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ABSTRACT. — In the present paper, we study the absolute anabelian geometry of hyper-
bolic orbicurves. The first main result of the present paper shows the absolute version of the
Grothendieck conjecture for quasi-tripods — e.g., hyperbolic curves of genus less than two —
over, for instance, finitely generated extensions of mixed-characteristic local fields. Moreover,
we prove some absolute anabelian results for certain hyperbolic polycurves as applications of
the first main result. Finally, we also show the absolute version of the Grothendieck con-
jecture for MLF-isotrivial hyperbolic orbicurves over finitely generated extensions of mixed-
characteristic local fields.
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INTRODUCTION

In the present Introduction, let p be a prime number and k a field of characteristic
zero. We shall say that [cf. Definition 1.1 and Definition 1.2]

e the field k is algebraic if k is algebraic over the [unique] subfield of k& isomorphic to
the field of rational numbers,

e the field k is p-adic local if k is isomorphic to a finite extension of the field of fractions
of the ring of Witt vectors with coefficients in a finite field of characteristic p,

e the field £ is mixed-characteristic local if k is [-adic local for some prime number [,
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e the field k is sub-p-adic if k is isomorphic to a subfield of a field finitely generated
over a p-adic local field,

e the field k is generalized sub-p-adic if k is isomorphic to a subfield of a field finitely
generated over the field of fractions of the ring of Witt vectors with coefficients in an
algebraic extension of a finite field of characteristic p, and

e the field £ is strictly sub-p-adic if k is sub-p-adic and contains a p-adic local field.

The [relative version of the|] Grothendieck conjecture for hyperbolic [orbi]curves over
generalized sub-p-adic fields was proved by Mochizuki [cf. [12], Theorem A, and [13],
Theorem 4.12; also Theorem 4.5 of the present paper]|. In the present paper, we study the
absolute anabelian geometry of hyperbolic orbicurves over generalized sub-p-adic fields. In
particular, we discuss the absolute version of the Grothendieck conjecture for quasi-tripods
over certain generalized sub-p-adic fields.

Let X be a hyperbolic orbicurve [cf. Definition 3.5, (i)] over k. Then we shall say
that X is a quasi-tripod [cf. Definition 3.7] if there exist a positive integer n and a
sequence (X = X1, Xo, ..., X,,_1,X,) of hyperbolic orbicurves such that X, is a tripod
i.e., a hyperbolic curve of type (0,3) — cf. Definition 3.4, (ii)], and, moreover, for each
i € {1,...,n—1}, the hyperbolic orbicurve X; is related to the hyperbolic orbicurve X;
in one of the following four ways:

(1) There exists a finite étale covering X;,1 — X;.
(2) There exists a finite étale covering X; — X;1.
(3) There exists an open immersion X; — Xj1.

(4) There exists a morphism X; — X, such that the induced morphism between the
associated coarse spaces is an isomorphism.

The notion of a quasi-tripod may be regarded as a generalization of the notion of a
hyperbolic curve of Belyi type defined in [16], Definition 2.3, (ii). More precisely, if k is
mixed-characteristic local, and X is a hyperbolic curve over k, then it holds that X is
of Belyi type if and only if X is a quasi-tripod and, moreover, may be defined over an
algebraic subfield of k. Here, one verifies easily from elementary algebraic geometry the
following three assertions:

e An arbitrary nonempty open substack of a quasi-tripod is a quasi-tripod.

e For each point of a hyperbolic curve over k, there exists an open neighborhood of
the point which is a quasi-tripod.

e Every hyperbolic curve of genus < 1 over k is a quasi-tripod.

The first main result of the present paper, i.e., Corollary 5.6, shows the absolute version
of the Grothendieck conjecture for quasi-tripods over certain generalized sub-p-adic fields.
One consequence of Corollary 5.6 is as follows:

THEOREM A. — For O € {o, e}, let po be a prime number, ko a field of characteristic
zero, and X a hyperbolic orbicurve over ko; write Ilx for the étale fundamental group
[relative to an appropriate choice of basepoint] of Xo. Let

Q. HXO 4N>HX.
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be an isomorphism of profinite groups. Suppose that either X, or X, is a quasi-tripod.
Suppose, moreover, that one of the following three conditions is satisfied:

(1) For each O € {o, e}, the field ko is algebraic, generalized sub-pg-adic, and
Hilbertian.

(2) For each O € {o,e}, the field ko is finitely generated and transcendental
over a field that is algebraic and sub-pg-adic.

(3) For each O € {o, e}, the field kg is strictly sub-pg-adic.

Then the isomorphism o arises from a unique isomorphism X, = X, of stacks.

Note that Theorem A may be regarded as a generalization of the absolute anabelian
result for hyperbolic curves of Belyi type over mixed-characteristic local fields proved by
Mochizuki, i.e., [16], Corollary 2.3, in the case where condition (b) is satisfied.

Before proceeding, we pause to observe [cf. Remark 5.6.1] that if one replaces conditions
(1), (2), and (3) in the statement of Theorem A by, for instance, the condition that

for each O € {o, o}, the field kg is sub-po-adic,

then the conclusion of Theorem A no longer holds in general. Indeed, if one writes QQ for
the field of rational numbers, Q, for the p-adic completion of QQ, and [’ for the algebraic
closure of Q in @, then it is immediate that both Q, and F" are sub-p-adic. On the other
hand, it follows from Krasner’s lemma [cf., e.g., [20], Lemma 8.1.6] that the natural
inclusion F' — Q, induces an outer isomorphism between the respective absolute Galois
groups. In particular, for an arbitrary hyperbolic curve X [e.g., a tripod, that is a quasi-
tripod| over F', the first projection X xr@Q, — X induces an outer isomorphism between
the respective étale fundamental groups. However, one verifies easily that the scheme
X xp Q, is not isomorphic to the scheme X.

In [4], the author of the present paper studied the relative version of the Grothendieck
conjecture for hyperbolic polycurves [cf. Definition 6.1 of the present paper] over sub-p-
adic fields. In §6 of the present paper, we prove some absolute anabelian results for
certain hyperbolic polycurves as applications of the first main result of the present paper.
The first application, i.e., Corollary 6.4, is an absolute anabelian result for configuration
spaces of hyperbolic curves [cf. Definition 6.2]. This result may be derived from the first
main result of the present paper, together with the anabelian techniques applied in [18],
§1. One consequence of Corollary 6.4 is as follows:

THEOREM B. — For [ € {o, e}, let dn be a positive integer, pn a prime number, ko a
field of characteristic zero, and Co a hyperbolic curve over kg, write Xg for the dg-th
configuration space of Cy and Ilx, for the étale fundamental group [relative to an
appropriate choice of basepoint] of Xg. Let

a HXO 4N>HX.

be an isomorphism of profinite groups. Suppose that one of the following three conditions
18 satisfied:

(A) Either C, or C, is a quasi-tripod.
(B) Fither C, or C, is affine. Moreover, the inequality max{d,,ds} > 2 holds.
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(C) The inequality max{d,,ds} > 3 holds.

Suppose, moreover, that one of the three conditions (1), (2), and (3) in the statement of
Theorem A is satisfied. Then the isomorphism « arises from a unique isomorphism
X, = X, of schemes.

The second application, i.e., Corollary 6.10, is a result concerning an absolutely an-
abelian open basis. Let us recall that Schmidt and Stix proved that every smooth variety
over a field finitely generated over the field of rational numbers has an open basis for
the Zariski topology consisting of “anabelian” varieties [cf. [22], Corollary 1.7]. This was
predicted by Grothendieck in his letter to Faltings. Moreover, the author of the present
paper generalized this result of Schmidt and Stiz to smooth varieties over generalized
sub-p-adic fields [cf. [8], Theorem A].

In [8], the author of the present paper also discussed an absolute version of the above
prediction due to Grothendieck. We shall say that a smooth variety over k has an abso-
lutely anabelian open basis [cf. Definition 6.9] if there exists an open basis for the Zariski
topology of the variety such that, for arbitrary members U and V' of the open basis, the
natural map

Isom (U, V) —— Isom(Ily, I1y ) /Inn(11y)

is bijective — where we write “IL_)” for the étale fundamental group [relative to an
appropriate choice of basepoint] of “(—)”. One consequence of Corollary 6.10 — that
may be regarded as a generalization of some results of [8], hence also of [22], Corollary
1.7 — is as follows:

THEOREM C. — Suppose that one of the following three conditions is satisfied:
(1) The field k is algebraic, generalized sub-p-adic, and Hilbertian.

(2) The field k is finitely generated and transcendental over a field that is alge-
braic and sub-p-adic.

(3) The field k is strictly sub-p-adic.

Then every smooth variety of positive dimension over the field k has an absolutely
anabelian open basis.

Finally, in §7 of the present paper, we also study the absolute anabelian geometry of
MLF-isotrivial hyperbolic orbicurves. Let X be a hyperbolic orbicurve over k. Then we
shall say that [cf. Definition 3.6]

e the hyperbolic orbicurve X is strictly ML F-isotrivial if there exist a mixed-characteristic
local subfield ky C k of k, a hyperbolic orbicurve X, over kj, and an isomorphism
X 5 X, Xk, k over k, and

e the hyperbolic orbicurve X is MLF-isotrivial if there exists a finite extension K of k
such that the hyperbolic orbicurve X x, K over K is strictly MLF-isotrivial.

The main result of §7 of the present paper, i.e., Theorem 7.1, shows the absolute version
of the Grothendieck conjecture for MLF-isotrivial hyperbolic orbicurves over fields that
are strictly sub-p-adic but not p-adic local. One consequence of Theorem 7.1 is as follows:
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THEOREM D. — For [ € {o, e}, let pg be a prime number, kg a field that is strictly
sub-pg-adic but not po-adic local, and X5 a hyperbolic orbicurve over kq; write

Ix, for the étale fundamental group [relative to an appropriate choice of basepoint] of
XD- Let

a HXO HHX.

be an isomorphism of profinite groups. Suppose that one of the following two conditions
18 satisfied:

(1) Both X, and X, are MLF-isotrivial.

(2) The hyperbolic orbicurve X, is strictly MLF-isotrivial, and, moreover, the
unique mazximal po-adic local subfield of k. [cf. Proposition 2.11, (iii)] is absolutely
abelian [cf. [7], Definition 4.2, (ii)].

Then the isomorphism a arises from a unique isomorphism X, = X, of stacks.
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1. SOME GENERALITIES ON QUASI-p-ADIC LOCAL FIELDS

In the present §1, we discuss some generalities on quasi-p-adic local fields [cf. Defini-
tion 1.2, (ii)]. In the present §1, let p be a prime number and k a field of characteristic
Z€ero.

DEFINITION 1.1.
(i) We shall write ky,, C k for the [unique| subfield of k isomorphic to the field of

rational numbers. We shall write (p) for the [unique] nonarchimedean prime of ky, of
residue characteristic p.

(i) We shall write k,, C k for the [unique] maximal subfield of k algebraic over k.
(iii) We shall say that k is algebraic if the equality k = k,j; holds.
(iv) We shall say that k is a number field if k is finite over k..

REMARK 1.1.1. — One verifies easily the following three assertions:
(i) If k is algebraic, then an arbitrary algebraic extension of k is algebraic.
(ii) If k is a number field, then an arbitrary finite extension of k is a number field.

(iii) A number field is algebraic.
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DEFINITION 1.2.

(i) We shall say that k is p-adic local if k is isomorphic to a finite extension of the field
of fractions of the ring of Witt vectors with coefficients in a finite field of characteristic p.

We shall say that k is mized-characteristic local if k is l-adic local for some prime number
l.

(ii) We shall say that k is quasi-p-adic local if k is isomorphic to a finite extension of
the field of fractions of the ring of Witt vectors with coefficients in an algebraic extension
of a finite field of characteristic p.

(iii) We shall say that k is sub-p-adic if k is isomorphic to a subfield of a field finitely
generated over a p-adic local field.

(iv) We shall say that k is generalized sub-p-adic if k is isomorphic to a subfield of a
field finitely generated over a quasi-p-adic local field.

(v) We shall say that k is strictly sub-p-adic if k is sub-p-adic and contains a p-adic
local field.

REMARK 1.2.1. — One verifies easily the following three assertions:

(i) If k is p-adic local (respectively, quasi-p-adic local), then an arbitrary finite exten-
sion of k is p-adic local (respectively, quasi-p-adic local).

(i1) If k is sub-p-adic (respectively, generalized sub-p-adic; strictly sub-p-adic), then an
arbitrary finitely generated extension of k is sub-p-adic (respectively, generalized sub-p-
adic; strictly sub-p-adic).

(iii) The following implications hold:

number field

ﬂ

p-adic local === strictly sub-p-adic === sub-p-adic

M ﬂ

quasi-p-adic local generalized sub-p-adic

LEMMA 1.3. — [t holds that the field k is p-adic local (respectively, quasi-p-adic local)
if and only if there exists a prime p of kay over (p) such that the degree (respectively,
ramification indez) of p over (p) is finite, and, moreover, the natural inclusion kag — k
determines an isomorphism of the completion of kag at the prime p with k.

PrROOF. — This assertion follows immediately from the definitions of the notion of a
p-adic local field and the notion of a quasi-p-adic local field. O

LEMMA 14. — Let F C k be an algebraic subfield of k [so kun C F] and p a prime
of F over (p) such that the ramification index of p over (p) is finite. Write F" for the
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completion of F at the prime p and Opr C F™ for the valuation ring of F" with respect
to the valuation determined by p. Then the following hold:

(i) The subring of F™ generated by the subset

U (m (F/\)l") c P

l: prime n>1
coincides with the subring Opa C F.

(ii) There ezists a unique prime number | such that | - Opn # Opn. Moreover, this
unique prime number coincides with p.

(i) The collection {p" - Opn}y>1 of ideals of Opn determines a complete discrete
valuation on F”. Moreover, this resulting complete discrete valuation on F" coincides
with the valuation on F” determined by p. In particular, the prime of F determined by
this complete discrete valuation on F" coincides with the prime p.

PROOF. — First, we verify assertion (i). Write p C Of, for the subgroup consisting

of roots of unity in F*, m C Opn for the maximal ideal of the local ring Opa, S o

Ut prime (Mis1 (FY)) € F?, and R C F” for the subring of F generated by S C F.
Then since the ramification index of p over (p) is finite, the quotient (F")*/Ox. is cyclic
and infinite. Thus, the inclusion S C Opa, hence also the inclusion R € Opa, holds.
Next, let us observe that one verifies immediately the inclusion g C S. Moreover, one
also verifies immediately the equality (1 +m)! = 1+ m for an arbitrary prime number [
not equal to p, hence also the inclusion 1 +m C S. Thus, assertion (i) follows from the
[easily verified] fact that the ring Opa is generated by p and 14 m. This completes the
proof of assertion (i). Assertions (ii), (iii) are immediate. This completes the proof of
Lemma 1.4. U

DEFINITION 1.5. — We shall write O, C k for the subring of k generated by the subset

U (ﬂ kl") C k.

l: prime n>1

REMARK 1.5.1. — If the field & is quasi-p-adic local, then it follows from Lemma 1.3 and
Lemma 1.4, (i), that the natural inclusion Oy < k determines an isomorphism of the
field of fractions of O, with k.

DEFINITION 1.6. — Suppose that £ is quasi-p-adic local.

(i) We shall write p;, for the [unique — cf. Lemma 1.3 and Lemma 1.4, (ii)] prime
number such that py - Oy # Ok. [So px = p — cf. Lemma 1.3 and Lemma 1.4, (ii).]

(ii) The collection {p}- Oy }n>1 of ideals of Oy determines a complete discrete valuation
on k [cf. Lemma 1.3 and Lemma 1.4, (ii), (iii)]. We shall write p; for the prime of kuq
determined by this complete discrete valuation on k.
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2. ANABELIAN RESULTS FOR FINITELY GENERATED TRANSCENDENTAL EXTENSIONS

In the present §2, we prove some anabelian results for finitely generated transcenden-
tal extensions. In particular, we discuss a consequence of anabelian results proved by
Mochizuki and Pop [cf. Theorem 2.14 below|. In the present §2, let p be a prime number,
k a field of characteristic zero, and k an algebraic closure of k. Write G}, % Gal(%/ k)
for the absolute Galois group of k determined by the algebraic closure k: Q C k for the
algebraic closure of k., [hence also of K, in k:

Gy® = Gal(Q/kag) C GE™ = Gal(Q/ign)

for the respective absolute Galois groups of k,ig, kiwn determined by the algebraic closure
Q. Thus, the natural inclusion Q < k determines a surjective homomorphism of profinite
groups

Gk . Galg

by means of which we shall regard the profinite group Gzlg as a quotient of the profinite
group Gy.

LEMMA 2.1. — Suppose that k is quasi-p-adic local. Then the following hold:
(i) The natural surjective homomorphism Gy — G+¢ is an isomorphism.

(i) Write py Jfor the nonarchimedean prime of Q0 determined by, relative to the natural

inclusion Q — k, the unique extension to k of the complete discrete valuation on k of
Definition 1.6, (ii); I;, € Dy, C Gi™ for the inertia, decomposition subgroups of Gi™
associated to Py, respectively. Then the following two conditions are satisfied:

(1) The inclusion G4 C Dy, holds.
(2) The closed subgroup Gzlg C G contains an open subgroup of Iy, C G™.

If, moreover, the field k is p-adic local, then the closed subgroup G C G contains
an open subgroup of Dy, C G}™.

PRrROOF. — These assertions follow immediately — in light of Lemma 1.3 — from Kras-
ner’s lemma [cf., e.g., [20], Lemma 8.1.6]. O

LEMMA 2.2. — Suppose that k is quasi-p-adic local. Then the set of primes of kag
over (p) of finite ramification index is of cardinality one, i.c., consists of the prime
pr of Definition 1.6, (ii).

PRrROOF. — This assertion follows immediately — in light of Lemma 1.3 — from Lemma 2.1,
(ii), and [15], Proposition 2.3, (iv). O

LEMMA 2.3. — Suppose that k is sub-p-adic (respectively, generalized sub-p-adic).
Then there exists a prime p of Q over (p) such that if one writes I; € Dy € G} for
the inertia, decomposition subgroups of G&™ associated to p, respectively, then the closed
subgroup Gzlg C G™ contains an open subgroup of Dy C Gi™ (respectively, I; € Gi™).
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PROOF. — Let Ky be a p-adic local (respectively, quasi-p-adic local) field, K a field
finitely generated over Ky, and k — K an injective homomorphism of fields. Then observe
that, to verify Lemma 2.3, we may assume without loss of generality, by replacing k£ by
K, that k = K. Next, observe that, to verify Lemma 2.3, we may assume without loss of
generality, by replacing K by the algebraic closure of K in K, that (Ko)ag = Kae. Thus,
Lemma 2.3 follows from Lemma 2.1, (ii). This completes the proof of Lemma 2.3. U

DEFINITION 2.4. — Let GG be a group and H C G a subgroup of G.
(i) We shall write

Za(H) oo {g€ G|ghg™ = h for every h € H }
C Ng(H) {9eGlgHg ' =H}
C Cu(H) € {geG|H:HN(gHg")] < oo, [gHg - HN (gHg")] < 00}

for the centralizer, normalizer, and commensurator of H in G, respectively. We shall
def

write Z(G) = Zg(G) for the center of G.

(ii) We shall say that H is commensurably terminal in G if the equality H = Cq(H),
or, alternatively, the inclusion Cq(H) C H, holds.

def

(iii) Suppose that G is a profinite group. Then we shall say that G is slim if the
equality Z(H) = {1} holds for every open subgroup H C G of G. Note that one verifies
immediately that it holds that G is slim if and only if every open subgroup of G is
center-free [i.e., has a trivial center].

LEMMA 2.5. — Let p be a nonarchimedean prime of Q. Write I; € Dy C G™ for the

inertia, decomposition subgroups of GE™ associated to p, respectively. Then the following
hold:

(i) Let H C D; be a nontrivial [not necessarily closed| subgroup of D;. Then the
inclusion C’sz(H) C Dj holds. In particular, the closed subgroup Dy C Gi™ is com-
mensurably terminal in G}".

(i) Let J C Iz be an open subgroup of I;. Then the action of Np (J) on Np_(J) N I;
by conjugation is faithful.

(iti) Let J C I; be an open subgroup of Iy. Then the equality Zgra(J) = {1} holds.

PRrROOF. — First, we verify assertion (i). Since Dj is torsion-free [cf. [15], Proposition 2.3,
(iii)], the group H is infinite. Let v € Cgra(H) be an element of the commensurator of
H in Gi™. Write q for the nonarchimedean prime of Q2 obtained by forming the conjugate
of p by v and Dy C G} for the decomposition subgroup of G} associated to . Then
since H is infinite as already verified above, the intersection H N (yH~™!), hence also
the intersection Dy N Dy, is nontrivial. In particular, it follows from [15], Proposition 2.3,
(iv), that p =, i.e., that v € Dy, as desired. This completes the proof of assertion (i).
Next, we verify assertion (ii). Since J is open in I, one verifies easily that the closed
subgroup N Dﬁ(J ) € Dy of Dy is open. Thus, it follows immediately from [20], Proposition
7.5.2, and [20], Proposition 7.5.4, (i), that the natural outer action of Np_(J)/(Np.(J)N
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I;) on Np_(J) N I is faithful. On the other hand, let us recall from [13], Lemma 4.14,
that [; is slim, which thus implies that Np_(J) N I; is center-free. Thus, assertion (ii)
holds. This completes the proof of assertion (ii).

Finally, we verify assertion (iii). It follows from assertion (i) that Zgm(J) = Zp,(J).
Let v € Zga(J) = Zp,(J) be an element of the centralizer of J in Gi™. Then since
I; is slim [cf. the proof of assertion (ii)], the action of Np_(.J) N [z on J by conjugation
is faithful. Thus, since [one verifies easily that| the resulting injective homomorphism
Np (J)NL; = Aut(J) is compatible with the respective natural actions of v on Np_(J)N Iz
and Aut(J) [i.e., by conjugation], we conclude that ~ centralizes Np_(J) N I;. Thus, it
follows from assertion (ii) that v = 1, as desired. This completes the proof of assertion
(iii), hence also of Lemma 2.5. O

In the remainder of the present §2, for [J € {o, e}, let pg be a prime number, kg a field
of characteristic zero, and kg an algebraic closure of ko; write Qg C kg for the algebraic
closure of (kg)un [hence also of (kp)ay] in ko and

Gig & Gal(kg/kg) —= Gif = Gal(Q0/(kn)ag) € Gt = Gal(Qo/(ko)u)

for the respective absolute Galois groups of ko, (ko)alg, (ko)rtn determined by the algebraic
closures kg, Qo, Qo

LEMMA 2.6. — Suppose that, for each O € {o, e}, the field ko is quasi-pg-adic local.
Let ¢: (ke)alg = (Ko)alg be an injective homomorphism of fields. Then the following hold:

(i) The equality p, = pe holds.
(ii) The homomorphism ¢ is compatible with the primes px,, pr, of Definition 1.6,

(ii).
PROOF. — First, we verify assertion (i). It follows from Lemma 2.1, (i), and condition
(2) of Lemma 2.1, (ii), together with [20], Proposition 7.5.1, that the profinite group

GZig contains a closed subgroup that is free pro-p, and not topologically finitely generated.

Thus, since [it is immediate that] the outer homomorphism Glzig — Gzl.g of profinite

groups induced by ¢ is injective, it follows from condition (1) of Lemma 2.1, (ii), that the
decomposition subgroup Dj, =~ associated to the prime pr. introduced in the statement
of Lemma 2.1 [i.e., in the case where we take the “(k,k)” of Lemma 2.1 to be (k,, k,)]
contains a closed subgroup that is free pro-p, and not topologically finitely generated. In
particular, it follows immediately from [20], Proposition 7.5.1, and [20], Proposition 7.5.2,
that p, = pe, as desired. This completes the proof of assertion (i). Assertion (ii) follows
from assertion (i) and Lemma 2.2. This completes the proof of Lemma 2.6. g

PROPOSITION 2.7. — Suppose that, for each O € {o, e}, the field kn is quasi-pr-adic
local. Then the natural map

Isom(ke, ko) — Isom((k.)alg, (k:o)alg)

1s bijective.
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PrROOF. — The surjectivity of the map under consideration follows immediately from
Lemma 2.6, (ii), together with Lemma 1.3 and Lemma 2.2. Next, to verify the injectivity
of the map under consideration, observe that it is immediate that every isomorphism
ke = ko of fields is compatible with the respective topologies determined by the complete
discrete valuations on ke, k, discussed in Definition 1.6, (ii). On the other hand, the
subfields (ke )alg, (ko)alg are dense in ke, ko, with respect to these topologies, respectively.
Thus, the desired injectivity holds. This completes the proof of Proposition 2.7. U

PROPOSITION 2.8. — Suppose that k, satisfies one of the following two conditions:

(1) The field k. is algebraic and generalized sub-p,-adic.

(2) The field k. is quasi-po-adic local.
Then the natural map

Isom(k,, ko) — Isom(Gy, , G, )/Inn(Gy,)

1s injective.
PROOF. — Let us first observe that, to verify Proposition 2.8, we may assume without
loss of generality, by considering the difference of two elements of the domain of the map
under consideration whose images coincide, that k, = k,. Next, let us observe that it
follows from Lemma 2.1, (i), and Proposition 2.7 that, to verify Proposition 2.8, we may
assume without loss of generality, by replacing ko by (ko)alg, that k. satisfies condition

(1). Then the desired injectivity is a formal consequence of Lemma 2.3 and Lemma 2.5,
(iii). This completes the proof of Proposition 2.8. OJ

LEMMA 2.9. — Suppose that, for each O € {o, e}, the field kn is quasi-pg-adic local.

Let a: Gy, = Gy, be an outer isomorphism of profinite groups. Then the following two
conditions are equivalent:

(1) The outer isomorphism «: Gy, 5 Gy, arises from an isomorphism ke = ko of

fields.
2)  The composite
(2) D

G <= Gh, —= Gpy —~ G
— where the first and third arrows are the isomorphisms of Lemma 2.1, (i) — arises
from an isomorphism (ke)ag — (ko)ag of fields.
PROOF. — This assertion follows immediately from Lemma 2.1, (i), and Proposition 2.7.

4

LEMMA 2.10. — Suppose that, for each O € {o, e}, the field ko is quasi-pp-adic local.
Suppose, moreover, that one of the following two conditions is satisfied:

(1) For each O € {o, e}, the field kg is po-adic local.
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(2) The field ke is isomorphic to a finite extension of the field of fractions of the ring
of Witt vectors with coefficients in an algebraic closure of a finite field of characteristic

Do

Then an arbitrary injective homomorphism ke — ko of fields is finite.

PROOF. — Let ¢: ko < k, be an injective homomorphism of fields. Write ¢aig: (Ke)alg
(ko)alg for the injective homomorphism of fields determined by ¢. Then it follows imme-
diately from Lemma 2.1, (i), (ii), that ¢y is finite. Thus, it follows from Lemma 2.6, (ii),
together with Lemma 1.3 and Lemma 2.2, that ¢ is finite, as desired. This completes the
proof of Lemma 2.10. O

PROPOSITION 2.11. — The following hold:
(i) The following three conditions are equivalent:
(1) The field k is strictly sub-p-adic.

(2) The field k contains a p-adic local field and is sub-l-adic for some prime
number [.

(3) The field k is finitely generated over a p-adic local field.

(ii) Suppose that k is strictly sub-p-adic and contains an l-adic local field for some
prime number [. Then the equality | = p holds.

(iii) Suppose that k is strictly sub-p-adic. Then there erists a unique maximal
mixed-characteristic local subfield of k. Moreover, this mixed-characteristic local sub-
field is p-adic local and algebraically closed in k, and the field k is finitely gener-
ated over this mixed-characteristic local subfield.

(iv) Suppose that k contains a field isomorphic to the field of fractions of the ring of
Witt vectors with coefficients in an algebraic closure of a finite field of characteristic
p. Then it holds that k is generalized sub-l-adic for some prime number [ if and only
if k is finitely generated over a quasi-p-adic local field.

PROOF. — First, we verify assertion (i). The implications (3) = (1) = (2) are immedi-
ate. To verify the implication (2) = (3), suppose that condition (2) is satisfied, i.e., that
there exist a p-adic local subfield ky C k of k, an [-adic local field Ky, a field K finitely
generated over Ky, and an injective homomorphism k — K of fields. Now let us observe
that, to verify condition (3), we may assume without loss of generality, by replacing K
by the algebraic closure of Ky in K, that Ky is algebraically closed in K. Then since [one
verifies easily that] the quotient K* /K[ is a free module, the equality O, = Ok of the
subrings of Definition 1.5 holds. Thus, the injective homomorphism k — K restricts to
an injective homomorphism Oy, — (O — Ok =) Og,, hence also [cf. Remark 1.5.1] an
injective homomorphism ky — K. In particular, it follows from Lemma 2.10 that the
resulting injective homomorphism kg < K is finite, which thus implies that K, hence
also k, is finitely generated over kg, as desired. This completes the proof of the implication
(2) = (3), hence also of assertion (i).

Next, we verify assertion (ii). Let ko C k be a p-adic local subfield of k over which k
is finitely generated [cf. assertion (i)] and k; C k an l-adic local subfield of k. Now let
us observe that, to verify assertion (ii), we may assume without loss of generality, by
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replacing ky by the algebraic closure of ky in k, that kg is algebraically closed in k, which
thus implies [cf. the proof of assertion (i)] that O, = Ok. Thus, the natural inclusion
ki — k restricts to an injective homomorphism Oy, — (O =) Oy,, hence also [cf.
Remark 1.5.1] an injective homomorphism k; < ko. In particular, it follows immediately
from Lemma 2.6, (i), that [ = p, as desired. This completes the proof of assertion (ii).
Assertion (iii) follows from assertions (i), (ii) [cf. also the proof of assertion (ii)]. As-
sertion (iv) follows immediately from a similar argument to the argument applied in
the proof of [the equivalence (2) < (3) in] assertion (i). This completes the proof of
Proposition 2.11. Il

DEFINITION 2.12. — Suppose that k is strictly sub-p-adic.

(i) We shall write kypr C k for the [unique] maximal [necessarily p-adic local] mixed-
characteristic local subfield of k [cf. Proposition 2.11, (iii)]. Thus, it follows from Propo-
sition 2.11, (iii), that the subfield kypr is algebraically closed in k, and the field k is
finitely generated over kypr.

(ii) We shall write dj for the extension degree of kypp over the [unique] minimal
mixed-characteristic local subfield of kypp [i.e., over the subfield of kypp obtained by
forming the closure of k., C kypr with respect to the topology on kyrr determined by
the complete discrete valuation discussed in Definition 1.6, (ii)].

(iii) We shall write e, for the absolute ramification index of the mixed-characteristic
local field kyr, ie., for #(ky p/(Or, . -Pi...)) [cf. Definition 1.5 and Definition 1.6, (i)].

kymLr

LEMMA 2.13. — Let ko be a subfield of k. Suppose that the field k is finitely generated
and transcendental over ko, and that the subfield ky is algebraically closed in k.

Write ko C k for the algebraic closure of ko in k. Thus, the natural inclusion ko < k

determines a surjective homomorphism Gy — Gy, = Gal(ko/ko) of profinite groups.

Write, moreover, A C Gy, for the kernel of this surjective homomorphism Gy — Gy,.

Then the following hold:
(i) The profinite group A is slim.
(ii) The natural outer action of Gy, on A is faithful.

(iii) Let o, B be automorphisms of the profinite group Gy that preserve the closed
subgroup A C Gy. Then the equality a|a = B|a implies the equality o = 3.

PROOF. — First, we verify assertion (i). Let us first observe that since [it is immediate
that] every open subgroup of A is the absolute Galois group of a finite extension of k - ko
in k, to verify assertion (i), it suffices to verify that A is center-free. Next, let us observe
that since [one verifies easily that] an extension of a center-free group by a center-free
group is center-free, to verify assertion (i), we may assume without loss of generality, by
applying induction on the transcendental degree over ky and replacing k by a subfield of
k of transcendental degree one over kg, that k is of transcendental degree one over kqy. Let
C' be a projective smooth model of k over ko; x, y € C' distinct closed points of C; I(z),
I(y) € A inertia subgroups of A associated to z, y € C, respectively. Then it follows
immediately from the well-known structure of the étale fundamental group of an algebraic
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curve over an algebraically closed field of characteristic zero that I(x) N 1I(y) = {1}, and,
moreover, both I(z) and I(y) are commensurably terminal in A. Thus, we conclude that
Z(A) CCaA(I(x))NCa(I(y)) = I(x) N I(y) = {1}, as desired. This completes the proof
of assertion (i).

Next, we verify assertion (ii). Let ¢t € k\ ky be an element of k transcendental over
ko. Then it follows immediately from [9], Lemma 2.2, together with assertion (i), that,
to verify assertion (ii), we may assume without loss of generality, by replacing k by the
subfield ko(t) C k of k, that k = ky(t). For each a € kg, write Z(a) for the A-conjugacy
class of inertia subgroups of A associated to the discrete ko-valuation on k - kg = Eo(t)
determined by the prime element t — a € ko[t] of ko[t]. Then it is immediate that the
assignment “kg > a — Z(a)” is compatible with the natural action of Gy, on k¢ and the
action of Gy, on the set {Z(a)},z, determined by the natural outer action of Gy, on A.
Thus, since the natural action of Gy, on kg is faithful, we conclude that the action of
Gy, on the set {Z(a)},cz,, hence also the natural outer action of Gy, on A, is faithful, as
desired. This completes the proof of assertion (ii).

Finally, we verify assertion (iii). It follows immediately from assertions (i), (ii) that
the action of G, on A by conjugation is faithful. Thus, since [one verifies easily that]
the resulting injective homomorphism Gy — Aut(A) is compatible with the respective
natural actions of €0 37! on G and Aut(A), we conclude that assertion (iii) holds. This
completes the proof of assertion (iii), hence also of Lemma 2.13. O

Anabelian results proved by Mochizuki and Pop, together with some results of the
present §2 of the present paper, lead us to the following theorem:

THEOREM 2.14. — ForJ € {o, e}, let pn be a prime number, ko a field of characteristic
zero, and ko an algebraic closure of ko. Moreover, for O € {o, e}, write Qn C kn for the
algebraic closure of (ko)ag in ko

Gy def Gal(kp/kg) — Gzlgg = Gal(Qa/ (ko)ag)

for the respective absolute Galois groups of ko, (ko)ag determined by the algebraic closures
ko, Qo; A C Gy for the kernel of the surjective homomorphism G, — Gzlug. Suppose
that, for each OO € {o,e}, there exists a subfield (kn)o C ko of ko that satisfies the
following two conditions:

(1) The field ko is finitely generated and transcendental over (kn)o.
(2) The subfield (kn)o is algebraically closed in kg.

Suppose, moreover, that one of the following five conditions is satisfied:
(a) For each O € {o, e}, the field (kn)o is algebraic and sub-pp-adic.

(b) For each O € {o, o}, the field ko is of transcendental degree one over (kp)o,
and, moreover, the field (kg)o is algebraic and generalized sub-pg-adic.

(¢) For each O € {o, e}, the field kg is of transcendental degree > 3 over (kn)o,
and, moreover, the field (kg)o is algebraic and generalized sub-pg-adic.

(d) For each O € {o, e}, the field (kn)o is po-adic local.
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(e) For each O € {o, e}, the field kg is of transcendental degree one over (kp)o,
and, moreover, the field (kp)o is quasi-pg-adic local.

Write
Isom(ke, ko)

for the set of isomorphisms ke — ko of fields [which necessarily restrict to isomorphisms

(k-)alg = ((k-)o)alg — (kO)alg = ((ko)o)alg
— ¢f. (2) — of subfields] and
OutIsomalg_ﬂd (Gko s Gk. )

for the set of outer isomorphisms a: Gy, — Gy, of profinite groups such that

e the outer isomorphism a restricts to a Gy, -conjugacy class of isomorphisms Ao —
A, of closed subgroups, and, moreover,

~

e the resulting outer isomorphism GZig = Gzl.g arises from an isomorphism (ke)ag —
(ko)aig of fields.

Then the natural map

Isom(ke, ko) — Outlsomaigaa(Gi,, Gk.)
15 bijective.
PROOF. — Let us first observe that if condition (a) (respectively, (b); (c); (d); (e))
is satisfied, then the injectivity of the map under consideration follows immediately —
in light of Lemma 2.1, (i), and Proposition 2.8 — from the injectivity portion of [12],
Theorem B (respectively, [13], Theorem 4.12; [21], Theorem 1.2, (4); [12], Theorem B;
[13], Theorem 4.12). The remainder of the proof of Theorem 2.14 is devoted to verifying
the surjectivity of the map under consideration.

If condition (a) is satisfied, then the desired surjectivity follows immediately from the
surjectivity portion of [12], Theorem B.

Next, suppose that condition (b) is satisfied. To verify the desired surjectivity, let
a be an element of Outlsom,zpa(G,, Gk, ). For O € {o,e}, let Cy be a projective
smooth model of kn over (kp)o. Then it follows immediately from similar arguments
to the arguments applied in the proofs of [19], Corollary 1.11, (a), (b), that the outer
isomorphism « determines a bijection between the set of cuspidal inertia subgroups of
G, associated to closed points of C, and the set of cuspidal inertia subgroups of Gy,
associated to closed points of C,. Thus, the desired surjectivity follows immediately from
the surjectivity portion of [13], Theorem 4.12. This completes the proof of the desired
surjectivity in the case where condition (b) is satisfied.

Next, suppose that condition (c) is satisfied. To verify the desired surjectivity, let
a: G, = Gy, be an isomorphism of profinite groups that restricts to an isomorphism
A, = A, of closed subgroups. Then it follows immediately from [21], Theorem 1.2,
(4), that the outer isomorphism A, — A, determined by the resulting isomorphism
arises from an isomorphism ke - Qs — ko - €0 of fields. On the other hand, since [it
is immediate that] the outer isomorphism A, = A, is compatible with the respective
natural outer actions of Gy, /A, = Gzlog, Gr,/As = GZl.g on A,, A, [relative to some
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isomorphism Gzig = Gzl.g], it follows from the injectivity of the map under consideration

already verified above that the isomorphism ke - Q¢ = ko - 0 is compatible with the
respective natural actions of Gzlog, GZl.g on ke - Qa, ko - Qo [relative to some isomorphism
Gzlog = G’Zl.g]. In particular, by considering the Gzlog—, Gzl.g-invariants, respectively, we
conclude that the isomorphism k, - Qs = ko - Q, of fields restricts to an isomorphism
ke = ko of subfields. Thus, it follows immediately from Lemma 2.13, (iii), that the outer
isomorphism Gy, — Gy, determined by « is contained in the image of the map under
consideration, as desired. This completes the proof of the desired surjectivity in the case
where condition (c) is satisfied.

If condition (d) (respectively, (e)) is satisfied, then the desired surjectivity follows
immediately — in light of Lemma 2.1, (i), and Lemma 2.9, together with the definition
of the set “Outlsomyigd(Gr,, Gk,)” — from a similar argument to the argument applied
in the proof of the desired surjectivity in the case where condition (a) (respectively, (b))
is satisfied. This completes the proof of Theorem 2.14. O

3. QUASI-TRIPODS

In the present §3, we introduce the notion of a quasi-tripod [cf. Definition 3.7 below],
that is one central object of the present paper. In the present §3, let k be a field of
characteristic zero.

DEFINITION 3.1. — We shall say that a scheme X over k is a smooth variety over k if X
is smooth, of finite type, separated, and geometrically connected over k.

DEFINITION 3.2. — Let S be a scheme. Then we shall say that a scheme X over S is a
hyperbolic curve [of type (g,7)] over S if there exist

e a pair (g,7) of nonnegative integers,

e a scheme X over S that is smooth, proper, geometrically connected, and of relative
dimension one over S, and

e a [possibly empty] closed subscheme D C X of X that is finite and étale over S
such that

e the inequality 2g — 2 + r > 0 holds,

e cach geometric fiber of X over S is [a necessarily smooth proper curve| of genus g,

e the finite étale covering of S obtained by forming the composite D «— X — S is of
degree r, and

e the scheme X is isomorphic to X\ D over S.

REMARK 3.2.1. — [t is immediate that a hyperbolic curve over k is a smooth variety over
k.
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REMARK 3.2.2. — Suppose that we are in the situation of Definition 3.2.

(i) One verifies immediately from elementary algebraic geometry that if S is the
spectrum of a field, then both X and D as in Definition 3.2 are uniquely determined up
to canonical isomorphism.

(ii) It follows from (i) that if S is the spectrum of a field, then (g, r) as in Definition 3.2
is uniquely determined. Thus, by considering a fiber of X — S, one may conclude that if
S is connected, then (g,r) as in Definition 3.2 is uniquely determined.

DEFINITION 3.3. — Let X be a hyperbolic curve over k. Then we shall refer to X+
as in Definition 3.2 [which is uniquely determined up to canonical isomorphism — cf.
Remark 3.2.2, (i)] as the smooth compactification of X.

DEFINITION 3.4. — Let X be a hyperbolic curve over S.

(i) We shall say that X is split if there exists D as in Definition 3.2 such that D is
either empty or isomorphic, over S, to the disjoint union of finitely many copies of S.

(ii) We shall say that X is a tripod if X is of type (0, 3).

(iii) Suppose that X is of type (g,7). Then we shall refer to the positive integer
2g + max{0,r — 1} as the rank of X.

REMARK 3.4.1. — It follows from Remark 3.2.2, (ii), that the rank of a hyperbolic curve
over a connected scheme is uniquely determined.

DEFINITION 3.5.

(i) We shall say that an algebraic stack X over k is a hyperbolic orbicurve over k if
there exist

e a finite étale Galois covering Y — X whose domain Y is a hyperbolic curve over
the [necessarily finite] extension of k£ obtained by forming the algebraic closure of %k in
the function field of Y and

e a dense open substack U C X of X that is a scheme and is geometrically connected
over k.

(ii) Let X be a hyperbolic orbicurve over k and Y — X as in (i). Then we shall refer
to the stack-theoretic quotient of the smooth compactification of Y by the natural action
of Gal(Y/X) as the smooth compactification of X relative to Y — X.

REMARK 3.5.1. — Let X be a smooth variety (respectively, hyperbolic curve; hyperbolic
orbicurve) over k. Then one verifies easily the following two assertions:

(i) An arbitrary nonempty open substack of X is a smooth variety (respectively,
hyperbolic curve; hyperbolic orbicurve) over k.
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(ii) Let Y — X be a connected finite étale covering of X. Then Y is a smooth variety
(respectively, hyperbolic curve; hyperbolic orbicurve) over the [necessarily finite] extension
of k obtained by forming the algebraic closure of k in the function field of Y.

DEFINITION 3.6. — Let X be a hyperbolic orbicurve over k.

(i) We shall say that X is strictly NF-isotrivial (respectively, strictly MLF-isotrivial) if
there exist a subfield ky C k of k that is a number field (respectively, mixed-characteristic

local field), a hyperbolic orbicurve X, over kg, and an isomorphism X — Xj xy, k over
k.

(ii) We shall say that X is NF-isotrivial (respectively, MLF-isotrivial) if there exists
a finite extension K of k such that the hyperbolic orbicurve X X, K over K is strictly
NF-isotrivial (respectively, strictly MLF-isotrivial).

DEFINITION 3.7. — We shall say that a hyperbolic orbicurve X over k is a quasi-tripod if
there exist a positive integer n and a sequence (X = X3, Xs,..., X, 1, X,,) of hyperbolic
orbicurves such that X, is a tripod, and, moreover, for each i € {1,...,n — 1}, the
hyperbolic orbicurve X; is related to the hyperbolic orbicurve X;,; in one of the following
four ways:

(1) There exists a finite étale covering X;,1 — X;.
(2) There exists a finite étale covering X; — X;1.
(3) There exists an open immersion X; < X;,.

(4) There exists a morphism X; — X;; such that the induced morphism between the
associated coarse spaces is an isomorphism.

REMARK 3.7.1. — Let X be a hyperbolic curve over a mized-characteristic local field.
Then it is immediate that the following two conditions are equivalent:

(1) The hyperbolic curve X is a strictly NF-isotrivial quasi-tripod.
(2) The hyperbolic curve X is of Belyi type [cf. [16], Definition 2.3, (ii)].

REMARK 3.7.2. — One verifies easily the following three assertions:
(i) An arbitrary nonempty open substack of a quasi-tripod is a quasi-tripod.

(ii) For each point of a hyperbolic curve over k, there exists an open neighborhood of
the point which is a quasi-tripod.

(iii) Every hyperbolic curve of genus < 1 over k is a quasi-tripod [cf. also the proof of
8], Proposition 2.8].
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4. REVIEW OF SOME ANABELIAN RESULTS FOR HYPERBOLIC ORBICURVES

In the present §4, we discuss some immediate consequences of the Grothendieck conjec-
ture for hyperbolic curves over generalized sub-p-adic fields proved in [13] by Mochizuksi
[cf. Lemma 4.4, Theorem 4.5, Lemma 4.6 below|. In the present §4, let k be a field of

characteristic zero, k an algebraic closure of k, and X a hyperbolic orbicurve over k. Write

Gy o Gal(k/k) for the absolute Galois group of k determined by the algebraic closure ,

IIx for the étale fundamental group [relative to an appropriate choice of basepoint| of X,
and Ay C IIx for the kernel of the natural surjective outer homomorphism Ily — Gj.

LEMMA 4.1. — The following hold:

(i) It holds that X is a hyperbolic curve over k if and only if the profinite group
Ax is torsion-free.

(ii) Let H C Ax be an open subgroup of Ax. Write Yy — X X k for the connected
finite étale covering of X Xy k corresponding to the open subgroup H C Ax. Then it
holds that the profinite group H is torsion-free and not topologically generated by
the cuspidal inertia subgroups of H [i.e., associated to the cusps of Yy| if and only
if the hyperbolic orbicurve Yy is a hyperbolic curve of genus > 1.

(iii) There exists a characteristic open subgroup H C Ay of Ax [which thus implies
that H is normal in I1x] such that H is torsion-free and not topologically generated
by the cupidal inertia subgroups of H. Moreover, an arbitrary open subgroup of Ax
contained in the open subgroup H is torsion-free and not topologically generated
by the cupidal inertia subgroups.

(iv) Let H be as in (iii). Write Q for the quotient of H by the normal closed

subgroup mormally topologically generated by the cuspidal inertia subgroups of H and

AY HomZ(H2(Q,z),z). Then the profinite module A is a free Z-module of rank

one.

(v) Suppose that we are in the situation of (iv). Then the action of lIx on A by
conjugation [cf. the fact that H is normal in IIxy — cf. (iii)] factors through the natural
surjective outer homomorphism llx — Gy, and, moreover, the resulting character Gy —
7" [cf. (iv)] coincides with the cyclotomic character of G.

PROOF. — Assertion (i) follows from [17], Lemma 4.1, (iv). Assertion (ii) follows imme-
diately from assertion (i), together with the well-known structure of the étale fundamental
group of an algebraic curve over an algebraically closed field of characteristic zero. Next,
since the profinite group Ay is topologically finitely generated [cf. [17], Proposition 2.2],
assertion (iii) follows immediately — in light of assertion (ii) — from elementary algebraic
geometry, together with the definition of the notion of a hyperbolic orbicurve. Assertions
(iv), (v) follow immediately — in light of assertion (ii) — from the elementary theory
of étale cohomology of algebraic curves [cf. also the proof of the existence of the natural
isomorphism between étale cohomology and group cohomology discussed in [2], Lemma
4.2, (iii)]. This completes the proof of Lemma 4.1. O
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PROPOSITION 4.2. — Write Q C k for the algebraic closure of kg in k, G o
Gal(Q2/kayg) for the absolute Galois group of kag determined by the algebraic closure €2,
A C Gy, for the kernel of the surjective homomorphism Gy, — Gzlg induced by the natural
inclusion Q = k [cf. the discussion at the beginning of §2], and

p: Gk —— Out(Ax)
for the natural outer action of Gy on Ax. Then the inclusion Ker(p) C A holds.

PROOF. — Write G}™ et Gal(2/kyn) for the absolute Galois group of k¢, determined

by the algebraic closure 2.

Let us first observe that it follows immediately from Lemma 4.1, (iii), (iv), (v), that the
cyclotomic character Gy, — 7" of Gy, factors through the outer action p. Thus, to verify
Proposition 4.2, we may assume without loss of generality, by replacing k£ by the finite
extension of k obtained by adjoining to k the fourth roots of unity in k, that the closed
subgroup G2 C G of G5 does not contain an arbitrary decomposition subgroup of
G3t™ associated to the unique archimedean prime of ky,.

Next, let us recall from [11], Theorem C, (ii), that if X is a hyperbolic curve over k,
then Proposition 4.2 holds. Thus, since the profinite group Ay is topologically finitely
generated [cf. [17], Proposition 2.2] and slim [cf. [17], Proposition 2.3, (i)], it follows
from [3], Lemma 23, (i), (iii), together with the definition of the notion of a hyperbolic
orbicurve, that the closed subgroup Ker(p) NA C Ker(p) of Ker(p) is open. In particular,
the image of the composite Ker(p) < Gy — Gi/A = G is finite. Thus, it follows from
20], Theorem 12.1.7, that the image of the composite Ker(p) < Gj, — Gi/A = G2# is
trivial, as desired. This completes the proof of Proposition 4.2. U

LEMMA 4.3. — In the situation of Proposition 4.2, the following hold:

(i) If X is either strictly NF-isotrivial or strictly MLF-isotrivial, then the equal-
ity Ker(p) = A holds.

(ii) If X is either NF-isotrivial or MLF-isotrivial, then the closed subgroup Ker(p) C
A of A [cf. Proposition 4.2 is open.

(ili) Let Xo be a hyperbolic orbicurve over kyg such that there exists an isomorphism
X = Xo Xy, k over k [which thus implies that X is strictly NF-isotrivial|. Write
Iy, for the étale fundamental group [relative to an appropriate choice of basepoint] of
Xo. Then the outer homomorphism Ilx — Ilx, induced by the composite of the isomor-
phism X = X, Xky, £ and the first projection Xo Xy, k — Xo is a surjective outer
homomorphism whose kernel coincides with the centralizer Zy, (Ax) C Ilx of Ax in
IIy.

PROOF. — Assertions (i), (ii) follow from Lemma 2.1, (i), and Proposition 4.2, together
with the various definitions involved. Finally, since the profinite group Ax is topologically
finitely generated [cf. [17], Proposition 2.2] and slim [cf. [17], Proposition 2.3, (i)], assertion
(iii) follows immediately from assertion (i) and [3], Lemma 4, (i). This completes the proof
of Lemma 4.3. U
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LEMMA 4.4. — Suppose that k is generalized sub-p-adic for some prime number p.
Let X be a smooth compactification of X. Then the following hold:

(i) Let z, y € Xt be closed points of XT. Then the following three conditions are
equivalent:

(1) The equality x =y holds.

(2) The llx-conjugacy class of decomposition subgroups associated to x coin-
cides with the Il x-conjugacy class of decomposition subgroups associated to y.

(3) There exist decomposition subgroups D(x), D(y) C Ilx of [Ix associated to x,
y, respectively, such that the image of the composite D(x) N D(y) < llx — Gy is open

(ii) An arbitrary decomposition subgroup of Ilx associated to a closed point of
X™* is commensurably terminal in IIy.

(iii) Let x € X be a closed point of XT. Then it holds that the image of x in the
coarse space associated to X is k-rational if and only if a decomposition subgroup of
IIx associated to x maps surjectively onto Gy.

PROOF. — First, we verify assertion (i). The implications (1) = (2) = (3) are immedi-
ate. Next, let us observe that it is immediate that, to verify the implication (3) = (1),
we may assume without loss of generality, by replacing X by a suitable connected finite
étale covering of X, that X is a hyperbolic curve. Then the implication (3) = (1) follows
immediately from [13], Theorem 4.12; together with a similar argument to the argument
applied in the proof of [12], Theorem C. This completes the proof of assertion (i). As-
sertion (ii) is a formal consequence of assertion (i) [cf. also the proof of Lemma 2.5, (i)].
Assertion (iii) follows immediately from the various definitions involved. This completes
the proof of Lemma 4.4. O

THEOREM 4.5. — For U € {o, e}, let pn be a prime number, ko a generalized sub-
po-adic field, ko an algebraic closure of ko, and Xp a hyperbolic orbicurve over kq;

write H x_ for the étale fundamental group [relative to an appropriate choice of basepoint]

of Xo, Gy o Gal(kg/kn) for the absolute Galois group of ko determined by the algebraic

closure ko, and Axy C Ilxy for the kernel of the natural surjective outer homomorphism
HXD - Gkg' Let

(07 HXO — Hx.
be an isomorphism of profinite groups that restricts to an isomorphism Ax, — Ax, of
closed subgroups. Write

ag: Gko *N> Gk.

for the isomorphism induced by «. Suppose that the isomorphism ag arises from an
1somorphism ke = ko of fields that restricts to an isomorphism ke — ko of subfields.
Then the isomorphism « arises from a unique isomorphism X, = X, of stacks that
lies over the isomorphism ke — ko.
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PROOF. — First, we verify the uniqueness of such an isomorphism X, — X, of stacks.
Let us observe that, to verify the desired uniqueness, we may assume without loss of gen-
erality, by replacing X, by a suitable connected finite étale covering of X, and replacing
X, by the corresponding connected finite étale covering of X, by «, that both X, and X,
are hyperbolic curves. Then the desired uniqueness follows from Lemma 4.4, (i), and [5],
Lemma 3.5. Next, we verify the existence of such an isomorphism X, = X, of stacks.
Let us observe that it follows from the uniqueness already verified above that, to verify
the desired existence, we may assume without loss of generality — by applying Galois
descent, replacing X, by a suitable connected finite étale covering of X,, and replacing X,
by the corresponding connected finite étale covering of X, by a — that both X, and X,
are hyperbolic curves. Then the desired existence follows immediately from [13], Theorem
4.12. This completes the proof of Theorem 4.5. U

LEMMA 4.6. — ForJ € {o, e}, let po be a prime number, ko a generalized sub-pn-
adic field, ko an algebraic closure of kg, and Xp a hyperbolic orbicurve over kn; write

Ix, for the étale fundamental group [relative to an appropriate choice of basepoint] of

Xo, Gy def Gal(kg/kn) for the absolute Galois group of ko determined by the algebraic

closure ko, and Axy C Ilxy for the kernel of the natural surjective outer homomorphism
HXD - Gk‘g- Let

a HXO *N>Hx.

be an isomorphism of profinite groups that restricts to an isomorphism Ax, — Ax, of
closed subgroups. Write

(67 Gko — Gk.
for the isomorphism induced by . Then the following hold:

(i) The isomorphism « determines a bijection between the set of cuspidal inertia
subgroups of Ax, and the set of cuspidal inertia subgroups of Ax,. Moreover, the
isomorphism o also determines a bijection between the set of cuspidal decomposition
subgroups of Illx, and the set of cuspidal decomposition subgroups of 1lx, .

(ii) The isomorphism a¢ is compatible with the respective cyclotomic characters

Of Gko; Gk..
(iii) It holds that X, is a quasi-tripod if and only if X, is a quasi-tripod.

(iv) Suppose that either X, or X, is a quasi-tripod [which thus implies that both
X, and X, are quasi-tripods — cf. (iii)]. Then, after replacing k. by a suitable finite
extension of ko in ko and replacing ke by the corresponding finite extension of ke in ke by
agq, there exist split tripods T, T, over ko, ko, respectively, and a commutative diagram
of profinite groups

HTO *N> HT.

b

Gy, — Gh,

o ag
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— where the vertical arrows are the natural surjective outer homomorphisms, the hor-
izontal arrows are isomorphisms, and, for O € {o,e}, we write Ily, for the étale
fundamental group [relative to an appropriate choice of basepoint| of 1.

In the remainder of the statement of Lemma 4.6, suppose that either X, or X, is a
hyperbolic curve [which thus implies that both X, and X, are hyperbolic curves —
cf. Lemma 4.1, (1)].

(v) Suppose that, for O € {o, e}, the hyperbolic curve X over kg is of type (9o, o).
Then the equality (go,7o) = (g, Te) holds.

(vi) It holds that X, is affine (respectively, split; a tripod) if and only if X, is affine
(respectively, split; a tripod).

PrROOF. — First, we verify assertion (i). Let us first observe that, to verify assertion (i), it
follows immediately from Lemma 4.4, (ii), that we may assume without loss of generality,
by replacing X, by a suitable connected finite étale covering of X, and replacing X, by
the corresponding connected finite étale covering of X, by «, that both X, and X, are
hyperbolic curves. Next, let us recall from [17], Lemma 4.5, that, to verify assertion (i),
it suffices to verify that, for O € {o, e}, the p,-adic cyclotomic character Gy, — Z,, of
Gk, has open image. To this end, let us recall that it is well-known that, for O € {o, e}
and a prime number [, the restriction, to a suitable open subgroup of Ily_, of the action,
by conjugation, of Iy, on the “determinant” of A%})D ®z Q; is isomorphic to a positive
power of the l-adic cyclotomic character. In particular, since [one verifies easily that| the
po-adic cyclotomic character of Gy, has open image, it follows that p.-adic cyclotomic
character of G, has open image, as desired. This completes the proof of assertion (i).
Assertion (ii) follows immediately from assertion (i) and Lemma 4.1, (iii), (iv), (v).
Next, we verify assertion (v). It follows from assertion (i) and Lemma 4.4, (i), that
ro = Te. Thus, since [it is well-known that], for O € {o, e}, the abelianization of the
profinite group Ax, is a free Z-module of rank 2gn + max{0,rg — 1}, one may conclude
the equality (go,70) = (ge,7s) Of assertion (v), as desired. This completes the proof of
assertion (v). Assertion (vi) follows from assertions (i), (v) and Lemma 4.4, (iii).
Assertions (iii), (iv) follow — in light of assertion (vi) — from [17], Theorem 4.7, (i),
(i), together with [17], Example 4.8, (i). This completes the proof of Lemma 4.6. O

5. THE ABSOLUTE ANABELIAN GEOMETRY OF QUASI-TRIPODS

In the present §5, we discuss the étale fundamental groups of tripods over generalized
sub-p-adic fields [cf. Theorem 5.4 below|. Moreover, we also give a proof of the first main
result of the present paper [cf. Corollary 5.6 below].

In the present §5, let p be a prime number, k a generalized sub-p-adic field, and k

an algebraic closure of k. Write Gj, & Gal(k/k) for the absolute Galois group of k

determined by the algebraic closure k, k/G), for the set of Gy-orbits of k, P o P} for the
projective line over k, and P for the set of closed points of P. By abuse of notation,
we shall regard k as a subset of k/G}, in an evident way. Then the standard coordinate
on the projective line P determines a bijection between P and (k/G}) U {oo}. We shall
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identify P with (k/G},) U {00} by means of this bijection:
P4 = (k/Gy) U {oo}.

Write, moreover, T' C P for the split tripod over k obtained by forming the complement
in P of the closed subset determined by {0, 1,00} C (k/Gy) U {00} = P and T C P!
for the set of closed points of T. Thus, the identification of P with (k/G}%) U {oco}
determines an identification of T with (k/Gy) \ {0,1}:

T = (F/Gy) \ {0, 1}.

Finally, it U C P is a nonempty open subscheme of P, then write Il for the étale
fundamental group [relative to an appropriate choice of basepoint] of U and Ay C Ty
for the kernel of the natural surjective outer homomorphism Il — Gy.

DEFINITION 5.1. — Let S C k/G be a finite subset of k/G}.

(i) We shall write Ts C T for the open subscheme of T obtained by forming the
complement in T" of the closed subset determined by S\ (SN {0,1}) C T,

(ii) Let a be an element of (k/G}) U {co}. Then we shall write Dy (a) for the Ip-
conjugacy class of decompogition subgroups of Ilr, associated to the closed point of P
(2 Ts) determined by a € (k/Gy) U {oo}.

LEMMA 5.2. — Suppose that k is algebraic. Let a, b € k be two [not necessarily distinct]

elements of k. Then, after replacing k by a suitable finite extension of k in k, there exist
a finite subset S C k/Gg of k/Gk and a finite étale covering Ts — T over k such that
a,bes.

PrROOF. — This assertion follows from [14], Corollary 1.2. O

LEMMA 5.3. — Let a € k™ be an element of k*. Then the following hold:

(i) There exists an automorphism of llp over Gy, that maps Dr(0) (respectively, Dr(1);
Dr(o0)) to Dr(oo) (respectively, Dr(1); Dr(0)). Moreover, an arbitrary such automor-
phism of Ilp maps Dr(a) to Dr(1/a).

(ii) There exists an automorphism of Iy over Gy that maps Dr(0) (respectively,
Dr(1); Dr(o0)) to Dr(1) (respectively, Dr(0); Dr(c0)). Moreover, an arbitrary such
automorphism of Iy maps Dr(a) to Dr(1 — a).

(iii) There exists an automorphism of Il _,, over Gy, that maps Dr,_,,(0) (respectively,
DT{_I}(I); DT{_l}(OO)) to DT{_l}(O) (respectively, DT{_l}(—l); DT{_I}(OO)). Moreover, an
arbitrary such automorphism of llr,_,, maps Dr,_,,(a) to Dr_,,(—a).

(iv) Let b € k be an element of k. Then there exists an automorphism of 7,
over Gy, that maps Dr,, (0) (respectively, Dr,, (1); Dry,,(00)) to Dry,, (00) (respectively,
Dry,, (b); D1y, (0)). Moreover, an arbitrary such automorphism of Uz, maps Dr,, (a) to
DT{b} (b/a)
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PROOF. — First, we verify assertion (i). By considering the outer automorphism of
II7 induced by the automorphism of 7" over k given by “t +— 1/t”, one may conclude
the existence of an automorphism of the desired type. Moreover, the final portion of
assertion (i) follows from Lemma 4.4, (i), and Theorem 4.5, together with elementary
algebraic geometry. This completes the proof of assertion (i).

Assertion (ii) (respectively, (iii); (iv)) follows from a similar argument to the argument
applied in the proof of assertion (i), together with the existence of the automorphism
of T' (respectively, Ty_q}; Tyy) over k given by “t — 1 —¢” (respectively, “¢ — —t”;
“t — b/t”). This completes the proof of Lemma 5.3. O

THEOREM 54. — For [J € {o, e}, let pn be a prime number, ko a generalized sub-
po-adic field, ko an algebraic closure_ of ko, and Xg a hyperbolic orbicurve_over ko.
Moreover, for O € {o, e}, write Qo C kn for the algebraic closure of (kn)ae in ko

Gy def Gal(kp/kg) — Gzlgg = Gal(Qa/ (ko)ag)

for the respective absolute Galois groups of ko, (ko) determined by the algebraic clo-

sures ko, Qo; I x, for the étale fundamental group [relative to an appropriate choice of
basepoint] of Xo; Ax, C Ilx, for the kernel of the natural surjective outer homomorphism
HXD - GkD' Let

(07 HXO 4N>HX.

be an isomorphism of profinite groups that restricts to an isomorphism Ax, — Ax, of
closed subgroups. Write

ag: Gy, — G,

for the isomorphism induced by «. Suppose that either X, or X, is a split tripod
[which thus implies that both X, and X, are split tripods — cf. Lemma 4.6, (vi)]. Then
the isomorphism ag restricts to an isomorphism of the kernel of the natural surjec-
tive homomorphism Gy, — Gzlog with the kernel of the natural surjective homomorphism
G

phism Q¢ = Q, of fields that restricts to an isomorphism (ke)alg — (ko)alg of subfields.

~

1 . . . 1 1 . .
—» Gz.g. Moreover, the resulting isomorphism Gzog — Gz.g arises from an isomor-

PROOF. — For [J € {o, e}, write T for the “T” of the discussion at the beginning of
the present §5, i.e., in the case where we take the “k” of the discussion at the beginning
of the present §5 to be kg. Then it follows from elementary algebraic geometry that, for
[0 € {o, e}, there exists an isomorphism ¢5: Xg — Th over kg such that the bijection [cf.
Lemma 4.6, (i)] between {Dr, (0), Dz, (1), Dz, (c0)} and {Dr,(0), Dr, (1), Dr,(c0)} deter-

(0%
mined by the composite I, < IIx, — IIy, — II;, — where the first, third arrows are
isomorphisms over Gy, Gy, that arise from ¢, t,, respectively — maps Dy, (x) to Dr, (x)
for each x € {0,1,00}. In the remainder of the proof of Theorem 5.4, for (J € {o, e}, we
shall identify Xp with T by means of such an isomorphism ¢q.
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Next, for O € {o, e}, write pn: Gy, — Out(Ag,) for the natural outer action of Gy
on Ap, . Thus, the isomorphism a determines a commutative diagram

Gy e Gh.

o ~

poi lp.

Out(Ar,) — Out(Ar,).

Now observe that since, for [0 € {o, e}, the split tripod Th is strictly NF-isotrivial,
it follows from Lemma 4.3, (i), that the outer action pp factors through the natural
surjective homomorphism Gy, — Gzlmg, and the resulting outer action Gzlmg — Out(Ap,)
is injective. Thus, we conclude from the above diagram that the isomorphism «a¢ restricts
to an isomorphism of the kernel of the natural surjective homomorphism Gy, — GZig

with the kernel of the natural surjective homomorphism Gy, — GZl.g. Moreover, to verify
Theorem 5.4, we may assume without loss of generality — by replacing 1y, , Ix, by the
quotients Ilx,/Zn, (Ax.), Ux,/Zny, (Ax,), respectively [cf. Lemma 4.3, (iii)] — that
both k., and k, are algebraic.

Next, let us verify the following assertion:

Claim 5.4.A: There exists a unique map ¢: ko, — E./Gk. of sets that
satisfies the following three conditions:

(1) For each a, b € ko, — after replacing k. by a suitable finite extension
[that may depend on the choice of {a,b}] of ko in ko and replacing ko by

the corresponding finite extension of k, in k¢ by ag — there exists a
commutative diagram of profinite groups

*{a,b}

H(TO){a,b} ~ H(T-){¢<a>,¢<b>}
i A} i

H(To){b} ~ H(T-){¢<b>>

i i

IIr, I,

o °

2| e

— where the horizontal arrows are isomorphisms, and the left-hand upper
(respectively, right-hand upper; left-hand lower; right-hand lower) vertical
arrow is a surjective homomorphism that arises from the natural open
immersion (71%)¢ap; — (L)@ (respectively, (T4)(s(a),0m)3 = (To){s)};
(To) ey = To; (To) oy = To)-

(2) For each a € ko, the isomorphism « maps Dy, (a) to Dz, (¢p(a)).

(3) The equality (¢(0),#(1)) = (0, 1) holds.

Moreover, in the situation of (1), the isomorphism oy, (respectively,
Qp}; ap}) MApPSs D(TO){b} (b) (respectively, D(TO){,,}(G); D(TO){a’b}(a)) to
D(To){¢(b)}(¢(b)) (reSpeCtiveIY> D(T.){¢(b)} (¢<a))v D(TO){¢(a),¢(b)}(¢(a’)))'
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To this end, let us first observe that the uniqueness of such a map ¢ follows from condition
(2) and Lemma 4.4, (i). Next, to verify the existence of such a map ¢, let us observe that,
for each a, b € k., it follows from Lemma 5.2 and [17], Theorem 4.7, (i), (ii), together with
[17], Example 4.8, (i), that — after replacing k, by a suitable finite extension [that may
depend on the choice of {a,b}] of k, in k, and replacing k, by the corresponding finite
extension of k, in k, by ag — there exists a commutative diagram as in condition (1)
for some elements “¢(a)” and “¢(b)” of ke/Gr,. Then since [we have assumed that] the
isomorphism « maps Dr, (%) to Dr, (%) for each x € {0,1, 00}, by applying Lemma 4.6,
(i), to the isomorphism gy, we conclude that the isomorphism oy maps Dir,) {b}(b)
to D(T.){¢(b)}(¢(b)). Thus, by applying Lemma 4.6, (i), to the isomorphism ay,p;, we
conclude that the isomorphism ay,py maps Dz, , ,, (@) 10 D) 40y 00 (#(@)), Which thus
implies that the isomorphism agy maps Dr,),,, (@) to D)y, (#(a)). In particular, it
follows immediately from Lemma 4.4, (ii), that the “original «” [i.e., without replacing
ks, ke by finite extensions of k., ke, respectively| maps Dr, (a) to Dr,(¢(a)), as desired.
This completes the proof of Claim 5.4.A.
Next, let us verify the following assertion:

Claim 5.4.B: The map ¢: k, — E./Gk. of sets in Claim 5.4.A determines
a bijection ko — k,. Moreover, for each a € kX and b € k., the equalities
in k,

¢(1/a) = 1/d(a), ¢(1—a)=1-¢(a),

¢(—a) = —¢(a), ¢(b/a) = ¢(b)/d(a)
hold.

To this end, let us first observe that it follows from condition (2) of Claim 5.4.A and
Lemma 4.4, (iii), that the image of ¢ is contained in the subset k, C ke /Gy, . Next, let
us observe that the injectivity of the map ¢ follows from condition (2) of Claim 5.4.A
and Lemma 4.4, (i). Moreover, one may conclude the surjectivity [i.e., bijectivity| of the
resulting injective map k, < ko by applying Claim 5.4.A to the inverse of «.

Next, to verify the [fourth] equality ¢(b/a) = ¢(b)/¢(a), let us recall that, in the
diagram of condition (1) of Claim 5.4.A, the isomorphism o) maps

D(TO){b} (O> (reSpeCtiVGIY7 D(TO){b} (1); D(To){b} (OO), D(To){b} (a))

to
D(T.){¢(b)} (0) (respeCtiveIY7 D(T.){¢(b)} (1)7 D(T.){¢(b)} (00)7 D(T.){¢(b)} (qb(a))) :

Let 8 be an automorphism of IIz, . over G}, that maps

{b}
D(To){b} (O> (reSpeCtiVGIY7 D(TO){b} (1); D(To){b} (OO), D(To){b} (a))

to
D(TO){b}(oo) (respectively, D(To){b}(b); D(TO)M(O); D(TO){b}(b/a))

[cf. Lemma 5.3, (iv)]. Then since the isomorphism ayy maps Dy, (b) to D(z,),, ., (¢(D))
cf. the final portion of Claim 5.4.A], it is immediate that the automorphism a0 3 oa{’bl}
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of Iz, is an automorphism over G, and, moreover, maps

){(6(5)}
D(T.){¢(b)} (0) (respectively, D(T-){¢(b)} (1); D(T.){¢<b>} (OO))
to

D) oy (00) (respectively, D(T.)Mb)}(gb(b)); D(TO){qS(b)}(O))'

Thus, again by Lemma 5.3, (iv), we conclude that the automorphism oy 0 o a{_bl} maps

D) oy (#(a)) t0 Dy, (6(0)/@(a)). In particular, since the isomorphism 3 o O‘{_b%t

maps Dr,) ., (¢(a)) to Diz,),,, (b/a) [cf. the final portion of Claim 5.4.A], the isomor-
phism oy maps D(r,),,, (b/a) to Dz,),, ., (¢(b)/d(a)), which thus implies that ¢(b/a) =
¢(b)/@(a), as desired. This completes the proof of the equality ¢(b/a) = ¢(b)/d(a).

The [first, second] equalities ¢(1/a) = 1/¢(a), (1 —a) = 1— ¢(a) follow from a similar
argument to the argument applied in the proof of the equality ¢(b/a) = ¢(b)/¢p(a),
together with Lemma 5.3, (i), (ii).

Next, observe that it follows from the [first] equality ¢(1/a) = 1/¢(a) already veri-
fied above, together with the equality ¢(1) = 1 [cf. condition (3) of Claim 5.4.A], that
¢(—1) = —1. Thus, the [third] equality ¢(—a) = —¢(a) follows from a similar argument
to the argument applied in the proof of the equality ¢(b/a) = ¢(b)/d(a), together with
Lemma 5.3, (iii). This completes the proof of Claim 5.4.B.

Next, we verify the following assertion:

Claim 5.4.C: The bijection ¢: ko, — k, of sets [cf. Claim 5.4.B] is an
1somorphism of fields.

To this end, let us first recall from condition (3) of Claim 5.4.A that ¢(0) =0, ¢(1) = 1.
Moreover, it follows from Claim 5.4.B that, for each a € kX and b € k,,

bla-b) = 6(b/(1/a)) = 6()/6(1/a) = 6()/ (1/6(a)) = d(a) - 6(b)
da+b) = o(a- (1= (=b/a))) = 6(a) - (1 = (=b/a)) = p(a) - (1 = 6(~b/a)

= ¢(a) - (L +¢(b/a)) = ¢(a) - (1 + ¢(b)/d(a)) = d(a) + &(b),
as desired. This completes the proof of Claim 5.4.C.

By applying Claim 5.4.C to the various restrictions of a to the open subgroups of Iz,
that arise from the open subgroups of G, we obtain an isomorphism ko — ke of fields
[that restricts to an isomorphism k. — ke of subfields]. Moreover, one verifies easily
that, for O € {o, e}, the identification of the set of closed points of Tt Xy ko with
ko \ {0, 1} by the standard coordinate on T is Iy, -equivariant. Thus, we conclude that
the isomorphism a¢: Gy, = Gy, arises from the inverse of the isomorphism ko, = ko of
fields, as desired. This completes the proof Theorem 5.4. U

LEMMA 5.5. — Let F be a field and F a separable closure of F. Write Gr &of Gal(F/F)
for the absolute Galois group of F' determined by the separable closure F'. Consider the
following three conditions:
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(1) There exists a subfield Fy C F of F such that F is finitely generated and
transcendental over Fj.

(2) The field F is Hilbertian.

(3)  The profinite group Gp is nontrivial, and an arbitrary open subgroup of Gp
has no nontrivial topologically finitely generated normal closed subgroup. [In
particular, the profinite group G is not topologically finitely generated.]

Then the implications
(1) = (2) =— (3).
hold.

PROOF. — The implication (1) = (2) follows from [1], Theorem 13.4.2. The implication
(2) = (3) follows from [1], Corollary 12.2.3, and [1], Proposition 16.11.6. O

We are now ready to state and prove the first main result of the present paper.

COROLLARY 5.6. — For [ € {o, o}, let pq be a prime number, ko a field of characteristic

zero, ko an algebraic closure of ko, and X a hyperbolic orbicurve over ko, write Iy for

the étale fundamental group [relative to an appropriate choice of basepoint] of Xo, Gy aof

Gal(kg/ko) for the absolute Galois group of ko determined by the algebraic closure ko,

and Ax, C Ilx_ for the kernel of the natural surjective outer homomorphism Il x, — Gy,.
Let

(07 l_j:XQ 4N>HX.

be an isomorphism of profinite groups. Suppose that either X, or X, is a quasi-tripod.
Suppose, moreover, that one of the following six conditions is satisfied:

(1) For each O € {o, e}, the field kp is algebraic and generalized sub-pg-adic.

(2) For each OO € {o, e}, the field kg is finitely generated and transcendental
over a field that is algebraic and sub-pg-adic.

(3) For each O € {o, e}, the field ko is finitely generated and of transcendental
degree & {0, 2} over a field that is algebraic and generalized sub-pg-adic.

(4) For each O € {o, e}, the field kn is strictly sub-pp-adic.
(5) For each O € {o, 8}, the field kn is quasi-pg-adic local.

(6) For each O € {o, e}, the field kg is finitely generated and of transcendental
degree one over a quasi-pg-adic local field.

If either (1) or (5) is satisfied, then suppose, moreover, that one of the following three
conditions is satisfied:

(a) The isomorphism « restricts to an isomorphism Ax, — Ay, of closed subgroups.

(b) For each O € {o, e}, the profinite group Gy, has no nontrivial topologically
finitely generated normal closed subgroup.

(¢) For each O € {o, e}, the field ko is Hilbertian.
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Then the following hold:
(i) The isomorphism « restricts to an isomorphism Ax, — Ax, of closed subgroups.

(ii) The isomorphism of profinite groups
(67l Gko — Gk.

induced by a [cf. ()] arises from a unique isomorphism k, = k, of fields that restricts
to an isomorphism ke — ko of subfields.

(iii) The isomorphism « arises from a unique isomorphism X, = X, of stacks
that lies over the isomorphism ke — ko of (ii).

PROOF. — First, we verify assertion (i). Now let us verify the following assertion:

Claim 5.6.A: The implications
(c) = (b) = (a)

hold.

To this end, let us first recall that the implication (¢) = (b) follows from Lemma 5.5.
Next, to verify the implication (b) = (a), suppose that condition (b) is satisfied. Then
since A x, is topologically finitely generated [cf. [17], Proposition 2.2] and normalin Iy, it

follows from condition (b) that the image of the composite Ax, — Iy, — Iy, — Gy, is
trivial, which thus implies that a(Ay,) C Ax,. Moreover, by applying a similar argument
to this argument to the inverse of «, we conclude that a(Ax,) = Ax,, as desired. This
completes the proof of the implication (b) = (a), hence also of Claim 5.6.A.

If either (1) or (5) is satisfied, then assertion (i) follows from our assumption, together
with Claim 5.6.A. Next, if either (2), (3), or (6) is satisfied, then it follows from Lemma 5.5
that condition (c) is satisfied, which thus implies [cf. Claim 5.6.A] that assertion (i) holds.
Thus, to verify assertion (i), we may assume without loss of generality that condition (4)
is satisfied. In particular, for each O € {o, e}, the field kg is finitely generated over the
po-adic local subfield (ko)ypr € kg of Definition 2.12; (i).

Now suppose that ko = (ko)wmLr, i-€., that k, is po-adic local. Then it follows from
[17], Theorem 2.6, (ii), that the profinite group Ilx,, hence also the profinite group Ilx,,
is topologically finitely generated. In particular, it follows immediately from Lemma 5.5
that ke = (ke)Mrr, i.€., that ke is pe-adic local. Thus, we conclude from [17], Corollary
2.8, (ii), that assertion (i) holds.

Next, suppose that k, # (ko)MmLr, i.€., that k. is transcendental over (ko)yrr. Then it
follows from Lemma 5.5 that the profinite group Il , hence also the profinite group Ilx,,
is not topologically finitely generated. In particular, it follows from [17], Theorem 2.6,
(ii), that ke # (ke)MmLF, i-€., that ke is transcendental over (ko)ympr. Thus, we conclude
from Lemma 5.5 that condition (c) is satisfied, which thus implies [cf. Claim 5.6.A] that
assertion (i) holds. This completes the proof of assertion (i).

Next, we verify assertion (ii). Let us first observe that it follows immediately from
Proposition 2.8 and the injectivity portion of Theorem 2.14 that, by Galois descent, to
verify assertion (ii), it suffices to verify that there exists a finite extension K, C ko of k, in
ko such that if one writes K, C k, for the corresponding finite extension of k, in ke by ag,
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then the restriction Gal(k,/K,) = Gal(k,/K,) of a arises from an isomorphism k, — k,
of fields that restricts to an isomorphism K, — K, of subfields. Thus, it follows from
Lemma 4.6, (iv), that, to verify assertion (ii), we may assume without loss of generality
that both X, and X, are split tripods. In particular, it follows from Theorem 2.14 and
Theorem 5.4 that the isomorphism a¢ arises from a unique isomorphism ke — ko of
fields that restricts to an isomorphism k, — k, of subfields, as desired. This completes
the proof of assertion (ii). Assertion (iii) follows from assertion (ii) and Theorem 4.5.
This completes the proof of Corollary 5.6. O

REMARK 5.6.1. — If one replaces conditions (1), (2), (3), (4), (5), and (6) in the statement
of Corollary 5.6 by, for instance, the condition that

for each O € {o, o}, the field kn is sub-pn-adic,

then the conclusion of Corollary 5.6 no longer holds in general. A counter example may be
obtained as follows: Let p be a prime number. Write Q for the field of rational numbers,
Q, for the p-adic completion of Q, and F' for the algebraic closure of Q in @,. Then
it is immediate that both Q, and F' are sub-p-adic. On the other hand, it follows from
Krasner’s lemma [cf., e.g., [20], Lemma 8.1.6] that the natural inclusion F' — Q, induces
an outer isomorphism between the respective absolute Galois groups. In particular, for
an arbitrary hyperbolic curve X [e.g., a tripod, that is a quasi-tripod] over F, the first
projection X xp Q, — X induces an outer isomorphism between the respective étale
fundamental groups [that satisfies a similar condition to condition (a) in the statement
of Corollary 5.6]. However, one verifies easily that the scheme X x » Q, is not isomorphic
to the scheme X.

REMARK 5.6.2. — Corollary 5.6, (iii), under the condition that,

for each O € {o, e}, the field kg is algebraic and sub-po-adic, and, more-
over, one of the three conditions (a), (b), and (c) in the statement of
Corollary 5.6 is satisfied

may also be derived from [5], Theorem A, as follows: Let us first observe that it follows
from a similar argument to the argument applied in the proof of Theorem 4.5 that we
may assume without loss of generality, by replacing X, by a suitable connected finite étale
covering of X, and replacing X, by the corresponding connected finite étale covering of
X,o by «, that both X, and X, are hyperbolic curves. Next, observe that since an arbitrary
sub-l-adic field for some prime number [ is Kummer-faithful [cf. [19], Remark 1.5.4, (i)],
both k, and k. are Kummer-faithful. Moreover, since both k., and k, are algebraic, and
X, and X, are quasi-tripods [cf. Lemma 4.6, (iii)], it follows immediately from a similar
argument to the argument applied in the proof of [16], Proposition 2.4, (iii), that the
isomorphism « is point-theoretic. Thus, it follows immediately from [5], Theorem A, that
the isomorphism « arises from a unique isomorphism X, — X, of stacks, as desired.

REMARK 5.6.3. — Corollary 5.6 may be regarded as a generalization of [16], Corollary
2.3, in the case where condition (b) is satisfied [cf. also Remark 3.7.1].
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6. APPLICATIONS TO CERTAIN HYPERBOLIC POLYCURVES

In the present §6, we discuss some applications of the first main result of the present
paper, i.e., Corollary 5.6, to the absolute anabelian geometry of certain hyperbolic poly-
curves [cf. Corollary 6.4, Corollary 6.6, Corollary 6.10 below|. In the present §6, let k be
a field of characteristic zero.

DEFINITION 6.1. — Let S be a scheme. Then we shall say that a scheme X over S is
a hyperbolic polycurve over S if there exist a positive integer d and a [not necessarily
unique| factorization of the structure morphism X — S

X:XdHXd_l X2 X1 S:X()

such that, for each ¢ € {1,...,d}, the morphism X; — X;_; is a hyperbolic curve. We
shall refer to a factorization of X — S as above as a sequence of parametrizing morphisms
for X over S.

REMARK 6.1.1. — It is immediate that a hyperbolic polycurve over k is a smooth variety
over k.

DEFINITION 6.2. — Let d be a positive integer and X a hyperbolic curve over k. Write
X4 for the fiber product over k of d copies of X and dx C X*2 for the diagonal divisor.
Write, moreover, for a subset S C {1,...,d} of cardinality two, ps: X*? — X*?2 for the

projection onto the factors labeled by the elements of S. Then we shall refer to the open
subscheme of X *¢

X st X
SC{1,...,d}, #S=2

as the d-th configuration space of X.

REMARK 6.2.1. — One verifies easily that, in the situation of Definition 6.2, the d-th
configuration space of X is a hyperbolic polycurve over k.

Here, let us recall the following result concerning the Grothendieck conjecture for
configuration spaces of hyperbolic curves over generalized sub-p-adic fields:

THEOREM 6.3. — For J € {o, e}, let dn be a positive integer, po a prime number, ko a
generalized sub-pg-adic field, kg an algebraic closure of ko, and Co a hyperbolic curve

over ko; write Xp for the do-th configuration space of C, Ilx, for the étale fundamen-

tal group [relative to an appropriate choice of basepoint] of Xn, Gy, of Gal(kp/kg) for

the absolute Galois group of ko determined by the algebraic closure ko, and Ax, Cx,
for the kernel of the natural surjective outer homomorphism Il x, — Gy. Let

Q. HXO 4N>HX.
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be an isomorphism of profinite groups that restricts to an isomorphism Ax, — Ax, of
closed subgroups. Write

ag: Gko *N> Gk.
for the isomorphism induced by . Suppose that the isomorphism ag arises from an
isomorphism ke — ko of fields that restricts to an isomorphism k, — ko of subfields.

Then the isomorphism « arises from a unique isomorphism X, = X, of schemes that
lies over the isomorphism ke — k.

PROOF. — This assertion follows immediately — in light of Theorem 4.5 — from [10],
Theorem A, (ii), together with a similar argument to the argument applied in the proof
of [18], Theorem 1.8, (i). O

COROLLARY 6.4. — For [0 € {o, e}, let do be a positive integer, po a prime number, ko
a field of characteristic zero, ko an algebraic closure of ko, and Co a hyperbolic curve over
ko; write Xo for the dn-th configuration space of Cn, Ilx, for the étale fundamental

group [relative to an appropriate choice of basepoint] of X, G, oo Gal(ko/kg) for the
absolute Galois group of ko determined by the algebraic closure ko, and Ax, Cllx, for
the kernel of the natural surjective outer homomorphism Ilx, — Gy . Let

a: Iy, —— Iy,
be an isomorphism of profinite groups. Suppose that one of the following three conditions
15 satisfied:
(A) Either C, or C, is a quasi-tripod.
(B) Fither C, or C, is affine. Moreover, the inequality max{d,,ds} > 2 holds.
(C) The inequality max{d,,ds} > 3 holds.

Suppose, moreover, that one of the siz conditions (1), (2), (3), (4), (5), and (6) in the
statement of Corollary 5.6 is satisfied. If either (1) or (5) in the statement of Corollary 5.6
is satisfied, then suppose, moreover, that one of the three conditions (a), (b), and (c) in
the statement of Corollary 5.6 is satisfied. Then the following hold:

(i) The isomorphism « restricts to an isomorphism Ax, — Ax, of closed subgroups.
(ii) The isomorphism of profinite groups
ag: Gy, — G,
induced by o [cf. (i)] arises from a unique isomorphism k, — k, of fields that restricts
to an isomorphism ke — ko of subfields.

(iii) The isomorphism « arises from a unique isomorphism X, = X, of schemes
that lies over the isomorphism ke — ko of (ii).

PROOF. — Assertion (i) follows from a similar argument to the argument applied in the
proof of Corollary 5.6, (i).

Next, we verify assertions (ii), (iii) in the case where condition (A) is satisfied. Suppose
that condition (A) is satisfied. Then it follows from assertion (i) and [10], Theorem A,
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(i), that, to verify assertion (ii), we may assume without loss of generality, by replacing
Xg by Cq for each O € {o, e}, that do = 1. In particular, assertion (ii) follows from
Corollary 5.6, (ii). Moreover, assertion (iii) follows from assertion (ii) and Theorem 6.3.
This completes the proofs of assertions (ii), (iii) in the case where condition (A) is satisfied.

Finally, we verify assertions (ii), (iii) in the case where either (B) or (C) is satisfied.
Suppose that either (B) or (C) is satisfied. Let us first observe that if condition (B)
is satisfied, then it follows from assertion (i), Lemma 4.6, (vi), and [10], Theorem A,
(i), that both Cs and C, are affine. Thus, assertions (ii), (iii) follow immediately — in
light of assertion (i) and [10], Theorem A, (ii) — from Corollary 5.6, (ii), (iii), and a
similar argument to the argument applied in the proof of [18], Corollary 1.11, (iii). This
completes the proofs of assertions (ii), (iii) in the case where either (B) or (C) is satisfied,
hence also of Corollary 6.4. O

DEFINITION 6.5. — Let S be a scheme and X a hyperbolic polycurve over S. Then we
shall say that a sequence X = Xy — X;.1 — ... = Xy — X7 — 5 = X of parametrizing
morphisms for X over S is of strictly decreasing type if the following condition is satisfied:
If, for each i € {1,...,d}, the hyperbolic curve X; — X, ; is of rank n;, then n; > ny >
s > Ng—1 > Ny.

COROLLARY 6.6. — For[] € {o, e}, let pg be a prime number, kg a field of characteristic
zero, ko an algebraic closure of ko, and Xg a hyperbolic polycurve over kn; write

Ix, for the étale fundamental group [relative to an appropriate choice of basepoint] of

Xo, Gy &f Gal(kg/kg) for the absolute Galois group of ko determined by the algebraic

closure ko, and Ax, C llx, for the kernel of the natural surjective outer homomorphism
HXD —» le:l‘ Let
a HXO — HX.

be an isomorphism of profinite groups. Suppose that, for each [0 € {o, e}, there exists a
sequence X = (Xo)ay — (Xo)ag—1 = ... = (Xn)2 = (Xo)1 — Spec(kn) = (Xo)o of
parametrizing morphisms for Xg over kg of strictly decreasing type such that either
the hyperbolic curve (X,)1 over ko or the hyperbolic curve (X,)1 over ke is a quasi-
tripod. Suppose, moreover, that one of the siz conditions (1), (2), (3), (4), (5), and
(6) in the statement of Corollary 5.6 is satisfied. If either (1) or (5) in the statement of

Corollary 5.6 is satisfied, then suppose, moreover, that one of the three conditions (a),
(b), and (c) in the statement of Corollary 5.6 is satisfied. Then the following hold:

(i) The isomorphism « restricts to an isomorphism Ax, — Ax, of closed subgroups.
(ii) The isomorphism of profinite groups
ag: Gy, — Gy,
induced by o [cf. (i)] arises from a unique isomorphism k, = k. of fields that restricts
to an isomorphism ke — ko of subfields.

(iii) The isomorphism « arises from a unique isomorphism X, = X, of schemes
that lies over the isomorphism ke — ko of (ii).
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PROOF. — Assertion (i) follows from a similar argument to the argument applied in the
proof of Corollary 5.6, (i). Next, we verify assertion (ii). It follows from assertion (i) and
[8], Lemma 2.3, (iii), (iv), that we may assume without loss of generality, by replacing X
by (Xn); for each O € {o, e}, that dy = 1. Thus, assertion (ii) follows from Corollary 5.6,
(ii). This completes the proof of assertion (ii). Finally, assertion (iii) follows immediately
from assertion (ii) and [8], Theorem 2.4. This completes the proof of Corollary 6.6. O

LEMMA 6.7. — Let ng be an integer, X a smooth variety over k, and x € X a point
of X. Suppose that X is of positive dimension. Then there exists an open neighborhood
U C X of x € X that satisfies the following two conditions:

(1) The smooth variety U has a structure of hyperbolic polycurve over k.

(2) There ezists a sequence U = Uy — Uyg_y — ... = Uy — U; — Spec(k) = Uy of
parametrizing morphisms for U over k [cf. (1)] of strictly decreasing type such that
the hyperbolic curve U over Uy_q is of rank > ng, and, moreover, the hyperbolic curve
Uy over k is a quasi-tripod.

PrROOF. — We prove Lemma 6.7 by induction on the dimension of X. If X is of di-
mension one, then Lemma 6.7 follows immediately from Remark 3.7.2, (i), (ii), and [§],
Lemma 1.8. In the remainder of the proof of Lemma 6.7, suppose that X is of dimension
> 2, and that the induction hypothesis is in force.

Next, let us observe that we may assume without loss of generality, by replacing x € X
by a closed point of the closure of {x} C X in X, that € X is a closed point of X.
Moreover, it follows from [8], Lemma 1.11, that we may assume without loss of generality,
by replacing X by a suitable open neighborhood of x € X, that there exists a smooth
variety S over k such that X has a structure of hyperbolic curve over S, by means of which
we shall regard X as a scheme over S. Thus, it follows from [8], Lemma 1.8, that we
may assume without loss of generality, by replacing X by a suitable open neighborhood
of x € X, that

(a) the hyperbolic curve X over S is of rank > ny.

Write nX (> ng) for the rank of the hyperbolic curve X over S [cf. (a)]. Then since S is
of dimension dim(X) — 1, it follows from the induction hypothesis that we may assume
without loss of generality, by replacing S by a suitable open neighborhood of the image
of z € X in S, that

(b) the smooth variety S has a structure of hyperbolic polycurve over k, and

(c) there exists a sequence S = Sy 1 — S4_ 2 — ... = Sy = 51 — Spec(k) = Sy of
parametrizing morphisms for S over k [cf. (b)] of strictly decreasing type such that the
hyperbolic curve S over Sy_s is of rank > n”™, and, moreover, the hyperbolic curve S;
over k is a quasi-tripod.

Now let us observe that it follows from (a), (b), (c) that X satisfies conditions (1), (2) in
the statement of Lemma 6.7. This completes the proof of Lemma 6.7. U
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LEMMA 6.8. — Let X be a smooth variety over k. Suppose that X is of positive dimen-
sion. Then there exists an open basis for the Zariski topology of X such that each member
U of the open basis satisfies the following two conditions:

(1) The smooth variety U has a structure of hyperbolic polycurve over k.

(2) There exists a sequence U = Uy — Uygy — ... = Uy — U — Spec(k) = Uy
of parametrizing morphisms for U over k [cf. (1)] such that this sequence is of strictly
decreasing type, and, moreover, the hyperbolic curve Uy over k is a quasi-tripod.

PrRoOOF. — This assertion follows from Lemma 6.7. O

DEFINITION 6.9. — We shall say that a smooth variety over k has an absolutely anabelian
open basis if there exists an open basis for the Zariski topology of the variety such that,
for arbitrary members U and V' of the open basis, the natural map

Isom (U, V') — Isom(Ily, I1y) /Inn(11y)

— where we write “II(_y” for the étale fundamental group [relative to an appropriate
choice of basepoint| of “(—)” — is bijective.

COROLLARY 6.10. — Let k be a field. Suppose that there exists a prime number p such
that the field k satisfies one of the following five conditions:

(1) The field k is algebraic, generalized sub-p-adic, and Hilbertian.

(2) The field k is finitely generated and transcendental over a field that is alge-
braic and sub-p-adic.

(3) The field k is finitely generated and of transcendental degree ¢ {0, 2} over
a field that is algebraic and generalized sub-p-adic.

(4) The field k is strictly sub-p-adic.

(5) The field k is finitely generated and of transcendental degree one over a
quasi-p-adic local field.

Then every smooth variety of positive dimension over the field k has an absolutely
anabelian open basis.

ProoOF. — This assertion follows from Corollary 6.6 and Lemma 6.8. O

REMARK 6.10.1. — Observe that an arbitrary finitely generated extension of the field of
rational numbers satisfies either (1) or (2) in the statement of Corollary 6.10; moreover,
an arbitrary mixed-characteristic local field satisfies condition (4) in the statement of
Corollary 6.10. Thus, Corollary 6.10 may be regarded as a generalization of [8], Corol-
lary 3.4, (ii), (iii) [i.e., in the case where the variety under consideration is of positive
dimension], hence also of [22], Corollary 1.7 [cf. also [8], Remark 3.4.1].
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7. THE ABSOLUTE ANABELIAN GEOMETRY OF MLF-ISOTRIVIAL ORBICURVES

In the present §7, we discuss the absolute anabelian geometry of MLF-isotrivial hyper-
bolic orbicurves.

THEOREM 7.1. — For O € {o, o}, let pg be a prime number, ko a field that is strictly
sub-pg-adic but not po-adic local, kg an algebraic closure of ko, and Xp a hyper-
bolic orbicurve over kp; write Ilx, for the étale fundamental group [relative to an

appropriate choice of basepoint] of Xn, Gy, oo Gal(kg/kn) for the absolute Galois group
of ko determined by the algebraic closure ko, and Ax, C llx, for the kernel of the natural

surjective outer homomorphism Il x, — Gy . Let
Q. HXO — HX.

be an isomorphism of profinite groups. Suppose that one of the following four conditions
is satisfied:

(1) Both X, and X, are MLF-isotrivial [cf. Definition 3.6, (ii)].

(2) The hyperbolic orbicurve X, is strictly MLF-isotrivial [cf. Definition 3.6, (i)],
and, moreover, the inequality dy, < dy, [cf. Definition 2.12, (ii)] holds.

(3)  The hyperbolic orbicurve X, is strictly MLF-isotrivial, and, moreover, the
inequality ey, < ey, [cf. Definition 2.12, (iii)] holds.

(4)  The hyperbolic orbicurve X, is strictly MLF-isotrivial, and, moreover, the
mized-characteristic local field (ko)vvLr [cf. Definition 2.12, (i)] is absolutely abelian
[cf. [7], Definition 4.2, (ii)].

Then the following hold:
(i) The isomorphism « restricts to an isomorphism Ax, — Ax, of closed subgroups.
(ii) The isomorphism of profinite groups
ag: Gy, — G,

induced by a [cf. ()] arises from a unique isomorphism k, = k, of fields that restricts
to an isomorphism ke — ko of subfields.

(iii) The isomorphism « arises from a unique isomorphism X, = X, of stacks
that lies over the isomorphism ke — ko of (ii).

PROOF. — Let us first observe that, for each [J € {o, e}, since the field kq is strictly sub-

po-adic but not po-adic local, the field kq is finitely generated and transcendental over the
po-adic local subfield (kp)o o (ko)mrr C ko [cf. Definition 2.12, (i)]. Moreover, for each
[0 € {o, e}, since the subfield (kn)o C ko is algebraically closed in kg [cf. Definition 2.12,

()], the equality (ko)ag = ((ko)o)alg € (ko)o holds. For O € {o, o}, write (kn)o C kn for

the algebraic closure of (kg)o in kg and Qo C kg for the algebraic closure of (ko) alg in ko
Thus, the natural inclusions Qg < (kp)o — kg determine homomorphisms of profinite
groups

— Gy X Gal((Fo)o/(kn)e) —— G2 % Gal(Qp/(ko)ag)

O

G,

O
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— where the first arrow is surjective, and the second arrow is an isomorphism [cf.
Lemma 2.1, (i)]. For O € {o, e}, write Ag C Gy, for the kernel of the first surjec-
tive homomorphism G, — Gy, -

Now we verify assertion (i). It follows from the discussion of the preceding paragraph,
together with Lemma 5.5, that condition (c) in the statement of Corollary 5.6 is satisfied.
Thus, it follows from a similar argument to the argument applied in the proof of Claim
5.6.A [i.e., in the proof of Corollary 5.6] that assertion (i) holds. This completes the proof
of assertion (i).

Next, we verify assertion (ii). Let us first observe that it follows immediately from
the injectivity portion of Theorem 2.14 that, by Galois descent, to verify assertion (ii),
it suffices to verify that there exists a finite extension K, C ko of k, in k. such that if
one writes K, C k, for the corresponding finite extension of k. in ke by ag, then the
restriction Gal(%O JK,) = Gal(E. /K,) of ag arises from an isomorphism ke = k. of fields
that restricts to an isomorphism K, — K, of subfields. Thus, to verify assertion (ii), we
may assume without loss of generality that X, is strictly MLF-isotrivial.

For O € {o, e}, write pn: Gk, — Out(Ay,) for the natural outer action of Gy, on
Ax. Thus, the isomorphism o determines a commutative diagram

Gh. e Gh.

~

pol lp.

Out(Ay,) — Out(Ay,)

— where the horizontal arrows are isomorphisms. To verify assertion (ii), let us verify
the following assertion:

Claim 7.1.A: The isomorphism a¢ restricts to an isomorphism A, = A,
of closed subgroups.

To this end, let us observe that since X, is strictly MLF-isotrivial, it follows from the
diagram preceding Claim 7.1.A, together with Proposition 4.2 and Lemma 4.3, (i), that
the isomorphism a¢ determines a sequence of profinite groups

G ko)o == Gro [Ker(po) — G, /Ker(ps) —= Gra),

— where the first and second arrows are isomorphisms, and the third arrow is a surjective
homomorphism whose kernel is A, /Ker(p,).

Now let us discuss Claim 7.1.A in the case where condition (1) is satisfied. Since
the hyperbolic orbicurve X, is MLF-isotrivial, it follows from Lemma 4.3, (ii), that the
closed subgroup Ker(p,) C A, of A, is open, which thus implies that A,/Ker(p,) is
finite. Thus, since G4,),, hence also Gy, /Ker(p,), is torsion-free [cf. [15], Proposition 2.3,
(iii)], we conclude that A, = Ker(p,), which thus implies that Claim 7.1.A holds. This
completes the proof of Claim 7.1.A in the case where condition (1) is satisfied.

Next, suppose that condition (2) (respectively, (3); (4)) is satisfied. Then it follows
from [7], Theorem B, (i), together with [6], Proposition 3.6 (respectively, [7], Theorem
B, (ii), together with [6], Proposition 3.6; Lemma 4.6, (ii), and [7], Theorem 4.13, (ii),
together with [6], Proposition 4.2, (iv), and [7], Proposition 4.9, (iii)), that the composite
Gko)o = G(ke), Of the three homomorphisms in the display of the discussion at the
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beginning of the proof of Claim 7.1.A is an isomorphism. In particular, Claim 7.1.A
holds. This completes the proof of Claim 7.1.A.

It follows from Claim 7.1.A that the isomorphism a induces an isomorphism Gy, —
G (k)o- Thus, since, for each O € {o, e}, the field kg is finitely generated and transcen-
dental over the pg-adic local field (kp)o, it follows from [17], Corollary 3.9 [cf. also [19],
Appendix], that the isomorphism ag: Gy, — Gy, arises from an isomorphism k, — ko
of fields that restricts to an isomorphism k, — ko of subfields, as desired. This completes
the proof of assertion (ii). Assertion (iii) follows from assertion (ii) and Theorem 4.5.

This completes the proof of Theorem 7.1. U

COROLLARY 7.2. — For [ € {o, o}, let pry be a prime number, ko a field that is strictly
sub-pg-adic but not po-adic local, kg an algebraic closure of ko, and Xp a hyper-

bolic polycurve over ko; write Ilx, for the étale fundamental group [relative to an

appropriate choice of basepoint] of Xn, G, o Gal(kg/kn) for the absolute Galois group

of ko determined by the algebraic closure ko, and Ax, CIlx, for the kernel of the natural
surjective outer homomorphism I x, — Gy . Let

(07 HXO é—ﬂx.

be an isomorphism of profinite groups. Suppose that one of the following eight conditions
is satisfied:

(1) For each O € {o, e}, there exist a positive integer dn, an MLF-isotrivial hyper-
bolic curve Co over ko, and an isomorphism of Xg with the do-th configuration space
of Co over kn.

(2)  For each O € {o, e}, there exist a positive integer dn, a hyperbolic curve Ch
over ko, and an isomorphism of Xo with the do-th configuration space of Ch over
kn. Moreover, the hyperbolic curve C, is strictly MLF-isotrivial, and the inequality
dko S dk. holds.

(3)  For each O € {o, e}, there exist a positive integer dn, a hyperbolic curve Ch
over ko, and an isomorphism of Xo with the do-th configuration space of Ch over
kn. Moreover, the hyperbolic curve C, is strictly MLF-isotrivial, and the inequality
ex, < ek, holds.

(4)  For each O € {o, e}, there exist a positive integer dn, a hyperbolic curve Cp
over kg, and an isomorphism of Xp with the dg-th configuration space of Co over
kn. Moreover, the hyperbolic curve C, is strictly MLF-isotrivial, and the mized-
characteristic local field (ko)mLr is absolutely abelian.

(5) For each O € {o, e}, there exists a sequence Xy = (Xp)ay = (Xo)ag—1 = ... =
(Xo)2 = (Xo)1 — Spec(kn) = (Xn)o of parametrizing morphisms for Xo over ko such
that this sequence 1s of strictly decreasing type, and, moreover, the hyperbolic curve
(X0)1 is MLF-isotrivial.

(6) For each O € {o, e}, there exists a sequence Xy = (Xp)ay = (Xo)ag—1 — ... =
(Xn)2 — (Xo)1 — Spec(kn) = (Xn)o of parametrizing morphisms for Xg over ko of
strictly decreasing type. Moreover, the hyperbolic curve (X,); is strictly MLF-
isotrivial, and the inequality dy, < dy, holds.
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(7) For each O € {o, 8}, there exists a sequence Xp = (Xn)ay — (Xo)ag-1 — ... —
(Xo)2 — (Xo)1 — Spec(kn) = (Xn)o of parametrizing morphisms for Xp over ko of
strictly decreasing type. Moreover, the hyperbolic curve (X,); is strictly MLF-
isotrivial, and the inequality e, < e, holds.

(8) For each O € {o, e}, there exists a sequence X = (Xp)ay, — (Xo)ag—1 — ... =
(Xn)2 — (Xn)1 — Spec(kn) = (Xn)o of parametrizing morphisms for Xp over ko of
strictly decreasing type. Moreover, the hyperbolic curve (X,); is strictly MLF-
isotrivial, and the mized-characteristic local field (ko)mpr is absolutely abelian.

Then the following hold:
(i) The isomorphism « restricts to an isomorphism Ax, — Ax, of closed subgroups.

(i1) The isomorphism of profinite groups
(67 Gko — Gk.

induced by a [cf. ()] arises from a unique isomorphism k, = k, of fields that restricts
to an isomorphism ke — ko of subfields.

(iii) The isomorphism « arises from a unique isomorphism X, = X, of schemes
that lies over the isomorphism ke — ko of (ii).

PROOF. — Assertion (i) follows from a similar argument to the argument applied in the
proof of Theorem 7.1, (i). Next, we verify assertion (ii). If either (1), (2), (3), or (4)
(respectively, (5), (6), (7), or (8)) is satisfied, then it follows from assertion (i) and [10],
Theorem A, (ii) (respectively, and [8], Lemma 2.3, (iii), (iv)), that, to verify assertion
(ii), we may assume without loss of generality, by replacing X by Cp (respectively,
(X)) for each O € {o, e}, that dy = 1. Thus, assertion (ii) follows from Theorem 7.1,
(ii). This completes the proof of assertion (ii). Assertion (iii) in the case where elther
(1), (2), (3), or (4) (respectively, (5), (6), (7), or (8)) is satisfied follows from assertion
(i), together with Theorem 6.3 (respectively, with [8], Theorem 2.4). This completes the
proof of Corollary 7.2. U
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