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Notation and Terminology
For an odd prime number [,

an IFli-torsor M oset S equipped with an Iﬁ‘fi—orbit of S ST,
For an ]Fli—group T,

T =T\ {0},

def
T| = T/{£1},
T* T\ {0} = T /{£1}
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-
F: a number field, i.e., [F: Q] < o0, s.t. /=1 € F
E: an elliptic curve over F' which has
either good or split multiplicative reduction at Vv € V(F)
Froqa € F: the field of moduli of £
I > 5: a prime number K & (E[(F))
x¥pg \ {o}: the hyperbolic curve ass'd to £ C o [X/{£1}]

These satisfy some assumptions, e.g.,
o E[6)(F)=E[6)(F) (= E[2I|(F)= E[2[|(K))
e Uk isa K-core (cf. the assumptions of p.5 of II)
@ [/Fyoqis Galois (= K/Fyq is Galois)

____ out
o Im(Gy — Aut(E[l)(F)) 2 GLy(F,)) 2 SLo(F)
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C V(K): the image of a splitting of V(K) — Vy0q o V(Finod)
bad

< 1<

V: a nonempty subset which satisfies some assumptions, e.g.:

e FE has bad reduction at Vv € VP

e Vu € VP does not lie over 2 and [

- af | @ 2l-th root of g, v € yhd
OKE 2 g - 1 - VgOOd def V\Vbad
- veyv = V\V

d:e’f(

9% (g ey € Loy O,
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An Approximate Statement of the Main Theorem of IUT
For a “general E/F",

da suitable multiradial algorithm whose output data consist of
the following three objects v mild indeterminacies (cf. p.23)
o the collection of log-shells {Z,},cv
o the theta values (= {q/ }1<jcx) [Toev Zo
® Floq Via k-coric functions ~ [,y ((Ky)4 "via Z,")

Moreover, this alg'm is compatible w/ the ©-link (more precisely,

Ortip-link) “TFiSH = *Fion : “Ttheta values — q".
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Recall  {¢’"}1<j<+ € output

{1}~
LabCusp® = F, > =+1 +2 ... +j ... ¥
@U '_> q q q.72 .« .. q(l*)2
- v =v = =
QQ ;_> ('-:Iw g PR gi - gg*)Q

= We have to synchronize globally the various sets of local labels
of evaluation points, i.e., the various “LabCuspi” for the v's.

= Use of the global data
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Recall  ({¢’" }1<jx ~ T,) € output
0 O =(Galoisev.atje LabCusp™ \ {0})= ng

0 -0x  =(Galois eval. at 0 € LabCusp®)= O3 (£ T,)

7]

° ng (obtained by “j #0") ~ Z, (obtained by “0")

(cf. 11)
= We have to relate “F," to “{0}".
= Use of the F;"*-symmetry
“Auty, (X°8) (2 F'*) ~ (F; =) LabCusp™ (cf. p.9 of 1)

(=  “Label-independent” objects)
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-
@ Use of the global data to synchronize “LabCusp™® o Csp(X'o8)"

o Use of the F)"*-symmetry “Aut;(X'*®) ~ LabCusp™"

Suppose: Ja conn'd fét Galois covering X, — Xk of degree [ s.t.

X, = X, is “X"5 — X" of || for Vv € V"™

(In particular, the special fiber of X' has precisely | components.)

(cf. our restriction to V" C V (C V(K)))
Fix a cusp of X, among the [ cusps, i.e., the zero cusp of X, .
= a structure of elliptic curve on the compactification of X ;-
O © X /{1« X

= The zero cusp of X ;- det. a cusp of Uy, i.e., the zero cusp of C.
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]
XKLXK

{il}l l{il}

Cx — Ck
deg=I

Ck: a K-core = Autg(Xy) 2 F'F Autg(Ck) = {id}
LabCusp? & {cusps of X;-} (= #LabCusp: =)
LabCusp, o {nonzero cusps of C v} (= #LabCusp, = I*)
Suppose: Je € LabCuspg s.t.

= T e F/{£1} = Csp(C"8)" of Il for Vv € V"

(cf. our restriction to V" C V (C V(K)))
= an initial ©-data (F/F, E, I, Ck, V, V" ¢
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|
veV™ = 3X = X, e, "X — X of I

v € V&°°4 = Ja suitable connected fét covering &2 — X

v

[ we v
v = .
(X, v € veeod finite

p df II, (well-defined up to conjugation) v: finite
- Aut-holomorphic space ass'd to gg v: infinite

D déf {Dg}yey

. 3 d f T "
a D-prime-strip & an “isomorph” of D,

i.e., more precisely, {an isomorph of D, },cv

4

14

(Note: A D-p.-s. may be reg'd as a coll. of local “étale-like hol. str.”.)
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o Use of the global data to synchronize “LabCusp* & Csp(X°8)"

o Use of the F,)"*-symmetry “Aut;(X'*®) ~ LabCusp™

Aut(D,) ~ LaLbCuspyi & LabCusp% A Autg (X ) (= Ffi o F)
= 1 — Aut,(D,) — Auwt(D,) — F*/F (2 {+1}) — 1

po+ def (X))  (well-defined up to conjugation) J

1 — Autey(D%F) — Aut(D°*) — Aut(LabCusp?)
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dof Aut+ | AUtcsp t
11 t’ 5 ~ ~ O
Fort e, ¢% :D,, =D, > D, D°* 5 Dox 5 Dot
~ poly poly

el dcf +

t . {Dt v}veV — D@

oell | def +

T Dy = {@t}tem — D°

def

a D-0-bridge & an “isomorph” 168" : 1D & {I1D,}1er — TDOE

of ¢, where D, is a D-prime-strip, and T is an F:-torsor

]FZBtm

gt v}v utcsp _K

{{...}Q}t
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Aut+

+ def ~ def
ForteF, ¢P, :Dyw =D, = D, =D,

poly

def def
= gb?i: D = {Dintvev = Dy = {Ds y frev

= 9" D, o {Di}ier, = D

a D-O*-bridge 4 an “isomorph” T(ﬁii D, def (1D, her — 1D,

of ¢$i, where "D is a D-prime-strip, and T is an Fli—group

{ét&’ gtﬂ}ﬂ A;Jr {£>_’y7 £>7Q}g

{{...}g}t
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+ @i @ell
tayTD-0%" _ (D, ‘fi D, i fDo%): a D-O*-Hodge theaterJ

I TP-6*" — pijections of LabCusp® ("D®%), LabCusp™ (1Dp), T
Moreover: Aut(1¢9™") = F**, Aut(fHTPO*") = {£1}

N F;>t
{éhy’ ghy}y Auty étv}v l - XK

Autesp ~ {£1}

{{...}E}t AR
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Recall  Fl0q € output
Various objects (e.g., X, Cx) are defined over (not Fj,0q but) K.
=> We have to discuss the representation of F},,q while relating the

descent data of K/F 4.

On the other hand:
Autg(C) ={id}, Fioa: the field of moduli of £
= Aut(Cy) — Aut(K) induces an injection
Aut(Ck) — Gal(K/Fyoa),
i.e., Aut(Cy) is naturally related to the descent data of K/F,q.
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pe & ¢(C)  (well-defined up to conjugation) J

Aut (D?) ' the stabilizer of ¢ € LabCusp, w.r.t.

Aut(D®) ~ LabCusp, = {nonzero cusps of C }

Then since Tm (G — Aut(E[l)(F)) = GL,(F,)) D SLy(F)),
mod {£1} . .
A (X) /(X ) (=),

we obtain a natural isomorphism Aut(D®)/Aut. (D) = F}.

by considering Aut(D®)

(In particular, F;* may be naturally regarded as a subquotient of the
Galois group Gal(K/Fieq).)
= [} ~ D® modulo Aut. (D)
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def Aut | Aute N
For j e ¥}, ¢¥:.D;, <D, > D, D° = D° 5D

poly - poly

def
= (ﬁ;\IF {D] v}vGV — D°
= D, E (D)} jers — D°

def

a D-NF-bridge & an “isomorph” T¢NF: 1D, & (1D}, — DO

of ¥, where 1D is a D-prime-strip, and J is a set of [* elements

IF ajm

X, Xiuh =55

{{...}U}j
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d " Aut def Aut
. O € €
Forj € F*, ¢9,:D;, %D, 5D, %D, D, 3D,
poly poly
ev. pt lab'd b
M, » Gy, "= = I, ve vy
(*) _ - © (alifting €Fof) j
D, = D, v e yeeod
def def
= ¢]® {DJ U}UGV — ©> {D> v}vEV

= ¢2: D dEf 19 }]em* — D>

def

a D-O-bridge & an “isomorph” T1¢9: 10 ; = {1D,},c; — D

of ¢, where "D is a D-prime-strip, and J is a set of [* elements

lab'd b

{{'“}v}j
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t NF t$Q
3 TP-ONF — (ip® s D, s ID.): a D-ONF-Hodge theater J

THTP-ONE — hijections of LabCusp("D®), LabCusp("®p), J
Moreover: Aut(T¢F") = Ff, Aut(THTP-ON) = {id}

F*3jn

QK l 25 v} {_> v’ > v}
AutS g & A {id}

F* {{...},,}j

ev. byg
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-
By “gluing” a D-©*°_Hodge theater and a D-ONF-Hodge theater,
i.e., by considering an isomorphism of T¢9 with the D-O-bridge
constructed from ngﬁi,

we obtain a D-OT"NF-Hodge theater

T oeell
o2 =, tpet
@T —— D

i glue

T@}

. % g, (% ipe
D, 2 tp, 2 ip

F*~F, T 2F 2T T*=J]2F ~nF}
Autg (X ) =2 F'* ~ LabCusp™: additive, geometric

Gal(K/Fnoq) e F} ~ LabCusp: multiplicative, arithmetic

quotient
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-
By considering a suitable structure whose underlying structure is a

D-O*INF-Hodge theater, we obtain a ©*'NF-Hodge theater

Tlﬁ@i Tlﬁ@ell
5 E 5, —s Tpot
\l,glue
T¢§> ngF
IHT® - 13, = TF S TFY s TFR

Here, 130" (O € {~}U{>}UTUJ) is an F-prime-strip.

def
F, %

(I, ~ OZ ) (well-defined up to conjugation) if v is finite
(omit for an infinite v)
S = {]:y}yey

. . f e "
an JF-prime-strip & an isomorph” of §

v
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|
o log-link "HTO*"NF 128 nt1g/7e*INF o
for VO € {>-} U{>} UT U J; at, for instance, a finite v € V,
log

n0> Qnox noxu (F) “ nnfg; OSﬁ ~ n+10>
= ”“(’)D ~ "L, (|.e., ‘N~ H")

11

o ©*_Hodge theater (i.e., roughly speaking, F;'*-symmetry)
I(=>”)mult|rad|a|{@ }yeypaa,coric/ “label-indep.” {G, ~ O~ “}veV
also

e ONF-Hodge theater (i.e., roughly speaking, F/-symmetry)

= multiradial monoid of k-coric functions

©) OZH K-coric
= FE
Gal. ~U eval. log- ~U« link Gal. ~U eval.

theta values ~ (procession of) Z, \\  Fioa
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Indeterminacies

We want to obtain a “coric (G, ~ (’);f)

= We have to forget the holomorphic ;tructure of “(Gy ™~ O;f)
= (Indy): Aut(G,) ~ G, 7

(Ind,): Ism & Auta, xpkmm(OFF) ~ OZF (cf. also p.25 of Il)

We want to apply the log-link; but “log” depends on the hol. str.

= We have to consider the infinite chain of log-links
. 29 n-1g gereiNE 8 ng erelNE 8 ni1q eteliNe g

and the associated “log-Kummer correspondence”. = (Inds) ~ 7,

“mild indeterminacies” in the main theorem = (Ind;), (Ind,), (IHdg)J
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Recall (p.25 of Il):

A Local Multiradial Algorithm Related to Etale Theta Functions
JA multiradial algorithm as follows:

coric data: an isomorph (G~ O**, x u-Kmm) of Gj, ~ (’)EX“

radial data: (I, ~ I1,,(MO(I,)), a coric data, v, x,)

for an isomorph II, of Htép,
where a,, »,, is the pair of the full poly-isomorphism G4 ="“G"

and 11,,(MO(IL,)) ®z (Q/Z) =¥ "O>#"

output: the radial data and:
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