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ABSTRACT. In the present paper, we prove that, for an odd prime number p and a positive integer
g such that g−1 is divisible by p, there exists a Tango curve of genus g in characteristic p.

INTRODUCTION

Throughout the present paper, let p be an odd prime number and k an algebraically closed field
of characteristic p. Let us recall that a Tango curve over k is defined to be a projective smooth curve
over k that admits a rational function f such that the divisor associated to the rational differential
d f is nonzero and of order divisible by p at each closed point of the curve [cf., e.g., [2, §2.1], [3,
§3], [5, Definition 3.1.1, (ii)]]. In the present paper, we prove the following result.

Theorem 1. Let g be a positive integer. Then the following two conditions are equivalent:
(1) The integer g−1 is divisible by p.
(2) There exists a Tango curve of genus g over k.

Note that Theorem 1 determines “the complete list” discussed in [5, Remark 3.1.2], i.e., “the
complete list of g’s such that there is a Tango curve of genus g”.

One immediate application of Theorem 1 is as follows. The following corollary is a formal
consequence of Theorem 1 and [4, Theorem B].

Corollary 2. Let g ≥ 2 be an integer such that g− 1 is divisible by p. Then the moduli stack
of projective smooth curves of genus g over k equipped with Tango structures [cf. [4, Definition
5.1.1]] may be represented by a smooth Deligne-Mumford stack over k of pure dimension 2(g−
1)(p+ 1)/p, that is finite over the moduli stack of projective smooth curves of genus g over k.
In particular, the substack of the moduli stack of projective smooth curves of genus g over k that
parametrizes Tango curves is a closed substack of pure codimension (g−1)(p−2)/p.

A PROOF

Let us first observe that it follows from [1, Theorem A] that, to verify Theorem 1, it suffices to
verify the following result, i.e., a “higher level version” of Theorem 1.

Theorem 3. Let g and N be positive integers. Then the following two conditions are equivalent:
(1) The integer g−1 is divisible by pN .
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(2) There exists a projective smooth curve of genus g over k that admits a Tango function of
level N [cf. [1, Definition 1.3]].

In the remainder of the present paper, we give a proof of Theorem 3. To this end, let g and N be
positive integers. Write q def

= pN . Let us first observe that since [we have assumed that] p is odd,
it follows from [1, Corollary 1.10] that the implication (2) ⇒ (1) holds. In the remainder of the
present paper, to verify the implication (1) ⇒ (2), let us prove that,

(∗) for each nonnegative integer n, there exists a projective smooth curve C of genus
qn+1 over k that admits a Tango function of level N.

To this end, let n be a nonnegative integer.
Let us begin our construction of “C” with an ordinary elliptic curve (E,o) over k. [Note that it

is well-known that an ordinary elliptic curve over k exists.] Thus, the elliptic curve (E,o) admits a
closed point e that is pN-torsion but not pN−1-torsion [which thus implies that e ̸= o]. In particular,

(†) there exists a rational function fE : E → P1
k such that the associated divisor is given by

q[o]−q[e] — where we write “[−]” for the principal divisor determined by the closed point
“(−)”.

Lemma 4. The finite morphism fE : E → P1
k over k is separable [i.e., generically étale].

Proof. This assertion follows immediately from our assumption that e is not pN−1-torsion [i.e.,
which thus implies that the rational function fE cannot be written as the “p-th power” of a rational
function on E]. □

Write R( fE) for the ramification divisor of the separable [cf. Lemma 4] morphism fE : E → P1
k .

Lemma 5. The ramification divisor R( fE) is given by q[o]+q[e].

Proof. Since the morphism fE is of degree q [cf. (†)], it follows from the Riemann-Hurwitz formula
that the divisor R( fE) is of degree 2q. On the other hand, one verifies immediately from (†) that
q[o]+q[e]≤ R( fE). In particular, Lemma 5 holds. □
Lemma 6. The morphism fE : E → P1

k is étale over P1
k \{ fE(o), fE(e)}.

Proof. This assertion is an immediate consequence of Lemma 5. □
Next, let us observe that it follows from the well-known structure of the maximal pro-prime-to-p

quotient of the abelianization of the étale fundamental group of the smooth curve E \{o,e} that
(‡) there exist a projective smooth curve C over k and a finite morphism fC : C → E of degree

qn+ 1 over k such that the morphism fC is étale over E \ {o,e}, and, moreover, for each
x ∈ {o,e}, the fiber f−1

C (x) consists of a single closed point xC of C.

Lemma 7. The curve C is of genus qn+1.

Proof. This assertion follows from (‡) and the Riemann-Hurwitz formula. □

Write f def
= fE ◦ fC : C → P1

k for the composite of the morphisms fE and fC.

Lemma 8. Let x ∈ E be either o ∈ E or e ∈ E. Let t fE(x) be a uniformizer of the local ring OP1
k , fE(x)

.
Then there exist a uniformizer txC of the local ring OC,xC and units u1, u2 of the local ring OC,xC

such that the homomorphism OP1
k , fE(x)

→ OC,xC induced by the morphism f maps t fE(x) ∈ OP1
k , fE(x)

to
uq

2tq(qn+1)
xC +u1t(q+1)(qn+1)

xC ∈ OC,xC .
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Proof. Let us first observe that one verifies immediately from (†) and Lemma 5 that there exist a
uniformizer tx of the local ring OE,x and a unit v1 of the local ring OE,x such that the homomorphism
OP1

k , fE(x)
→ OE,x induced by the morphism fE maps t fE(x) ∈ OP1

k , fE(x)
to

tq
x + v1tq+1

x ∈ OE,x.

Moreover, let us also observe that one verifies immediately from (‡) that there exist a uniformizer
txC of the local ring OC,xC and a unit v2 of the local ring OC,xC such that the homomorphism OE,x →
OC,xC induced by the morphism fC maps tx ∈ OE,x to

v2tqn+1
xC

∈ OC,xC .

In particular, Lemma 8 holds. □
Lemma 9. The rational function f : C → P1

k is a Tango function of level N.

Proof. Let us observe that it follows from Lemma 6 and (‡) that the morphism f : C → P1
k is

étale over P1
k \{ fE(o), fE(e)}. Thus, Lemma 9 follows immediately, in light of (†) and (‡), from

Lemma 8 and [1, Proposition 1.7]. □
The assertion (∗) follows from Lemma 7 and Lemma 9. This completes the proof of the impli-

cation (1) ⇒ (2), hence also of Theorem 3.

Remark 10. As discussed in the proof of Lemma 9, the morphism f : C → P1
k is étale over P1

k \
{ fE(o), fE(e)}. Thus, it follows immediately from (†) and Lemma 8 that the divisor associated to
the rational differential d f is given by q(qn+n+1)[oC]−q(qn−n+1)[eC]. Moreover, it follows
from (†) and (‡) that the divisor associated to the rational function f is given by q(qn+1)[oC]−
q(qn+1)[eC]. Thus, we conclude that the divisor associated to the logarithmic differential d f/ f of
f is given by qn[oC]+qn[eC]. In particular, the logarithmic differential d f/ f is regular everywhere.

REFERENCES

[1] Y. Hoshi: Frobenius-affine structures and Tango curves. RIMS Preprint 1913 (April 2020).
[2] Y. Takayama: On non-vanishing of cohomologies of generalized Raynaud polarized surfaces. J. Pure Appl. Al-

gebra 214 (2010), no. 7, 1110-1120.
[3] H. Tango: On the behavior of extensions of vector bundles under the Frobenius map. Nagoya Math. J. 48 (1972),

73-89.
[4] Y. Wakabayashi: Moduli of Tango structures and dormant Miura opers. Mosc. Math. J. 20 (2020), no. 3, 575-636.
[5] Y. Wakabayashi: Dormant Miura opers, Tango structures, and the Bethe ansatz equations modulo p.

arXiv:1905.03364v1 [math.AG].

(Yuichiro Hoshi) RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES, KYOTO UNIVERSITY, KYOTO 606-
8502, JAPAN

Email address: yuichiro@kurims.kyoto-u.ac.jp

3


