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§1: Review
f: X — §: a projective smooth curve of genus > 2
P — X: a Pl-bundle

V: a connection on P — X (relative to X/S)

o: asectionof P —- X
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By differentiating ¢ by means of V,
we obtain a homomorphism oc*wp/x — wx/s,
i.e., the Kodaira-Spencer map at o relative to V.

(This measures the failure of o to be horizontal.)
Definition [Gunning (1967)]
(P — X,V,0): an indigenous bundle over X/S

def : : :
& the KS map o*wp/x — Wx/s is an isomorphism
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An important example

(but neither projective nor a scheme...)

M the moduli stack of elliptic curves
E — M: the universal elliptic curve
L: the Hodge bundle of & — M

=

def
o Hir =

Hig(E/M): locally free of rank 2
e Vowum: the GauB-Manin connection on Hggr

e 0 = L — Har — LY — 0: the Hodge filtration
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=
o P(Hqr) — M: the Pl-bundle determined by Hqr
e P(Vium): the connection determined by Vaum

® opgy: the section determined by the Hodge fil'n
=  (P(Har) = M, P(Vam), Omdg): an 1.B. over M

\Y
L — HdR £>M HdR ®(’)M Wy — ,Cv ®(’)M Wi

(In particular, Vg determines £9% = wyy.)
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In the remainder, suppose:
S = Spec(k), where k = k, char(k) = p > 2
xXr — X
fFl lf
Spec(k) robr, Spec(k)
def

¢ = (FI‘ObX, f) X =X Xk, Froby, k=X,
the relative Frobenius of X /k
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X 25 X — X
| |7
Spec(k) Lrobr, Spec(k)
P = (m: P— X,V,0): an indigenous bundle over X/k
AY m.7p/x: locally free of rank 3, A = A"
V: ®*ryr — A: the p-curvature map of P

(This measures the failure of p-power structure of

derivations to be horizontal.)
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Definition
(1) P: nilpotent & (@*ryr 5 A2 AV Y5 d*wyr) = 0

(2) P: admissible & V() =10,
where V(—) X the zero locus of (—),
(< 1 nowhere vanishing, i.e., a locally split injection)

(3) H € f(w"): the square Hasse invariant of P

Y e B A Afmi(mpx(—0)) S 7x

. 8/ 23



(3) H € f.(w¥"): the square Hasse invariant of P

déf (I)*TXF g A — A/W*(Tp/x(—U)) l) TX

(4) RUfFryr — RUFFD, O ryr 5 RUf, O ryr

R f.7x: the Frobenius induced by P

(5) P: ordinary & the Frobenius is an isomorphism
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(Remark: ordinary = admissible = H #0)

(6) If P is nilpotent and admissible,
then 3H and dy € f,H s.t.
H?2 =P and y@ x = H
X: the Hasse invariant of P
V(x): the supersingular divisor of P (Note: H # 0)
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Example

The above example (P(Hqr), P(Vam), OHdg)
is nilpotent and ordinary.

“H' = Lo
(Recall: Vg determines £52 = wyy.)

= the classical Hasse invariant (Lgr/pr)” — LY

“V(x)" = the locus of M parametrizing

supersingular elliptic curves
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A part of classical p-adic Teichmiiller theory

a nilpotent ordinary indigenous bundle on X /k
=

e a canonical lifting X of X over W (k)
Xord over W(k)
e a canonical coordinate of X4 /W (k)

e a canonical rep'n m (X[1/p]) — GLy(Z,)/{£1}

e a canonical lifting of ®
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When does X /k admit a nilpotent ordinary indigenous
bundle?

Theorem [Mochizuki]
A general X/k is hyperbolically ordinary, i.e.,
admits a nilpotent ordinary indigenous bundle.

Remark
One of basic questions of p-adic Teichmiiller theory is:
Is every X /k hyperbolically ordinary?

Is there an easier object that helps us understand/classify
nilpotent ordinary indigenous bundles?
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§2: Results
L: an invertible sheaf on X s.t. £L%?2 2~ Oy

up to k*

= Cr ~ [f(L®o, wx):
the Cartier operator associated to £

e 1/p-linear, ie., Cz(c-v) = cY/P - Cp(v)

o Cp, = the usual Cartier operator on f.wx

D: an effective divisor on X
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Definition

D: of CE-type

€3 and Iy € f+(L ®o, wx) s.t.
(1) D: reduced

2) D=V(y)

(3) L% Oy

(4) x is a Cartier eigenform, i.e., x # 0, Cr(x) € K~ -
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Definition
D: of CEO-type

« (L, x € f«(L ®o, wx)) as in the above definition

s.t. either
e L= (Ox and Jx is ordinary
or

o L2 Ox and Jx,/Im(Jx) is ordinary,
where X — X: the finite étale double covering which
trivializes £
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Theorem

If p = 3, then, by considering the supersingular divisors,

{nilp. adm. I.B.}/ =2 —— {of CE-type}

‘| ‘|

{nilp. ord. 1.B.}/ =2 —— {of CEO-type}.
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Consequence To find a nilp. adm. I.B.:
(1) Take an invertible sheaf £ of order at most 2.
(f of such invertible sheaves = 2%9)

(2) Find an “eigenvector” of Cr ~ f.(L ®o, wx).
(semi-linear algebra,
the essential # of such vectors = fPP"k=1([F3))

(3) Consider the issue of whether or not the zero locus
of the eigenvector of (2) is reduced. (algebraic geometry)

To find a nilp. ord. I.B.:
(4) Consider the issue of whether or not the abelian

variety under consideration is ordinary.
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Remark
(1) The injectivity follows from general theory.

(2) A priori, there is no relationship between
the hyperbolic ordinariness of curves and
the usual ordinariness of abelian varieties.
On the other hand, by the above theorem,
we have such a relationship.
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Corollary

p=3, P: anilpotent ordinary |.B. over X/k
= dY — X: a connected finite étale covering s.t.
Ply: not ordinary

Remark

One of basic questions of p-adic Teichmiiller theory is:
Is the pull-back, via a con'd fét cov'g, of nilp. ord. |.B.
still ordinary?

Key ingredient in the proof

A theorem of Raynaud: For every X, there exists a con'd

fét cov'g whose Jacobian variety is nonordinary.
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Corollary

(p.g) = (3,2)
= Every X/k is hyperbolically ordinary,
i.e., admits a nilp. ord. |.B.

Remark
One of basic questions of p-adic Teichmiiller theory is:
Is every X /k hyperbolically ordinary?

Proof
Explicit computation.
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§3: Outline

(1) B o Coker(Oxr — ©,0x): loc'y free of rank p — 1

P dof P(B): a Pl-bundle (by p = 3) equipped with
a “dormant” connection V; (by a theorem of Cartier)

£ .
Moreover: P, 1o (Py, Vj, 3!a section): an I.B.

(2) {I1.B.}/ = forms a f.(w?)-torsor (by general theory)
Thus, by Py of (1),

flwi®) —  {1B}/ =
0 — Pgdéf “P()-I-QH
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(3) By a local computation, if § = a(t)dt ® dt,
e 0 € k*- (the square Hasse inv't of P) (C f.(w% "))
e Py nilpotent < (d)*+ad”"+a*=0
e Py admissible < ordy,(a) <2

(4) (For simplicity, suppose that “H" = wx.)
(Recall: H®? =2 W)

By a local computation, if § = x ® x, and x = b(t)dt,
o Py:nilp. & b =0%ie xisa Cartier eigenform
e Pp:adm. <& ordy(b) <1,ie, V(x) is reduced
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