lemma 2.1 that the
equivalence (1) ⇔ (1′) holds.

Next, I claim that the following assertion holds:

Claim 2.6.A: The cohomology group H1
cont(ΓA,∆A) is torsion.

Indeed, let us recall [cf. [2], [3]] that the image Im(ρA)
∼→ ΓA ⊆ Aut(∆A) of ρA contains

a subgroup J ⊆ Aut(∆A) of Aut(∆A) that consists of homotheties and is isomorphic
to Zl as an abstract profinite group. [That is to say, J is nontrivial and contained in
1 + lZl (respectively, 1 + l2Zl) ⊆ Z×

l ⊆ Aut(∆A) if l is odd (respectively, even).] Then
one verifies easily that there exists a positive integer N such that, for each positive
integer n, the invariant part (∆A/l

n∆A)
J is annihilated by N , which implies that the

kernel of the natural homomorphism H1
cont(ΓA,∆A) → H1

cont(J,∆A) is torsion [cf. also
[19], the discussion following Corollary 2.4.2; [19], Corollary 2.7.6]. Thus, to complete
the verification of Claim 2.6.A, it suffices to verify that H1

cont(J,∆A) is torsion. On the
other hand, this follows immediately from a straightforward computation by means of
the simple structure of J ⊆ Aut(∆A). This completes the proof of Claim 2.6.A.

Next, we verify the implication (1)⇒ (2). Suppose that condition (1) is satisfied. Then
it follows from the above equivalence (1)⇔ (1′), together with Claim 2.6.A, that Kum(x)
is torsion. Thus, there exists a positive integer N such that Nx ∈ Ker(Kum). On the
other hand, one verifies easily from the Mordell-Weil Theorem [cf., e.g., [18], Appendix II]
that the kernel Ker(Kum) is finite. Thus, we conclude that Nx, hence also x, is torsion.
This completes the proof of the implication (1) ⇒ (2).

Finally, we verify the implication (2) ⇒ (1). Suppose that condition (2) is satis-
fied. Let x=l, x̸=l ∈ A(k) be torsion elements of A(k) such that x=l is of l-power or-
der, x̸=l is of prime-to-l order, and x = x=l + x̸=l. Then it follows immediately that
Kum(x) = Kum(x=l). Moreover, since [one verifies easily that] x=l is l∞-divisible in
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A(ΩA), by considering the image of x=l via the pro-l Kummer homomorphism associated
to A ⊗k ΩA, we conclude that the image of Kum(x) = Kum(x=l) ∈ H1

cont(Gk,∆A) in
H1

cont(Ker(ρA),∆A) vanishes, which implies that Kum(x) = Kum(x=l) ∈ H1
cont(Gk,∆A)

is contained in H1
cont(ΓA,∆A) ⊆ H1

cont(Gk,∆A) [cf. [19], the discussion following Corollary
2.4.2; [19], Corollary 2.7.6]. Thus, it follows from the above equivalence (1) ⇔ (1′) that
x satisfies condition (1). This completes the proof of the implication (2) ⇒ (1), hence
also of Proposition 2.6. □

REMARK 2.6.1.

(i) By the equivalence given in Proposition 2.6,

the notion of an l-moderate point of a hyperbolic curve may be regarded
as an analogue of the notion of a torsion point of an abelian variety.

(ii) However, although [it is immediate that] the issue of whether or not a point of
an abelian variety is torsion does not depend on the choice of l, the issue of whether
or not a point of a hyperbolic curve is l-moderate depends on the choice of l [cf. Re-
mark 2.8.1 below]. A similar phenomenon to this phenomenon may be found in the
analogy between the property of not admitting complex multiplication and the property
of being quasi-l-monodromically full [cf. [5], Definition 2.2, (iii)]. The property of being
quasi-l-monodromically full for a hyperbolic curve may be regarded as an analogue of the
property of not admitting complex multiplication for an elliptic curve [cf. [14], §4.1; [5],
Introduction; [8], Introduction]. On the other hand, in fact, although the issue of whether
or not an elliptic curve admits complex multiplication does not depend on the choice of l,
the issue of whether or not a hyperbolic curve is quasi-l-monodromically full depends on
the choice of l [cf. [8], Theorem A].

REMARK 2.6.2. — Let us recall from Remark 1.3.1, (i), that, in the case of abelian
varieties, we have a “tautological geometric description” of the Galois extension ΩA of k
corresponding to the kernel of ρA:

ΩA = k(torsion points of l-power order of A) .

On the other hand, as we discussed in Remark 2.6.1, (i), the notion of an l-moderate point
of a hyperbolic curve may be regarded as an analogue of the notion of a torsion point of
an abelian variety. Thus, one may pose the following question:

Is ΩC generated by the coordinates of all l-moderate points of C? That
is to say, does the equality

ΩC = kmdr-l
C

def
=

∏
x∈C: l-moderate

κ(x)

hold?

The §3 focuses on the study of this question.

REMARK 2.6.3. — One may expect, from the observation given in Remark 2.6.1, (i), that
the following assertion holds:
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Suppose that C is of genus ≥ 1. Let x1, x2 ∈ C(k) be two k-rational
l-moderate points of C. Write JC for the Jacobian variety of Ccpt. Then
the k-rational point of JC obtained by forming the difference of x1 and
x2 is l-moderate, i.e., torsion [cf. Proposition 2.6].

However, in general, the above assertion does not hold [cf. Remark 3.4.1 below].

REMARK 2.6.4. — The observation given in the proof of Proposition 2.6 was related to
the author by Seidai Yasuda.

PROPOSITION 2.7. — Suppose that C is of type (1, 1). Write E for the elliptic curve
over k determined by the hyperbolic curve C. Then every nontrivial torsion point of E
of l-power order is an l-moderate point of C.

Proof. — This follows immediately from [7], Proposition 40, together with the impli-
cation (3) ⇒ (1) of Proposition 2.5. □

PROPOSITION 2.8. — Every closed point of P1
k \ {0, 1,∞} corresponding to a tripod

l-unit is l-moderate.

Proof. — Let x ∈ P1
k \ {0, 1,∞} be a closed point that corresponds to a tripod l-unit.

Then it follows from the definition of a tripod l-unit, together with Lemma 1.7, (i),
that there exists an element T ∈ S({0, 1,∞}) of S({0, 1,∞}) such that ({0, 1,∞} ⊆)
{0, 1,∞, x} ⊆ T . Thus, it follows immediately from Lemma 1.7, (v), together with
Theorem 1.5, that ΩP1

k(T\{∞})\{0,1,∞} = ΩP1
k(T\{∞})\{0,1,∞,x} = ΩP1

k(T\{∞})\T
. In particular, we

conclude that the extension

ΩP1
κ(x)

\{0,1,∞,x}/ΩP1
κ(x)

\{0,1,∞}

is finite, which implies [cf. the implication (2′) ⇒ (1) of Proposition 2.5] that x is l-
moderate. This completes the proof of Proposition 2.8. □

REMARK 2.8.1. — Let ζl ∈ Q be a primitive l-th root of unity. Then it follows from
Proposition 2.8 that the [Q(ζl)-rational] closed point of P1

Q(ζl)
\{0, 1,∞} corresponding to

ζl is l-moderate. On the other hand, the [Q(ζl)-rational] closed point of P1
Q(ζl)
\ {0, 1,∞}

corresponding to ζl is not l
′-moderate for every prime number l′ ̸= l. Indeed, since [one

verifies easily that] 1 − ζl is not a unit at the [unique] nonarchimedean prime l of Q(ζl)
whose residue characteristic is = l, one verifies easily that the hyperbolic curve P1

Q(ζl)
\

{0, 1,∞, ζl} of type (0, 4) over Q(ζl) does not admit good reduction at l. Thus, it follows
from Proposition 1.2, (ii), that the Galois extension “ΩP1

Q(ζl)
\{0,1,∞,ζl}” of Q(ζl) that occurs

in the case where we take “l” to be l′ [i.e., the Galois extension of Q(ζl) corresponding to
the kernel of the pro-l′ outer Galois representation associated to P1

Q(ζl)
\ {0, 1,∞, ζl}] is

ramified at l. On the other hand, since [one verifies easily again from Proposition 1.2, (ii),
that] the Galois extension “ΩP1

Q(ζl)
\{0,1,∞}” of Q(ζl) that occurs in the case where we take

“l” to be l′ [i.e., the Galois extension of Q(ζl) corresponding to the kernel of the pro-l′
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outer Galois representation associated to P1
Q(ζl)
\ {0, 1,∞}] is unramified at l, it follows

from the equivalence (1) ⇔ (2) of Proposition 2.5 that the [Q(ζl)-rational] closed point
of P1

Q(ζl)
\ {0, 1,∞} corresponding to ζl is not l

′-moderate. Thus, we conclude that

the issue of whether or not a given closed point of a hyperbolic curve is
l-moderate depends on the choice of l.

REMARK 2.8.2. — Let us observe that the examples of moderate closed points given in
Proposition 2.7 (respectively, Proposition 2.8) arises from a sort of the elliptic (respectively,
Belyῐ) cuspidalization discussed in [17], §3.
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3. Kernels of Pro-l Outer Galois Representations and Moderate Points

In the present §3, we maintain the notation of the preceding §2. In the present §3, we
discuss the relationship between the Galois extension of k corresponding to the kernel of
the pro-l outer Galois representation associated to C and l-moderate points of C. More
concretely, we study the question posed in Remark 2.6.2: Does the equality

ΩC = kmdr-l
C

def
=

∏
x∈C: l-moderate

κ(x)

hold?

THEOREM 3.1. — Every l-moderate point of C is defined over ΩC, i.e.,

kmdr-l
C ⊆ ΩC .

Proof. — Let x ∈ C be an l-moderate closed point of C. Let us first observe that, by
replacing k by the [necessarily finite Galois] extension of k corresponding to the image of
the composite Gκ(x) ↪→ Gk ↠ ΓC [note that this extension of k is contained in ΩC ], we
may assume without loss of generality that the composite Gκ(x) ↪→ Gk ↠ ΓC is surjective.

Then one verifies easily that the natural morphism C⊗kκ(x)
pr1→ C induces a commutative

diagram of profinite groups

1 −−−→ ∆C⊗kκ(x) −−−→ ΦC⊗kκ(x) −−−→ ΓC⊗kκ(x) −−−→ 1

≀
y ≀

y ≀
y

1 −−−→ ∆C −−−→ ΦC −−−→ ΓC −−−→ 1

— where the horizontal sequences are exact, and the vertical arrows are isomorphisms.
Next, let us observe that it follows immediately from the definition of an l-moderate

point that the l-moderate closed point x of C induces a splitting of the upper horizontal
sequence of the above commutative diagram. Thus, since the vertical arrows of the above
commutative diagram are isomorphisms, we obtain a splitting of the lower horizontal
sequence of the above commutative diagram. In particular, since the right-hand square
of the commutative diagram of Definition 2.2 is cartesian, we obtain a splitting s of the
upper horizontal sequence of the commutative diagram of Definition 2.2 in the case where
V = C, i.e., a pro-l Galois section s of C/k [cf. [6], Definition 1.1, (i)].

Next, let us observe that it follows immediately from the definition of s that the
restriction of s to Gκ(x) ⊆ Gk coincides with a pro-l Galois section of C ⊗k κ(x)/κ(x)
arising from a κ(x)-rational closed point of C ⊗k κ(x) [that arises from x], i.e., the
restriction of s to Gκ(x) ⊆ Gk is geometric [cf. [6], Definition 1.1, (iii)]. Thus, it follows
from the implication (2)⇒ (1) of [9], Lemma 1.5, that s is geometric. Let y ∈ Ccpt(k) be a
k-rational point of Ccpt such that the image of s is contained in a decomposition subgroup
of ΠC associated to y ∈ Ccpt(k). Then it follows from [9], Lemma 1.4, together with the
definitions of s and y, that x = y. In particular, we conclude that κ(x) = k ⊆ ΩC . This
completes the proof of Theorem 3.1. □

REMARK 3.1.1.

(i) Consider the following conditions:
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(1) The equality ΩC = kmdr-l
C holds.

(1′) The inclusion ΩC ⊆ kmdr-l
C holds.

(2) The extension ΩC of kmdr-l
C [cf. Theorem 3.1] is finite.

(3) There are infinitely many l-moderate points of C.

(4) There is an l-moderate point of C.

Then we have an equivalence and implications

(1)⇐⇒ (1′) =⇒ (2) =⇒ (3) =⇒ (4) .

Indeed, the equivalence (1) ⇔ (1′) follows from Theorem 3.1. The implication (1) ⇒ (2)
is immediate. The implication (2) ⇒ (3) follows immediately from the [easily verified]
fact that the Galois extension ΩC/k is infinite. The implication (3) ⇒ (4) is immediate.

(ii) The discussion given in (i) leads naturally to the following observation concerning
the study of rational points of hyperbolic curves:

Suppose that condition (4) of (i) holds [e.g., condition (1) of (i) holds].
Write k0

C (⊆ k) for the finite Galois extension of k corresponding to the
kernel of the composite

Gk
ρC−→ Out(∆C) −→ Aut(∆ab

C ⊗Zl
Fl)

and (k0
C ⊆) (k0

C)
pro-l ⊆ (k0

C)
nilp ⊆ (k0

C)
solv (⊆ k) for the maximal pro-l,

nilpotent, solvable Galois extensions of k0
C , respectively. Then

C((k0
C)

pro-l) ,

hence also

C((k0
C)

nilp) and C((k0
C)

solv) ,

is nonempty. In particular, if the above displayed composite is trivial,
then it holds that

C(kpro-l) , C(knilp) , C(ksolv) ̸= ∅ .

Indeed, this follows immediately from Theorem 3.1, together with Proposition 1.2, (i).

REMARK 3.1.2. — The observation given in the discussion of Remark 3.1.1 was related
to the author by Akio Tamagawa.

COROLLARY 3.2. — Let X → C be a connected finite étale covering of C that arises
from an open subgroup of ΠC. Suppose that X is a hyperbolic curve over k [i.e., X is
geometrically connected over k]. Then the following hold:

(i) Let x ∈ X be a closed point of X. Write c ∈ C for the closed point of C obtained
by forming the image of x via the covering X → C. Then it holds that x is l-moderate
if and only if c is l-moderate. Moreover, in this case, it holds that

ΩC · κ(x) = ΩX .



20 Yuichiro Hoshi

In particular, if there exists an l-moderate closed point of X defined over ΩC, then it
holds that

ΩC = ΩX .

(ii) We have natural inclusions of fields

kmdr-l
C ⊂ kmdr-l

X

∩ ∩
ΩC ⊂ ΩX .

Moreover, the extension ΩX/ΩC [determined by the lower horizontal inclusion] is finite.

(iii) Suppose that the extension

ΩC / kmdr-l
C

[cf. Theorem 3.1] is finite [e.g., C is isomorphic to P1
k \ {0, 1,∞} — cf. Corollary 3.3

below]. Then the two extensions
ΩX / kmdr-l

X ,

kmdr-l
X / kmdr-l

C

[cf. (ii)] are finite.

Proof. — First, we verify assertion (i). Let us first observe that it follows immediately
from the equivalence (1) ⇔ (2′) of Proposition 2.5, together with Theorem 3.1, that, to
verify assertion (i), by replacing k by κ(x), we may assume without loss of generality that
x ∈ X(k), c ∈ C(k). Thus, assertion (i) follows from [7], Proposition 35, together with
the implication (3) ⇒ (1) of Proposition 2.5. This completes the proof of assertion (i).

Next, we verify assertion (ii). Let us first observe that, by considering the closed
points of X that lie over the l-moderate closed points of C, we conclude immediately
from assertion (i) that

kmdr-l
C ⊆ kmdr-l

X .

On the other hand, it follows from [7], Proposition 25, (i), that we have an inclusion
ΩC ⊆ ΩX , and, moreover, the extension ΩX/ΩC is finite. Thus, assertion (ii) follows
immediately from Theorem 3.1. This completes the proof of assertion (ii). Assertion (iii)
follows immediately from the various definitions involved, together with assertion (ii).
This completes the proof of Corollary 3.2. □

COROLLARY 3.3. — Let S ∈ S({0, 1,∞}) be an element of S({0, 1,∞}) such that S \
{∞} ⊆ k. Then it holds that

ΩP1
k\S = kmdr-l

P1
k\S

.

In particular, the equality

Ωtpd/k

def
= ΩP1

k\{0,1,∞} = kmdr-l
P1
k\{0,1,∞}

holds.

Proof. — It follows from Theorem 3.1 that, to verify Corollary 3.3, it suffices to verify
that ΩP1

k\S ⊆ kmdr-l
P1
k\S

. On the other hand, it follows immediately from Lemma 1.7, (v),

together with Theorem 1.5 and the equality of Definition 1.6, that ΩP1
k\S is generated by

the tripod l-units. Thus, to verify Corollary 3.3, it suffices to verify that, for each tripod
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l-unit a ∈ k \ {0, 1}, it holds that a ∈ kmdr-l
P1
k\S

. To this end, let us recall from Lemma 1.7,

(iv), that there exists an element T ∈ S({0, 1,∞}) such that S ⊊ T , and, moreover,
a ∈ k(T \ {∞}). Let a′ ∈ T \ S. Then since S ⊆ S ⊔ {a′} ⊆ T , it follows immediately
from Lemma 1.7, (v), that k(T \ {∞},U(S)) = k(T \ {∞},U(S ⊔{a′})). Thus, it follows
from Theorem 1.5, together with the equivalence (1) ⇔ (2′) of Proposition 2.5, that
the closed point of P1

k \ S corresponding to a′ ∈ k is l-moderate. In particular, since
a ∈ k(T \ {∞}) = k(T \ S) [cf. our assumption that S \ {∞} ⊆ k], we conclude that
a ∈ kmdr-l

P1
k\S

. This completes the proof of Corollary 3.3. □

EXAMPLE 3.4. — Theorem 3.1 and Corollary 3.2 give us other examples of hyperbolic
curves X over k for which the equality

ΩX = kmdr-l
X

holds as follows:

(i) Suppose that l is odd. Let n be a positive integer. Write

X
def
= Spec

(
k[s, t]/(sl

n

+ tl
n

+ 1)
)

— where s and t are indeterminates. Then the equalities

Ωtpd/k = ΩX = kmdr-l
X

hold. Indeed, let us consider the connected finite étale covering X → P1
k \{0, 1,∞} given

by mapping u 7→ sl
n
[where we write u for the standard coordinate of P1

k]. Then one
verifies easily that this covering arises from an open subgroup of ΠP1

k\{0,1,∞}. Moreover,

one verifies immediately that every closed point of X that lies [relative to this covering]
over the closed point of P1

k \ {0, 1,∞} corresponding to a tripod l-unit is defined over
k(tripod l-units). Thus, since such a closed point of P1

k \ {0, 1,∞} is l-moderate [cf.
Proposition 2.8], and

k(tripod l-units) = Ωtpd/k

[cf. Definition 1.6], it follows immediately from Corollary 3.2, (i), (ii), that the equality

Ωtpd/k = ΩX

and the inclusion

Ωtpd/k ⊆ kmdr-l
X

hold. In particular, it follows from Theorem 3.1 that the equalities

Ωtpd/k = ΩX = kmdr-l
X

hold.

(ii) Let n be a positive integer. Suppose that l is odd, and that (l, n) ̸= (3, 1). Write

X
def
= Proj

(
k[s, t, u]/(sl

n

+ tl
n

+ uln)
)

— where s, t, and u are indeterminates. Then the equalities

Ωtpd/k = ΩX = kmdr-l
X
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hold. Indeed, by considering the open subscheme U ⊆ X of X given by “X” of (i), we
conclude from (i), together with Remark 1.1.2; Proposition 1.2, (vi), that the equalities

Ωtpd/k = ΩX = ΩU

hold. Moreover, let us observe that if a closed point x ∈ X of X lies on the open
subscheme U ⊆ X [i.e., given by “X” of (i)] and is l-moderate as a closed point of U ,
then it follows from the equivalence (1)⇔ (2) of Proposition 2.5 that ΩU = ΩU\{x}; thus,
it follows immediately from Remark 1.1.2 that ΩX = ΩX\{x}, i.e., x ∈ X is l-moderate as
a closed point of X [cf. the equivalence (1) ⇔ (2) of Proposition 2.5]. In particular, it
follows that the inclusion

kmdr-l
U ⊆ kmdr-l

X ,

hence [cf. (i); Theorem 3.1] also the equalities

Ωtpd/k = ΩX = kmdr-l
X

hold.

(iii) Suppose that l = 3, and that a primitive cube root of unity is contained in k.
Write X for the modular curve Y (3) parametrizing elliptic curves with Γ(3)-structures
[cf., e.g., [12]] over k. Then the equalities

Ωtpd/k = ΩX = kmdr-3
X

hold. Indeed, as is well-known, if ζ3 ∈ k is a primitive cube root of unity, then there
exists an isomorphism over k

X ≃ P1
k \ {1, ζ3, ζ23 ,∞} .

Thus, since [one verifies easily that] {0, 1, ζ3, ζ23 ,∞} ∈ S({0, 1,∞}), it follows immediately
from Lemma 1.7, (v), together with Remark 1.1.2; Proposition 1.2, (vi); Theorem 1.5,
that the equalities

Ωtpd/k = ΩX = ΩP1
k\{0,1,ζ3,ζ

2
3 ,∞}

hold. Let a ∈ k \{0, 1} be a tripod 3-unit; write x ∈ X ≃ P1
k \{1, ζ3, ζ23 ,∞} for the closed

point of X corresponding to a1/3. [Note that it follows immediately from the definition
of a tripod l-unit that a1/3 is a tripod 3-unit.] Then, by considering the connected finite
étale covering P1

k \ {0, 1, ζ3, ζ23 ,∞} → P1
k \ {0, 1,∞} given by mapping u 7→ u3 [where we

write u for the standard coordinate of P1
k], we conclude from Corollary 3.2, (i), together

with Proposition 2.8, that x ∈ X ≃ P1
k \ {1, ζ3, ζ23 ,∞} is 3-moderate as a closed point

of P1
k \ {0, 1, ζ3, ζ23 ,∞}. In particular, it follows immediately from a similar argument to

the argument applied in (ii) [concerning “x ∈ X” of (ii)] that x is 3-moderate as a closed
point of X. Thus, it follows that

a1/3 ∈ kmdr-3
X ,

which thus implies [cf. the equality of Definition 1.6] that

Ωtpd/k ⊆ kmdr-3
X .

In particular, it follows from Theorem 3.1 that the equalities

Ωtpd/k = ΩX = kmdr-3
X

hold.
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(iv) Let n be a positive integer. Suppose that l = 3, and that a primitive 3n-th root
of unity is contained in k. Write X for the modular curve Y (3n) parametrizing elliptic
curves with Γ(3n)-structures [cf., e.g., [12]] over k. Then the equalities

Ωtpd/k = ΩX = kmdr-3
X

hold. Indeed, let us first observe that it is immediate that, to verify the equalities
under consideration, we may assume without loss of generality that k = Q(ζ3n), where
ζ3n ∈ k is a primitive 3n-th root of unity. Let a ∈ k \ {0, 1} be a tripod 3-unit. Write
x ∈ Y (3) ≃ P1

k \ {1, ζ3, ζ23 ,∞} [cf. (iii)] for the closed point of Y (3) corresponding to a1/3

and Ex for the elliptic curve over k(a1/3) determined by the closed point x ∈ Y (3). Then
it follows from the discussion given in (iii) that the closed point x ∈ Y (3) is 3-moderate.
In particular, it follows immediately from the equivalence (1) ⇔ (2) of Proposition 2.5,
together with Proposition 1.2, (ii), that the elliptic curve Ex admits good reduction at
every nonarchimedean prime of k(a1/3) whose residue characteristic is ̸= 3. Thus, in
light of k(a1/3) ⊆ Ωtpd/k = kun-3 [cf. Definition 1.6; Theorem 1.9], since every torsion

point of Ex of order 3 is k(a1/3)-rational, and the kernel of the natural homomorphism
GL2(Z3)→ GL2(F3) is pro-3, it follows immediately from the definition of kun-3, together
with Proposition 1.2, (i), (ii), that every torsion point of Ex of 3-power order is defined
over Ωtpd/k = kun-3. In particular, every closed point of X that lies, relative to the

finite étale covering X → Y (3) arising from the natural inclusion Γ(3n) ↪→ Γ(3) [which
corresponds to an open subgroup of ΠY (3)], over x ∈ Y (3) is defined over Ωtpd/k = kun-3.

Thus, it follows immediately from Corollary 3.2, (i), together with (iii), that the equality

Ωtpd/k = ΩX

and [by allowing to vary a] the inclusion

Ωtpd/k ⊆ kmdr-3
X

hold. Thus, it follows from Theorem 3.1 that the equalities

Ωtpd/k = ΩX = kmdr-3
X

hold.

(v) Let n ≥ 2 be an integer. Suppose that l = 3, and that a primitive 3n-th root of
unity is contained in k. Write X for the smooth compactification X(3n) of the modular
curve Y (3n) of (iv). Then the equalities

Ωtpd/k = ΩX = kmdr-3
X

hold. Indeed, in light of (iv), this follows immediately from a similar argument to the
argument applied in (ii) [by replacing (i) by (iv)].

REMARK 3.4.1. — It follows from Example 3.4, (ii), that if l ≥ 5, then the proper
hyperbolic curve X over Q defined by the homogeneous equation “xl + yl + zl” satisfies
condition (1) of Remark 3.1.1, (i). In particular, it follows from the implication (1)⇒ (3)
of Remark 3.1.1, (i), that X admits infinitely many l-moderate points. Thus, it follows
immediately from the finiteness result of [20], Théorème 1, that the assertion given in
Remark 2.6.3 does not hold.
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LEMMA 3.5. — Suppose that the following two conditions are satisfied:

(1) The equality

Ωtpd/Q = Qun-l

of the problem (Il) of Remark 1.8.1 holds [e.g., l is an odd regular prime — cf. Theo-
rem 1.9].

(2) k ⊆ Ωtpd/Q = Qun-l.

Then the following hold:

(i) The equality
ΩC = Ωtpd/Q

holds if and only if the following condition is satisfied:

(†) : The hyperbolic curve C admits good reduction at every nonar-
chimedean prime of k whose residue characteristic is ̸= l, and, more-
over, if ζl ∈ k is a primitive l-th root of unity, then the restriction to
Gk(ζl) ⊆ Gk of the composite

Gk
ρC−→ Out(∆C) −→ Aut(∆ab

C ⊗Zl
Fl)

factors through a pro-l quotient of Gk(ζl).

(ii) Suppose, moreover, that the equality

ΩC = Ωtpd/Q

holds, and that the hyperbolic curve C is proper over k. Let x ∈ C(k) be a k-rational
point of C. Then the equalities

ΩC = ΩC\{x} = Ωtpd/Q = Qun-l

hold.

(iii) In the situation of (ii), for a closed point of C, it holds that the closed point is
l-moderate if and only if the closed point is defined over Ωtpd/Q = Qun-l. In particular,
it holds that

{ l-moderate closed points of C } = C(Qun-l) .

Proof. — First, we verify assertion (i). The necessity follows immediately from Propo-
sition 1.2, (ii), together with the definition of Qun-l. To verify the sufficiency, let us
observe that if the condition (†) holds, then it follows immediately from Proposition 1.2,
(i), (ii), together with the definition of Qun-l, that the inclusion ΩC ⊆ Qun-l holds, which
thus implies [cf. condition (1)] that ΩC ⊆ Ωtpd/k . Thus, the sufficiency follows from

Proposition 1.2, (vi). This completes the proof of assertion (i).
Next, we verify assertion (ii). It follows from assertion (i) that, to verify assertion

(ii), it suffices to verify that the hyperbolic curve C \ {x} satisfies the condition (†).
On the other hand, again by assertion (i), the hyperbolic curve C satisfies the condition
(†). Thus, one verifies easily that the hyperbolic curve C \ {x} satisfies the condition
(†). This completes the proof of assertion (ii). Assertion (iii) follows immediately from
Theorem 3.1, together with assertion (ii). This completes the proof of Lemma 3.5. □
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REMARK 3.5.1. — Suppose that conditions (1) and (2) in the statement of Lemma 3.5
hold. Then it follows from Lemma 3.5, (iii), together with Example 3.4, (ii) (respectively,
Example 3.4, (v)), that the proper hyperbolic curve “X” of Example 3.4, (ii) (respectively,
Example 3.4, (v)), satisfies the equality

{ l-moderate closed points of X } = X(Qun-l) .

COROLLARY 3.6. — Suppose that l ≥ 5, and that the equality

Ωtpd/Q = Qun-l

of the problem (Il) of Remark 1.8.1 holds [e.g., l is a regular prime — cf. Theorem 1.9].
Let a, b ∈ Ωtpd/Q \ {0, 1} = Qun-l \ {0, 1} be elements of Ωtpd/Q \ {0, 1} = Qun-l \ {0, 1}
such that

al + bl = 1 .

Then the hyperbolic curve of type (0, 4) over Q(al)

P1
Q(al) \ {0, 1,∞, al}

is not quasi-l-monodromically full [cf. [5], Definition 2.2, (iii)], i.e., if we write

k
def
= Q(al) and C

def
= P1

Q(al)
\ {0, 1,∞}, then the image of the composite

Gk → ΠC ↠ ΦC

— where the first arrow is the splitting [that is well-defined, up to ∆C-conjugation] of
the upper exact sequence of the commutative diagram of Definition 2.2 induced by the
k-rational point of C determined by al, and the second arrow is the natural surjection
defined in Definition 2.2 — is not open [cf. Remark 2.2.1; [7], Remark 11, (ii); [7],
Proposition 19, (iv)].

Proof. — Write X for the proper hyperbolic curve of Example 3.4, (ii), in the case
where (k, n) = (Q, 1); U ⊆ X for the open subscheme of X given by “X” of Example 3.4,
(i), in the case where (k, n) = (Q, 1); x ∈ U for the [Ωtpd/Q-rational] closed point of U

corresponding to the pair (a, b) in the statement of Corollary 3.6. Then it follows from
Remark 3.5.1 that x is l-moderate as a closed point of X. In particular, it follows immedi-
ately from the equivalence (1)⇔ (3) of Proposition 2.5, together with [7], Proposition 33,
(ii), that x is not quasi-l-monodromically full [cf. [7], Definition 8] as a closed point of X,
hence [cf. [7], Proposition 24, (i)] also U . Thus, by considering the connected finite étale
covering U → P1

Q \{0, 1,∞} given by mapping u 7→ sl [where we write u for the standard
coordinate of P1

Q], we conclude from [7], Proposition 27, (ii), that the closed point of

P1
Q \{0, 1,∞} corresponding to al is not quasi-l-monodromically full. In particular, it fol-

lows immediately from [7], Remark 11, (ii), that the hyperbolic curve P1
Q(al)
\{0, 1,∞, al}

of type (0, 4) over Q(al) is not quasi-l-monodromically full. This completes the proof of
Corollary 3.6. □

REMARK 3.6.1. — Corollary 3.6 leads naturally to the following observation which may
be regarded as a “conditional proof” of Fermat’s last theorem:
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Suppose that the following two assertions hold:

(1) The equality Ωtpd/Q = Qun-l of the problem (Il) of Remark 1.8.1
holds for every prime number l.

(2) The problem of Matsumoto and Tamagawa given as [14], Problem
4.1, is answered in the affirmative. [In particular, the equivalence (MT1)
⇔ (MT2) of [8], Introduction, holds.]

Let l ≥ 5 be a prime number and a, b ∈ Ωtpd/Q \ {0, 1} = Qun-l \ {0, 1}
elements of Ωtpd/Q \ {0, 1} = Qun-l \ {0, 1} such that

al + bl = 1 .

Then it follows from Corollary 3.6 that the hyperbolic curve of type (0, 4)
over Q(al)

X
def
= P1

Q(al) \ {0, 1,∞, al}
is not quasi-l-monodromically full. Thus, it follows from our assumption
that the equivalence (MT1)⇔ (MT2) of [8], Introduction, holds thatX is
not quasi-l′-monodromically full for every prime number l′. In particular,
it follows immediately from [5], Corollary 7.11, that one of the elements
of the set

{al, bl,−(a/b)l, a−l, b−l,−(a/b)−l} ,
hence also one of the elements of the set

{a, b, a/b} ,
is a unit [in the ring of integers of Q].

Thus, one verifies easily that, for instance, every pair (a, b) of nonzero
rational numbers does not satisfy the equality

al + bl = 1 .

On the other hand, however, the author answered the problem of Matsumoto and Tam-
agawa given as [14], Problem 4.1, in the negative in [8] [cf. [8], Theorem A]. The above
observation is one of the main motivations of studying the problem of Matsumoto and
Tamagawa in [8].
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