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91 Introduction

Naive Question: Can one reconstruct an NF from
its absolute Galois group?

Convention
FranNF & [F:Q] <
k: an MLF & [k : Qp] < oo for some p

For a profinite group G,

G: of NF-type (resp. of MLF-type)

€ G ~ the abs. Gal. gp of an NF (resp. MLF).
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Theorem [Neukirch-Uchida]

[ € {o,e}
F: a global field

F: a separable closure of

GFD déf Gal(FD/FD)

=  The natural map
ISOH](FO/FO,F./F.) — ISOH](GFO, GF.)
is bijective.

In particular, F, >~ Fy <= Gg, ~ Gp,.
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Mochizuki's mono-anabelian philosophy

Give a(n) [functorial “group-theoretic”| algorithm
G~ FJ/F.

A “reconstruction” as in Theorem [N-U] is called
“bi-anabelian reconstruction”.

In the case where
e char(Fg) > 0, the proof = mono-anab’n rec'n,
e char(Fg) = 0, the proof # mono-anab’n rec'n.
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Rough Statement of Main Theorem

JA functorial “group-theoretic” algorithm
G : of NF-type

~  F(G) : an algebraically closed field .~ G

which satisfies certain conditions.

E.g., every G = Gal(F/F) determines

(F(G) ~ G) — (F ~ Gal(F/F)).
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52 Review of the Local Theory

k: an MLF

Ok C k: the ring of integers

mix C Oy: the maximal ideal

O% i Ok \ {0} C k* [submonoid]
k = def Ok/my: the residue field

k: an algebraic closure of k

Ge & Gal(k/k)

Pr. C I, C Gg: the wild inertia, inertia subgps
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Proposition
(i) [Local Class Field Theory]

1 — Im(ly = GP) — G» — G /lk — 1

|

l

1 — @h — (k) —
H :
1 — Of — kX

Z

l

U

— 1

— where the right-hand upper vertical arrow maps
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(ii)
{char(k)} = {/: prime| dimg,(G*®5Q)) > 2}

Write p & char(k).
(i) di = [k Q] = dimg,(G}" ®; Q) -

def a
(iv) fi = [k:Fp] = log,(8(G")) +1)
(V lk - ﬂK/k. fin. s.t. dx/f=d,/fy GK
(vi) Px C I the unique pro-p-Sylow subgroup
(Vii) {FI“ObK € Gk/lk}
= {~v € G/l |7 acts on I/ Py by p' }
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viii) U,El) o 1+my C O;: unique pro-p-Sylow

N X
N IL“K//« fin.

(
(

() A(k) = “Z(1)" = lim k" [n]
x)1 =k [n—=k Sk =1 ~ G

induces an injection

Kmmy: k* < HY G, A(k)).
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]
Definition
G: of MLF-type

(i) p(G): [unique] prime /
s.t. dimg,(G* ®5 Q) > 2

. def . a

(i) d(G) = d'm@p(c (G ’ @z Qp )) —1
def a

(ii}) £(G) < logye)(t(G™)E) 1 1)
iv) (G def

( ) ( ) ﬂGTCG open s.t. m:m

(v) P(G) C I(G): [unique] pro-p(G)-Sylow
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(vi) Frob(G) € G/I(G): uniqueelem't € G/I(G)
which acts on /(G)/P(G) by p(G)(®)
(vii) k*(G) € G™ x¢/(¢) Frob(G)Z C G

vii) 07(G) £ G™ x ¢ /1¢) Frob(G)N C k*(G)
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(x) k*(G) & i . open K (GT)
kK(G) ¥ kK (G)L {*¢} [monoid]
AG) & im K(G)[n e

(xii) Kmm(G): k*(G) — HYG,N\G)):

injection induced by

conj.

1=k (G)n] =k (G) Sk (G)—=1 ~ G
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|
Theorem
a: Gy = G: an isomorphism
(i) char(k) = p(G), di = d(G), fk = f(G).

(i) o determines a commutative diagram

P — I — Gy
| P
P(G) — I(G) = G;

moreover, G /Iy — G/I(G) maps
Froby to Frob(G).
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N
(iii) v determines a commutative diagram

v = o S or S K

| | | |
UD(G) = OX(G) —= O"(G) — k*(G).

(iv) a determines ( Gk, G)-equiv't isomorphisms
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(v)

Y

k* = k*(G) of (iii) and A(k) = A(G) of (iv)

fit into a commutative diagram

Kmmy

kK ——=  HYGy, N(k))

| !

Rml®) 16 A(G)).

K*(G)
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Remark
In general,

Gk +~ the field k.
Indeed, Ja pair of MLFs (k., k) s.t.
Gy, ~ Gy, but ko # k.
On the other hand,
Gk + ram'n fil'n ~~ the field k  [Mochizuki]

Gy + Hodge-Tate rep's ~~ the field k [H]
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93 Global Reconstruction Algorithm

F: an NF
Ofr C F: the ring of integers

V(F) = def { nonarchimedean primes of F }
For v € V(F),

O, C F: the localization of Of at v

ef

O = O0,\ {0} C F* [submonoid|
m, Q O,: the maximal ideal

(o}

F,: the completion of F at v
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Uchida's Lemma for NFs
[talked at Waseda on 2013/07/12]

3A functorial algorithm for reconstructing from
[a collection of data which is isomorphic to]

e the multiplicative monoid F,
e the set V(F), and
e the fam'y of sub's {1 +m, C O C F}veV(F)

[the map corresponding to]
the additive structure of F

FxF —s F. (ab) — a+b.
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Step 1 [Set of Nonarchimedean Primes]
G: of NF-type

o V(G)

= {maX|ma| subgps of G of MLF-type}
« V(6) £ V(6)/G

conj.

Gr & Gal(F/F)

S

o { nonarch’'n primes of F} .\~ Gf
o V(F) o { nonarch'n primes of F }

by Neukirch's work
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|
Step 2 [Cyclotome]

conj

e N(G) "~ G s.t. for VD € V(G),
(MG) ~ G « D) = (AN(D) ~ D)

=\ def .7
o A(F) = "Z(1)" = lim_ po(F)n] ~ Gr
For Vv € V(F), F' > F. = ANF) = N(F7)
by Global Class Field Theory
the str'e of the idele class gp
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H(G)  ——  Ipeve k(D)

OJ( ﬂlem(D)’s

H' (G, N(G)) — Tlipjev(s) H'(D, A(D))

(F<C)  H(F) — Ilewn F
ﬁl ﬁleva’s
(FX)/\ é HVEV(F) (FVX)/\
Remark: 1 - Of = F* = F*/Of — 1

1 = (O — HX(F) — F*/Of — 1
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|
def

e H(G) = H*(G)U{*c} S [lipev(e) k(D)
[submonoid]

Remark: GT C G: open =

H(G) — Tlipjev(e) k(D)

| |

H(G") — Tlpnever k(DY)

« H(F) = H*(F)U{0} C Il,cvr Fv [submonoid]

FcHF) C |] R

veV(F)
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|
Observation
If one knows a “correct sub'd” F(G) C H(G)
i.e., "F CH(F)"],
then, by applying Uchida’s Lemma to the F(G)
[cf. the diagram below],
one obtains a structure of NF on the F(G),
i.e., an NF F(G) of the desired type!

H(G) S v k(D)
I
k(D) D O*(D) > UN(D)
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Step 3 [Prime Field]

e G C C(G) [i.e., GF C Gg| by Neukirch-Uchida
= H(C(G)) C H(G) [ie, H(Q) C H(F)]

o a field str'e on F(C(G)) & H(C(G))

[i.e., the field Q] by £Og < oo

Yuichiro Hoshi (RIMS) 2014/03/11 24 / 28



Step 4 [Absolutely Solvable Extension Fields]
o Let G C C(G) best. C(G)/G": fin'e sol'e

[i.e., a finite solvable extension E /Q)].
Then a submonoid F(G') C H(G'),
hence also a field str'e on F(GY)
[i.e., the field E]

by the denseness of Q in Q,
Hasse Principle for powers
the simple structure of E/Q
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Step 5 [Local Algebraically Closed Fields]
e For D € V(G),
a field str'e on k(D) [i.e., the field F,]

by Grunwald-Wang Theorem

= a field str'e on k(D) = lim k(D)
li.e., the field F; = Q)]
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Step 6 [Local Versions of the Global Objects]
e For D € V(G),
subfields F(D) € F(D) C k(D)

o For v V(F), subfields F C F C F;

by Chebotarev's Density Theorem
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Step 7 [Global Algebraically Closed Field]
By synchronizing the F(D)'s [where D € V(G)],
we obtain an NF F(G),
hence also an algebraically closed field

F(G) = lim F(G)) A G
GTCcG

of the desired type!
by Neukirch-Uchida
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